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Abstract: The primary aim of this article is to discuss and prove fixed point results using the operator type condensing
map, and to obtain the existence of solution of Erdélyi—-Kober bivariate fractional integral equation in a Banach space.
An instance is given to explain the results obtained, and we construct an iterative algorithm by sinc interpolation to find

an approximate solution of the problem with acceptable accuracy.
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1. Introduction

Fractional calculus is a mathematical analysis branch that explores the several different scenarios of taking the
differentiation operator D to real number powers or complex number powers. A fractional derivative in applied
mathematics and mathematical analysis is a derivative of any noninteger order, real or complex. The first
existence is in a letter written by G.W. Leibniz in 16" century to Antoine de I'Hopital [24]. In one of N. H.
Abel’s early papers, [2], fractional calculus was adopted, where those elements can be considered: the definition
of integration and differentiation of fractional order, the strictly inverse connection among them, the perception
that differentiation and integration of fractional order can be perceived as being in the same generalized
operation, and indeed the coherent form for arbitrary real order differentiation and integration. Over the
19th and early 20th centuries, the theory and applications of fractional calculus developed greatly, and countless
contributors have provided interpretations for fractional derivatives and integrals. The applications of fractional
calculus can be found in almost all disciplines of modern engineering and science, e.g., rheology, viscoelasticity,
acoustics, optics, chemical and statistical physics, robotics, control theory, electrical and mechanical engineering,
bioengineering, etc. The major reason for the success of fractional calculus applications is that fractional-
order models are often more accurate than integer-order. The researchers are able to model the nonlocal and
distributed effects often encountered in natural and technical phenomena with the help of different types of
fractional operators. The Erdélyi—-Kober fractional integral is used in many branches of mathematics such as

porous media, viscoelasticity and electrochemistry, etc. (see [14, 23]). Different types of fractional integral and
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fractional differential equations were solved by many researchers; see for instance [1, 5, 28, 32, 33] and references
therein.

Schauder and Darbo’s fixed point theorems play a key role in addressing functional integral equations.
A significant role is played by the notion of a measure of noncompactness (MNC), in the fixed point theory.
The essential paper of Kuratowski [25] pioneered this principle. By the mid-19th century, using the definition
of a noncompactness measure, Darbo [16] proved a theorem that guarantees the existence of fixed points using
condensing operators.

Fixed point theory and measure of noncompactness have many applications for solving different types of
integral equations; see for instance [4, 8, 12, 13, 20-22, 27, 29-31, 37, 38] and references therein.

Let (&,] - ||) be a real Banach space. Let B(6,7) be a closed ball in & centered at 6 and with radius

r. If 0 is a nonempty subset of &, then by ¢ and Convé& we denote the closure and convex closure of @.
Moreover, let 9e denote the family of all nonempty and bounded subsets of & and Mg its subfamily consisting

of all relatively compact sets. We denote by R the set of real numbers and Ry = [0, 00) .

Definition 1.1 [11] A function ¥ : Me — Ry is called a MNC in & if it satisfies the following conditions:
(i) for all Y € Mg, we have ¥()) = 0 implies that ) is precompact.
(ii) the family ker ¥ = {9 € Ms : ¥(Y) = 0} is nonempty and ker I C MNg.
(i) PC3 = V(YY) =<V (3).
(iv) (D) =2(2).
(v) 9 (Comv) =0 ().
(vi) 9D+ (1 —=A)3) <A (D) + (1= I (3) for Ae [0,1].

(vii) if Vn € Me, Vo = Vi, V1 €Yy for n=1,2,3,... and lim 9 (2,) =0 then (| V. # ¢
n=1

n—oo

The family ker ¥ is said to be the kernel of measure 9. Observe that the intersection set 9o from (vii) is a
member of the family ker ¢. In fact, since ¥(Ps) < 9(Y,) for any n, we infer that ¥(Ys) = 0. This gives
oo € ker 9.

Definition 1.2 [11] Let & be a nonempty subset of a Banach space & and & : & — & be a continuous
operator transforming bounded subsets of & to bounded ones. We say that % satisfies the Darbo condition
with a constant k with respect to the measure ¥ provided #(%9) < k() for each 9 € My such that Y C 0.

We recall the Schauder and Darbo fixed point theorems:

Theorem 1.3 [3, Schauder] Let © be a nonempty, closed and convex subset of a Banach space &. Then every

compact, continuous map £ :® — O has at least one fixed point.

Theorem 1.4 [16, Darbo] Let 3 be a nonempty, bounded, closed and convex subset of a Banach space &. Let
S : 3 — 3 be a continuous mapping. Assume that there is a constant &k € [0,1) such that

H(BY) < kI(W), U C 3.
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Then & has a fixed point.
In order to establish our fixed point theorem, we need some of the following related concepts.
Definition 1.5 [7] Let F([0,00)) be class of all function f : [0,00) — [0,00) and let © be class of all operators
(i) F([0,00)) = F([0,50)), f = A(f: )
satisfying the following conditions:
(1) A(f;t) >0 for t > 0 and A(f;0) =0,
(2) A(f;t) <A(f;s) for ¢t < s,
(3) lim 2A(f;t,) = 2A(f; lim ),

(4) A(f;max {t,s}) = max {2(f;t),A(f;s)} for some f € F([0,0)).

Example 1.6 If f : [0,00) — [0,00) is a Lebesgue integrable mapping on each compact subset of [0, 0),

nonnegative and such that for each ¢ > 0, fg f(s)ds > 0, then the operator defined by

Af:t) = / f(s)ds

satisfies the conditions of Definition 1.5.

Example 1.7 If f:[0,00) — [0,00) is a nondecreasing, continuous function such that f(0) =0 and f(¢t) > 0
for t > 0, then the operator defined by

A(f;t) =

satisfies the conditions of Definition 1.5.
Example 1.8 If f:[0,00) — [0,00) is any function, then the operator defined by
A(fst) =t
satisfies the conditions of Definition 1.5.
Definition 1.9 [22] Let F be the class of all functions $ : Ry x Ry — R, satisfying the following conditions:
(1) max{,w} <H(,w) for t,w > 0.

(2) $ is continuous and nondecreasing.

For example, $(t,w) =+ w.

We denote by & the class of all functions v : Ry — [0,1) which satisfy the following condition: ¢, — 0
whenever y(t,) — 1 (see [19]).
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2. A fixed point theorem involving condensing operators

In this section, we are introducing a new fixed point theorem using the operator type condensing map.

Theorem 2.1 Let © be a nonempty, bounded, closed, and convex subset of a Banach space &. Also, let

B D — D be a continuous function and ¢ : Ry — Ry be a continuous function such that
HRS:9(2(0))) 0 (0(B(0)))] <~ (O) HA(f;0(0)), ¢ (9(0))] (2.1)

forall 0 CD, ve &, HeF, A(,.) € O, where ¥ is an arbitrary MNC. Then B has at least one fized point
in D.

Proof Let us define a sequence (9©;) such that D9 = © and ©;41 = Conv(#D;) for n > 0. We observe
that B9 = BD C D = Dy, D1 = Conv(#Dy) C © = Dg. Therefore, by continuing this process, we have
D02912922...29; 290112 ....

If there exists a natural number m such that 9(®,,) = 0, then ©,, is compact. By Schauder’s theorem, now
we know that % has a fixed point.

If 9(D;) > 0 for some [ > 0, by (2.1), we have

HRAf;9(Dig1)), 0 (9 (Dig1))]
=9 [RA(f;9 (Conv (£D)))) , ¢ (¥ (Conv (£D)))]

=9 [A(f;9(BD1)), 0 (0 (BD1))]
<A (D) (59 (D)) 0 (9 (Dy))]
<HR(f0(D0)), 00 (D0))].

As the sequence {H[A(f;9 (D)), ¢ (9 (D;))]} is decreasing and nonnegative,
Jim 9 [2(f:9 (D)) . (9 (D1))] = 7.

If possible, assume r > 0. As [ — oo, we have

r <r lim y(¢(D;))

l—o0

which gives lim (9 (D)) > 1 and it is a contradiction. Hence,
Jim § [A(F;9 (D1)), ¢ (0 (D1))] = 0.
Since A (f;9 (D1)) ¢ (¥ (D1)) = 0,
0 <max{2A(f;9 (D)), ¢ (9 (D)} < HRAS9 (D)), 0 (9 (D1))]-

As |l — o

max{lgn;o A(F:0 (D0) . Jim (9 <®l>>} ~0
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ie. lim A(f;9(D;)) =0 implies lim 9 (D;) = 0.
l—o00 l—o00
Since ©; D ®;4+1 by the hypothesis, we have conclusion that D, = [ D, is a nonempty, closed and convex
1=1
subset of ©, and @, is invariant under %. Thus, Schauder’s theorem indicates that £ has a fixed point in
D €. This completes the proof of the theorem. O

Theorem 2.2 Let ® be a nonempty, bounded, closed, and conver subset of a Banach space &. Also, let

B D — D be a continuous function and ¢ : Ry — Ry be a continuous function such that
A(f;9(A(0))) + (0 (B(0))) <~ (0(0)) [A(f;9(0)) + ¢ (9(0))] (2.2)
forall 0 CD, vye &, A(,,.) € O, where ¥ is an arbitrary MNC. Then 9B has at least one fized point in D.

Proof The result follows by taking (¢, ) = ¢ + w, in Theorem 2.1. O

Theorem 2.3 Let © be a nonempty, bounded, closed, and convexr subset of a Banach space &. Also, let
B : D — D be a continuous function such that

V(B(0)) <~ (9(0))9(0) (2.3)
forall O C®, v &, where ¥ is an arbitrary MNC. Then % has at least one fized point in .

Proof The result follows by taking 2A(f;¢) =t and ¢ =0, in Theorem 2.2. O

Theorem 2.4 Let © be a nonempty, bounded, closed, and convexr subset of a Banach space &. Also, let
B : D — D be a continuous function such that

I (B(0)) <k¥(0), kel0,1) (2.4)
for all © C D, where ¥ is an arbitrary MNC. Then % has at least one fived point in D.
Proof The result follows by taking v(¢t) = k for all ¢ >0, k € [0,1), in Theorem 2.3. O

Definition 2.5 [15] An element (p,q) € € x O is called a coupled fized point of a mapping B : O x O — O
if #(p,q) =p and #(q,p) = q.

Theorem 2.6 [11] Suppose 91,02,...,9, are MNC in &,6,...,&,, respectively. Furthermore, let O :
R? — Ry be convex and §(p1,p2,...,pn) = 0 if and only if pp = 0 for | = 1,2,...,n. Then ¥(0) =
T (91(01),92(05), ..., 0,(0,)) define a MNC in & X & X ... X &,, where O] denotes the natural projection of
O into & forl=1,2,...,n.

Example 2.7 [11] Let ¥ be a MNC on &. Define §(p,q) = p+4q, p,q € Ry. Then § has all the properties
mentioned in Theorem 2.6. Hence, 9/ (0) = 9(0y) +9(0s) is a MNC in the space & x &, where O}, | = 1,2

denote the natural projections of O.

2517



DAS et al./Turk J Math

Theorem 2.8 Let © be a nonempty, bounded, closed, and convex subset of a Banach space &. Also, let

B D XD =D be a continuous function and ¢ : Ry — Ry be a nondecreasing continuous function satisfying

o(p+q) <o)+ e(q), p,g >0 such that

S50 (01 x 02))), (0 (B(G3 x 6))
< 37 (0(0) +9(02) N A(:9(61) +0(62)) 0 (9(61) + 0 (6))]

for all 01,0, C D, v € &, H e F, AL,.) € O, where ¥ is an arbitrary MNC. Also, A(f;p + q) <
A(f;p) +A(f;9), p,qg > 0. Then A has at least one coupled fized point in D.

Proof We observe that 9°/(0) = 9(0) + 9(0,) is a MNC on & x & for any bounded subset & C & x &,
where 07, 05 denote the natural projection of &.
Consider a mapping £ : D x D - D x D by %’Cf(p, q) = (B(p,q), $(q,p)) -
It is trivial that 2/ is continuous. Let € C ® x D, then
O [A(f;0°7 (27(0))) . (9 (27 (0)))]
<9 [A(f;97 (B (01 x O2) x B(Oz x 1)), (07 (B (01 x Oz) x B(O x 61)))]
= SA(f50(B (01 x 0)) + 0 (B (02 % 1)), (9 (B (01 x 02)) +9 (B (6 x )]
< AR (B (01 x 02))) +2(f;0 (2 (02 % 61))) 0 (0 (B (01 x 62))) + ¢ (0 (% (62 x 61))
< HRA50(2 (01 % 02))) .0 (0 (B (01 x O)))] + R0 (B (02 x 01))) 0 (0(2 (03 x 1))

—_

Y (9(01) +9(02)) H [RA(f;9 (O1) + 9 (02)) ¢ (9 (O1) + 9 (02))]

v ((02) +9(01) H[RA(f;9(02) + 0 (61)), ¢ (9 (02) + 9 (01))]

(9(01) +9(02)) H A (f;9(O1) + 0 (02)), 0 (9 (O1) + 9 (02))]
=7 (99(0)) 5 [A(f;97(0)) ¢ (97 (0))].

By Theorem 2.1, we conclude that % has at least one fixed point in ® x ®, i.e. % has minimum of one

coupled fixed point. O

Corollary 2.9 Let © be a nonempty, bounded, closed, and convexr subset of a Banach space &. Also, let

B:D XD —D be a continuous function and ¢ : Ry — Ry be a nondecreasing continuous function satisfying

o(p+q) < ep)+e(q), p,g >0 such that

H[I(B(O1 x O2)), ¢ (I (B(O1 x 02)))]

< 5H[0(01) +9(02),0 (9 (01) + 0 (02))]

o |

forall k €10,1), 01,0, CD, H €F, where ¢ is an arbitrary MNC. Then % has at least one coupled fived
point in D.

Proof The result can be obtained by taking 2(f;t) =¢ and ~v(t) =k, k € [0,1), in Theorem 2.8. O
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Corollary 2.10 Let © be a nonempty, bounded, closed, and convexr subset of a Banach space &. Also, let

B D XD =D be a continuous function and ¢ : Ry — Ry be a nondecreasing continuous function satisfying
e(p+q) < @(p) +¢(a), p,q =0 such that
V(B(01 x 02)) + ¢ (9 (B(O1 x 02)))

g [9(61) + 0 (62) + ¢ (9 (61) + 9 (62))]

forall k € [0,1), Oy,05, C D, where ¥ is an arbitrary MNC. Then % has at least one coupled fixed point in
D.

Proof The result can be obtained by taking $(¢,w) = ¢ + w in Corollary 2.9. O

3. Application to Erdélyi—Kober bivariate fractional integral equations

Alamo and Rodriguez [6] defined the Erdélyi-Kober fractional integral of a continuous function f as

B / AAC)

ITf(t) = ds, >0,0<y<1.
s/ L(y) Jo (18 —s8)' 77

Using the Erdélyi-Kober fractional integral, Darwish and Sadarangani [17, 18] solved functional integral equa-

tions.
Analogous to the above definition, for a continuous function g on R x R, we define the Erdélyi—-Kober type

bivariate fractional integral as follows:

1,81
I3V g(x,y) = // Sﬁlt 9t s) ——dtds,
L(v1)I(v2) (yP —tP) 72 (2B —sP) T

where >0, 0 <71, 72 <1, T(2) = [; t*" e~ dt, z > 0.
In this article, we work in the space & = C(I x I) which consists of real-valued continuous functions on I x I,

where I = [0,1]. The norm of the space & is given by
|| z ||=sup{|z(t,s)| : t,s €I}, x €&.

The space & has the Banach algebra structure.
Let € be a fixed nonempty and bounded subset of the space & = C(I x I) and for € & and e > 0, denote

by w(x,€) the modulus of continuity
w(z,e) =sup{|z(t,s) — z(u,v)| : t,s,u,v € I, |t —u| < e |s—v| <e}.
Further, we define
w(0O,e) =sup{w(x,¢e):x € O}.
wo(0) =limw(0,e).

e—0

It can be shown that the function wy is a measure of noncompactness in the space & (see [13]).

Now we discuss the existence of the solution of the following bivariate fractional integral equation

B-146-
2(z,y) = g(,y) + 52 my //yS 1t EGUULEC) dtds, (3.1)

1 Y2 (Z‘ﬁ 8'8)1 Y1
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where 8 > 0,0 <~v1,v%2 <1, z,y €.
We consider the following assumptions:

(1) g€ &;

(2) u:IxIxIxIxR—R isa continuous function and there exists a nondecreasing function ¢ : Ry — Ry
such |u(z,y,t,s,2)| <Y (z]), z,y,t,s €I, z€R;

(3) There exists dp > 0 such that || g || —&—% <dp and 9 (do) < T'(y1 + (2 + 1).

Let By, ={z€ & || z||< do} be the closed ball with center 0 and radius dp.

Lemma 3.1 [17] If W : Ry — Ry is the function defined by W(p) = p°, then:
(1) If B> 1 and py,ps € I with py < pa, then p§ —p] < B(p2—p1).
6 .

(2) If 0 < B <1 and p1,ps € I with p1 < pa, then py —p? < (ps —p1)

We use Lemma 3.1 to prove the following theorem.

Theorem 3.2 Under the hypothesis (1)-(3), Equation (3.1) has at least one solution in &.

Proof Let the operator B be defined on &

(B2)(z,y) = g(z,y) + 2(z,9)(V2)(z,y),

where

vosP Py t,s,2(t
(Vz)(z,y) = / / i = U@,y s, 2 i)) dtds for t,s € I.
INGIRINGEY) (yP —tP) "7 (2P — 8Py

To prove that 8 maps into & it must be established that if z € & then (Vz)(z,y) € &.
To prove this, fixed € > 0. Also, let z € & and x1,22,y1,y2 € I with |zo — 21| <€, |ya — y1| < e. Without loss

of generality, we can assume z1 < xo, y1 < y2. Also, let

|U (xQ,y%ta Sal) *U(.’ﬁl,yl,t,S,lN :xlam%ylay%tvs € Ia
Wy l€) = Su
R B b M

2520



Then, we get

|(B2) (w2, y2) —

IN

/962 /y2
0 0
/IE2 /yz
0 0

DAS et al./Turk J Math

(Vz) (21, 91)|

P18y (g, Yo, t, 5, 2(t, 5)

1—"2 1—m1
(v —7) " (af -5

Sﬁiltﬂ ! (x27y23t75 Z t

P (g, 1, L, 8, 2(t, 8))

dtds

s [ [

1—2 1-m
(v -7) " (ol =)

P (g, 1, L, 8, 2(t, 8))

dtds

5 Y2
1—72 1 -7 dtdsi/ /
1) (-

1-2 1-m
(=) ()

N B? /”’2 /y2 P (g, g1, ty s, 2( t s ) dtd / /yl sP P (@, 0,8, 2(1, 5)) did
e — S — 1— 1— S
T()T(2) |Jo Jo <y§ _ tﬂ) s (z Sﬁ " <y§ - ta) ” (:1:5 - Sﬁ) "

N B2 /“:1 /yl sP 1P ey, yy, s, 2(t dtd / / sP 10 (g, y1, t, 8, 2(t, s))  grd
_ T 5— — s
L(y1)l(72) |Jo 0 (yg . tB) 2 (:Cg _ Sﬂ (ylﬁ B tB) —Y2 (;U’f B sﬂ)

=T +J2+ T3,

where
5, = ﬂQ . v Sﬁiltﬁilu(x27y2at S, Z t S b2 Sﬁ 1tﬁ ! ($17y1,t S Z( )) dtd
' G ) () =% I S
0 J0 (y2 - tﬁ) (w2 — s 0 (xz - 5’3)
P / /y2 $B-14B— 1‘u(3;2,y2,t,s,z(t,s))—u(xl,yl,t,s,Z(t,S)ﬂdtdS
L)l (y2)

1—72 1-m
(=) " (2 =)

< way(€) /”’:2 BsPLds /@/2 ptP=Ldt
= 1— —
POL0D Jo (o )" o (47 —0)' "
— w“(e) xﬁ’Ylyﬂ’Yz
P+ Dl +1)72 72
wa (€)
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j2 / /y2 SB 1t5 1 xlaylat S, Z / /yl SB 1t5 1 xlaylat S Z( )) dtds
1 Y2 1 72 1=m
T(y1)T(72) (xg _ 4B (xg — 55)
Y1 B— 1t6 1 t t T2 Y2 ﬁ_ltﬁ_l t t
. ;:zdw/ [,
) RS A Py
< M/m /y1 sA—1p—1 (yg —tﬁ)wrl (xg - sﬁ)vlildtds
- F(%)F(%) z Jo
| z ) / /y2 B-1,6-1 _tﬁ)wfl (xg—sﬁ !
(72 Y1

I'(n f(ll)li(lv)z 1) ng - xf)” {ygw - (yg - yf)w } +agn (yrf - yf)w]

)v ' dtds

_l_

IN

¢l = 1) {( B /3)“ 8 B (B B)
. o " (4 ) "),
F(’yl i 1)1‘\(72 + 1) 2 1 y2 2 y2 yl
and
Y1 [3 1t,8 1 t Y1 [3 1t,8 1 t
jg / / 1 ',1;127y17 S, Z dtds — / / 1 ',1;127y17 S Z( o~ )) dtds
T(1)T(72) (xg —sf (xf — 5/3)

ﬁQ
= To)T)

1 Y1 ya—1 y1—1 y2—1 71—1
/ / 86_1tﬂ_1 ‘U(.’Eh Y1, tv S, Z(tv S))| ’ (yQB - tﬁ) ((Eg - Sﬁ> - (yf - tﬁ) (‘CI’.? - sﬂ)
v v2—1 y1—1 v2—1 71
_I‘ / / P 1{(y —t ) (3&?—85) —(yf—tﬁ) (x’g—sﬁ> }dtds
(y)I'

B (| 2 )
T D(y+ 1) (y2 + 1)

2 71 71 Y2
{8 (8 = o) " 40 (o8 = o) " = (a8 =) " (8 — o) "+ oMyl - a2}

= L(m f(ln);(”yl +1) { " (yz yf) 4 ybe ( _ xf)ﬂh}_

Therefore,

dtds

[(V2)(z2,y2) — (Vz)(z1,91)]

=T +u$(F€()72 0 T Tbi)ll‘z(vs 1) {IQM (y yf) Y (:”g - xf)%}'

Case I: If g > 1, then
|(B2) (w2, y2) — (Vz)(w1, 1)

C e 20() < I
T+l +1) T +DT(2+1)

{ﬂ% e + ﬂ“/z eV } .
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Case II: If 0 < 8 < 1, then
|(B2) (w2, y2) — (Vz) (21, 51)]

wu(e) 27!’(” < ||) eﬁM 6572
= P+ D2 +1)  Tn+DI(e2+1) S

Thus, we have

[(Vz)(z2,y2) — (Vz)(z1,91)]

wu((€) 2¢(l = 1)
< max { BTN + erw’eﬁvl + B2l

P +DI(e+1) T+ +1) 7 o /
Since u is a continuous function on I x I X I x I x [— || z |, || z ||], wu(€) = 0 as € — 0.

We have |(Vz)(x2,y2) — (Vz)(x1,y1)] — 0. Thus, Yz € &.
Again for z € & and x,y € I, we have

|(B2)(z,y)]
gB—148-1
< lgla.y)| + / / 7 lu@,y b s 2 o)l g
y'B _ tﬁ 2 (Iﬂ 5) 71
B2 || z || ¢ || ) / / 7P
< dtd
—H g H + 1 Ya (iﬁ _ 85)1*’71 S

xﬁ”lym | 2 1l % 2
T(v1 + DI(7 + 1) ’

=llgll+

i.e.

[ET R
182 1< |+ 505 Drps 4 1)

By assumption (3), we observe that P8 maps By, into itself.
Let € >0 and z € By, be fixed. We consider zZ € By, with || z — Z ||< e. For any z,y € I,

|(Bz)(z,y) — (Vz)(z,y)|
/ /y sB=1h— 11 z,y,t,8, 2( dtd / /y sB=1h- 11 x,y,t, 8, Z(t, )) | dtds
(y8 —t8)" 72 (2 — (y? —18)' 77 (2 — s8)'~

ﬁ2 / / gB—14B-1 |u z,y,t, s Z(t S)) (:&yﬂf, Saz(tvs))‘dtd
S
L'(y1)T(72) (yP —t8)' 77 (a8 — sP)' "

BQ
C(v1)(72)

bu(€)
T+ DI +1)

where

_ lu(x,y,t,8,01) —u(z,y,t,81l2)|: x,y,t,s €1,
dule) = S“p{ 11—ty 1< erlula € [~do, do] |

Considering uniform continuity of w on I x I x I x I x [—dg,do], d,(¢) = 0 as € — 0. Thus, U is continuous

on By, so P is continuous on By, .
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Now, let & C By, be a nonempty set and z € . For fixed ¢ > 0 and z1,z2,y1,y2 € [ such that

1 < 29, y1 < Yo, |21 — @2 < € and |y1 — y2| < €, we have

|(B2)(22,y2) — (B2) (21, y1)]
<|g(w2,y2) — g(x1, y1)| + [(V2) (w2, y2) — (Vz) (w1, 91)| [2(22, y2)|
+ |2(22, y2) — z(z1, 91)| [(V2) (@1, 91)]

wy (€) 2¢(do)
Py +Dl(2+1) T+l +1)

Y(do)w(z,€)
Ly + 1T (2 + 1)

< w(g, e) +dy max {ﬂw N B2, An + 6572}

which gives
w(Pz,€)

wy(€) n 21(dp)
Py + D2 +1)  T(n+1DC(e+1)

Y(do)w(z,€)
Py +Dl(e +1)°

S w(g,e) + dO

max {571 N B2, An + B2 }

Therefore,
w(PO, )

wy (€) 21(dy)
Cyi+ D2 +1) Ty +1DT(y2 +1)
Y(do)w (O, €)
Ly + D0 (y2 +1)°

S w(gve) + dO

max {ﬁ% N 4 B2, An + 6672}

Since ¢ is continuous and w is uniformly continuous on I x I x I x I x [0,dp], as € — 0, we have

¢(d0)w(ﬁa 6)
w(PO,e) < I'(y1+ 1D (y2 + 1)

Thus, by assumption (3) and Theorem 2.4, we have that 8 has at least one fixed point in & C By,. Hence,
Equation (3.1) has at least one solution in &. This completes the proof. O

Example 3.3 Consider the following equation

2,2 T Y t
ceny) = x4y N z(xl,y)Q/ / zyz(t, s) dtds (32)
(C(3)" Yo Jo QSW(Z,; i) (2} - o)
for z,y € [0,1] = I.
Here we have
xz%y? 1 1 1 TYZ
g(x,y)— 4 HgH— 17 ﬁ_ga 71—72—§,u(x,y,t,s,z)—7.
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The function u is continuous and |u(x,y,t,s,2)| = IrgZ\ < ‘;—‘

= 9(|z|), where ¢ : Ry — R4 such that
Y(p)%, p > 0 which is nondecreasing function.

dg
2(r(9)°
For dy = 0.7, we noticed that, the assumptions (1) — (3) of Theorem 3.2 are satisfied. Hence, by Theorem 3.2,

Also, for dg = 0.7, both i + <dy and dy < (I‘(%))2 are satisfied.

Equation (3.2) has at least one solution in &.

4. An iterative algorithm by two-dimensional sinc interpolation

Finding the exact solution of (3.2) is difficult, so numerical methods are effective to approximate the solution.
Some numerical techniques to solve integral equations are based on the collocation method can be seen in
[26, 34, 40, 41]. Numerical methods such as expansion and projection methods are used in [10] and Galerkin
multiwavelet bases to solve the integral equation with singular kernel have been used in [36]. Generally in
the above methods, the nonlinear problems are discretized to an algebraic system with unknown coefficients
which must be determined. Moreover the convergence rate of these methods are usually of polynomial order
with respect to N, where N represents the number of terms of the expansion or the number of points of the
quadrature formula.

But, we use two-dimensional sinc interpolation to make an iterative algorithm for finding an approxima-
tion of solution such that firstly, it does not need to convert the nonlinear problems to an algebraic system by
expanding u(t) in terms of Sinc functions with unknown coefficients. Secondly, this algorithm decrease compu-
tations and has exponential accuracy (in [39], it is shown that if we use the Sinc method, the convergence rate
is exp(—cv/N) with some ¢ > 0, which convergence rate is much faster than that of polynomial order). Also to

give an error bound for the Sinc approximate solution, we consider Sinc function and some of its properties [39]

sin(mu)

sine(w) { 17“?‘?) (4.1)
, u=0.

For h > 0 and integer k, the shifted sinc function named k’th sinc function with step size h is introduced as

follows:

S(k,h)(u) = sinc (u _hkh> . (4.2)
We easily conclude that

Stk =0y = { 5127 43

Definition 4.1 Let d > 0, C be the complex plane and strip region Dy = {z € C: [Im(z)| < d} . For every
positive «, define L,(Dg) = {f : f is an analytic function in Dy} and for some ¢ > 0, and for all z € Dy

function f satisfies the following inequality

C|6Q2|

lf(2)] < e (4.4)

According to (4.4) a bounded error was introduced by Theorem 4.2 in [39].
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Theorem 4.2 Let f € Lo(Dg) for « >0 and h = %, then

o0

IFCHiy) = D7 ulkh)S(k )+ iyl < N exp((=72)E (d = [y)ND).

k=—o0

In this article we discuss in real line therefore, we have

o0

1FC) = Y u(kh)S(k,h)()loo < c1NZ exp(—c2N?). (4.5)

k=—o00

In the case of two dimensional the error bound is similar to (4.5) and we ignore it.

Definition 4.3 Let u be a function defined on real line; then for A > 0 the series,

oo

Clu,h)(u) = > u(kh)S(k, h)(u) (4.6)

k=—o0

is called the Whittaker cardinal expansion of u, wherever this series converges (see [39]). Obviously, by (4.3)—
(4.6) the cardinal function interpolates w at the points {kh}>

—00 *

The intervals of integrating in (3.2) are [0,z] and [0,y], where z,y € [0, 1], so we introduce a conformal map

as follows:
¢ :[0,1] — (—00,00) (4.7)
t — In(7).
Clearly, }irr(l) o(t) = —oo and }m% @(t) = oo. By (4.2) and (4.7) combination of S(k,h) and ¢ functions in
— —

the case of two dimensional is S(k, h).p(t)S(k , h).¢(s) function with [0,1] x [0,1] domain, thus the integrand
function of (3.2) can be approximated by S(k, h).p(t)S(k’, h).¢(s) interpolation. Let z be an integrand function,

then by cardinal function (4.6), we have
Z Z (kh,k R)S(k,h).o(t)S(k , h).(s). (4.8)
—NE'=—N

Considering (4.8) and (4.3), if ¢(t) = kh and @(s) = k'h for k, k' = —N,..., N, then z,(kh,k'h) = z(kh,k'h).

In other word, (4.8) is an interpolation of z such that the interpolating points can be given by

kh
e
tp=¢ Ykh) = ——+, k=—-N+1,...,N, t_xy =0
k 2 ( ) 1+€kh7 + ) 3 B N
ok'h (4.9)
s =0 Y kh)=——— Kk ==N+1,...,N, s_y=0.
w=¢ (kh) 11 kb N

Using (4.6)—(4.9) and similar to [39], we compute the integral on [0,z] x [0,y] for x,y € [0, 1] as follows:

t , / 1
_ At sy) where, ¢ (¢) = i
Skl — Sk

Iy J3 (¢, s)dtds ~ h? Z Z

7 §:t8
k=— Nka@(t)QO(Sk')’ T
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(4.10) is an extend results of [9, 35] to two-dimensions.
Now, with the help of (4.8)—(4.10), we can give an iterative algorithm to solve Eq. (3.2).
Algorithm

zo(x,y) =0,
2y isg (1) — )
Ty J:yzn 2 Zn(th, S )t} s (L —1g)(1 = 5p0
e (T,y) = —— + 1 Z Z — - (4.10)
BF S S o) (o - o))
n=1,2,3,...,
where collocation points t; and S;C for k,k = —N,...,N are given by (4.9).

For N =5,10 and h = ﬁ we obtain approximate solutions z;(z,y) for ¢ = 0,1,2 by algorithm (4.10).

Then, substituting zo(z,y) for N = 5,10 in (3.2) and comparing both sides, the absolute errors are shown in
Tables 1 and 2.

Table 1. Absolute errors of z2(z,y) for N =5.

Funding

(t, s) | 0.0 | 0.2 0.4 0.6 0.8 1.0

0.0 0 |0 0 0 0 0

0.2 0 | 4.4x1077 | 4.5x107% | 1.6x107° | 4.8x107° | 1.2x10~*
0.4 0 | 4.5x1076 | 4.9x107° | 1.8x107* | 5.3x107* | 1.2x1073
0.6 0 1.6x107° | 1.8x10™* | 7.0x10~* | 1.9x1073 | 3.7x1073
0.8 0 4.8x107° | 5.3x10™% | 1.9x1073 | 4.9x1073 | 7.1x1073
1.0 0 1.2x107% | 1.2x1073 | 3.7x1073 | 7.1x1073 | 1.6x10~2

Table 2. Absolute errors of zz(z,y) for N = 10.

(t, s) | 0.0 ] 0.2 0.4 0.6 0.8 1.0

0.0 0 |0 0 0 0 0

0.2 0 | 4.2x1077 | 4.3x107% | 1.8x107° | 1.0x107* | 1.2x107*
0.4 0 | 43x107% | 44x107° | 1.9x107% | 1.1x1073 | 1.2x1073
0.6 0 1.8x107° | 1.9x107% | 8.7x107% | 5.09x1073 | 4.7x1073
0.8 0 | 1.0x107% | 1.1x1073 | 5.0x1073 | 2.8x1073 | 2.8x1072
1.0 0 1.2x107% | 1.2x1073 | 4.7x1073 | 2.8x1072 | 1.3x1072
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