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Abstract: Patterson discussed the curvature identities on Riemannian manifolds based on the skew-symmetric prop-
erties of the generalized Kronecker delta, and a curvature identity for any 6-dimensional Riemannian manifold was
independently derived from the Chern-Gauss-Bonnet Theorem. In this paper, we provide the explicit formulae of Pat-
terson’s curvature identity that holds on 5-dimensional and 6-dimensional Einstein manifolds. We confirm that the
curvature identities on the Einstein manifold derived from the Chern-Gauss-Bonnet Theorem are the same as the cur-
vature identities deduced from Patterson’s result. We also provide examples that support the theorems.
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1. Introduction

Let M = (M, g) be an m -dimensional Riemannian manifold and ∇ be the Levi-Civita connection of g .
The curvature tensor R on M is defined by R(X,Y )Z = [∇X ,∇Y ]Z − ∇[X,Y ]Z for X , Y , Z ∈ X(M) ,
where X(M) denotes the Lie algebra of all smooth vector fields on M . The Ricci tensor of M is defined by
ρ(X,Y ) = Tr(Z → R(Z,X)Y ) and the scalar curvature of M is obtained by τ = Tr ρ . A symmetric (0,2)-

tensor field R on M is defined by R(X,Y ) =
m∑

i,j,k=1

R(X, ei, ej , ek)R(Y, ei, ej , ek) for a local orthonormal frame

{ei}. An m -dimensional Riemannian manifold (M, g) is said to be Einstein if ρ = τ
mg . The m -dimensional

Einstein manifold (M, g) is said to be super-Einstein if the following condition is satisfied on M

R(X,Y ) =
||R||2

m
g(X,Y ) (1.1)

with constant ||R||2 (see [3, 6, 11]). The condition (1.1) has some geometric meanings: For a compact manifold,
an Einstein metric is critical for the functional

∫
M

||R||2dvM restricted to vol(M) = 1 if and only if (1.1) satisfies.
(see [2, Corollary 4.72]). Boeckx and Vanhecke [3] showed that an Einstein manifold M is super-Einstein if and
only if the unit tangent sphere bundle T1M equipped with the standard contact metric structure has constant
scalar curvature ([3, Proposition 3.6]).

Let Mq(r, f) denote the mean-value of a real-valued function f over a geodesic sphere S(q; r) with center

∗Correspondence: parkj@skku.edu
2010 AMS Mathematics Subject Classification: 53B20, 53C25

This work is licensed under a Creative Commons Attribution 4.0 International License.
2530

https://orcid.org/0000-0002-1425-3688
https://orcid.org/0000-0001-5501-1207
https://orcid.org/0000-0002-0336-3929


EUH et al./Turk J Math

q and radius r in an m -dimensional Riemannian manifold M :

Mq(r, f) :=
1∫

S(q;r)
dvS(q;r)

∫
p∈S(q;r)

f(p) dvS(q;r).

Gray and Willmore [11] showed the mean-value properties for an Einstein manifold and a super-Einstein
manifold: They proved, from the expansions of Mq(r, f) , that the harmonic function f near q has the mean-
value properties

Mq(r, f) = f(q) +O(r6), as r → 0

for an Einstein manifold ([11, Theorem 1.1]) and

Mq(r, f) = f(q) +O(r8), as r → 0

for a super-Einstein manifold with dimM ≥ 4 ([11, Theorem 6.1]), respectively.
A Riemannian manifold M is said to be 2-stein if there exist two functions µ1, µ2 on M such that

TrRX = µ1(p)||X||2 and Tr(R2
X) = µ2(p)||X||4 , for all p ∈ M and all X ∈ TpM . Here, the Jacobi operator

RX is defined by RXY = R(Y,X)X for tangent vectors X , Y at a point p ∈ M . A unit vector field V on
M is said to be a harmonic vector field if it is a critical point for the energy functional in the set of all unit
vector fields of M [16]. A contact metric manifold whose characteristic vector field ξ is a harmonic vector field
is called an H-contact manifold. Nikolayevsky and Park [13] showed that for a Riemannian manifold M , T1M

equipped with the standard contact metric structure is H -contact if and only if M is 2-stein. Gilkey, Swann,
and Vanhecke [10] showed that a 4-dimensional manifold M is 2-stein if and only if locally there is a choice of
orientation of M for which the metric is self-dual and Einstein ([10, Theorem 2.6]). From the definition of a
2-stein manifold, we can derive the super-Einstein conditions (see [1, Chapter 6, §E]). Thus, a 2-stein manifold
is necessarily super-Einstein.

Euh, Park, and Sekigawa [6] derived a curvature identity on any 4-dimensional manifold from the Chern-
Gauss-Bonnet theorem. There are many applications of this identity (see [5, 7, 9]). On the other hand, Deszcz,
Hotloś, and Sentürk [4] gave some curvature properties of 4-dimensional semi-Riemannian manifolds as an
application of Patterson’s curvature identity.

In this paper, we introduce the curvature identities on some 5 - and 6 -dimensional Riemannian manifolds
such as Einstein, super-Einstein manifolds. Throughout the paper, we assume that the components of the tensor
fields are with respect to a local orthonormal frame {ei} and we also adopt the Einstein convention on sum
over repeated indices unless otherwise specified. Our main results are the following.

Theorem A Let M = (M, g) be a 5-dimensional Riemannian manifold.

(a) If M is Einstein, then the following curvature identity holds on M :

2τRij + 4Řij + 4R̂ij − 8R̊ij =
(τ
5
||R||2 + τ3

25

)
gij .

(b) If M is super-Einstein, then the following curvature identity holds on M :

4R̊ij − 2R̂ij =
( 9

50
τ ||R||2 − τ3

50

)
gij .
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Theorem B Let M = (M, g) be a 6-dimensional Riemannian manifold.

(a) If M is Einstein, then the following curvature identity holds on M :

4τRij + 12Řij + 12R̂ij − 24R̊ij = (τ ||R||2 − 4R̊+ 2R̂)gij .

(b) If M is super-Einstein, then the following curvature identity holds on M :

2R̊ij − R̂ij =
1

6
(2R̊− R̂)gij .

Here, we set

Řij = RiuvjRabcuRabcv, R̂ij = RibcdRjbuvRcduv, R̊ij = RibcdRjucvRbudv,

R̂ = RabcdRabuvRcduv, R̊ = RabcdRaucvRbudv.

We derive the curvature identities from Patterson’s curvature identity. In Section 2, we recall the previous
results for a 6-dimensional Riemannian manifold [8] and introduce Patterson’s curvature identity. In Sections 3
and 4, we prove Theorem A and Theorem B, respectively. We also give some examples supporting the theorems.
In Appendix, we attach the detailed computation for the proof of Lemma 4.1.

2. Curvature identities
On a 6-dimensional compact oriented Riemannian manifold, Chern-Gauss-Bonnet theorem states that Euler
characteristic χ(M) of M is given by the following integral formula.

Proposition 2.1 ([15]) Let M = (M, g) be a 6-dimensional compact oriented Riemannian manifold. Then
the Euler characteristic χ(M) of M is given by

χ(M) =
1

384π3

∫
M

{τ3 − 12τ ||ρ||2 + 3τ ||R||2 + 16ρabρacρbc

− 24ρabρcdRacbd − 24ρuvRabcuRabcv

+ 8RabcdRaucvRbvdu − 2RabcdRabuvRcduv}dvM .

In [8], the authors consider the one-parameter deformation g(t) of g , using the fact that Euler charac-
teristic is a topological invariant for the deformation, they got the universal curvature identity which holds on
any 6-dimensional Riemannian manifold. In particular, they obtained the following.

Theorem 2.2 ([8]) Let M = (M, g) be a 6-dimensional Einstein manifold. Then the following identity holds
on M :

(−τ ||R||2 + 4R̊− 2R̂)gij + 12Řij + 12R̂ij − 24R̊ij + 4τRij = 0.

For an integer N ≥ 1 , the generalized Kronecker delta is given by

δj1j2···jNi1i2···iN =

∣∣∣∣∣∣∣∣∣
δj1i1 δj2i1 · · · δjNi1
δj1i2 δj2i2 · · · δjNi2...

...
...

...
δj1iN δj2iN · · · δjNiN

∣∣∣∣∣∣∣∣∣ .
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By using the skew-symmetric properties of the generalized Kronecker delta, Patterson [14] obtained the curvature
identity for an m -dimensional Riemannian manifold as follows:

δjj1j2···jmii1i2···im Ri1i2
j1j2 · · ·Ri2r−1i2r

j2r−1j2r = 0, (2.1)

where r is any integer such that 1 ≤ r ≤ m
2 (m even) or 1 ≤ r ≤ m−1

2 (m odd).
We note that the identity (2.1) holds with respect to the Weyl curvature tensor W even if we replace R

by W in (2.1) ([14, Section 8]).

3. Proof of Theorem A
Let (M, g) be a 5-dimensional Riemannian manifold. Making use of (2.1), we have the curvature identity with
respect to the Weyl curvature tensor W for the case when r = 2 as follows:

||W ||2(gikgjl − gilgjk)− 4
{
WabcjWabclgik −WabcjWabckgil +WabciWabckgjl

−WabciWabclgjk − 2WiablWkabj + 2WiabkWlabj −WabijWabkl

}
= 0.

(3.1)

Since the Weyl tensor W on a 5-dimensional Riemannian manifold is given by

Wpqrs = Rpqrs −
1

3
(ρpsgqr + ρqrgps − ρprgqs − ρqsgpr) +

τ

12
(gpsgqr − gprgqs),

we obtain the explicit formula of the curvature identity on 5 -dimensional Einstein manifolds.

Lemma 3.1 Let M = (M, g) be a 5-dimensional Einstein manifold. The following curvature identity holds on
M : (

||R||2 + τ2

5

)
(gikgjl − gilgjk)− 4(Rikgjl +Rjlgik −Rilgjk −Rjkgil)

+ 8(RiablRkabj −RiabkRlabj) + 4RabijRabkl +
12

5
τRijkl = 0.

(3.2)

Proof Since ρps = τ
5 gps , we obtain Wpqrs = Rpqrs − τ

20 (gpsgqr − gprgqs) . Now we apply the Weyl tensor to
the identity (3.1). Then we have

||W ||2 = ||R||2 − τ2

10
, WabcjWabcl = RabcjRabcl −

τ2

50
gjl,

WiablWkabj = RiablRkabj +
τ

10
Rijkl −

τ2

80
gilgjk +

τ2

400
gikgjl,

WabijWabkl = RabijRabkl +
τ

5
Rijkl +

τ2

200

(
gikgjl − gilgjk

)
.

Similarly, we can obtain remaining terms. Then, by rearranging all terms, we complete the proof. 2

We note that there are useful formulae as follows:

RibcdRjbuvRcudv =
1

2
R̂ij , RibcdRjubvRcudv =

1

4
R̂ij , RibcdRjucvRbvdu = R̊ij −

1

4
R̂ij . (3.3)
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Now, we transvect each term of (3.2) with Rpjkl and use ρip = τ
5 gip . Then, we obtain

(
||R||2 + τ2

5

)
(gikgjl − gilgjk)Rpjkl = −2

5
τ
(
||R||2 + τ2

5

)
gip,

−4(Rikgjl +Rjlgik −Rilgjk −Rjkgil)Rpjkl = −4
(
− 2

5
τRip − 2Řip

)
,

8(RiablRkabj −RiabkRlabj)Rpjkl = −16R̊ip + 4R̂ip,

4RabijRabklRpjkl = 4R̂ip,

12

5
τRijklRpjkl =

12

5
τRip.

For the third equation above, we use (3.3). Hence, we complete the proof of Theorem A-(a).

Now we prove Theorem A-(b). Applying the condition (1.1) to (3.2), we obtain

RijabRabkl + 2RiablRkabj − 2RiabkRlabj +
3

5
τRijkl =

( 3

20
||R||2 − 1

20
τ2
)
(gikgjl − gilgjk). (3.4)

Transvecting each term of (3.4) with Rpjkl and using (1.1), we obtain

RijabRabklRpjkl = R̂ip,

2RiablRkabjRpjkl = −2
(
R̊ip −

1

4
R̂ip

)
,

−2RiabkRlabjRpjkl = −2
(
R̊ip −

1

4
R̂ip

)
,

3

5
τRijklRpjkl =

3

25
τ ||R||2gip,

(gikgjl − gilgjk)Rpjkl = −2

5
τgip.

For the second and third equations, we use (3.3). Therefore, we complete the proof of Theorem A-(b).

For a 5-dimensional 2-stein manifold, there is the following orthonormal basis introduced by Nikolayevsky
[12].

Proposition 3.2
(
[12, Proposition 4]

)
Let M = (M, g) be a 2-stein manifold of dimension 5. Then there

exists an orthonormal basis {ei} at each point p ∈ M such that

R1212 = R1313 = R2323 = R2424 = R3434 = α− β, R1414 = α− 4β,

R1515 = R4545 = α, R2525 = R3535 = α− 3β,

R1234 = β, R1235 =
√
3β, R1324 = −β, R1325 =

√
3β,

R1423 = −2β, R2425 =
√
3β, R3435 = −

√
3β,

and all the other components of R vanish.
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By using Nikolayevsky’s basis, we show the following theorem.

Theorem 3.3 Let M = (M, g) be a 5-dimensional 2-stein manifold. The identity (3.4) holds on M .

Proof Each term of the left hand side of (3.4) in the case of i = 1 , j = 2 , k = 3 , l = 4 is as follows:

R12abRab34 = 2(2α− 5β)β,

2R1ab4R3ab2 = 2(2α− 5β)β,

−2R1ab3R4ab2 = 2(2α+ β)β,

3

5
τR1234 = −6(2α− 3β)β.

Since R12abRab34+2R1ab4R3ab2−2R1ab3R4ab2+
3
5τR1234 = 0 and (g13g24−g14g23) = 0 in (3.4), Equation (3.4)

holds for i = 1 , j = 2 , k = 3 , l = 4 . For other choice of i, j, k, l , similar processes can be done for the proof of
Theorem 3.3. 2

Now we give the examples for Theorem A.

Example 3.4 Let M be the Riemannian product manifold of a 3-dimensional Riemannian manifold M1 of
constant sectional curvature k and a surface M2 of constant sectional curvature 2k (k ̸= 0) . Then the manifold
M is Einstein, but not super-Einstein. Let {ei} , i = 1, . . . , 5 be an orthonormal basis of TpM at any point
p = (p1, p2) ∈ M , where {e1, e2, e3} and {e4, e5} are bases for Tp1

M1 and Tp2
M2 , respectively. Then we have

R1221 = R1331 = R2332 = k, R4554 = 2k, (3.5)

and all the other components of R vanish. From (3.5) we have τ = 10k , ||R||2 = 28k2 , and

Rij =


4k2 if i = j = 1, 2, 3

8k2 if i = j = 4, 5

0 otherwise
, Řij =


8k3 if i = j = 1, 2, 3

16k3 if i = j = 4, 5

0 otherwise
,

R̂ij =


−8k3 if i = j = 1, 2, 3

−32k3 if i = j = 4, 5

0 otherwise
, R̊ij =

{
−2k3 if i = j = 1, 2, 3

0 otherwise
.

Therefore, we find that the curvature identity of Theorem A-(b) does not hold, but that of Theorem A-(a) holds
on M .

Example 3.5 Let M = SL(3)/SO(3) . Then M is a 5-dimensional 2-stein manifold. The inner product and
the curvature tensor are given by

< X,Y >= TrXY , R(X,Y )Z = −[[X,Y ], Z]
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for X , Y , Z ∈ X(M) . Then, with orthonormal basis of SL(3)/SO(3)

X1 =
1√
2

0 1 0
1 0 0
0 0 0

 , X2 =
1√
2

0 0 1
0 0 0
1 0 0

 , X3 =
1√
2

0 0 0
0 0 1
0 1 0


X4 =

1√
2

−1 0 0
0 1 0
0 0 0

 , X5 =
1√
6

1 0 0
0 1 0
0 0 −2

 ,

we have the components of the curvature tensor:

R1221 = R1331 = R2332 = R2442 = R3443 = −1

2
, R1441 = −2,

R1551 = R4554 = 0, R2552 = R3553 = −3

2
,

R1234 = −1

2
, R1235 = −

√
3

2
, R1324 =

1

2
, R1325 = −

√
3

2
,

R1423 = 1, R2425 = −
√
3

2
, R3435 =

√
3

2
,

(3.6)

and all the other components vanish. From (3.6), we compute the Ricci tensor ρij . For i ̸= j , ρij = 0 and

ρ11 =
5∑

a=1
R1aa1 = −3 . Similarly, ρ22 = ρ33 = ρ44 = ρ55 = −3 and so we get the scalar curvature τ is

−15 . Making use of (3.6), ||R||2 = 75 , R̂ij = 75δij , and R̊ij = 15
4 δij , where δij denotes the Kronecker delta.

Therefore, we find that the curvature identity of Theorem A-(b) holds on M .

4. Proof of Theorem B

We obtain the explicit formula of the curvature identity on 6-dimensional Einstein manifolds for the case when
m = 6 and r = 2 of the identity (2.1). To prove Theorem B, we need Lemma 4.1.

Lemma 4.1 Let M = (M, g) be a 6-dimensional Einstein manifold. The following curvature identity holds on
M :

{1

8

(
||R||2 + τ2

3

)(
gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj

)}
+
{
− 1

2

(
Rij(ghkglm − ghmglk) +Rik(ghmglj − ghjglm) +Rim(ghjglk − ghkglj)

+Rhj(gimglk − gikglm) +Rhk(gijglm − gimglj) +Rhm(gikglj − gijglk)

+Rlj(gikghm − gimghk) +Rlk(gimghj − gijghm) +Rlm(gijghk − gikghj)
)}

(4.1)
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+
{(

− Tijkh + Tikjh +
1

2
Sihjk +

τ

3
Rihjk

)
glm −

(
− Tijkl + Tikjl +

1

2
Siljk +

τ

3
Riljk

)
ghm

−
(
− Tijmh + Timjh +

1

2
Sihjm +

τ

3
Rihjm

)
glk +

(
− Tijml + Timjl +

1

2
Siljm +

τ

3
Riljm

)
ghk

+
(
− Tikmh + Timkh +

1

2
Sihkm +

τ

3
Rihkm

)
glj −

(
− Tikml + Timkl +

1

2
Silkm +

τ

3
Rilkm

)
ghj

−
(
− Thjml + Thmjl +

1

2
Shljm +

τ

3
Rhljm

)
gik +

(
− Thjkl + Thkjl +

1

2
Shljk +

τ

3
Rhljk

)
gim

+
(
− Thkml + Thmkl +

1

2
Shlkm +

τ

3
Rhlkm

)
gij

}
+Ahjkmil −Aljkmih −Aijkmhl +Aijmkhl −Ahjmkil +Aljmkih −Aikmjhl +Ahkmjil −Alkmjih

= 0,

where Tpqrs = RpabqRrabs , Spqrs = RabpqRabrs , and Apqrstu = RapqrRastu .

Proof The proof is similar to that of Lemma 3.1 for the case when m = 6 and r = 2 . Here, the Weyl tensor
W is given by

Wpqrs = Rpqrs −
1

4
(ρpsgqr + ρqrgps − ρprgqs − ρqsgpr) +

τ

20
(gpsgqr − gprgqs).

Next we expand (2.1) for W and use the Einstein condition ρij = τ
6 gij . Then we can obtain (4.1). For more

details, we refer to Appendix. 2

Now, we transvect each term of (4.1) with Rihjk . For the first term of (4.1), we have

1

8

(
||R||2 + τ2

3

)(
gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj

)
Rihjk

= −1

6

(
τ ||R||2 + τ3

3

)
glm.

For the second term, we have

−1

2
Rij(ghkglm − ghmglk)Rihjk =

τ

12
||R||2glm − 1

2
Řlm,

−1

2
Rik(ghmglj − ghjglm)Rihjk =

τ

12
||R||2glm − 1

2
Řlm, −1

2
Rim(ghjglk − ghkglj)Rihjk = −τ

6
Rlm,

−1

2
Rhj(gimglk − gikglm)Rihjk =

τ

12
||R||2glm − 1

2
Řlm,

−1

2
Rhk(gijglm − gimglj)Rihjk =

τ

12
||R||2glm − 1

2
Řlm,

−1

2
Rhm(gikglj − gijglk)Rihjk = −τ

6
Rlm, −1

2
Rlj(gikghm − gimghk)Rihjk = −τ

6
Rlm,

−1

2
Rlk(gimghj − gijghm)Rihjk = −τ

6
Rlm, −1

2
Rlm(gijghk − gikghj)Rihjk = τRlm.
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Thus, the second term of (4.1) transvecting with Rihjk becomes τ

3
||R||2glm − 2Řlm +

τ

3
Rlm .

For the third term, we have

(
− Tijkh + Tikjh +

1

2
Sihjk +

τ

3
Rihjk

)
glmRihjk

=

(
−RiabjRkabhRihjk +RiabkRjabhRihjk +

1

2
RabihRabjkRihjk +

1

3
τRihjkRihjk

)
glm

=

(
−2R̊+ R̂+

1

3
τ ||R||2

)
glm,

−
(
− Tijkl + Tikjl +

1

2
Siljk +

τ

3
Riljk

)
ghmRihjk

=
(
RiabjRkablRimjk −RiabkRjablRimjk − 1

2
RabilRabjkRimjk − τ

3
RiljkRimjk

)
= 2R̊lm − R̂lm − τ

3
Rlm,

−
(
− Tijmh + Timjh +

1

2
Sihjm +

τ

3
Rihjm

)
glkRihjk = 2R̊lm − R̂lm − τ

3
Rlm,(

− Tijml + Timjl +
1

2
Siljm +

τ

3
Riljm

)
ghkRihjk

=

(
−RiabjRmabl +RiabmRjabl +

1

2
RabilRabjm +

τ

3
Riljm

)
(−ρij)

= −τ

6

(
−τ2

36
glm +Rlm +

1

2
Rlm − τ2

18
glm

)

=
τ3

72
glm − τ

4
Rlm,(

− Tikmh + Timkh +
1

2
Sihkm +

τ

3
Rihkm

)
gljRihjk = 2R̊lm − R̂lm − τ

3
Rlm,

−
(
− Tikml + Timkl +

1

2
Silkm +

τ

3
Rilkm

)
ghjRihjk =

τ3

72
glm − τ

4
Rlm,

−
(
− Thjml + Thmjl +

1

2
Shljm +

τ

3
Rhljm

)
gikRihjk =

τ3

72
glm − τ

4
Rlm,(

− Thjkl + Thkjl +
1

2
Shljk +

τ

3
Rhljk

)
gimRihjk = 2R̊lm − R̂lm − τ

3
Rlm,

(
− Thkml + Thmkl +

1

2
Shlkm +

τ

3
Rhlkm

)
gijRihjk =

τ3

72
glm − τ

4
Rlm.

Thus, the third term of (4.1) transvecting with Rihjk becomes

(
−2R̊+ R̂+

τ

3
||R||2 + τ3

18

)
glm + 8R̊lm − 4R̂lm − 7

3
τRlm.
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Making use of (3.3), the remaining terms in (4.1) transvecting with Rihjk , we have

(Ahjkmil −Aljkmih −Aijkmhl +Aijmkhl −Ahjmkil +Aljmkih −Aikmjhl +Ahkmjil −Alkmjih)Rihjk

= RahjkRamilRihjk −RaljkRamihRihjk −RaijkRamhlRihjk +RaijmRakhlRihjk −RahjmRakilRihjk

+RaljmRakihRihjk −RaikmRajhlRihjk +RahkmRajilRihjk −RalkmRajihRihjk

= −4Řlm − 2R̂lm + 4R̊lm.

Summing up all terms, then we complete the proof of Theorem B-(a).

Now, we prove Theorem B-(b). Applying (1.1) to (4.1), we have

− 1

8

(
||R||2 − τ2

3

)(
gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj

)
+
(
− Tijkh + Tikjh +

1

2
Sihjk +

τ

3
Rihjk

)
glm −

(
− Tijkl + Tikjl +

1

2
Siljk +

τ

3
Riljk

)
ghm

−
(
− Tijmh + Timjh +

1

2
Sihjm +

τ

3
Rihjm

)
glk +

(
− Tijml + Timjl +

1

2
Siljm +

τ

3
Riljm

)
ghk

+
(
− Tikmh + Timkh +

1

2
Sihkm +

τ

3
Rihkm

)
glj −

(
− Tikml + Timkl +

1

2
Silkm +

τ

3
Rilkm

)
ghj

−
(
− Thjml + Thmjl +

1

2
Shljm +

τ

3
Rhljm

)
gik +

(
− Thjkl + Thkjl +

1

2
Shljk +

τ

3
Rhljk

)
gim

+
(
− Thkml + Thmkl +

1

2
Shlkm +

τ

3
Rhlkm

)
gij +Ahjkmil −Aljkmih −Aijkmhl +Aijmkhl

−Ahjmkil +Aljmkih −Aikmjhl +Ahkmjil −Alkmjih = 0.

(4.2)

We transvect each term of (4.2) with Rihjk . Here, we give a few representative terms as follows:

− 1

8

(
||R||2 − τ2

3

)(
gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj

)
Rihjk

=
1

6
τ
(
||R||2 − τ2

3

)
glm,

−
(
− Tijkl + Tikjl +

1

2
Siljk +

τ

3
Riljk

)
ghmRihjk = 2R̊lm − R̂lm − 1

18
τ ||R||2glm,

(
− Tijml + Timjl +

1

2
Siljm +

τ

3
Riljm

)
ghkRihjk =

(τ3
72

− τ

24
||R||2

)
glm,

(Ahjkmil −Aljkmih −Aijkmhl +Aijmkhl −Ahjmkil +Aljmkih −Aikmjhl +Ahkmjil −Alkmjih)Rihjk

= −4Řlm − 2R̂lm + 4R̊lm

= −τ

9
||R||2glm − 2R̂lm + 4R̊lm.

Similarly, we can obtain remaining terms by transvecting with Rihjk . Then, by rearranging all terms, we have
Theorem B-(b).

Now we give an example of Theorem B.
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Example 4.2 Let M be the Riemannian product manifold of 3-dimensional Riemannian manifolds M1(k) and
M2(k) of constant sectional curvature k (k ̸= 0). Then we can easily check that M is an Einstein manifold. But
M can never be 2-stein: Let X = (X1, X2) is a tangent vector with X1 , X2 its components tangent to M1(k)

and M2(k) , respectively. Then, Tr(R2
X) = 2k2(||X1||4+ ||X2||4) which cannot be equal to µ2(||X1||2+ ||X2||2)2 .

Let {ei}, i = 1, 2, . . . , 6 be an orthonormal basis of TpM at any point p = (p1, p2) ∈ M , where {e1, e2, e3} and
{e4, e5, e6} are bases for Tp1M1(k) and Tp2M2(k) , respectively. Then, we have

R1221 = R1331 = R2332 = R4554 = R4664 = R5665 = k, (4.3)

and all the other components of R vanish. From (4.3) we have

τ = 12k, ||R||2 = 24k2, R̊ = −12k3, R̂ = −48k3,

Řij = 8k3δij , R̂ij = −8k3δij , R̊ij = −2k3δij , Rij = 4k2δij .

Therefore, we find that the curvature identities of Theorem B hold on M . Here we note that M is a super-
Einstein manifold.

5. Appendix
In this appendix, we give the proof of Lemma 4.1.

By replacing the curvature tensor R by the Weyl curvature tensor W in (2.1), we can also obtain the
curvature identity of W . In the case of m = 6 and r = 2 , making use of the fact that the Weyl curvature
tensor is traceless, we have the following curvature identity.

Proposition 5.1 The Weyl curvature tensor W of any 6-dimensional Riemannian manifold satisfies the
following identity:

0 =||W ||2(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

−4
{
WiabcWjabc(ghkglm − ghmglk) +WiabcWkabc(ghmglj − ghjglm) +WiabcWmabc(ghjglk − ghkglj)

+WhabcWjabc(gimglk − gikglm) +WhabcWkabc(gijglm − gimglj) +WhabcWmabc(gikglj − gijglk)

+WlabcWjabc(gikghm − gimghk) +WlabcWkabc(gimghj − gijghm) +WlabcWmabc(gijghk − gikghj)
}

−8
{
(WiabjWkabh −WiabkWjabh)glm − (WiabjWkabl −WiabkWjabl)ghm

− (WiabjWmabh −WiabmWjabh)glk + (WiabjWmabl −WiabmWjabl)ghk

+ (WiabkWmabh −WiabmWkabh)glj − (WiabkWmabl −WiabmWkabl)ghj

+ (WhabjWkabl −WhabkWjabl)gim − (WhabjWmabl −WhabmWjabl)gik

+ (WhabkWmabl −WhabmWkabl)gij
}

+4
{
WabihWabjkglm −WabihWabjmglk +WabihWabkmglj −WabilWabjkghm

+WabilWabjmghk −WabilWabkmghj +WabhlWabjkgim −WabhlWabjmgik +WabhlWabkmgij
}

+8
{
WahjkWamil −WaljkWamih −WajhlWaikm −WaijkWamhl +WajihWalmk

+WajilWahkm −WahjmWakil +WaljmWakih +WaijmWakhl

}
.

(5.1)
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Proof of Lemma 4.1. The Weyl tensor W on a 6-dimensional Riemannian manifold is given by

Wpqrs = Rpqrs −
1

4
(ρpsgqr + ρqrgps − ρprgqs − ρqsgpr) +

τ

20
(gpsgqr − gprgqs).

Since M is Einstein, we have Wpqrs = Rpqrs − τ
30 (gpsgqr − gprgqs) . We substitute the Weyl tensor into (5.1).

Then, we have

||W ||2 = ||R||2 − τ2

15
,

WiabcWjabc = Rij −
τ2

90
gij ,

WiabjWkabh −WiabkWjabh = RiabjRkabh −RiabkRjabh − 2

15
τRihjk − 7

900
τ2(gijghk − gikghj),

WabihWabjk = RabihRabjk +
2

15
τRihjk +

τ2

450
(gijghk − gikghj),

WahjkWamil = RahjkRamil −
τ

30
(Rkmilghj −Rjmilghk +Rlhjkgim −Rihjkglm)

+
τ2

900
(gimghjglk − gikghjglm − gimghkglj + gijghkglm).

(5.2)

Making use of (5.2), the right-hand side of (5.1) is the following:

(
||R||2 − τ2

15

)
(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

−4
{
Rij(ghkglm − ghmglk) +Rik(ghmglj − ghjglm) +Rim(ghjglk − ghkglj)

+Rhj(gimglk − gikglm) +Rhk(gijglm − gimglj) +Rhm(gikglj − gijglk)

+Rlj(gikghm − gimghk) +Rlk(gimghj − gijghm) +Rlm(gijghk − gikghj)

− τ2

30
(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

}
−8

{
(RiabjRkabh −RiabkRjabh)glm − (RiabjRkabl −RiabkRjabl)ghm

− (RiabjRmabh −RiabmRjabh)glk + (RiabjRmabl −RiabmRjabl)ghk

+ (RiabkRmabh −RiabmRkabh)glj − (RiabkRmabl −RiabmRkabl)ghj

+ (RhabjRkabl −RhabkRjabl)gim − (RhabjRmabl −RhabmRjabl)gik

+ (RhabkRmabl −RhabmRkabl)gij

− 2

15
τ(Rihjkglm −Riljkghm −Rihjmglk +Riljmghk +Rihkmglj

−Rilkmghj +Rhljkgim −Rhljmgik +Rhlkmgij)

− 7

300
τ2(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

}
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+4
{
RabihRabjkglm −RabilRabjkghm −RabihRabjmglk +RabilRabjmghk +RabihRabkmglj

−RabilRabkmghj +RabhlRabjkgim −RabhlRabjmgik +RabhlRabkmgij

+
2

15
τ(Rihjkglm −Riljkghm −Rihjmglk +Riljmghk +Rihkmglj

−Rilkmghj +Rhljkgim −Rhljmgik +Rhlkmgij)

+
τ2

150
(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

}
+8

{
RahjkRamil −RaljkRamih −RaijkRamhl +RaijmRakhl −RahjmRakil

+RaljmRakih −RaikmRajhl +RahkmRajil −RalkmRajih

− 2

15
τ(Rilkmghj −Riljmghk −Rhljkgim −Rihjkglm −Rihkmglj

+Rihjmglk +Riljkghm −Rhlkmgij +Rhljmgik)

+
τ2

150
(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

}
.

Rearranging these terms, we have

0 =
{(

||R||2 + τ2

3

)
(gijghkglm − gijghmglk − gikghjglm + gikghmglj + gimghjglk − gimghkglj)

}
−4

{
Rij(ghkglm − ghmglk) +Rik(ghmglj − ghjglm) +Rim(ghjglk − ghkglj)

+Rhj(gimglk − gikglm) +Rhk(gijglm − gimglj) +Rhm(gikglj − gijglk)

+Rlj(gikghm − gimghk) +Rlk(gimghj − gijghm) +Rlm(gijghk − gikghj)
}

+
(
− 8RiabjRkabh + 8RiabkRjabh + 4RabihRabjk +

8

3
τRihjk

)
glm

−
(
− 8RiabjRkabl + 8RiabkRjabl + 4RabilRabjk +

8

3
τRiljk

)
ghm

−
(
− 8RiabjRmabh + 8RiabmRjabh + 4RabihRabjm +

8

3
τRihjm

)
glk

+
(
− 8RiabjRmabl + 8RiabmRjabl + 4RabilRabjm +

8

3
τRiljm

)
ghk

+
(
− 8RiabkRmabh + 8RiabmRkabh + 4RabihRabkm +

8

3
τRihkm

)
glj

−
(
− 8RiabkRmabl + 8RiabmRkabl + 4RabilRabkm +

8

3
τRilkm

)
ghj

+
(
− 8RhabjRkabl + 8RhabkRjabl + 4RabhlRabjk +

8

3
τRhljk

)
gim

−
(
− 8RhabjRmabl + 8RhabmRjabl + 4RabhlRabjm +

8

3
τRhljm

)
gik
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+
(
− 8RhabkRmabl + 8RhabmRkabl + 4RabhlRabkm +

8

3
τRhlkm

)
gij

+8(RahjkRamil −RaljkRamih −RaijkRamhl +RaijmRakhl −RahjmRakil +RaljmRakih

−RaikmRajhl +RahkmRajil −RalkmRajih).

This completes the proof of Lemma 4.1. □
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