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Abstract: It is shown that some embedding problems on hypersemigroups are actually problems of adjunction. Accord-
ing to the theorem of this paper, for every hypersemigroup S which does not have identity element, an hypersemigroup 7'
having identity element can be constructed in such a way that S is an ideal of T'. Moreover, if S is regular, intra-regular,
right (left) regular, right (left) quasi-regular or semisimple, then so is 7. If A is an ideal, subidempotent bi-ideal or

quasi-ideal of S, then it is an ideal, bi-ideal, quasi-ideal of T" as well. Illustrative examples are given.
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1. Introduction and prerequisites

The embedding of a regular ring in a regular ring with identity has been published by L. Fuchs and I. Halperin
in 1964 in Fundamenta Mathematicae [2]. A related problem has been previously established by Kohls [13]
(MR0081267; Reviewer: Melvin Henriksen). Also Johnson [3] has shown that, for a certain class of rings which
includes all regular rings, each of the rings is isomorphic to a subring of a regular ring with identity. We have
seen in [5] that embedding problems are actually problems of adjunction by showing that for every semigroup
not containing identity, there exists a semigroup T with identity such that S is an ideal of T'. The aim is to
show that for every hypersemigroup S which does not have identity we can construct an hypersemigroup T’
with identity in such a way that S is an ideal of T'. It is also shown that if S is regular, quasi-regular, right
(resp. left) regular, right (resp. left) quasi-regular or semisimple, then 7' is also so. Furthermore, if A is an
ideal, subidempotent bi-ideal or quasi-ideal of (S,0), then it is an ideal, bi-ideal, quasi-ideal of T'. Examples
illustrate the results.

Denote by P*(S) the set of all nonempty subsets of S. An hypersemigroup is a nonempty set S with
an hyperoperation o : S x S — P*(S) | (a,b) — aob on S and an operation * : P*(S) x P*(S) — P*(9) |

(A,B) > A*B:= |J aob on P*(S) such that (aob)* {c} = {a} x (boc) for every a,b,c € S. We
acAbeEB

denote it by (S,0,x*) or, for short, just by (S,0). It is not necessary o and * to be on (the same set) S to
write (S,0,#*). For an hypersemigroup, we can write (5,0, %) though o is an operation between elements of
S and * an operation between subsets of S. Let (S,0,*) be an hypersemigroup. For any x,y € S, we have
{z} *x {y} = x oy. From the definition of %, we have the following: (1) if x € A B, then = € aob for some
a€A, beBand (2)ifa€ A and b€ B, then aobC AxB. If A,B,C, D are subsets of S such that A # 0,
C#0and ACB,CCD,then AxCC BxD and CxAC DxB. If (S,0) is an hypersemigroup then, for
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any nonempty subsets A, B,C of S, we have (Ax B)xC = Ax (B« () [7, 9] so the operation * is associative
and we can write A * B x C' without using parentheses.

A nonempty subset A of S is called subidempotentif Ax A C A. That is, if x € aob for some a,b € A,
then z € A; which is equivalent to aob C A for every a,b € A. (P*(S),*) is a semigroup. An element
A of P*(S) is called a subsemigroup of (S,0) if Ax A C A [9]. So the concepts “subidempotent subset of
S” and “subsemigroup of S” are identical. The notion “subidempotent” comes from Birkhoff (subidempotent
elements). A nonempty subset A of S is called an ideal of S [7]if (1) AxS C A and (2) if SxA C A. Property
(1) is equivalent to the following “if a € A and b € S, then aob C A”. Property (2) is equivalent to “if a € §
and b € A, then aob C A”. A nonempty subset of S satisfying only the property (1) (resp. property (2))
is called a right (vesp. left) ideal of S. Every right ideal or left ideal of (S,0), is a subidempotent subset of
(S,0). A nonempty subset A of S is called a bi-ideal of S is Ax S+ A C A. This is equivalent to saying that if
x €uoa and u € bos for some a,b € A, s € S, then x € A. A nonempty subset @@ of S is called a quasi-ideal
of S if (Q=+S)N(S*Q)C Q. Equivalently, if t € aob for some a € @, b€ S and ¢ € cod for some c € S,
de @, then te€ Q.

Every ideal of (5, 0) is a quasi-ideal of (5, 0) and every quasi-ideal of (.9, 0) is a bi-ideal of (S, 0). Indeed,
if A is an ideal of S, then A is nonempty, A*xS C A and Sx A C A, then (A*xS)N(S*xA) C A and so A is
a quasi-ideal of S. If A is a quasi-ideal of S, then A is nonempty and A*S* A C (AxS)N(S*A) C A and
so A is a bi-ideal of S.

An hypersemigroup (5, 0) is called regular [7] (also [9, Definition 11]) if

for every a € S there exists € S such that a € (aoz) * {a}.
An hypersemigroup (5, 0) is called intra-regular [9, Definition 25] if
for every a € S there exist x,y € S such that a € (xoa) * (aoy).
(S,0) is called right regular (see also [4, 10]) if
for every a € S there exists € S such that a € (aoa)* {z}.
(S,0) is called left regular if
for every a € S there exists € S such that a € {z} * (a0 a).
(S, 0) is called right quasi-regular [8, Definition 2.15] if
for every a € S there exist x,y € S such that a € (aox) * (a0 y).
(S, 0) is called left quasi-regular [8, Definition 2.7] if
for every a € S there exist x,y € S such that a € (xoa) * (yoa).
(S, 0) is called semisimple [8, Definition 2.23] if

for every a € S there exist x,y,z € S such that a € (zoa) x (yoa)* {z}.
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2. Main result

Definition 2.1 If (S,0) is an hypersemigroup, an element e of S is called identity element if ace = eoa = {a}

for every a € S.

Theorem 2.2 Let (S,0,%) be an hypersemigroup which does not have identity element. Then there exists an

hypersemigroup T having identity element such that S is an ideal of T.

Proof Take an element e such that e ¢ S (let z € S (S # 0); the element (z,z) is, for example, such an

element) and consider the set S U {e}. Define an hyperoperation “” on S U {e} and an operation “*” on

P*(SU{e}) as follows:

5: (Su{e}) x (Su{e}) =P (Su{e}) | (z,y) »xoy

where
zoy ifxr,yesS
_ {z} ifxe€s y=e
roy= {y} if z=e, yes
{e} if z=y=c
B2 PHSUL)) x PH(SULE) = PH(SULE) | (AB) > A% B
where

Then (S U {e},9,%) is an hypersemigroup. In fact:

(A) The hyperoperation o is well defined. Indeed: We have x € S or x =¢; y € S or y =e.
If z,y € S,then xoy=20y CSC SU{e}.
IfxeS,y=e,then z5y={z} TS CSU{e}.
Ifx=e,ye S, then zoy={y} CSCSuU{e}.
If z=y=¢e, then x5y ={e} CSU{e}.
Let (z,y),(z,t) € (SU{e}) x (SU{e}), (z,y) = (2,t). Then x5y =zot. Indeed:
We have z € SU{e}, ye SU{e}, ze SU{e}, t e SU{e}, x =2, y=1t; that is
reSorx=e
yeSory=e
zeSorz=e

teSort=e.
Thus we have

zeS, (yeSory=e),(z€Sorz=¢), (teSort=e)
x:e7(yeSory:e), (zESor z:e),(teSort:e).
So we have the following cases:

reS,yeS, (zeSorz=¢),(teSort=e)

2836



KEHAYOPULU/Turk J Math

reS, y=e,(z€Sorz=¢),(teSort=e)
r=e,yes, (zESor z:e),(tESort:e)
r=e,y=e, (zeSor z:e),(teSort:e).

In other words, we have to check the following cases:

JxeS,yeS, zeS, t=e
)xeS,yeS,z=e,tes
4)zeS, yelS, z=¢,t=c¢
yxeS,y=e, ze S, tes
6) zeS,y=e,z€8, t=c¢
NaxeS, y=e,z=e,t€S
JxeS, y=e,z=e,t=c¢
)

10) z=e,ye S, zeS, t=e¢
1) z=e,yes, z=e,t€S
12 x=e,ye S, z=e,t=¢
13) z=e,y=e, z€85,teS
4)z=e,y=e, z€ S, t=¢
B)xz=e,y=e, z=¢,t€S
16) x=e,y=e, z=e€,t=¢

We check each of the 16 cases given above.
We have x =z, y=1t.

(1) Let z € S, ye S, z€ S, te€ S. Then oy = 2z 5 t. Indeed: Since z,y € S, we have
roy=xoy. Since z,t € S, we have 26t =z20t. Since z =z, y =t, we have x oy = zot. Thus we have
roy=xoy=zo0t=2z0t.

(2)Let z€S,ye S, z€ 8, t=e. Since y=1t, we have y =e. Thus S>y=-e and so e € S. The

case is impossible.

B)Let z€S,yeS, z=e,t€S. Since z =2, we have z =e. Then S >z =c¢e ie. e€S. The case
is impossible.

(4) Let x€S,ye S, z=e, t=e. Since x =z, we have S >z =e ie. e € S. The case is impossible

(5) Let x € S,y=e, z€ S, t€S. Since y=t, we have S >t =-e. The case is impossible.

(6) Let z€S,y=e,z€S,t=e. Since x € S, y=e, we have 25y = {z}. Since z€ S, t = e, we
have 2ot ={z}. Since = z, we have x5y =275 ¢.

N Let z€S,y=e,z=e€,t€S. Wehave S5z =2=c¢c ie. e€S. The case is impossible.
8) Let z€ S, y=e, z=e, t =e. We have S > x =z =e. The case is impossible.
)

10) Let x=e,y€ S, z€ S, t =e. Since x = z, we have e = z € S. The case is impossible.

(

(

(9) Let x=e,ye S, z€S5,t€S. Since z = z, we have e = z € S. The case is impossible.

(

(11) Let x=e, ye S, z=e,t€S. Since z=e, y € S, we have 5y = {y}. Since z =€, t €5, we

have 2ot = {t}. We have y =¢ and so x5y =275 ¢.
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(12) z=e,ye S, z=e, t =e. We have S 3y =1t =-e. The case is impossible.
(I3) Let x=e, y=e€, z€ S5, t€S. We have e =z = z € S. The case is impossible.
(14) Let x=e,y=c¢, z€ S, t =e. We have S 3 2 =2 = e. The case is impossible.
(I5) Let x =e, y=e, z=¢€, t € S. We have S 5t =y = e. The case is impossible.
(16) Let z =e, y=e, z=e,t=e. Since x =e, y =€, we have £ 5y = {e}. Since z=e¢, t = e, we
have z ot = {e}. Thus we have x5y = 25 ¢t.

(B) The operation ¥ is well defined. Indeed: if A,B € P*(SU {e}), then A ¥ B := U aob. Since
acA,beB

) #acbC SU{e} for every a € A and every b € B, we have ) # As B C SU{e}. Let (4,B),(C,D) €
P*(SU{e}) x P*(SU{e}) such that (A,B) =(C,D). Then AxB= |J adb= |J as5b=C3D.
a€A,beB a€C,beD

(C) We have {z} * (yo z) = (xS y) * {z} for every z,y,z € SU{e}. Indeed: We have to check the cases:

(a) z€S, (yeSory=e), (z€Sorz=e) and

(b) =

(1) Let z,y,z € S. Then (z35y)* {2} = {z} * (y© 2z). Indeed:
Let t € (

T ©
u€xoy CS. Since u,z € 5, we have u 5 z =wuo z. Then we have

=e, (yGSory:e), (zeSorz:e).

y) * {z}. Then t € u o z for some u € 5 y. Since z,y € S, we have £ 5y = z oy and so

tcuoz={u}x{z} C(zoy)*{z} = {z}x(yo2)

Then ¢t € x owv for some v € yoz C S. Since z,v € S, we have x ov = 5 v. Since y,z € S, we have

yoz=y0oz and so {v} Cyoz. Then we have

texsv={a} ¥ {0} C {2} ¥ (y52)

and so (xSy)* {2z} C{a} *(yoz). Let now ¢t € {x} ¥ (y© 2z). Then ¢t € x 5 u for some u € y 5 z. Since

y,2 €S, wehave u e yoz=yozC.S. Since z,u € S, we have £ 6 u = x ou. Then we have

tezou={a}x{u} C{a}x(yoz) = (woy) x{z} = (x5 y) * {z} (since z,y € ).

Then t € voz for some v € x5y =xoy C 5. Since v,z € S, we have vo z = v 6 z. Thus we have
tevoz={v}*{z} C(xoy)*{z} andso {z} ¥ (yo2) C (xoy)*{z}.

(2) Let x,y €S, z=e. Then (xoy)* {2z} = {z} * (y 5 z). Indeed: Since z = e, we have to prove that
(xoy)*{e} ={z} *{y}. Let t € (x5 y)*{e}. Then t € ud e for some u € x5 y. Since z,y € S, we have
zoy=xzoyC S andso u e S. Since u € S, we have ud e = {u}. Then ¢t € {u} Cx 5y ={z}* {y} and so
(xoy)F{e} C{z}*{y}. Let now t € {z} ¥ {y} =2 Sy. We have x5y C (x5 y) * {e}. Indeed:

Let uexzoy (=3 vexdsysuchthatucvse?)

Since 2,y € S, we have x5y =20y C S and so u € S. For the element u € x 5y, we have u 5 e = {u}
and so u €uoe.

(3)Let z € S,y=e€, z2z€ S. Then (x5 y) * {z} = {z} ¥ (y © z). Indeed: Since y = e, we have
xoy={z} and y© z={z}. Then we have (xoy) * {z} ={z} ¥ {z} = {2} x (y° 2).
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(4) Let z € S, y=2z2=-¢c. Then (zxoy) * {2z} = {z} ¥ (y© 2). Indeed: Since x € S, y = e, we have
xoy={x}, then (xoy)*{z} ={a}*{z} =235 2. Since z € S, z = e, we have 5 z = {z}. Thus we have
(xoy)* {2z} = {x}. Since y = z=¢, we have y 5 z = {e}. Then {a} * (y3 2) = {z} * {e} = x 5 e. Since
x €8S, wehave £5e={z} and so {«} * (yo 2) = {z}.

(5) Let x =€, y,2 € S. Then (x3y)* {z} = {x} * (y© 2z). Indeed: We have

(xoy)*{z} ={y} ¥ {z} =yo 2z and {z} % (yo 2) = {e} * (y© 2).

On the other hand, y5z={e} ¥ (y5z2). Indeed: f u€eys2 (= JveEyYsz : ucedv 7)

For the element v :=u € y © z, we have v € S, then ed v = {v} = {u} and so u € e v. Thus we have
yozC{e}*(yoz). If now u € {e} * (yo 2). Then u € e v for some v € y 5 z. Since y,z € S, we have
vEyoz=yozCS. Since v €S, we have edv ={v}. Then v € {v} Cydz andso {e}* (yoz2) Cyod=z.

(6) Let x = e, ye€ S, z=-e. Then (x5 y) * {z} = {a} * (y © z). Indeed: Since & = e, we have
xoy=eoy={y}. Since z =€, we have y o z =y 5 e = {y}. Thus we have

(@oy)*{z} ={y} ¥ {z} =yoz=yoe={y} and {a} ¥ (yo2) ={e} ¥ {y} =2 oy =coy = {y}.

(7)Let z = e, y=¢, 2 € S. Then (z 5 y) * {z} = {z} ¥ (y © 2). Indeed: Since z = y = e,
we have 0 y = {e}, then (x 5 y) * {2} = {e} * {} = e 5 2 = {z}. Since y = e, z € S, we have
{r}*(yoz) ={z} ¥ {z} ={e} ¥ {z} = ez ={z}.

(8)Let z =y =2 =ce. Then (x5 y) * {2} = {z} ¥ (y © 2). Indeed: Since x = e, y = e, we have
xoy=ecoe={e}. Since z =¢, we have (x o y) * {2z} ={e} ¥ {e} =eoe={e}. Since y =¢, z =€, we

have y5z=eSe = {e}. Since x = e, we have {z} ¥ (y 5 2) = {e} 5 {e} = {e}.

(D) The element e is the identity element of SU {e}; that is, ace =e%a = {a} for every a € SU{e}.
Indeed: Let a € SU{e}. If a € S, then ade=eda={a}. f a=e,then ace=ede = {e} = {a} and

edca=eoce={e} ={a}.

(E) The set S is an ideal of S U {e}; that is, S* (SU{e}) € S and (SU{e}) ¥ S C S. Indeed: Let
a€Sand be SU{e}. fbe S, then adb=aobC S. f b=e¢,then adb=ade={a} CS5. Let
a€eSU{e}and be S. Ifae S,then acb=aobC S. If a=e,than acb={b} CS. O

As (SU{e},5) is an hypersemigroup, for any nonempty subsets A, B of SU {e}, we have
(A¥B)5C=A%(B%C):= A% B%C.

Also if A, B,C, D subsets of S,A#0,B#0,ACBand C CD,then AxCCB*¥D and C¥ACD*B.
We apply Theorem 2.2 to the following example.

Example 2.3 We consider the ordered semigroup (S,-) given by Table 1 and Figure 1. From this semigroup,
in the way indicated in [10], the hypersemigroup (S, o) given by Table 2 can be obtained (see also [1]). Taking
an element ¢t not included in (S, 0), we consider the set S U {t}. According to Theorem 2.2, the set S U {t}
with the hyperoperation © given by Table 3 is an hypersemigroup; and ¢ is the identity element of (S U {t},B)
(as Table 3 also shows).
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Table 1. The multiplication table of the semigroup of Example 2.3.

f

b d

Qe |e |22 |2
[ BN eI e T B e N e NN B e NN Nel
DO |D
[ [~ |~ |~ [~

ISEN IR RSN I ST NS T S

C
c
C
Cc
c
c

o |||

a

Figure 1. The order of Example 2.3.

Table 2. The hyperoperation o of Example 2.3.

o|a b c d e f

a | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

b | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

¢ | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

d | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

e | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

f 1 4a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S

Table 3. The hyperoperation & of Example 2.3.

°o|a b c d e f t
a | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S {a}
b | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,be} | S {b}
c | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S {c}
d | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S {d}
e | {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S {e}
f 1 {a} | {a} | {a,b,c,d} | {a,b,c,d} | {a,b,e} | S {f}
t | {a} | {0} | {c} {d} {e} {/} | {t}
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3. If (S,0) is regular, intra-regular etc., then so is (S U {e},9)

The hypersemigroup (S, o) of the Example 2.3 is not regular, as # = € S such that b € (boz) * {b}.
It is not left regular as 3 2 € S such that b € {x} * (bob).

It is not left quasi-regular as there are no z,y € S such that b € (zob)*x(yob).

(S,0) is right regular, that is for every a € S there exists © € S such that a € (aoa)* {z}. Indeed,
a€(aoa)x{c}, be (bob)x{c}, c€(coc)x{c}, de (dod)«{d}, e€ (ece)x{e}, fe(fof){f}.

(S,0) is intra-regular, that is for every a € S there exist z,y € S such that a € (xoa)* (aoy). Indeed,
a € (aca)*(aca), b € (cob)x(boc), ¢ € (coc)*(coc), d € (dod)*(dod), e € (ece)x(ece), f € (fof)x(fof).

(S,0) is right quasi-regular, that is for every a € S there exist x,y € S such that a € (aox) *x (aovy).
Indeed, a € (a0a)# (60a), bE (bo )5 (bo f), c€ (co f)x(cof), de (do f)x(dof), e € (o f) x(eo ),
fe(fof)efor).

(S,0) is semisimple, that is for every a € S there exist x,y,z € S such that a € (xoa)* (yoa)*{z}.
Indeed, a € (aca)*(aoa)*{a}, be (bob)*(bob)*{f}, c€ (aoc)*(acc)*{f}, de (aod)*(aod)*{f},
eceoe)s(coc){e}, [ €laof)x(bo )+ {/}.

Theorem 3.1 If (S,0) is a regular hypersemigroup, then the hypersemigroup (S U {e},6) is also reqular.

Proof Let a € SU{e}. If a € S then, since (5, 0) is regular, there exists x € S such that a € (aox) x {a}.

Since a,z € S, we have aox =a 52 and so a € (a5 ) * {a}. On the other hand,

(ao2)*{a} C (adx)* {a}.

Indeed: if ¢ € (a © z) x {a}, then t € uoa for some u € a oz =aox C S. Since u,a € S, we have
uoa=uda={u}*{a}. Then ¢t € {u} ¥ {a} C (a°x)* {a}. So: If a € S, then there exists x € S U {e}
such that a € (a3 ) *{a}. If a = e then, for the element x :=e € SU{e}, we have e € (e 5 e) * {e}. Indeed:
ece={e}, (ece)x{e}={e}*{e} =ece={e} andso e€ (eTe)* {e}. O

Theorem 3.2 If (S,0) is an intra-reqular hypersemigroup, then the hypersemigroup (SU {e},6) is also intra-

regular.

Proof Let a € SU{e}. Then there exist z,y € SU{e} such that a € (x5 a)* (a©y). Indeed: if a € S then,
there exist x,y € S such that a € (xoa)* (acy) = (£ a)*(ady). On the other hand,

(xoa)*x(aoy) C (z35a)*(ady).

Indeed: if t € (xS a)*(aoy), then t € wow for some u € xda=zx0aC S, vEady=aoy CS. Since
u,v € S, we have uov =udv = {u} ¥ {v}. Then we have t € {u} ¥ {v} C(x5a)* (aTy). So: If a € S,
then there x,y € SU{e} such that a € (x5 a)* (a5 y). If a = e then, for the elements z =y :=e € SU{e},
we have e € (eSe) * (eoe). Indeed: ece = {e}, (ede)* (ede) ={e} ¥ {e} =eoe={e} and so

e€(edce)*(eve). O

Theorem 3.3 if (S,0) is a right (resp. left) reqular hypersemigroup, then then the hypersemigroup (SU{e},5)
is right (resp. left) reqular.
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Proof Let (S,0) be right regular and a € SU{e}. Then there exists € SU{e} such that a € (a5 a) * {z}.
In fact: if @ € S then, since S is right regular, there exists = € S such that a € (aca)* {z} = (a© a) * {z}.
On the other hand,

(@oa)x{z} C (ava)*{z}.
Indeed: Let t € (a © a) x{x}. Then t € uox for some u € a 3a =aoa CS. Since u,z € S, we have
voxr =uox ={u}*{z}. Then ¢t € {u} * {z} C (ada)* {z}. If a = e then, for the element = :=e € SU{e},
we have (eSe) % {e} ={e} *{e} =ece={e} andso e € (eTe) * {e}.
Let now (S, 0) be left regular and a € SU{e}. Then there exists € SU{e} such that a € {z} ¥ (a5 a).
In fact: if a € S, then there exists z € S such that a € {z} * (a0a) = {x} * (a5 a). On the other hand,

{z}+(aoa) C{z}*(a0a)

Indeed: Let ¢t € {2} * (@S a). Then t € xou for some u € ada =aoa C S. Since u,x € S, we have
zou=x0u={z}*{u}. Then t € {z} ¥ {u} C{z} * (aoa). If a = e then, for the element x := e € SU{e},

we have e € {e} * (eTe). O

Theorem 3.4 If (S,0) is a right (resp. left) quasi-regular hypersemigroup, then the hypersemigroup (SU{e},B)

is right (resp. left) quasi-regular as well.

Proof Let (S,0) be right quasi-regular and a € S U {e}. Then there exist z,y € S U {e} such that
a€(adx)*(ady). Indeed: if a € S, then there exist z,y € S such that a € (aox)*(aoy) = (aoz)*(aTy).
On the other hand,

(a52)(a5y) C (a52)F (a5 y).
Indeed: if t € (acz)*(aoy), then t € wow for some u €acx=aox C S, vEady=aoy CS. Since
u,v € S, we have uov =uov = {u} * {v}. Then we have t € {u} * {v} C (a5 x) % (aoy). So: For a € S,
there exist z,y € SU {e} such that a € (a3 z) * (aSy). If a = e then, for the elements = y := e, we have
(ece)*(ece)={e}*{e} =ece={e} andso ec (ece)* (eTe).

Let now (S,0) be left quasi-regular and a € S U {e}. Then there exist z,y € S U {e} such that
a € (xoa)*(yoa). Indeed: if a € S, then there exist z,y € S such that a € (zoa)*(yoa) = (T a)*(y3a).
On the other hand,

(05a)(y5a) C (250) % (y 5 a).

Indeed: if t € (xS a)*(yoa), then t €uow for some u € xsa=20aC S, veEydsa=yoaCS. Since
u,v € S, we have uov=udsv={u}*{v} C(z%a)*(yoa) andso t € (x5 a)* (yoa). If a=e then, for

the element z :=e € SU{e}, we have e € {e} * (e T e). O

Theorem 3.5 If (S,0) is semisimple hypersemigroup, then the hypersemigroup (S U {e},S) is semisimple as

well.

Proof Let a € SU{e}. Then there exist z,y,z € SU{e} such that a € (x5 a) * (y 5 a) * {z}. Indeed: if
a € S, then there exist x,y,z € S such that

a€(xoa)x(yoa)x{z} =(xoa)x(yoa)x{z} (3.1)
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On the other hand, we have the following:

(A) (zoa)x(yoa)«{z} C(zoa)*(yoa)x{z}
and

(B) (zoa)*(yoa)x{z} C(zoa)*(yoa)*{z}.
Indeed: (A) Let t € (xS a)*(yoa)*{z}. Then t € uoz for some u € (x5 a)*(yoa), u € vow for some
vExdoa=x0aC S, weEydsa=yoaCS. Since v,w € S, we have

vow=vow={v}*{w} C(x3a)*(yoa)

Thus we have v € (z5a)* (yoa). Then t cuoz={u}*x{z} C(z35a)* (yoa)*{z}.

(B)Let t € (xSa)*(yoa)*{z}. Then t € uoz for some u € (x5 a)* (yda), u€ vdw for some
vExda=x0aC S, weEysca=yoaCS. Since v,w € S, we have vow=vow C S and so u € S. Since
u,z € S, we have

tcuoz=uoz={u}*{z} C(x%a)*(yoa)*{z}.

Property (3.1) follows immediately by (A) and (B). O
We apply Theorems 3.1, 3.2, 3.3, 3.4, and 3.5 to the following example.

Example 3.6 We consider the ordered semigroup (.5,-) given by Table 4 and Figure 2.

Table 4. The multiplication table of the semigroup of the Example 3.6.
b

ISENESE ST IS

C
C
C
C

b
b
b

a

Figure 2. The order of Example 3.6.

Using the Light’s associativity test we immediately see that this is really an ordered semigroup. Using
the methodology described in [10], we get the hypersemigroup (S,0) given by Table 5. If we want to prove
independently that (5,0) is an hypersemigroup, then we have to check 27 cases as, for example, {c} * (boa) =
{c}*{a} = coa = {a}, (cob)x{a} = {a,b}x{a} = (aca)U(boa) = {a}U{a} = {a} and so {c}*(boa) = (cob)*{a}
and so on. But still, there is a method like the Light’s associativity test to check it immediately using tables.
We take an element e not included in S and, according to Theorem 2.2, the set SU{e} with the hyperoperation

o given by Table 6 is an hypersemigroup having the element e as the identity element.
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Table 5. The hyperoperation o of Example 3.6.

a b c
{a} | {a,0} | {a,c}
{a} | {a,0} | {a,c}
{a} | {a,b} | {a,c}

o |

Table 6. The hyperoperation o of Example 3.6.

a b c e

fa} | {a,b} | {a,c} | {a}
{a} | {a,b} | {a.c} | {b}
fa} | {a,b} | {a,c} | {c}
e | fa} [ {0} [ {c} |{e}

ol

o |

The hypersemigroup (S, o) is regular, that is for every a € S there exists € S such that a € (aoz)*{a}.
Indeed, a € (aoca)*{a}, b€ (bob)*{b} and c € (coc)*{c}.

The hypersemigroup (5,0) is intra-regular, that is for every a € S there exist z,y € S such that
a€(zxoa)*(aoy). Indeed, a € (aca)*(aca), be (bob)*(bob) and c € (coc)*(coc).

(S,0) is right regular, that is for every a € S there exists € S such that a € (a0 a) * {z}. Indeed,
a€(aoa)*{a}, be (bob)*{b}, c€ (coc)x*{c}.

(S,0) is left regular, that is for every a € S there exists « € S such that a € {z} * (a 0 a). Indeed,
a€{a}*(aoa), be{b}*(bod), a€ {c}*(coc).

(S,0) is right quasi-regular, that is for every a € S there exist z,y € S such that a € (aoz) * (a0 y);
as a € (aca)*(aoa), be (bob)x(bob) and c € (coc)*(coc).

(S,0) is left quasi-regular, that is for every a € S there exist x,y € S such that a € (xoa)*(yoa); as
a€(aoa)*(aoca), be (bob)x(bobd) and c€ (coc)*(coc).

(S,0) is semisimple, that is for every a € S there exist z,y,z € S such that a € (xoa) * (yoa) * {z}.
Indeed, a € (aoa)*(aca)x{a} ={a} x{a} *x{a} = (aoa)*{a} ={a} x{a} =aoca={a}.

be (bob)x(bob)x*{b} ={a,b}*{a,b}*{b} ={a,b} x{b} = (aob)U (bobd) = {a,b}.

ce(coc)x(coc)*{c} ={a,c}+{a,c}x{c} ={a,c} *{c} =(aoc)U(coc)={a,c}.

According to Theorems 3.1, 3.2, 3.3, 3.4, and 3.5, the hypersemigroup (S o {e},6) is also regular, intra-
regular, right regular, left regular, right quasi-regular, left quasi-regular and semisimple.

Independently, (S o {e},G) is regular, that is for every a € S U {e} there exists € S U {e} such that
a € (aox)* {a}. Indeed,

a€(aoa)¥{a} ={a} ¥ {a} =asa={a},

be (bob)*{b} = {a,b} ¥ {b} = (a°b) U (b5 b) = {a,b} U{a,b} = {a,b},

ce(coc)x{c} ={a,c}*{c} =(adc)U(cdc)={a,ctU{a,c}={a,c},
ec(ece)x{e} ={e} x{e} =ede={e}.

(S o {e},0) is intra-regular, that is for every a € S U {e} there exist z,y € S U {e} such that

U
U

e
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a€(xda)*(ady). Indeed,
a€(asa)*(ada)={a}*{a} = {a},
be (bob)*(bsb)={a,b} ¥{a,b} =(ada)U(boa)U(adb)U(b3b)={a}U{a,b} ={a,b},
ce(coe)*(coc)={a,c}*{a,c} =(ada)U(csa)U(adc)U(ctc)={a}U{a,c}={a,c},
ee(ee)F (eoe) = {e} 7 {e} = {e}.

(So{e},o) isright regular, that is for every a € SU{e} there exists € SU{e} such that a € (a © a) ¥{z}.
Indeed,
€ (ava)*{a}={a} ¥ {a} = {a},
€ (bob) ¥ {b} = {a,b} © {b} = (a5 b) U (b5 b) = {a,b} U{a,b} = {a, b},
€(coe)*{c} ={a,c} ¥ {c} = (av)U(cOc) = {a,c} U{a,c} = {a,c},
€ (eve) ¥ {e} = {e} ¥ {e} = {e}.
(So{e}, o) is left regular, that is for every a € SU{e} there exists € SU{e} such that a € {2} % (a5 a).
Indeed,
a € fa}*(aoa)={a} ¥ {a} = {a},
be {b}x(bob)={b}*{a,b} =(boa)U(bob)={a}U{a,b} ={a,b},
ce{c}*(coc)={c}*{a,c} =(csa)U(coc)={a}U{a,c}={a,c},
ec{e}x(ece)={e} x{e} =ece={e}.
(S o {e},0) is right quasi-regular, that is for every a € SU {e} there exist z,y € SU {e} such that
a € (aoz)* (aoy). Indeed,
ae(asa)¥ (asa)={a}, be (bsb) 7 (b5b) = {a,b},
ce(coc)¥(coc)={a,c}, ec(ede)*(ede)={e}.
(S o {e},d) is left quasi-regular, that is for every a € S U {e} there exist z,y € S U {e} such that
a€(xoa)*(yda). Indeed,
a€(ada)*(aca), be (bob)*(bob), ce(¢cdc)*(cdc),e€(ede)*(eTe).

(S ) {e},B) is semisimple, that is for every a € S U {e} there exist z,y,z € S U {e} such that
a€ (roa)*(y*a)*{z}. Indeed,

a€(asa)%(a¥a)¥ {a} = {a} ¥ {a} # {a} = (40a) ¥ {a} = {a} ¥ {a} =ava={a}.

be (b5 b)F (55 b) b} = {a,b} 7 {a,} 7 {b} = (a5b) % {B} = (a5 B)UBSb) = {a,b}U{a, b} = {a,b}.
ce(coc)x(coc)*{c} ={a,c}*{a,c} x{c} ={a,c} ¥ {c} =(adc)U(coc) ={a,c}.
cc(eve)x(eve)*{e} = {e} ¥ {e} = {e}.

If we consider the semigroup given by Table 4 and change the order to the orders given by Figure 3, Figure
4 or Figure 5, we still get ordered semigroups. The hypersemigroup (S, o) that corresponds to Figure 3 is given
by Table 7, the hypersemigroup (S,o) that corresponds to Figure 4 is given by Table 8, the hypersemigroup
(S,0) that corresponds to Figure 5 is given by Table 9. Each of these hypersemigroups is regular, intra-regular,
right (left) regular, right (left) quasi-regular, and semisimple and the hypersemigroup (S U{e}, 6) is, respectively,

regular, intra-regular, right (left) regular, right (left) quasi-regular, and semisimple as well.
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a

Figure 3. The order of Example 3.6 regarding to Figure 3.
C

a

Figure 4. The order of Example 3.6 regarding to Figure 4.
C

([ ]
a

Figure 5. The order of Example 3.6 regarding to Figure 5.

Table 7. The hyperoperation o of Example 3.6 regarding to Figure 3.

o | a b c
a | {a} | {a,;b} | {c}
b | {a} | {a,b} | {c}
¢ | {a} | {a,;b} | {c}

Table 8. The hyperoperation o of Example 3.6 regarding the Figure 4.

o | a b c

a | {a} | {a,b} | {a,b,c}
b | {a} | {a,b} | {a,b,c}
¢ | {a} | {a,b} | {a,b,c}
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Table 9. The hyperoperation o of Example 3.6 regarding to Figure 5.

ol a b c

a | {a} | {b} | {c}
b | {a} | {b} | {c}
¢ | {a} | {b} | {c}

Example 3.7 We consider the ordered semigroup S = {a,b,c,d,e, f,g,h} given by Table 10 and Figure 6.
Using the Light’s associativity test and its extending form for ordered semigroups (see [6]), we can immediately
see that this is really an ordered semigroup. From this semigroup, using the methodology described in [10] (see
also [1]) we get the hypersemigroup with the hyperoperation o given by Table 11. We get an element ¢ not
included in S and, according to Theorem 2.2, the set S U {t} is an hypersemigroup given by Table 12 and
having ¢ as the identity. The hypersemigroup (5,0) is regular, intra-regular, right (left) regular, right (left)
quasi-regular and semisimple and, by Theorems 3.1, 3.2, 3.3, 3.4 and 3.5, the hypersemigroup SU{t} is regular,

intra-regular, right (left) regular, right (left) quasi-regular and semisimple as well.

Table 10. The multiplication table of the semigroup of Example 3.7.

a|blcldl|lel|flgl|lh
alalblc|d|e| flg]|h
blal|blc|d|el|flgl|h
clalblc|dlel|lflglh
dlal|blc|d|e| flg]|h
elalblc|d|e| flg]|h
flalblc|d|e| flg]|h
glal|blc|d|e| flgl|h
hlalblc|d|e| flg]|h

d

g

e c

b e N

f
a

Figure 6. The order of Example 3.7.
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Table 11. The hyperoperation o of Example 3.7.

b c d e f g h

fa} | {a,b} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f, 9} | {n}
fa} | {a,0} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f. 9} | {n}
fa} | {a,b} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f. 9} | {n}
fa} | {a,b} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f. 9} | {n}
fa} | {a,b} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f, 9} | {n}
fa} | {a,b} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f. 9} | {n}
fa} | {a,b} | {a,b,c} | {a,b,c.d;e} | {e} | {f} | {f, 9} | {n}
fa} | {a,0} | {a,b,c} | {a,b,c.de} | {e} | {f} | {f, 9} | {n}

[¢]
IS

SR (=[O |

Table 12. The hyperoperation o of Example 3.7.

a b c d e f g h t
{a} | {a,b} | {a,b,c} | {a,b,c.d,e} | {e} | {f} | {f.9} | {h} | {a}
{a} | {a,b} | {a,b,c} | {a,bc.de} | {e} | {f} | {f.9} | {h} | {0}
{a} | {a,b} | {a,b,c} | {a,b,c.d,e} | {e} | {f} | {f,9} | {n} | {c}
{a} | {a,b} | {a,b,c} | {a,b,c;d,e} | {e} | {f} | {f,9} | {n} | {d}
{a} | {a,b} | {a,b,c} | {a,b,c.dye} | {e} | {f} | {f,9} | {h} | {e}
{a} | {a,b} | {a,b,c} | {a,b,c.dye} | {e} | {f} | {f.9} | {0} | {f}
{a} | {a,b} | {a,b,c} | {a,b,c;d,e} | {e} | {f} | {f,9} | {n} | {g}
{a} | {a,b} | {a,b,c} | {a,b,c;d,e} | {e} | {f} | {f,9} | {n} | {P}
{a} | {6} | {c} {d} {e} | {/} [ {gt [ {n} | {8}

ol

s> =0 |0 |o|e

4. The ideals, the subidempotent bi-ideals or quasi-ideals of (S5,0) are ideals, bi-ideals or quasi-
ideals of (S U {e},o)

Proposition 4.1 If A is an ideal of (S,0), then it is an ideal of (SU {e},B).

Proof Let AxS C A. Then A% (SU{e}) C A. Indeed: Let z € A% (SU{e}). Then x € a5y for some
ac€ A, ye SU{e}. fye S, thenasy=aoy={a}*x{y} CAxS C Aandso z € A. If y=e, then
acy=ade={a} C A and again z € A. Similarly, if A is a left ideal of S, then it is a left ideal of SU {e}.

O
Property (E) of Theorem 2.2 follows as an application.

We apply Proposition 4.1 to Examples 4.2 and 4.3.

Example 4.2 We consider the hypersemigroup S = {a,b, ¢, d} of Example 2.14 in [12] with the hyperoperation
defined by Table 13.

The set {a,c,d} is an ideal of (.S, 0) and, according to Proposition 4.1, the set {a,c,d} is an ideal of the
hypersemigroup (S U {e},B) as well its hyperoperation given by Table 14.
Independently, we can check that {a,c,d} is an ideal of S U {e} as follows:
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Table 13. The hyperoperation o of Example 4.2.

a b c d
{a} | {a,d} | {a,d} | {a,d}
{a,d} | {0} | {a.,d} | {a,d}
f{a,d} | {a,d} | {c} | {a,d}
{a,d} | {a,d} | {a,d} | {d}

QIO | S| | O

Table 14. The hyperoperation & of Example 4.2.

a b c d e
fa} | {a,d} | {a,d} | {a,d} | {a}
{a,d} | {b} | {a,d} | {a,d} | {b}
{a,d} | {a,d} | {c} | {a,d}|{c}
{a,d} | {a,d} | {a,d} | {d} | {d}
fa} {6} [{c} [ {d} |{e}

D |U|[O | S| | ol

{a,c,d} % (Su{e}) = {a,c,d}*{a,b,c,d,e}=(aca)U(adb)U(adc)U(add)U(ase)U(coa)U
(cob)U(cac)U(cod)U(coe)U(doa)U(dab)U(dac)U(dad)U(dade)
= {a,c,d} C{a,c,d}.

(Sufe}) ¥{a,c,d} = {a,b,c,d,e}F{a,c,d} =(ada)U(boa)U(coa)U(doa)U(esa)U(adc)U
(bsc)U(csc)U(dde)U(edc)U(add)U(bad)U(cod)U(dad)U(edd)
= {a,¢,d} C{a,cd}.

Example 4.3 We consider the hypersemigroup S = {a, b, c,d, e} of Example 14 in [10] given by Table 15 and
the hyperoperation & of the hypersemigrop (SU{t}) given by Table 16. The set {a} is an ideal of (S,0) and,
according to Proposition 4.1, it is an ideal of (S U {t},B) as well. Independently,

{a} ® (SU{t}) ={a} *{a,b,c,d,e,t} = {a} C {a} i.e. {a} is a right ideal of (S U {t}) and

(Su{t}) *{a} = {a,b,c,d,e,t} % {a} = {a} C {a} ie. {a} is a left ideal of (SU{t}).

Table 15. The hyperoperation o of Example 4.3.

a b c d e
{a} | {a} | {a} [{a} | {a}
{a} | {a,0} | {a} | {a,d} | {a}
{a} | {a,e} | {a,c} | {a,c} | {a. e}
{a} | {a,b} | {a,d} | {a,d} | {a,b}
{a} | {a,e} | {a} | {a,c} | {a}

o[ L|lO || |0

2849



KEHAYOPULU/Turk J Math

Table 16. The hyperoperation o of Example 4.3.

a b c d e t

fa} | {a} | {a} |{a} |{a} |{a}
{a} | {a,b} | {a} | {a,d} | {a} | {0}
{a} | {a,e} | {a,c} | {a,c} | {a,e} | {c}
fa} | {a,b} | {a,d} | {a,d} | {a,b} | {d}
{a} | {a.e} | {a} | {a,c} | {a} | {e}
fa} | {0} | {c} [{d} |{e} |{t}

ol

O QO[S

The following question arises: If A is a bi-ideal or quasi-ideal of (S, 0), then is A a bi-ideal or quasi-ideal
of of (SU{e},0)?
Regarding the bi-ideals, we have the following proposition.

Proposition 4.4 If A is subidempotent bi-ideal of (S,0), then it is a bi-ideal of (S U {6},6) .

Proof Let Ax AC Aand AxSx«ACA. Then A% (SU{e}) ¥ AC A. Indeed: Let z € A% (SU {e}) ¥ A.
Then

zeushforsomeuc A% (SU{e}),be A

and
u€coy forsomece A, ye SU{e}.

If y = e then, since ¢ € S, we have u € coy=coe={c},and x €udsb=1c3b. Since ¢,b € S, we
have cob=cob, then z € cob={c}*x{b} CA*xAC A andso z € A. If y € S then, since ¢c € S, we have
uecoy=coyCS. Since u,be€ S, we have z € uob=wuob. Then

reuob={u}+{b} C(coy){b} = {c}* {y} x{b} CAxSxACA

and again x € A. O

Remark 4.5 Every subidempotent subset A of (,0) is a subidempotent subset of (SU{e},3) as well. Indeed:
if AxACAand r € A¥ A, then x € a 3 b for some a,b € A. Since a,b € S, we have a b = ao b, then
x€aob={a}x{b} CAxAC Aandso xz € A. As aresult, if A is a subidempotent bi-ideal of (S,0), then it

is a subidempotent bi-ideal of (S U {e},B).
Proposition 4.6 If Q is a quasi-ideal of (S,0), then it is a quasi-ideal of (S U {e},E) as well.

Proof Let (Q+S)N(S*Q)C Q. Then (Q; (Su{e})) N ((Su{e}) 1@) C Q. Indeed:
Let t € <Q¥ (SU{e})) N ((Su{e}) EQ). Then t € Q% (SU{e}) and t € (SU{e}) ¥ Q. Then

t€adbforsomeac Q,be SU{e}
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and
t € ¢5d for some c € SU{e},d € Q.

We have

teacob acQ, (bESorbze),

tecod, deqQ, (CESOrc:e).
We have to check the following cases:

(1) t€eacb,ac@Q,beS, tecod,deQ, ce S,

(2) t€acb,ac@Q,beS, tecod, deQ, c=ce,

(3)tcadob,aceQ,b=e,tecod,deQ, ce S,

(4) t€ach,acQ,b=e,tecod, deqQ, c=e.
(1) Let t€adsb,ac@Q,be S, tecod, deQ, ceS. Since a,be S, we have a5b=aob. Since ¢,d € S,
we have ¢cod =cod. Then we have t € aob={a} *{b} C Q=S and t € cod = {c} x {d} C S * Q. Hence
te(@*xS)N(S*Q)CQ andsoteq.
(2) From (2), we have t € ¢Sd, d€ @, c=e. Since d€ S, c=¢,wehave t =eSd={d}. Then t =d € Q
and so t € Q).
(3) From (3), we have t € a b, a € Q, b=e. Since a € S, b=¢, wehave t €ca5b=aoe = {a}. Then
t=a€Q@ andsoteq.

(4) From (4), we have t € aob, a € Q, b= e; the same with (3). So t € Q. O

Example 4.7 We consider the hypersemigroup (S, o) of the Example 4.2 given by Table 13. The set {a,c,d}

is an ideal of (S, 0), so it is a quasi-ideal and a bi-ideal of (S, 0) as well. Independently,
({a, ¢, d} x{a,b,c, d}) n ({a, b,c,d} = {a,c, d}) ={a,c,d} Nn{a,c,d} = {a,c,d}
and so {a,c,d} is a quasi-ideal of (S,0). We also have
({a, c,d} *{a,b,c, d}) x{a,c,d} = {a,c,d} x{a,c,d} = {a,c,d}

and so {a,c,d} is a bi-ideal of (S, 0). By Proposition 4.6, the set {a, ¢, d} is a quasi-ideal of (SU{e},B) . The set
{a,¢,d} is a subidempotent subset of (S,0) and, according to Remark 4.5, the set {a,c,d} is a subidempotent

bi-ideal of (S U {e},s) (its hyperoperation given by Table 14).

Let us finally give some information about the interior ideals. A nonempty subset A of an hypersemigroup
(S,0) is called interior ideal of S is S* AxS C A. That is, if x €uos and u € tob for some s,t €5, b€ A,
then z € A. Regarding the interior ideals the following proposition holds.

Proposition 4.8 If (S,0) is an hypersemigroup and A is an ideal of (S,0), then it is an interior ideal
(Su{e},o).

Proof Since A is an ideal of (S, 0), by Proposition 4.1, A is an ideal of (SU {e},B) : that is (SU {e}) ¥ACA
and A% (SU{e}) C A. Then we have ((S’U {e}) ?A) ¥ (Su{e}) CAx(Su{e}) CA. O
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Example 4.9 According to Proposition 4.8, the ideal {a,c,d} of the Example 4.2 and the ideal {a} of the
Example 4.3 are interior ideals of (SU {e},5).

Remark 4.10 For any semigroup (S,-) defined by a table of the form of Table 17 (like Tables 4 or 10) and
any order relation < on (S,-), the corresponding hypersemigroup (.5,0) defined by aob:={t € S|t < ab}
is regular, intra-regular, right (left) regular, right (left) quasi-regular and semisimple and the hypersemigroup

(S,9) defined in Theorem 2.2 is, respectively, so.

Table 17. The multiplication of the semigroup of Remark 4.10.

a|blcld
ala|b|lc|d
bla|b|lc|d
clal|b|c|d
dla|b|lc|d

5. Isomorphic hypersemigroups

Definition 5.1 Two hypersemigroups (S,o) and (T,3) are called isomorphic if there exists a (1-1) mapping
f of S onto T such that f(aob) C f(a) © f(b) for every a,b € S; in the sense that if u € aob, then

f(u) € f(a)o f(b).
Theorem 5.2 If (S,0,%) and (T,3,%) are two isomorphic hypersemigroups and (S, o,*) is regular, then so is
(T,0,%).

Proof Let f : (S,0,%) — (T,9,%) be an isomorphism, (S,0,x*) be regular and a € T'. Then there exists
x € T such that a € (a © ) % {a}. Indeed: Since f is onto, there exists b € S such that f(b) = a. Since
(S,0) is regular, there exists y € S such that b € (boy) * {b}. Then b € uob for some u € boy. Since
f(uobd) C f(u)d f(b) and b € uob, we have f(b) € f(u) o f(b). Since f(boy) C f(b) 3 f(y) and u € boy,
we have f(u) € f(b) 3 f(y). Then we have

a=f(b) € f() 3 F(0) = {f()} F {0} € (F0) 5 1 (v)) % {F D)}

We put f(y) := 2z and we have z € T and a € (a© z) * {a}. O

In a similar way, we have the following:

Theorem 5.3 If (S,0,x*) and (T,3,%) are two isomorphic hypersemigroups and (S, o, *) is intra-reqular, right

(left) reqular, right (left) quasi-regular or semisimple, then (T,5,%), respectively, is so.
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Remark 5.4 A second proof of the first part of the theorems of Section 3 can be given in the way indicated in
Section 5 as well. Of course, we have to prove the Theorem 5.3 in that case. However, Section 3 shows exactly
the role of the operations © and * that according to the bibliography the two operations are the same.

The hypersemigroups (S,0) and (5,9) considered in Theorem 2.2 are isomorphic under the identity
mapping. Indeed, for the one to one and onto mapping i : (S,0) — (5,9) | @ — i(a) := a, we have
i(aob) Ci(a)oi(b); that is u € aob implies u € a5 b. This is clear as a,b € S implies aob= a5 b. So the

Theorem 2.2 can be given in the following way as well.

Theorem 5.5 Fvery hypersemigroup can be embedded in an hypersemigroup having an identity element.

Note In Remark 3.2 in [11], the set P*(S) of all nonempty subsets of S is a Ve-semigroup and not le-semigroup
as for A, B € P*(S) the intersection AN B can be empty. So in [11, Example 3.15], and in Conclusion part
of the paper, the word le-semigroup should be replaced by Ve-semigroup (this is obvious from Figure 3 of the

example as well).
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