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existing in the literature. Finally, we give a result for the existence of the solution of nonlinear fractional differential

equations.

Key words: Nonlinear fractional differential equation, comparison function, best proximity point, b-metric space

1. Introduction

The fixed point theory is a very significant tool to solve various problems in approximation theory, nonlinear
analysis, differential equations, control systems and game theory. Therefore, the theory has been improved by
many authors. In this context, the Banach contraction principle [9] accepted as the beginning of the fixed point
theory on metric spaces was proved. Let (T,0) be a complete metric space and ¢ : T — Y be a contraction
mapping, then ¢ has a unique fixed point. It is known that the mapping ¢ has to be continuous and ¢ has a
unique fixed point in this principle. Hence, a great number of results have been proved to obtain the existence

and uniqueness of fixed points in this field [2, 17, 18, 22]. However, the solution of nonlinear systems used to

solve real-life problems may not be unique. In this sense, Ciri¢ [14] obtained some nonunique fixed point results

for a self-mapping ¢ satisfying
min{o (e, ¥§), 0 (e, 0), (&, ¢€)} — min{o(e, p€), (&, o)} < ko(o,§)

where k € [0,1) and o is a metric on Y. Also, the mapping ¢ may not be continuous in the result of Cirié.
After that, many authors have studied nonunique fixed point theory [4, 15, 20, 21].

Recently, the fixed point theory has been improved by considering nonself mappings ¢ : ¢ — R where
p, R are nonempty subsets of a metric space (T,o). If the intersection of p and R is empty, then ¢ cannot
have a solution to the equation ¢p = p. Because of the fact that o(p, o) > o(p,R) for all p € p, it is sensible
to find a point ¢ satisfying (o, v0) = o(p,R) which is called a best proximity point [10]. Since every best
proximity point is a natural generalization of a fixed point in the case of p = R = T, many authors have studied
this topic in the literature [5, 6, 8, 24-26].
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On the other hand, introducing a nice concept of a b-metric, Czerwik [16] obtained a generalization of

the Banach contraction principle in a different way from the results existing in the literature.
Definition 1.1 [16/Let T be a nonempty set and o : T x Y — [0,00) be a function such that for all 0,&,2 € T,

b1) o(0,€) =0 if and only if o =&,
b2) o(0,§) = (&, 0),

b3) o(0,2) < s[o(0,€) + (&, 2)] where s > 1.
Then, o is said to be a b-metric on Y. Also, (Y,0) is said to be a b-metric space.

It is clear that every metric space is a b-metric space. However, the converse may not be true. Indeed,
the following well-known example of b-metric spaces shows this fact. Let T =R and o : T x T — [0,00) be

a function defined as o(p,¢&) = (0 — 5)2 for all p,& € T. Then (Y,0) is a b-metric space with the coefficient
s=2. If wetake p=8, £ =5, and z = 2, then

0(8,2) = 36 > o(8,5) + 0(5,2).

Hence, it is not a metric space.
Let (T,0) be a b-metric space with the coefficient s > 1. We denote the family of all open subsets of T
by 7, which has, as a base, the family

{B(o,r): 0 €Y and r > 0}

where

B(o,r) ={£€Y:0(0,§) <r}.
Let {o,} be sequence in T and p € T. It can be seen that the sequence {p,} converges to ¢ with respect to
T, if and only if

lim o(on,0) =0.

n—oo

The sequence {o,} in T is said to be Cauchy sequence if for every ¢ > 0 there exists ny € N such that
(0n, 0m) < € for all n,m >ng. (T,0) is said to be a complete b-metric space if every Cauchy sequence in T
converges to some p € T with respect to 7, .

Let ¢ : X — X be a mapping. Then, ¢ is called a continuous mapping at a point ¢ in X if for every
sequence {o,} in X satisfying o(on,0 ) =0 as n — 00, po, converges to @ with respect to o.

Note that, unlike ordinary metric, b-metric may not be continuous. To overcome this disadvantage, we

give the following definition which is very important for our main results

Definition 1.2 ([7]) Let (Y,0) be a b-metric space with the coefficient s > 1 and ) # o, R C Y. The pair
(p,R) satisfies the property (Mc) if for all sequences {on} in p, {&,} in R and o € p, £ € R, we have
lim o(0n,0) = lim 0(§n,§) =0 = lim o(en, &) = o(e,§)-

n— oo

Now, we recall that definition of comparison functions and its properties.
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Definition 1.3 A mapping ¥ : [0,00) — [0,00) is called a comparison function if it satisfies the following
e 1 is increasing,
o YP"(y) = 0 as n — oo for all v € [0, 0).

We denote the set of all comparison functions by ®. For details, we refer the reader to [13, 23].

The following lemma is an important property of comparison functions.
Lemma 1.4 ([13, 23]) If ¢ :[0,00) — [0,00) is a comparison function, then
o forall k> 1 each iterate Y* of 1 is a comparison function,

o P(y) <7 forany v >0,

o Y is continuous at 0.

Later, Berinde [12] defined the notion of (b)-comparison function to obtain some fixed point results in

the setting of b-metric spaces.

Definition 1.5 Let ¢ : [0,00) — [0,00) be a function and s > 1 be a real number. If it satisfies the following
o 1) is increasing,
o there exists kg € N, a € (0,1) and a convergent nonnegative series y ey & such that sFHlypkTl(y) <
as®yF(y) + &, for k > ko and any v € [0, 00),
then the function v is said to be a (b)-comparison function.

Now, we present the following lemma.
Lemma 1.6 ([11]) If ¢ : [0,00) = [0,00) is b-comparison function, then
o The series Y o, s¥1*(t) converges to t € R.

o The function by : [0,00) — [0,00) defined by bs(t) = > ro, s*k(t) converges to t € R is increasing and

continuous at 0.

Remark 1.7 ([19]) From Lemma 1.6, it can be seen that every b-comparison function is a comparison function,

and so from Lemma 1.4 every b-comparision function v holds ¥(y) <~y for any v > 0,

The set of all b-comparison functions will be denoted by ®;,. Now, we restate the related fundamental concepts
and notations of best proximity point theory in the realm of b-metric spaces.
Let (T,0) be a b-metric space with the coefficient s > 1 and @ # p, R C Y. We will use the subsets of
p and R, respectively:
po={0€p:0(0,&) =c(p,RN) for some ¢ € N}
and

Ro={£€R:0(0,&) = (p,R) for some g € p}
where o(p,R) = inf{o(p,£) : 0 € p and & € R}.
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Definition 1.8 Let (Y,0) be a b-metric space, § # @, RC Y, ¢ :p — R be a mapping. The pair (p,R) is
said to have P -property if and only if

00 8) =T 0R o0, 00) = (6

for all 01,02 € po and &1,& € RNy .

In this paper, we point out an error in proving famous Achari type nonunique fixed point results. Also,
we obtain some best proximity point results in b-metric spaces by introducing new concepts. Hence, we extend
and develop some results existing in the literature. Finally, we give a result for the existence of the solution of

nonlinear fractional differential equations.

2. Note on Achari type nonunique fixed point results

In this section, we point out an error in proving Achari type nonunique fixed point results. Achari [3] proved a

nonunique fixed point result for a self-mapping ¢ on a metric space (Y, o) satisfying the following condition:

Py(01,02) — Qalo1,02)
Ra(o1,02)

< ko(o1, 02) (2.1)

for all distinct 91,02 € T where k € [0,1),

P4(01,02) min {o (o1, po2)o (01, 02),0(01,p01)0(02, 002)} ,

Qalo1,02) = min{o(o1,p01)0(01,902),0(02,p02)0(02,001)}

and

Ra(o1,02) = min{o (o1, 01), (02, p02)} -
Until this time, many authors have obtained a generalization of this result by taking nonlinear function instead
of constant k or using more general space. In all of these results, the authors proved that ¢ has a fixed point
in T under the assumptions completeness of T and continuity of ¢. However, we will show ¢ satisfying (2.1)
has a fixed point in T without any restriction on T and .

We claim that if ¢ satisfies (2.1), then for every sequence {p,} defined by 0,11 = ¢, for all n > 1
with the any initial point gy € T, there exists ng € N such that ¢, = gn,+1. Indeed, assume that o, # 0p41
for all n > 1. Then, we have

Pa(on, 0n+1) = min{o(pon, 9on+1)0(0n; 0n+1),0(0n, 90n)0(0n+1, POn+1)}
= min{o(0n+1,0n+2)0(0n, 0n+1),0(0n, 0n+1)0(On+1, On+2)}

= U(Qnan+1)U(Qn+1aQn+2)7

QA(an Qn+1) = min{U(an @Qn)U(Qna @QnJrl)v U(Qn+17 QOQnJrl)U(QTH»Ia @Qn)}

= min {U(Qna Qn+l>0(9n7 Qn+2>7 U(Qn+l7 Qn+2)U(Qn+17 Qn+1)}
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and

Ra(on; 0n+1) = min{o(on,von);0(0n+1,90n+1)}

= min{o(0n, 0n+1),0(0n+1,0n+2)}

for all n > 1. Since ¢ satisfies (2.1), we get

U(@nv Qn+1)0(9n+1a Qn+2)
min {J(an Qn+1)7 U(Qn+1a On+2

)} < k‘O’(Qn, Qn-l—l) (22)

for all n > 1. If 0(0ngt1sOne+2) < 0(0ngs Ong+1) for some ng € N, then we have Ra(0ngy, Ong+1) =
0(0ng+1s Ong+2) , and so from (2.2), we get

U(Qnm@no-i-l) < ka(@ng,@7m+1)

< U(Qngvgno+1)

which is a contradiction. If o(0n,, 0ng+1) < 0(0ng+1s Ono+2) for some ng € N, then we have Ra(0ng; Ong+1) =
(0ngs Ong+1), and so from (2.2), we get
0(0ngs Ong+1) < 0(0ng+1; Ong+2)
< ko(ong, Ono+1)
< 0(0ng» Ono+1)
which is a contradiction. Then, there exists ng € N such that
Ong = Ono+1 = POng-

Hence, ¢ has a fixed point in T without any restriction on T and .

3. Nonunique best proximity point results
3.1. Cirié¢ type nonunique best proximity point results
Firstly, we introduce the definitions of s-approximately compact and proximal t-Ciri¢ type nonunique con-

traction mapping.

Definition 3.1 Let (Y,0) be a b-metric space with the coefficient s > 1. If every sequence {&,} in R satisfying
a(o, M) < lim, 00 0(0, &) < so(0,R) for some o € p has a convergent subsequence in R, then R is called an

s-approximately compact with respect to .

Definition 3.2 Let (Y,0) be a b-metric space with the coefficient s > 1 and § # p,R C Y. A mapping

v p — R is said to be prorimal ty, -Clirié type nonunique contraction mapping if there exists 1 € ®, such that

J(uh @Ql) = U(Pa §R
U(U/Qa QOAQQ) = U(p7 R

~

implies

Pé(@l, 02, U1, Uz) — Rc'(m, 02, u1,uz2) < P(o(e1,02)) (3.1)
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for all uq,us, 01,02 € p, where
PC"(Qla QQ,ULUQ) = min {U(U17U2),U(Q]_,U1),O'(Q2, UQ)}

and
Re(o1, 02, ur,ug) = min{o(02,u1),0(01,u2)} -

Theorem 3.3 Let (Y,0) be a complete b-metric space with the coefficient s > 1, () # o, R C Y where @ is
closed and R is an s-approzimately compact w.r.t. p. Assume that the pair (p,R) satisfies the property (Mc)

and po # 0. If o : 9 — R is a prozimal 1y, -Ciri¢ type nonunique contraction mapping satisfying o(po) € RNo

and g(o0) = o(o, po) is a lower semicontinuous on p, then ¢ has a best proximity point in .
Proof Let gp € po be an arbitrary point. Since @y € p(po) C Ro, there exists o1 € po such that
o(o1,00) = o(p,R).
Similarly, there exists g2 € gy such that
o(02,p01) = o(p, N).
Repeating this process, we can construct a sequence {g,} such that
o(0nt1,00n) = o(p, R) (3.2)

for all n > 1. If there exists ng € N such that o(gny, Ong+1) = 0, then g,, is a best proximity point of ¢. So

we assume 0(Qn, 0nt+1) > 0 for all n > 1. Then, we have

. — 3 U(QnaQnJrl)v
Pe(0n—1,0n, 0ns 0n41) = mln{ 7(0n1,00),0(0n, 0ni1) } (3.3)

= min{o(on, 0n+1);0(0n-1,0n)},
and

RC(anlaQnaQnaQn+l) = min{a(gnvQn)aa(gnflangkl)} (34>
= 0.

for all n > 1. Further, since ¢ is a proximal wb—éirié type nonunique contraction mapping, we have

Pé(gnflv Ons On; QnJrl) - Ré(@nfh On;, On; Qn+1) < (U(anla Qn))

for all n > 1, and so from (3.3) and (3.4), we have

min {U(Qna Qn+1)7 U(Qn—l, Qn)} <y (U(Qn—la Qn))

for all n > 1. Since 0(0n—1,0n) < ¥ (0(0n-1,0n)) < 0(0n—1,0r) is impossible, we get
J(Qna Qn+1) < (U(Qn—la Qn))
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for all n > 1. Therefore, we have

o(on, 0nt1) < ¥ (0(0n-1,00))
S ¢2 (O(Qn—27 Qn—l))
< " (0(00,01))-
Hence, we obtain
7(0ns 0ntp) < 50(0ns 0n41) + 570 (00115 Ont2) + - + 57T (Ontp—1, Ontp) (3.5)
< 1 Sn/lz[}n (U(QOa Ql)) + Sn+1wn+1 (U(Q07 Ql))
= snl + o TP (0 (0o, 01))
1 o0
S Sn_l Zsk,(/}k (U(Q()?Ql))'
k=0

oo}
Since Y s¥9* (o(00, 01)) is convergent, we have
k=0

> " (0(00, 01)) < 0.
k=0

Taking limit n — oo in the inequality (3.5), {o0.} is a Cauchy sequence in p. Since (T,0) is a complete
b-metric space and g is a closed subset of T, there exists ¢* € p such that g, — ¢* as n — oco. On the other
hand, we have

(0", N) < oo, von)
< 50(0%, ont1) + so(0n+1,90n)
= s0(0%, 0n+1) + so(p,RN)
< 50(0% 0nt1) + 50 (0", ).

Therefore, we have o(p*,R) < lim, o 0(0*, pon) < so(p*,R). Since R is an s-approximately compact w.r.t.
g, there exists a convergent subsequence g, of pg, such that po,, — £* for some £* € R. Also, since the

pair (p,R) satisfies the property (M¢), from (3.2), we get
o(0",€") = o(p, ). (3.6)
Further, since g(g) = o(p, po) is a lower semicontinuous on g, we have
o(p,R) < o(o" p0")
g9(e")
liminf g(on, )

IN

liminf o(on,, ©on,)
o(0*,€")
= O—(@’ éR)
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Therefore, we have o(o*, po*) = o(p, R). Hence, o* is a best proximity point of . O

If ¢ is a continuous mapping on g in Theorem 3.3, we can omit the condition s-approximately compact

of R and lower semicontinuity of g. Hence, we obtain the following best proximity point result.

Theorem 3.4 Let (Y,0) be a complete b-metric space with the coefficient s > 1, O # p,R C Y where p is
closed. Assume that the pair (p,R) satisfies the property (M¢g) and go # 0. If ¢ : p — R is a continuous
prozimal ¥y, -Cirié type nonunique contraction mapping satisfying o(po) C Ro, then ¢ has a best prozimity

point in Q.

Proof Let gg € po be an arbitrary point. As in the proof of Theorem 3.3, we can construct a sequence {o,}
in p and it can be seen that {p,} is a Cauchy sequence. Because of the fact that p is closed, there is o* € p
satisfying o0, — 0*. Also, since ¢ is a continuous mapping, we have g, — o*. Because of the fact that the
pair (p,R) satisfies the property (M¢), we get

o(0",p0") = Jim o(0n+1,00n) = o(p,N).

If we take p = R =T in Theorem 3.4, then we obtain the following fixed point result.

Corollary 3.5 Let (Y,0) be a complete b-metric space with the coefficient s > 1 and ¢ : T — T be a
continuous mapping. If there exists 1 € @y, such that

min{o (e, ¢§), (0, po), (&, ¢§)} — min{o (e, p§), o (&, o)} <Y (a(e,§)) (3.7)

for all 0,& € T, then ¢ has a fized point in Y.

3.2. Pachpatte type nonunique best proximity point results

Now, we introduce the definition of proximal 1), -Pachpatte type nonunique contraction mapping

Definition 3.6 Let (Y,0) be a b-metric space with the coefficient s > 1 and 0 # p,R C Y. A mapping
v p — R is said to be proximal Yy, -Pachpatte type nonunique contraction mapping if there exists 1 € Oy such
that

P(ab) < ayp(b) (3-8)
for all a,b >0 and

U(ulv @Ql) = U(p7 R
U(“’Qv QOQQ) = U(@v R

NI

implies
Pp(o1,02,u1,uz) — Qp(01, 02, u1,uz) < Y(o(01,u1)0(02,u2)) (3.9)

for all uy,us, 01,00 € g, where

Pr(01, 03, u1,u2) = min { (0 (ur,u2))? , o 01, 02)0r (1, us), ({02, u2))*}

and
Qpr(o1,02,u1,u2) = min{o (01, u1)o (02, u2),0(01, u2)o (02, u1)}.
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Theorem 3.7 Let (Y,0) be a complete b-metric space with the coefficient s > 1, § # o, C T where p
is closed and R is an s-approzimately compact w.r.t. . Assume that the pair (p,R) satisfies the property
(M¢e) and 9o £ 0. If ¢ : p — R is a proximal 1y, -Pachpatte type nonunique contraction mapping satisfying
©(po) € Ro and g(o) = o(o,po) is a lower semicontinuous on p, then ¢ has a best proximity point in @.

Proof Let gy € po be an arbitrary point. Since pgp € p(po) C Ro, there exists o1 € gy such that
o(o1,00) = o(p,R).
Similarly, there exists g2 € g such that
a(02,p01) = o(p, R).
Repeating this process, we can construct a sequence {o,} such that
o(0n+1,00n) = 0 (p, R) (3.10)

for all n > 1. If there exists ng € N such that o(gn,y, Ony+1) = 0, then pp, is a best proximity point of ¢.

Therefore, we assume o(gp, 0nt1) > 0 for all n > 1. From (3.10), we have

2
(o(on, 0n+1))",

PP(9n71>Qn7Qn>Qn+1) = min U(Q7L—1,Q7L)U(Qna%n+l)v (3'11)
(U(Qn» QnJrl))

min {(U(Qna Qn+1))2 5 O—(anlv Qn)U(Qru Qn+1)}

and

U(Qn—ly@n)a(:@na@n+1)’ } (312)

1, 0n, 0n, = min
QP(Qn 15 0n, On QnJrl) { U(Qn—l,@n—i—l)o'(gnagn)

= 0.

for all n > 1. Further, since ¢ is a ¥p-Pachpatte type nonunique contraction mapping, we have

Pp(0n—1,0n:0ns 0nt1) — QP(0n—1, 0n: Ons Ont1) < ¥ (0(0n-1,0n)0(0n, On+1))

for all n > 1, and so from (3.11) and (3.12), we have
. 2
min { (#(0n, 0n41))* , 701, 00)7(0n: 0n41) } < ¥ (7001, 00) (00, 0n11))

for all n > 1. Since Pp(0n-1,0n, Ons On+1) = 0(0n-1, 0n)0(0n, 0n+1) is impossible, we get

(U(Qna Qn+1))2 <y (U(Qn—la Qn)U(Qna Qn+1)) (3-13)

for all n > 1. From (3.8) and(3.13), we have

(U(Qn79n+1))2 < w(U(Qn—hQn)U(angn-&-l))

IN

Y (0(0n—1,0n)) 0(0n; Ont1)
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and so
U(Qna Qn-i—l) < "/) (U(Qn—h Qn))

for all n > 1. As in the proof of Theorem 3.3, we can obtain ¢ has a best proximity point in p. O

Similarly to Theorem 3.4, we present the following best proximity point result.

Theorem 3.8 Let (Y,0) be a complete b-metric space with the coefficient s > 1, O # p,R C Y where p is
closed. Assume that the pair (p,R) satisfies the property (M¢g) and go # 0. If ¢ : p — R is a continuous
prozimal 1y, -Pachpatte type nonunique contraction mapping satisfying o(po) C Ro, then ¢ has a best prozimity

point in Q.
If we take p = R =T in Theorem 3.8, then we obtain the following fixed point result.

Corollary 3.9 Let (Y,0) be a complete b-metric space with the coefficient s > 1 and ¢ : T = Y be a
continuous mapping. If there exists ) € @y such that
P(ab) < arp(b)
for all a,b >0 and
Pp(o1,02) — Qr (01, 02) < Y(0(01, p01)0(02, po2))

for all p1,00 € Y where

Pp(01,02) = min {(‘7(90017 002))?, (01, 02)0 (01, p02), (0 (02, 9092))2}

and
Qpr(01,02) = min{o (o1, p0o1)0(02,002),7(01,p02)0 (02, P01)},

then ¢ has a fixed point in Y.

3.3. Ciri¢-Jotié¢ type nonunique best proximity point results

Now, we introduce the definition of proximal 1,-Cirié-Joti¢ type nonunique contraction mapping.

Definition 3.10 Let (Y,0) be a b-metric space with the coefficient s > 1 and O # o,® C Y. A mapping

©:p— R is said to be prozimal vy -Cirié-Jotié type nonunique contraction mapping if there exist ¥ € ®, and
a >0 such that

o(ur,po1) = o(p, R
U(U/27 ()DIQ2> = U(p7 R

~

implies
PC' (Qla QQ,Ul,'UQ) - aQC’J(Ql) QQau17u2) S ’(/}(RC”J(Jle 02, ulaUQ)) (314)

for all uy,usq, 01,00 € p, where

0(U1,U2),0(91, Q2)7U(Q17U1)7

. o(o1,u1)[l40(02,u2)]
Pg (01, 02,u1,u2) = min (02, u2), =5 lio(gugz)z * ;
o(02,u2)[1+0(01,u1)] min{a2(u1,u2),0'2(gl,ul),UZ(gz,uz)}
1+o(e1,02) ’ (o(e1,02))
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Qe (01,02, ur,uz) = min{o (01, u2), (02, u1)}

and

RC’J(Q17 02,U1, u?) = Inmax {U(Qh QQ)? U(Qla Ul)} .

Theorem 3.11 Let (Y,0) be a complete b-metric space with the coefficient s > 1, 0 # ©,R C T where p
is closed and R is an s-approzimately compact w.r.t. . Assume that the pair (p,R) satisfies the property
(M¢) and po # 0. If p: o — R is a prozimal Uy, - Clirié-Jotié type nonunique contraction mapping satisfying
©(po) € Ry and g(o) = o(o,po) is a lower semicontinuous on p, then ¢ has a best proximity point in .

Proof Let gp € po be an arbitrary point. Since @y € p(po) C Ro, there exists o1 € pp such that

a(o1,p00) = o(p,RN).

Similarly, there exists g3 € po such that

o(02,p01) = o(p,RN).

Repeating this process, we can construct a sequence {o,} such that

U(Qn-i—lv ‘an) = U(@v éR) (315)

for all n > 1. If there exists ng € N such that o(on,, 0ne+1) = 0, then g,, is a best proximity point of ¢.

Therefore, we assume o(gp, 0nt1) > 0 for all n > 1. Then, we have

0(0ns 0n+1),0(0n—1,0n),
)

U(anla On), U(Qna QnJrl)v
U(Qn—laQ’n)[l“FU(anQn{»l)]
P i (nsem S o 0] 3.16
. _ = o (0n,0n (0n—1,0n .
CJ(Qn 15 On;s On, Qn—&-l) mn 11;(‘9”71,9”) L , ( )

min UQ(QTH Qn+1)a 0-2(97171’ Q’n)a
o*(0n, 0n+1)
Y(o(on—1,0n))

U(an Qn+1)7 O—(anla Qn)7
. O‘(anlyﬁ)n)[l"'o'(gn;Qn#»l)]
= min 1+0'(Q77,—1,Qn) ? )
min{o?(n,0n+1),0°(en—1,0n)}
P(o(on—1,0n))

QC‘J(Qn—hQnaanQn-‘rl) = min{g(gn—lyQn+1)ag(9nagn)} (317)
and
RéJ(Qn—van7Qn7@n+1) = max{o(gn—lvQn)aa(gn—lvgn)} (318)
= 0(0n-1,00)
forall n>1.
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Casel : Let Py (0n-1,0n,0n,0n+1) = 0(0n—1,0n). Since ¢ is a Yy -Cirié-Joti¢ type nonunique contrac-

tion mapping, we have

U(anla Qn) < 1/’(0(971*17 Qn))

< o(on-1,0n)

which is a contradiction.

Case2: Let Px(0n—1,0ns On, Ont1) = "(9"'*11’_‘5’;25":‘:(5”;9”“)] . Since ¢ is a 1, -Cirié-Jotié¢ type nonunique

contraction mapping, we have

U(Qn—lv Qﬂ)[l + U(Qn7 Qn-‘rl)]
1+ U(Qn—h Qn) < ¢(U(Qn—1, Qn))

which implies that
o(on-1,0n) + 0(0n—1,00)0(0n, 0n+1) < ¥(0(0n-1,0n)
+1(0(on-1, 0n)o(0n-1, 0n)
< o(0n-1,0n)
+¥(o(0n—1, 0n)o(0n—1, 0n),
and so we get
o(0n, 0n+1) < P(o(0n-1,0n)

forall n > 1.

min{o?(on,0n11),0%(en—1,0n) .
Case3 : Let Py j(0n-1,0n; 0n; 0ny1) = o w(a(gt,l_:gn)) — . Now, if

min {0_2(97“ Qn+1)a 0-2(an1; Qn)} = 0'2(an17 :Qn)v
then since ¢ is a iy -Ciri¢-Jotié¢ type nonunique contraction mapping, we have

02(0n—1, 0n)

m < w (O’(Qn—l; Qn))

which implies that
U(anlv Qn) S 7/) (J(:anlv Qn))

for all n > 1. This is a contradiction. Hence, we assume that
min {o?(0n, 0n+1), 02 (0n—1,0n) } = 0*(0n, Ont1)-
Since ¢ is a 1y -Cirié-Joti¢ type nonunique contraction mapping, we have

02(@m Qn+1)

m <Y (o(on-1,0n))

which implies that
o (0ns Ont1) < ¥(0(0n-1, 0n)
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forall n>1.
Case4 : Let Pg ;(0n—1,0ns Ons Ont1) = 0(0n, Ony1)-Since ¢ isa 1y, -Cirié-Joti¢ type nonunique contraction
mapping, we have
o(0ns 0n+1) < Y(0(0n-1,0n)
for all n > 1. As in the proof of Theorem 3.3, we can obtain ¢ has a best proximity point in . O

Similarly to Theorem 3.4, we present the following best proximity point result.

Theorem 3.12 Let (Y,0) be a complete b-metric space with the coefficient s > 1, O # p, R C T where p is
closed. Assume that the pair (p,R) satisfies the property (Mc) and o # 0. If ¢ : o — R is a continuous

prozimal 1y, - Cirié-Jotié type nonunique contraction mapping satisfying ©(po) C Ro, then ¢ has a best prozimity

point in Q.

If we take p = R =T in Theorem 3.12, then we present the following fixed point result.

Corollary 3.13 Let ¢ be a continuous self mapping on a complete b-metric space (T, c) with the coefficient
s > 1. If there exists 1 € @y such that

Pg (01, 00) —aQe (01, 02) < (Re (01, 02))
for all uy,us, 01,00 € p, where

U(@Ql, @Q2)7 J(Qh QQ)u

a(o1,901),0(02, p02),
o(o1,001)[1+0(02,002)]

P. : — min 1+o(e1,02) )
CJ(Ql QQ) 0'(92750@2)[1"!‘1(7(31790@1)]
1+0(01,02) ’

min{o” (po1,£02),0°(01,001),0°(02,002) }
Y(o(01,02))

QC’J(Qla 02) = min{c(01,¢02),0(02,901)},

and
RC’J(le 02,) = max {o(01, 02),0(01,001)},

then ¢ has a fixed point in Y.

4. Application

In this section, we give sufficient conditions for the existence and uniqueness of the solution of nonlinear fractional
differential equations by taking into account Corollary 3.5. The Caputo derivative of a continuous function
h:]0,00) — R, of order « > 0 is defined as

1 ¥
CDa _ / n—a—1p(n) 1
(h(y)) = T—a) s (v—9) B (s)ds,a>0n—1<a<n

where I' is the gamma function and n is an integer.

The following nonlinear fractional differential equation of Caputo type
“D*(o(7)) = 9(v, 0(7)) (4.1)
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with integral boundary conditions
S
00) =0 and o(1) = | ofu)du
0

where 1 <a<2,0< v,¢<1, p€C[0,1] and g:[0,1] x R = R is continuous function. Because of the fact

that ¢ is a continuous, we can see that the equation (4.1) is equivalent to the integral equation [1].

o0) = T /07<v—u>a—lg<u,g<u>>du (4.2)

_(2*3% /0 (1 —w)* g (u, o(u))du

o | (] @0t gt ) au

Theorem 4.1 Suppose the following conditions hold:
(i) the mapping ¢ : T — T

vel) = o / (= w)* (o, ou))du

g ) 00t el

o=@ (/ouw )l g(r»dr) du

for all o € C[0,1] and v € [0,1], is a continuous mapping.
(i) there exists q in [0,1) such that

Nl=

INa+1)

l9(u, 0w) = g(u, E@)] £ == { v (Je(w) — E@)*) + N0, &)

where
N(e,€) = min{|o(u) — p&(u)|”, |&(u) — po(u)[*}.
Then, the problem (4.1) has a unique solution

Proof Let T = C[0,1] and a function p: T x T — [0,00) defined as

o(u,v) = sup |u(y) —v(y)[’
~v€[0,1]

for all u,v € T and 7 € [0,1]. Then, (T, o) is a complete b-metric space with the coefficient s = 2. Now, we
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shall show that ¢ satisfies the inequality (3.7). For all p,£ € T and 7 € [0, 1], we have

F(a) fo —u)*” 9( o(u))du
5 2>Ffa)<f0 et o)
lpeln) =t = | &Hji>ﬁ) ! g, () du
2— <2)F fo ) 1g(u,§(u))du
mfo (fo U*T) “Lg(r,&(r))dr) du

< ma hel atu) — gtu gt au
+@_gﬂx){/V1—m g, o0) ~ ) o
romam A ([ =t ot oo -t ar) )
_ - \7}1(45 ! F(a5+1) ]
-73&{4 (x{womw—wa)+N@@ﬁ2) ’
1 (1—w)*~! I(at1)
2y T@) 5 N
+@¥>{A x@«mwwfmﬁ)+wwfﬁ2)d}
e
*@%1?> A [; X{ o (le(r) - € }é dr | du
+N(0¢)
< F(a;— D) {¥(0(0,§)) + min{o (0, TE), a(f,Tg)}}%
1 2 1 1
g »yil[lol?u {P(a +1) " (2 —7@) (F(a +1) + T(a+ 1)) }
< (¥(0(e,€) + min {00, 7€), (¢, To)})*

Hence, we have
To(v) = TE() P < (o(o,€) + min{o (o, TE), 0(&, To)} -

and so

o(To,T€) = . [To(v) — TE()|? < ¥(o(0,€) +min{o (o, TE),0(¢, To)}

Therefore, we get

min {o(Te, T¢),0(0,T0),0(§,TE)} — min{o(e, 7€), (&, To)} < ¢(o(e,§).

Then, all hypothesis of Corollary 3.5 are satisfied, and so T has a fixed point. Hence, nonlinear fractional

differential equation of Caputo type (4.1) has a solution. O
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