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Abstract: In this article we investigate the IVPs for 1-dimensional and 2-dimensional Boussinesq equations. A new
topological approach is applied to prove the existence of at least one classical solution and at least two nonnegative

classical solutions for the considered IVPs. The arguments are based upon recent theoretical results.
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1. Introduction

In this paper, we investigate the IVPs for 1-dimensional and 2-dimensional Boussinesq equation

Ut = Upe + Bgean + (v?),,, t>0, z€ER,
(1.1)
w(0,2) = wo(z), w(0,z)=u1(z), z€R,
and
utt+(um+u2—u)m—uyy = 0, t>0, (z,y)€R?
(1.2)
U(O,I’,y) :UO(:Cay)v ut(ovxay) = Ul(xay)v (zvy) ERZ;

respectively, where
(Hl) Ug, U1 €C4(R)a OSUO,UlgBOD Ra 5::&17
(G].) V0, V1 EC4(R2>, 0 <wvp,v1 < B on Rz,

for some positive constant B.

The local well-posedness for dispersive equations with quadratic nonlinearities has been extensively
studied in Sobolev spaces with negative indices. The proof of these results is based on the Fourier restriction
norm approach introduced by Bourgain [2, 3].

In [7], Luiz Farah proved that the good Boussinesq equation with data in H*(R) , s > —1/4, is well-posed.
Esfahani and Farah [6] proved local well-posedness in H*(R) with s > —1/2 for the sixth-order Boussinesq
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equation

oz reR,t>0

{ Upt = Ugy + Bumm + Ugzzzze T (UQ) (1 3)

u(0,z) = p(x); w(0,z) = Y (x).
The well-posedness of IVP (1.3) on a periodic domain is shown in [13] for s > —1.

The main aim of this paper is to investigate the IVPs (1.1) and (1.2) for the existence of at least
one classical solution and the existence of at least two classical solutions. We propose a new approach for
investigating for the existence of classical solutions. This approach can be applied to other classes IVPs for
ordinary and partial differential equations.

The paper is organized as follows. In the next section, we give some auxiliary results. In Section 3
we prove the existence of at least one classical solution and the existence of at least two nonnegative classical
solutions for the IVP (1.1). In Section 4 we prove the existence of at least one classical solution and the existence

of at least two nonnegative classical solutions for the IVP (1.2).

2. Preliminary results

To prove our existing result we will use the following fixed point theorem. Its proof can be found in [8].

Theorem 2.1 Let € >0, B> 0, E be a Banach space and X = {x € E : ||z|| < B}. Let also, Tx = —ex,
xeX, S: X = E isa continuous, (I —S5)(X) resides in a compact subset of E and

{reE:z=XI-9)z, |z|=B}=0 (2.1)
for any X\ € (O7 %) Then there exists * € X so that
Tz*+ Sx* =0.
Let X be a real Banach space.

Definition 2.2 A mapping K : X — X is said to be completely continuous if it is continuous and maps

bounded sets into relatively compact sets.

The concept for [-set contraction is related to that of the Kuratowski measure of noncompactness which we
recall for completeness.

Definition 2.3 Let Qx be the class of all bounded sets of X . The Kuratowski measure of moncompactness

a:Qx —[0,00) is defined by

a(Y) = inf 6>O:Y:UYj and diam(Y;) <90, je{l,...,m},

j=1
where diam(Y;) = sup{|lz — y||x : z,y € Y;} is the diameter of Y;, j € {1,...,m}.
For the main properties of the measure of noncompactness, we refer the reader to [1].
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Definition 2.4 A mapping K : X — X is said to be l-set contraction if it is continuous, bounded, and there

exists a constant | > 0 such that
a(K(Y)) <la(Y),

for any bounded set Y C X . The mapping K 1is said to be a strict set contraction if | < 1.

Obviously, if K : X — X is a completely continuous mapping, then K is 0-set contraction (see [5], pp. 264).

Definition 2.5 Let X and Y be real Banach spaces. A mapping K : X —'Y s said to be expansive if there

exists a constant h > 1 such that
Kz — Kylly = hllz —yl/x,

for any x,y € X.

Definition 2.6 A closed, convex set P in X is said to be cone if
1. ax € P for any a >0 and for any x € P,
2. x,—x € P implies that x = 0.

Denote P* = P\{0}.

Lemma 2.7 Let X be a closed convex subset of a Banach space E, P be a cone in E and U C X a bounded

open subset with 0 € U. Assume that there exists € > 0 small enough and that K : U — X is a strict k-set

contraction that satisfies the boundary condition:
Kx & {x, Az} forall €U and A > 1+e¢.
Then the fized point index i (K,U,X) = 1.

Proof Consider the homotopic deformation H : [0,1] x U — X defined by

H(t,z) = tKz.

e+1

The operator H is continuous and uniformly continuous in ¢ for each x, and the mapping H(¢,.) is a strict
set contraction for each t € [0, 1]. In addition, H(t,.) has no fixed point on 9U. On the contrary,

o If t =0, there exists some xy € OU such that xy = 0, contradicting zg € U.

e If ¢ € (0,1], there exists some xg € PNIU such that 54%1 tKxg = xo; then Kxg = %xo with %j >1+e¢,
contradicting the assumption. From the invariance under homotopy and the normalization properties of the

index, we deduce

1
i K UX)=i0,U,X)=1.
’L<6+1 » Yy ) Z(7 9 )
Now, we show that
1
(KU, X) =1 K, U X).
§(K,UX) = i (g KLU X)
We have
1
€+1Kx7éac, Ve oU. (2.2)
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Then there exists v > 0 such that

1
———Kz||>~, ¥V .
||z ] z|| >, Yo € 9U

On the other hand, we have 6_%1[{::: — Kz as € — 0, for x € U. So, for ¢ small enough, we have

1
|Ke — —— Kz| < 1, Va e oU.
e+1 2

Define the convex deformation G :[0,1] x U — X by

The operator G is continuous and uniformly continuous in ¢ for each z, and the mapping G(t,.) is a strict set

contraction for each t € [0,1] (since t + —=(1 —¢) <t+1—¢ = 1). In addition, G(t,.) has no fixed point on

e+1
OU . In fact, for all z € OU, we have
o= Gta)| = o~ tha— (1~ 1) L Ka
2 o -z K| - t]|Ke — 47 Kz
> y—=3>3.

Then our claim follows from the invariance property by homotopy of the index.
O

Proposition 2.8 Let P be a cone in a Banach space E. Let also, U be a bounded open subset of P with
0 € U. Assume that T : Q C P — E is an expansive mapping with constant h > 1, S : U — E is a l-set
contraction with 0 <1 < h —1, and S(U) C (I —T)(2). If there exists € > 0 such that

S g {(I-T)(x), (I-T)Mx)} forallz€dUNQ and A\ >1+e¢,
then the fized point index i, (T + S,UNQ,P) = 1.

Proof The mapping (I —T)71S: U — P is a strict set contraction and it is readily seen that the following
condition is satisfied
(I-T)'Sx ¢ {x, \x} for all €U and A>1+e

Our claim then follows from the definition of 7, and Lemma 2.7. O

The following result will be used to prove our main result.

Theorem 2.9 Let P be a cone of a Banach space E; § a subset of P and Uy,Us and Us three open bounded
subsets of P such that Uy C Uy C Us and 0 € U;. Assume that T : Q — P is an expansive mapping with
constant h > 1, S: Uz — E is a k-set contraction with 0 <k <h —1 and S(U3) C (I — T)(). Suppose that
(U \U1)NQ#D, (Us\Us) NQ #D, and there exists ug € P* such that the following conditions hold:

(i) Sx# I —-T)(x— M), forall X\>0 and x € OU; N (Q + Aug),

(ii) there ewxists € > 0 such that Sx # (I —T)(A\x), forall A>14¢ x € 00Uy and \x € Q,
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(iii) Sz # (I —T)(z — Aug), for all A\>0 and x € dU3 N (Q + Aug).
Then T + S has at least two nonzero fived points x1,x9 € P such that

1 € 0U;NQ and x5 € (Ug\ﬁg)mQ,

or
1 € (UQ\Ul) NQ and x5 € (Ug\ﬁg) N Q.

Proof If Sz = (I — T)x for © € Uy N, then we get a fixed point 1 € Uz N Q of the operator
T + S. Suppose that Sz # (I — T)x for any « € 9Uy N Q. Without loss of generality, assume that
Tx + Sz # x on OU; N Q and Tz + Sz # x on QU3 N 2, otherwise the conclusion has been proved. By [4,
Proposition 2.16] and Proposition 2.8, we have
i (T+S,ULNQP)=06 (T+S,UsNQ,P)=0and i, (T+S,U,NQ,P)=1.
The additivity property of the index yields
Ty (T+S, (U2 \Ul) ﬂQ,P) =1 and i, (T+S, (U3 \Ug) HQ,P) = -1

Consequently, by the existence property of the index, T'+ S has at least two fixed points 1 € (Uy \ Uy) N
Q) and 29 € (Ug, \UQ) nQ.

3. The 1-dimensional Boussinesq equation

In this section, we will investigate the IVP (1.1).

3.1. Auxiliary results

Let X = C?([0,00),C*(R)) be endowed with the norm

lul] = max{ sup lu(t, x)|, sup |ue(t, )],
(t,z)€[0,00) xR (t,z)€[0,00) xR
sup luge (t, )], sup |ug (8, )],
(t,z)€[0,00) xR (t,z)€[0,00) xR
sup  |uge(t, )], Sup  |Usee(t, ),
(t,z)€[0,00) XR (t,z)€[0,00) xR

sup Uz zaa(t, )] }
(t,z)€[0,00) XR

provided it exists. For u € X, define the operator

Sju(t,x) = u(t,x) —ug(z) — tui(x)
*/ (t - tl) (umm(th :C) + ﬂummzz(tly I)
0

+2 (ug(t1, 2))? + 2u(ty, ¥)upe (t1, a:)) dty,
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(t,x) € [0,00) x R.
Lemma 3.1 Suppose that (H1) holds. Let uw € X satisfies the equation

Sju(t,x) =0, (t,x) € [0,00) x R. (3.1)

Then w is a solution to the IVP (1.1).

Proof We have
0 = u(t,x) —uo(x) —tur(z)

— fot(t —t1) (uzx(th x) + Bugeaa(t1, ) (3.2)

+2 (ug (t1,2))” + 2u(ty, 2)uga (ti, x))dtl,
(t,x) € [0,00) x R, which we differentiate with respect to ¢t and we get

0 = w(t,z)—ui(z)

- fot (Uacac(tla T) + Bugzea(t1, ) (3.3)

+2 (ug (t1, )" + 2u(ty, T)uea (ti, x))dtl,
(t,x) € [0,00) x R. We differentiate (3.3) with respect to ¢ and we find

0 = up(t,x) — Upe(t, ) — PUgpas(t, )
~2 (uy(t, 2))? = 2u(t, ©)uga(t, @), (t,7) € [0,00) x R,
i.e. u satisfies the first equation of (1.1). Now, we put ¢ = 0 into (3.2) and (3.3) and we arrive at
0 = u(0,z) —wup(x), 0=wu(0,2)—ui(z), xR

This completes the proof.

Let B, = 4B2.
Lemma 3.2 Suppose that (H1) holds. If u € X, ||u|]| < B, then
|Siu(t,z)| < (1+t+1%)By, (t,z) € [0,00) x R.
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Proof We have

[Siu(t,z)] = |u(t,x) — uo(z) — tuy ()

_ /Ot(t —t1) <uzw(t17 ) + Buzres(t1, )

+2 (g (t1, 2))? + 2u(ty, T)uge (1, x))dtl

IA

u(t, 2)| + [uo()] + tlur ()]
+/0 (t — tl) (|Uxx(t1, .T)| + |ux:c:cac(tla .Z‘)|

+2 |ug (t, 2)|* + 2|u(t1,x)||um(t1,x)|>dt1

IA

t
2B +tB + / (t —t1)(2B + 4B?)dt,
0

IN

Bi(1+t+1t%), (t,z)€[0,00) xR.

This completes the proof. O
Below, suppose that

(H2) there exists a function g € C(]0,00) x R) so that g > 0 on (0,00) x (R\{0}), ¢(0,z) = ¢(¢,0) = 0,
(t,z) € [0,00) x R, and a positive constant A such that

AB(L+t+ 62+ 6 + (1 + 2| + 22 + |2 + 2%)

t
X/
0

In the end of this section we will give an example for such function ¢ and such constant A. For u € X, define

dt; < A.

/ g(tl, xl)dxl
0

the operator

t T
Sou(t,x) = / / (t —t1)*(x — x1)*g(t1, 21)S1u(ty, x1)dzrdty,  (t,z) € [0,00) x R.
o Jo

Lemma 3.3 Suppose that (H1) and (H2) hold. If w € X satisfies the equation
Sou(t,x) =0, (t,x)€[0,00) xR, (3.4)

then w is a solution to the IVP (1.1).
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Proof We differentiate three times with respect to ¢ and five times with respect to = and we find
g(t,z)S1u(t,x) =0, (t,z) €[0,00) x R.

Hence,

Siu(t,z) =0,  (t,2) € (0,00) x (R\{0}).
Since Siu(-,-) is a continuous function on [0,00) x R, we get

0 = }gr(l)Slu(t,x):Sw(O,x)

= lir% Siu(t,z) = Sju(t,0), (t,x) €[0,00) x R.
z—

Thus,

Sju(t,x) =0, (t,x) € [0,00) x R.

Now, applying Lemma 3.1, we get the desired result.

Lemma 3.4 Suppose that (H1) and (H2) hold. If ue X, ||u|| < B, then

[|S2ul] < AB;.

Proof We will use the inequality (z + y)? < 2P(zP + ), 0> 0,2 > 0,y > 0. We have

t T
\Sgu(t,x)| = ‘ / / (t — t1)2(1' — $1)4g(t1,xl)Slu(tl,xl)dxldtl
0 JO

[

t €T
< Bl | ] [ ot b+ e
0 0

IN

dtq

/ (t —t1)*(z — 21) g(tr, 21)|S1u(ty, 1) |dey
0

dty

t
< B128|x|4(1+t+t2+t3+t4)/ dt,
0

/ g(tl,ml)dxl
0

§ ABla (t,(t) € [0700) X Ra
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and

and

|(S2u):(t, )|

IN

IN

IN

IN

|(S2u)ue(t, )]

|(Sau)e (t, )]

IN

IN

IN

IN
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t x
2 / / (t*tl)(l'7x1)4g(t1,1'1)51u(t1,$1)d.’£1dt1
0 JO

t
J!
0

t
8128|x|4t/
0

t
B 28|z * (1 4t + t* +t3)/
0

dty

/Uw(t - tl)(l‘ - 931)4g(t1,1'1)|S1U(t1,£171)|d$1

/ g(tr, z1)(1 4ty + t2)dx |dt

0

dty

/ g(tl, 1‘1)d$1
0

ABy, (t,z) €[0,00) x R,

t x
= 2 / / (z — 21)*g(t1, 21)S1u(ts, 21)dr1dt
o Jo

t
),
0

t
3126|I’|4/
0

t
B12%)2|*(1 +t+t2)/
0

IN

dty

/ (@ — 1) g(tr, 21)|S1u(ty, 21) | day
0

IN

dty

/ g(tl,xl)(lthl +t%)d$1
0

IN

dty

/ g(tl,l‘l)ddfl
0

IN

ABy, (t,x) € [0,00) x R,

t x
4‘/ / (t—t1)2(x—ml)?’g(tl,xl)Slu(tl,xl)dasldtl
0 JO

/
0

t x
B2lap? | \ [ attran+ -+ ey
0 0

dty

/ (t —t1)%(z — z1)%g(t1, 1) Sru(ts, z1)|das
0

dty

t
3128|x|3(1+t+t2+t3+t4)/ dt,
0

/ g(tl,xl)d:ﬁl
0

ABy, (t,z) €]0,00) x R,
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and

and
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|(S2u) w2 (L, )

IN

IA

IN

IN

|(S2u) zze (t, )|

‘(S2u)wm:r (t, 37)|

IN

IN

IN

IN
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t x
12‘/ / (t7t1)2(1'7$1)2g(t17$1)Slu(t1,$1)d£ﬂldt1
0 JO

t
12/
0

t
12B,262%¢2 /
0

dty

/ (t— 01)2(@ — 21)%g(tr, 20)|Srultr, 1) dey
0

/ gty 20)(1+ 1 + £2)day
0

dty

t
12B12%2% (1 +t + 2 + % + t4)/
0

/ g(tl, xl)dxl
0

dtq

ABy, (t,z) €]0,00) x R,

i T
24‘/ / (t—tl)z(m—1’1)g(t1,$1)51u(t1,(El)dxldtl
0 JO

t
24/
0

t
243128|x|t2/
0

dty

/0 “(t— 02— a)gltr,a0)| Sa(ty, 2 da

dty

/ g(tl,xl)(lthl +t%)d$1
0

t
24B12°%|z|(1 +t + 2 + 7 + t4)/ dt,
0

/ g(tl,zl)dxl
0

ABi, (t,z) €[0,00) X R,

t x
24’ / / (lf — tl)Qg(tl, xl)Slu(tl, xl)dscldtl
0 JO

t
2 |
0

t
248,282 /
0

t
24B128(1 +t + 1% +¢3 +t4)/
0

IN

dty

/ (t— t1)2g(t1, x1)|S1u(ty, z1)|dzy
0

IA

dty

/ g(tl,xl)(l—i—tl +t%)d.’£1
0

IN

dty

/ g(tl,xl)dml
0

IN

ABy, (t,z) € [0,00) x R.
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Consequently,
[|S2ul] < AB;.

This completes the proof. O

3.2. Main results

Our first main result is read as follows.

Theorem 3.5 Suppose that (H1) and (H2) hold. Then the IVP (1.1) has at least one solution in C?([0, 00),C*(R)).
Proof Below, suppose

(H3) €€ (0,1), A and B satisfy the inequalities eB1(1 + A) < B and AB; < B.

Let Y denote the set of all equicontinuous families in X with respect to the norm | - ||. Let also, ¥ =Y be

the closure of 17, Y =YU {ug,u1},
Y ={ueY:|u| < B}

Note that Y is a compact set in X . For u € X, define the operators

Tu(t,z) = —eu(t,z),

Su(t,x) = wu(t,z)+ eu(t,z) +eSau(t,z), (t,x)€[0,00) x R.

For u € Y, using Lemma 3.4, we have

(I = S)ul| = |leu — eSyul
< elfull + el Saull
< eB1 +€AB;
= eBi1(1+A4)
< B.

Thus, S:Y — E is continuous and (I — S)(Y") resides in a compact subset of E. Now, suppose that there is
a u € E so that ||ul| = B and
u=AI—-9)u,

or

1
—u= (I —S)u=—eu— eSsu,

A

or
1

()\ + 6) u = —eSsu,
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for some A € (0,1). Hence, |Soul < AB; < B,

1 1
eB < ()\ —|—e> B = ()\ —|—e> lu|l = €||Saul|| < eB,

which is a contradiction. Hence and Theorem 2.1, it follows that the operator T+ S has a fixed point u* € Y.
Therefore

u (t,x) = Tu*(t,z)+ Su*(t, x)
= —eu(t,x) +u”(t,z) + eu”(t,x) + eSou™(t,x), (t,z) € [0,00) x R,

whereupon

0= Su*(t,x), (tz)€l0,00)xR.

From here and from Lemma 3.3, it follows that « is a solution to the IVP (1.1). This completes the proof. O

Our next result is as follows.

Theorem 3.6 Suppose that (H1) and (H2) hold. Then the IVP (1.1) has at least two nonnegative solutions
in C2([0,00),C*(R)).

Proof Suppose

(H4) Let m > 0 be large enough and A, B, r, L, Ry be positive constants that satisfy the following conditions

2
r<L <Ry, €>0, R1><+1>L,
5m

AB; < —.

Let

P={ueX:u>0 on [0,00)xR}.

With P we will denote the set of all equi-continuous families in P.ForveX , define the operators

L
Tyw(t,z) = (1+mev(t,z)— €10’
L
Ssv(t,x) = —eSqu(t,z) —mev(t,x) — e—

10°
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t € [0,00), x € R. Note that any fixed point v € X of the operator T; + S5 is a solution to the IVP (1.1).

Define

1. For v1,v9 € Q, we have

whereupon 77 : 2 — X is an expansive operator with a constant h =1+ me > 1.

2. For v € Py, , we get

U

U,

Us

Ry

P.={veP:|v|<r}

PL={veP:|v| <L},

PR1 = {’U cP: ||U|| < Rl},

A
Ry +—B1+
m

L
5m’

Pgr,={veP:|v| <Ry}

[Tivr — Trva|| = (1 + me)|jvr — val,

| Szl

A

IA

gl|Sav|| + me||v|| + ¢

€ <A31 +mR; +

10

L>.

10

Therefore S3(Pg,) is uniformly bounded. Since S3 : Pr, — X is continuous, we have that S3(Pg,) is

equi-continuous. Consequently S3: Pr, — X is a 0-set contraction.

3. Let vy € Pg,. Set

Note that Sovy + £ >0 on [0,00) x R?. We have vz >0 on [0,00) x R? and

Therefore vy € Q and

1 L
loal < florll+ —lISeunll + £~
A
< Ri+—B1+—

m 5m
Rs.
L L
—EMUy = —emuy — £S9U1 — 65 — 51—0

1
Vg = U1 + fSQ’Ul + —.
m om
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or

L
(I—-Ty)va = —emug +EE

531)1.
Consequently S3(Pr,) C (I —T1)(€).

4. Assume that for any vy € P* there exist A > 0 and z € 9P, N (2 4+ Avg) or z € IPgr, N (2 4+ Avg) such

that
Szz = (I —T1)(z — Avg).
Then
S Lo_ (z — Awo) +
€S0z — mez 610— me(z o 610,
or
L
—Ssz = dmug + T
Hence,

L L
1S2z] = H)\mvo + 5H > 5

This is a contradiction.

5. Suppose that for any €; > 0 small enough there exist a #; € P and A\; > 1+ ¢; such that \jz; € Pg,

and
53.731 = (I — Tl)(/\l.l‘l). (35)

In particular, for €; > %, we have 2y € OP, \Miz1 € Pr,, A\1 > 1+¢; and (3.5) holds. Since z; € 9Py,

and \jx1 € FRl , it follows that

2
( +1> L <ML =]z <Ri.

5m
Moreover,
—eSox1 — mexy — 61—0 = —A\imex1 + GE’
or
L
Soxq1 + g = (/\1 — 1)mm1.
From here,
L L
23 > ‘ Soxq + 5” = ()\1 — 1)m||x1|| = ()\1 —1)mL,
and
2
— + 1 2 )\17
5m

which is a contradiction.
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Therefore all conditions of Theorem 2.9 hold. Hence, the IVP (1.1) has at least two solutions u; and ug so
that
lurll = L < [luz|| < Ry,

or
r < |luil] < L < |juz]| < Ri.

Example 3.7 Below, we will illustrate our main results in this section. Let B =1 and

5 1 1
=1 L= =4 =109, A= _— -
By =10, 5 r=4 m=107, 5B;"  5Bi(1+A)

Then By =4 and

1
ABy = <B, eBi(1+4)<B,

i.e. (H3) holds. Next,

2 L
r<L<Ry, €>0, Ri>—+1)L, ABy<—.
5m 5

i.e. (H4) holds. Take

1+ s4/2+ 8 st/2
h(s) =log ——————, l(s) =arctan——, se€R, s#+£l.
(#) gl—s4\/§+88 (s) 1—s8 7
Then
p 8v/253(1 — %)
h (5) = )
(1 —s4v/2 4+ 88)(1 — 542 + s8)
42531 + s°)
l/(S) W’ S €R, 8#:‘:1
Therefore,
4
lim Z s"h(s) = lim h(ls)
s—Foo s—Foo <
r=0 D05
| W(s)
o slgtnoc _ Zi:o(r"‘l)sr
(Zﬁ:o Sr)2

(e
o (Zi:o(r + 1)5’“) (1= s1V2+5%)(1 - V2 + %)

# +oo

2991



GEORGIEYV et al./Turk J Math

and
4
: rrfey T I(s)
i D s) = tim
r=0 r—0 "
: I'(s)
o sggloo _ 23 (r+1)s”
(Zi:o Sr)z
2
4v253(1 + 5°) (Zi:o ST)
= — lim
s—+oo (1 + s16) (Zi:o(r + ]_)sr)
# +oo.
Consequently,

Hence, there exists a positive constant Cy so that

arctan

4
1
s|” lo +
;H (16\@ g1—54\/§+38 8v/2 1—s8

1 4./2 8 1 1./2
+ 52 + s 8f><017

s € R. Note that liHilll(S) =5 and by [12] (pp. 707, Integral 79), we have
s—

/ dz 11 1+Z\/§+z2+ 1 . 22

= O arctan .
1424 42 gl—z\/i+z2 2v/2 1—22
Let

83
=——__  seR,
Q(S) (1+816) S

and

g(t,z) =Q)Q(x), te[0,00), z€R.

Then there exists a constant C' > 0 such that

#o(3) (3]
.

/ gl(tl,xl)dxl dtl < C, (t,.’ﬂ) € [0,00) x R.
0
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Let

g(t,r) = 291(75,&10)7 (t,r) € [0,00) x R.

()6
x /O t

i.e. (H2) holds. Therefore for the IVP

Then

/ g(tl,xl)dxl dtl < A, (t,x) € [0, OO) x R.
0

Ut Ugy + Ugrrx + (uz)wb ) t> Oa T € R?
uw0,z) = (1+:v2)1(1+z4)’ r e R,
ut(oa x) = L x € R,

(14+24)(1+=2%)>

are fulfilled all conditions of Theorem 3.5 and Theorem 3.6.

4. The 2-dimensional Boussinesq equation

In this section, we will investigate the IVP (1.2). Let X = C?([0, 00),C*(R,C?(R))) be endowed with the norm

Jul max{ s Jult, 2.y, s Jultay),
(t,z,y)€[0,00) xR2 (t,z,y)€[0,00) xR2

sup |utt(t7xvy)‘v sup |um(t,x,y)|,
(t,z,y)€[0,00) xR2 (t,z,y)€[0,00) X R2

sup [Uge (t, 2, y)], sup [Ugze(t, z,Y)|,
(t,x,y)€[0,00) x0,00) X R? (t,2,y)€[0,00) xR?

sup [Uawaa (t, T, y)l, sup |uy (£, 2,y)|

)
(t,2,y)€[0,00) xR? (t,2,y)€[0,00) xR?

sup |uyy(tamay)|}7

(t,z,y)€[0,00) xR2
provided it exists. For u € X, define the operator

Sw(t,z,y) = ult,z,y) —vo(z,y) — tvr(z,y)

t
+/ (t - tl) < - Umm(tlaxa y) + umxzm(tlvzvy) - uyy(tlaxa y)
0
2 (b, 9)) + 20(tr, 2y )ums (11, 2, y>)dt1,
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(t,z,y) € [0,00) x R2.
Lemma 4.1 Suppose that (G1) holds. Let u € X satisfies the equation

Slu(tvxuy) = 07 (t,x,y) € [0,00) X RQ' (41)

Then u is a solution to the IVP (1.2).
Proof We have

0 = U(t,ﬂf,y) _Uo(xay) _t’l)l(ﬂf,y)

t
+ fO (t - tl) ( - uzz(tlv €, y) + uwazww(tla €, y) - uyy(th €, y) (42)
2 (up (1)) + 2ults, 2, gt (2 y>)dt1,

(t,z,y) € [0,00) x R?, which we differentiate with respect to ¢ and we get
0 = ’U/t(t,-ﬁ,y) _Ul(ﬂ?,y)

t
+ fO ( - uwm(tlaxvy) + uawa:w(tlvxvy) - uyy(thxvy) (43)
+2 (ux(tlvxa y))2 + 2u(t1,x,y)um(t1, x,y))dth

(t,z,y) € [0,00) x R?. We differentiate (4.3) with respect to ¢ and we find
0 = uu(t,z,y) — Usz(t, 2,Y) + Upgaz(t, ,Y) — uyy(t, z,Yy)
+2 (ug(t, 2, 9))* + 2u(t, ,Y)ues (t, 2, 1),  (t,2,y) € [0,00) x R?,
i.e. u satisfies the first equation of (1.2). Now, we put ¢ = 0 into (4.2) and (4.3) and we arrive at
0 = u(0,z,y) —vo(z,y), 0=1u(0,2,9)—vi(z,9), (x,9) € R

This completes the proof.

Let B; = 4B2.
Lemma 4.2 Suppose that (G1) holds. If u € X, ||u|| < B, then
|S1u(t,z,y)| < (1 +t+t*)By, (t,z,y) € [0,00) x R?.
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Proof We have

|Slu(t75€,y)| = u(t,x,y) _’UO(-T,y) —tvl(x,y)
t
+/ (t - tl) ( - um(tl,ﬂc,y) + umxwz(tlaxa y) - “yy(tlvﬂ%y)
0
+2 (uw<t17 x, y))2 + 2u(t17 x)uww(th x, y)>dt1
< Jult, 2, y)| + uo(z, y)| + tu (z,y)
t
+/ (t - tl)(|ux$(t171‘7y) + |Uxa:xx(t17x)‘ + |Uyy(t1amyy)|
0
+2 |ug (t, z)|* + 2u(t1,x)|um(t1,x))dt1
t
< 2B+tB—|—/ (t —t1)(3B + 4B?)dt;
0
< Bi(l+t+1%), (ta,y) €[0,00) x R%
This completes the proof. O

Below, suppose that

(G2) there exists a function g € C([0,00) x R?) so that ¢ > 0 on (0,00) x (R®\({z = 0} U {y = 0})),
g(0,2,y) = g(t,x,0) = g(t,0,y) = 0, (t,2,y) € [0,00) x R?, and a positive constant A such that

A1+t + 2+ + YA+ ||+ 2% + 2> + 21 + [y + °)

)(/
0

In the end of this section we will give an example for such function g and such constant A. For u € X, define

Ty
/ / gty y1)drdy |dt; < A.
o Jo

the operator

t T
Sou(t,z,y) = / / (t—t1)* (@ — 21)*(y — y1)?g(tr, 21, 91) Srulty, 1, y1 ) deydydty,
o Jo
(t,x,y) € [0,00) x R2.
Lemma 4.3 Suppose that (G1) and (G2) hold. If uw € X satisfies the equation

Sou(t,z,y) =0, (t,z,y) € [0,00) x R?, (4.4)

then w is a solution to the IVP (1.2).
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Proof We differentiate three times with respect to ¢t and y and five times with respect to  and we find
g(t,z,y)S1u(t,z,y) =0, (t,2,y) € [0,00) x R*.

Hence,
Sru(t,z,y) =0,  (t,2,y) € (0,00) x (R\({z =0} U{y =0})).

Since Sju(-,-,-) is a continuous function on [0,00) x R?, we get

0 = }gr(l) Siu(t,z,y) = S1u(0,z,y)
= lim Siu(t,z,y) = S1u(t,0,y)
z—0
= 1in% Syu(t,z,y) = S1u(t,z,0), (t,z) € [0,00) x R.
Yy—>

Thus,
Siu(t,z,y) =0, (t,z,y) € [0,00) x R

Now, applying Lemma 4.1, we get the desired result. O

As we have proved Lemma 3.4, one can obtain the following result
Lemma 4.4 Suppose that (G1) and (G2) hold. If u € X, |lu|]| < B, then
[|S2ul] < AB;.
As we have proved Theorem 3.5 and Theorem 3.6, one can obtain the following results.
Theorem 4.5 Suppose that (G1) and (G2) hold. Then the IVP (1.2) has at least one solution in C?([0, ), C*(R,C%(R?))).

Theorem 4.6 Suppose (G1) and (G2). Then the IVP (1.2) has at least two nonnegative solutions in
C?([0,00),C*(R,C%*(R))).

Example 4.7 Let A, B, Ry, L, v, m and € be as in Example 3.7. Then By =4 and (H3) and (H4) hold.

Let also, @ be the same function as in Example 3.7. Take

gt z,y) = Q(1)Q(2)Q(y), te[0,00), zekR

Then there exists a constant C' > 0 such that

4 4
284! (Ztr> (ZL@V) (1+ |yl +v?)
r=0 r=0

t x Yy
X/ / / g1(t1, @1, y1)dr1dy
o 1Jo Jo

dt; <C, (t,z,y) € [0,00) x R?.

Let

A
g(t,x,y) = Got:z,y),  (w,y) €[0,00) x R?.
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Then

i.e.

4 4
?4<§:#><§:MV>O+¢m+y%
r=0 r=0

X/
0

(G2) holds. Therefore for the IVP

dty < A, (t,z,y) € [0,00) x R%.

/ g(ty, 1, y1)drdy
0

Ut = Ugg + Uyy — Ugzazxr — (u2)xx’ t> 07 ($7y) € sz
uw(0,z,y) = Wv (z,y) € R?,
u(0,2,y) = m7 (z,y) € R?,

are fulfilled all conditions of Theorem 4.5 and Theorem 4.6.
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