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Abstract: Laguerre differential equation is a well known equation that appears in the quantum mechanical description of
the hydrogen atom. In this paper, we aim to develop a new form of Laguerre Fractional Differential Equation (LFDE) of
order 2o and we investigate the solutions and their properties. For a positive real number «, we prove that the equation
has solutions of the form Lno(z) = > 7_, arz® , where the coefficients of the polynomials are computed explicitly. For
integer case a = 1 we show that these polynomials are identical to classical Laguerre polynomials. Finally, we solve

some fractional differential equations by defining a suitable integral transform.
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1. Introduction

Developing classical integer order differential equations to the fractional order is one of those mathematical topics
that received much attention. It has been shown for many years that the use of this emerging tool in modeling
and design helps to improve the efficiency of various sciences. In recent years, it has been proved that in some
applications modeling by fractional derivatives generates more accurate solutions than modeling by integer order
derivatives [5, 9, 16, 18]. The recent applications of fractional differential equations in science and engineering
are significant motivation for researchers to study and develop their research in this subject, for more details see
[7, 10-13]. It is well known that polynomials such as Legendre, Chebyshev and Laguerre play a fundamental
role in studying ordinary and partial differential equation [4, 6, 8, 22]. Laguerre differential equation is a well-
known equation that appears in the quantum mechanical description of the hydrogen atom [20]. M. Klimek
and O.P. Agrawal considered the fractional Legendre equation as a singular fractional Sturm-Liouville problem
and they presented some results on the applications of Legendre polynomials in ordinary and partial differential
equations in a finite interval [a,b] [15]. The research of fractional differential equations in semiinfinite interval
(0,00) is also of great interest. Some authors tried to obtain analytical and numerical solutions for fractional
order differential equations on an unbounded interval, for more details see [1-3, 17, 21]. T. Aboelenen et al.
[1] considered a generalized Laguerre fractional differential equation in half-line and investigated spectral data
subject to a homogeneous Dirichlet and homogeneous fractional integro-differential boundary conditions. In this
paper, we aim to develop a new type of LEFDE in half-line domain which is different from [1]. Our method is

constructive in finding solutions of LFDE. The classical Laguerre differential equation is a second-order ordinary
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differential equation, where the solutions are Laguerre polynomials. It is well-known that the classical Laguerre

differential equation has the following form [20, 22]
[Dze "D +ne "] Ly(z) =0, 0<z < oo, (1.1)

where L, (z) are Laguerre polynomials of degree n. In this paper, we define a fractional order Laguerre

differential equation of the following form
[~D%z% " Dg, + Xe” "] y(x) =0, (1.2)

where D¢ and D§, are left and right Riemann-Liouville fractional derivatives, respectively. We find values of
parameter A for which the solutions are polynomials L,, ,. This paper is organised in the following manner.
In section 2 some preliminary materials on fractional calculus and Laguerre polynomials are given. We find the
solutions of (1.2) in section 3. We prove that the solutions are polynomials of the form Ly o(z) = > ;_, axz”,
where the coefficients of the polynomials are computed by solving a system of algebraic equations by a backward

_ (pten

recursive formula with a, = T ar

Orthogonality of the polynomials L, ,(x) with weight function e~

are proved. Moreover, we show that for & = 1 the polynomials L, (x) are indeed the classical Laguerre
polynomials L,(z) and we show that L, (%) = L,(z). In section 4 we give some applications in solving

fractional differential equations.

2. Preliminaries
In this section, we give some preliminary materials of fractional calculus [14, 18, 19] and Laguerre polynomials
[22]. Tt is well-known that the Sturm-Liouville form of the classical Laguerre equation is of the form (1.1), where

the Laguerre polynomial L, (x) are given by

Lo(z) =Y (Z) (_kll)kxk. (2.1)

k=0

n

Moreover, the following orthogonality property holds

+oo
/0 € Ly (x) Ly (z)dx = 0y - (2.2)

The Laguerre polynomials satisfy the following recursive relation

Lyyi(x) = @ntl- x)fan(rxl) — nLn,l(x)’ Lo(x) =1, Li(z)=1—=. (2.3)

Let a be a positive real number. Left and right Riemann-Liouville integrals of order o are defined by

I f(x) = F(la) /: @ f(;))la ds, x>a, (2.4)
b s
L f(z) = (o) /w G _f(g:))l—a ds, x<b (2.5)
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If we consider half line then left and right Riemann-Liouville integrals of order o are defined by

o L[S
116 =575 | G

ds, (2.6)
Lot f(s)
¢ = — ————ds. 2.7
O [ et 27
Let m — 1 < a < m where m € N. Then left and right Riemann-Liouville derivatives are defined by

(Dg+ () = D™ (L5 (),

(Dy- f)(@) = (=D)"™ (L2 f) ().

If we consider half line then left and right Riemann-Liouville derivative of order « is defined by

(DEf)(x) = D™ (I (), (2.8)

(D2f)(x) = (=D)" (I f)(=). (2.9)
If m—1<a<mand f € C|a,b] then it can be proved that the following properties are satisfied
D A5 fx) = f(x), Dy-Iy- f(x) = f(x),
DI fw) = I27° f(@), Dy f(x) = )" f(w),
I I flo) = I f(a), L) fla) = LY ().

Moreover if o > 0 and 8 > « then we have

« -1 _ F(ﬁ) T —a a—1
a+(I_a)B - F(B+a)( )ﬁjL )
Q@ (r—a B—-1 _ F(ﬁ) T —a B—a—1
a+( ) F(ﬂ*O&)( ) ’
o - I'(8) o

I (b—a)? 1_F(B+a)(b—x)5+ L

1 1
Theorem 2.1 [19] Let a > 0,p>1,¢ > 1, ’ + . <1+ao, f(x) € I8 (Ly), g(x) € I%(Lg). Then

/00 g(x)Dgy f(x)dr = /00 f(z)D2g(x)dx. (2.10)
0 0
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3. Laguerre fractional differential equation

In this section, we define Laguerre fractional differential equation and obtain the main results of this paper.
We introduced the classical Laguerre differential equation by (1.1). Now, we define the fractional form of the

Laguerre differential equation as follows

[—Dfaz“e—‘”Déﬁ + )\n’ae_“””] Lyo(x)=0, (3.1)
where
I'(n+1)
Aog = ———F—a. 2
T Thm—at1)” (3:2)

We find an explicit formula for L, o(z) in Theorem 3.2. In the following Lemma we prove the self-adjoint

property of fractional operator £, := —D%x%e~** D, .
Lemma 3.1 If f and g satisfy in the conditions of Theorem 2.1, then we have (o f,g) = (f,Lag), i.e.
—+oo
/ [f(z)D*z%e~**Dg. g(x) — g(x)D*x%e~** D, f(x)] dx = 0. (3.3)
0
Proof Using the equation (2.10) two times implies
+o0 +oo
/ f(z)D%z%e™** D g(x)dx = / x%e” D g(x).D§y f(z)dx
0 0

“+o0
/ g(z)D%ax“e™** Dy, f(z)dz.
0

O

Now we prove that the solutions of the LEDE for A = ), , are orthogonal polynomials and we find a procedure

to construct the coefficients of these polynomials.

Theorem 3.2 The solutions of the LFDE (3.1) are orthogonal polynomials of the form

Lyo(x) = Zakxk, (3.4)
k=0

where ag are computed by a constructive backward recursive formula of the form

1 ~ A\ e
=- A (P0G =k — g,
ag F(]. o Oé)(A(Ln - A(Lk) j:Z |: »J (k) (] Ol)a a] )
k=n—-1,n-2,...,1,0, (3.5)

and an s an arbitrary nonzero constant.
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Proof We assume that the solutions of the LEFDE are polynomials of the form (3.5) and then we construct

the coefficients ay. First, we compute the first term of the left-hand side of the equation (3.1).

n
[—D_x e 0+] Lpo(z) = DI %% E akmxk

1 1 Foo
= DZ ah k+ ) / (t —x)~*the ot

—a+1) T(1-a)
- T'(k+1) 1 too o
- D ) a a(u+z)
kzzoakl"(k—a—&—l) I‘(l—a)/o u Y (u+x)" du

_ F(k+1) 1 —ax oo —au,, —a . k i, k—i
= Dzakf(k—aﬁ—l)‘lﬂ(l—a)e /0 e U (; ; u'x du

DY () Lo ([ o)

n k .
_ k F(k + 1) 1 —ax kfi]'—‘(z —a+ 1)
- Dzzak<z‘>l“(k—a+1)'l“(1—a)e T T gimet

e k F(k+1)r(i_a+1) a—i, —ox,  k—i
- _Zzak<i)F(ka+1)F(1a)a e *at

b k\ T(k+ 1)L —a+1) ami-1,—ae ki1
o () i e a0 -

Now by substituting the resulting expression above in (3.1) and deleting the factor e=** | we find

E+1)IT(6@—a+1)
—a+1)F(1—a)

a®~ ixkfi

- OZZ oak( )F((

. (3.6)
+ 300 Yo a(}) 11:((:1_015)—{(1%);‘(61“ i_ ;)) (k—i)ac—i=lgk=i=l L A, S0 ara® = 0.

Equating the coefficients of 2* to zero we find an algebraic system that computes aj. Equating the coefficient
of ™ to zero we find
L(n+ 1)I(1 —«)

—0n *z" )\nannzoa
T —at DI —a)® T T Ametn®

I'n+1
thus we obtain \,, , = ﬂaa. It is clear that a, can be any arbitrary nonzero real number. Now
' P(n—a+1)
we find a recursive formula to compute the coefficients aj for k < n. We can rewrite the equation (3.6) in the

following form

G k+DI(i—a+1) . 4k N -1 -1 -
ZZGk() *oz+1)F(17a)a " (k)2 a _1)+)‘n7akzzoakwk:0- (3.7)

k=0 i=0
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Expanding the sums, choosing a,, an arbitrary real number and equating the coefficient of ™! to zero implies
that

B -1 nl'(n+1)
=1 = I'(n) F(n+1- a)a i
>\TL a T 7aa
’ L(n—«)

Similarly, we find

o= — _ INQ _
Un—2 F(l — Oé)P\n’a — >\n72,a} [An 1, <n . 2) ( a)an 1

n _ -1
+)\n7a(n2)f‘(2 a)a” ay).

Using induction and simple calculations, we obtain the final formula (3.5). Now we show the orthogonality of

the polynomials L, o(z). Suppose that m # n. We have

[—Dfajo‘e_MD8‘+ + )\n,ae_‘m] Ly.o(x)=0,

[—Dfmae_ng'+ + )\m,ae_(”] Ly o(z) =0.
Multiplying the first equation by L,, (z) and the second equation by L, o(z) then subtracting implies that

—Lpm,o(2)D%2%e™ "Dy Lo (x) + Ly o () D2 2%e™ “* Dy Ly o (2)
= (Am,a — Ana)e Ly o() L o).

Integrating over [0,00) and using Lemma 3.1 implies that

+oo
(Mo — )\n,a)/ e~ Ly o(2) Lo (x)dz = 0. (3.8)
0

Since m and n are distinct, this completes the orthogonality of the polynomials.

O
Corollary 3.3 For a =1 the polynomials L, are identical to the classical Laguerre polynomials.
Proof We may write the equation (3.5) for k=n—1,n—2,...,1,0 as follows
= ;)\ k+1 a
k= oo — ) Flal k+1
1 - AP ) k—j
m Z |:)\J’a<k)(j —k—a—l)(] —k—a—2)(1—a)a j+1a]‘
’ A j=k42
The second sum for aw =1 is zero and A, ; = n, thus we have
k+1)2
ak—_((nt )ak+1a k_n_]-vn_Qa 7130 (39)
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_ (="

Considering a,, = “—;

and using induction we find
—1)
ajz(w)(T?), j=1,2,...,n. (3.10)
J: J
According to (2.1) a; given by (3.10) is the same as coefficients of the classical Laguerre polynomials. O

Now we give an interesting relation between the polynomials L, o(x) and the classical Laguerre polynomials

L,, in the following theorem.

Theorem 3.4 If n is a nonnegative integer and x € [0,00) then for a, = %a”, we have
x
Lpo(=) = Lu(z). (3.11)
@

Proof We use induction to prove this result. For n = 0 the statement is true since we have

T

LO,a( ) = 1 = Lo(IE)

a
Suppose that the statement is true for all j <n, i.e.

xT

Lja(7) = Lj(@).

We may write L, (%) as a linear combination as follows

n n—1
€ n n n €
Lna(2) = D ARLi(x) = ApLn(z) + ) Ak Lia()- (3.12)
k=0 k=0

Using (3.8) for two different and arbitrary indices n,m and changing variables cax = u imply that

+oo
u u
“up (L o(Bdu = 0.
J A IO

Multiplying both sides of (3.12) by e *L; o £) for j < n and integrating over [0, 00) and using orthogonality

a
of the classical Laguerre polynomials given by (2.2) implies that A7 =0, for j =0,1,2,---,n — 1. Thus by
using (3.12) we find

x
L o) = AL, ().
(D)= AL (@)

On the other hand we have a,, = (7171# . Since the leading coefficients of L, (%) and L,(x) are both %

o

Thus, we conclude A7 =1 that completes the proof. O

Corollary 3.5 Theorem 3./ implies that the coefficients of polynomial L, o(x) are aj = ( o (Z)ak.

Corollary 3.6 Orthogonality of the polynomials L, o(x) implies that
+oo
/ € L o(T)Lpo(x)de = =y p. (3.13)
0 «

3004
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Proof If m =n and v = ax then we have

—+o00 5 1 +oo u
/ ef’an’a(x)dm —/ 67“L3L7a(—)du.
0 0 «

Using (3.11) and (2.2) implies (3.13). O

Definition 3.7 We define the Laguerre norm of the function f(x) as follows

—+oo
1l = ( / €0 f2(2)da) . (3.14)

Corollary 3.8 Orthogonal property in Corollary 3.6 implies that

1
ILnallZ =~ (3.15)

o
Now we introduce a recursive formula to compute fractional Laguerre polynomials in the following theorem.

Theorem 3.9 The fractional Laguerre polynomials Ly o(x) satisfy the following recursive formula

Ln-‘rl,a(gj) [(271 +1- O‘x)Ln,a(x) - nLn—l,a(m)] , n>1,

n+1 (3.16)

Loo(z) =1, Liq(x)=1-az.

Proof It is well known that the classical Laguerre polynomials L, (z) satisfy the following recursive relation
22]

Ln+1(33)

=i [(2n+1—2)L,(x) —nLl,—1(x)], n>1, Lo(z)=1Li(x)=1-—x.

Now using (3.11) implies that

T T x
Lyi1,a(=) = |:2 1—xz)lnao(=)—nLy-1.a ; > 1,
+1a() = g (@t 1= 2)Lna(l) —nln-1a()], 72
T x
LO,a(a) = lyLl,a(a) =1- x,
Changing variable u = % in the last equations implies the result. O

4. Integral transform and applications
In this section, we define integral transform corresponding to fractional Laguerre polynomials L, ,(z) and
introduce inverse transform to solve some fractional differential equations.

Integral transform of a function f € L?*(0,+00) corresponding to Laguerre polynomials L, o (z) is defined
by
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The corresponding inverse transform is defined by
+oo

T~ F(n)] =Y aF(n)Lya(z). (4.2)

n=0

Lemma 4.1 Considering the Laguerre operator £o, = D22%e™**Dg, , we have
T Lo f(z)] = A oF'(n). (4.3)

Proof Using Lemma 3.1 we have the following equality

+o0 Foo
T[e* Ly f(2)] /0 Lof(2).Lyo(z)de = /0 f(2) Lo Ly o(x)dx

+o0
= )\n,a/ e~ f(x)Lno(x)dr = My o F(n).
0

O
Now we give some applications in finding the solutions of some special fractional differential equations. We use
L, o to solve typical fractional differential equations. Indeed, we generate a particular solution in the form of

series in terms of L, , using the integral transform (4.1).

Theorem 4.2 Suppose g € L?(0,00] and N\ # Ano. If the integral transform of g satisfies the following

inequality
G(n)] < kan”, (4.4)
then the solution of the fractional differential equation
[l — Al f(z) = g(), (4.5)

for a> B+ 1 is given by the following infinite series

o~ G(n)
= ——L . 4.
10 = oy " L) (4.6
Proof Taking integral transform of (4.5) and using (4.3) implies that
Ana —A|F(n)=G(n) = F(n) = ———

Applying inverse transform (4.2), the function f could be expressed in the form (4.6). For n > ng using

Corollary 3.8 we have

G(n)

Ja
||a)\n7a _ )\

‘)‘nya - )‘|

B

Ln,oz”L < kan .

3006
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Using the asymptotic property of the eigenvalues [14] we find
Ana Za¥(n+1)% n— oo. (4.7

Thus we have

1 Jak
kon® =] o — o0.
Vakan P e n 00

The assumption o — 5 > 1 implies uniform convergence of (4.6) in [0, 00). O

N G(n)

Corollary 4.3 If we truncate the series (4.6) as fx(x) =>.,_, ar——~
n,o

Ly, o(z), then we have || f — fnl|L =
O(—=).
Example 4.4 For a fir m € N, we consider the following nonhomogeneous equation in [0,400)
[€¥ly, — A f(x) = Ly o(2). (4.8)
Taking Ly, o integral transform of (4.4) implies

1

F(m) = o =)’

and F(n) =0 for n # m. Using relation (4.6), the particular solution of nonhomogeneous fractional equation
(4.8) is obtained as follows

(@) =~ Lo m(@).

a,m
Ao — A

Example 4.5 We consider the following nonhomogeneous equation in [0, +00)
€Ty — A f(z) =e™". (4.9)

The Ly, ntegral transform of the above equation gives,

—+o0
e = NF(n) = / e O () da
0
n o0 "Dkl
= > ak(/ e "0k de) = Ty 1 Er oz)k+)1-
k=0 0 k=0

Substituting the values of ay from Corollary 3.5, we obtain

1
1+ )" Ao —A)

F(n) =

Using relation (4.2), the particular solution of nonhomogeneous fractional equation (4.9) is obtained as follows:

B Ly ()
flz) = T;O‘(l + )" T (Ao — )

3007



We truncate the series above and approzimate the solution f(x) with fy(x).

(Definition 3.7) of (fn+2 — fn) for different values of N are computed in Tables 1

KAVOOCIT et. al./Turk J Math

()

For a = 1.5,0.9 and different
values of N, the graphs of fn(x) are plotted in Figures 1 and 2. The Infinity norm and Laguerre norm

(b)

and 2.

30
%
N=4 N=4
........... N=8 | - - —Nog |
————— N=12 25 s N=12
----- N=14
4t 1 20 1
4
o
3t . 15 ot
= = -
x k) -~
=4 z -’
o ., e
2+ 1 10 o 1
i
1t 1 5 1
of 1 0k 1
0 1 2 3 4 5 6 7 8 9 10 0 2 4 6 8 10 12 14 16 18 20
X X

Figure 1. Graphs of truncated solutions fn(z) for Example 4.5 with a = 1.5, A = 2. (a) for interval [0,10] and (b)
for interval [0, 20].

@ ®)

)

. . . . . . . . . -120 . . . . . . . .

Figure 2. Graphs of truncated solutions fy(z) for Example 4.5 with a = 0.9, A = 2. (a) for interval [0,10] and (b)
for interval [0, 20].

5. Conclusions

In this paper, we introduce a fractional Laguerre differential equation which leads to a family of orthogonal
polynomials L,, o(x), where « is a positive real number. For o = 1, we prove that L, 1(z) are identical to the
classical Laguerre polynomials. We find the relation between L, o(z) and the classical Laguerre polynomials.

Moreover, by defining an integral transform corresponding to L, o(z), we find the exact series solution of

3008
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Table 1. Results of Example 4.5 for a« = 1.5 and A = 2.

N | [fn+2 = Inlloo in [0,10] | [[fn42 = fnlloo in [0,20] | [[fnt2 — e
4 | 0.1436 4.2109 3.08 x 1074
6 | 0.0129 8.1319 2.79 x 107°
8 | 0.0012 1.9839 2.98 x 1076
10 | 9.24 x 107° 0.1624 3.47 x 1077
12 | 8.98 x 10~ 0.0126 4.28 x 10~8
14 | 2.06 x 1076 0.0015 5.48 x 1079
16 | 2.46 x 107 9.29 x 107 7.23 x 10710

Table 2. Results of Example 4.5 for « = 0.9 and \ = 2.

N [ llfvs2 = Fulloo in 0,10 [ [Ifns2 = Fvlloo i [0,20] [ [|fvre — fulle
4 | 0.2504 15.8528 0.0113

6 | 0.0317 0.9845 0.0019

8 | 0.0039 0.1994 3.70 x 1074
10 | 0.0015 0.0582 8.04 x 1075
12 | 1.66 x 1074 0.0201 1.84 x 1072
14 | 6.99 x 10~° 0.0057 4.34 x 106
16 | 9.93 x 107 6.13 x 1074 1.05 x 10~6

some fractional differential equations. Finally, we introduced two numerical examples showing truncated

approximation fy(z) of the solutions for different values of N and «, shown in Figures 1 and 2 with intervals

[0,10] and [0,20], respectively. The norm || fy+2 — fn|| is decreasing sharply in both examples with increasing

N. The results show that using this method we can obtain efficient solutions on large intervals.
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