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Abstract: We present and develop different approaches to study the asymptotic behavior of the distribution functions
in the odd continued fractions case. Firstly, by considering the transition operator of the Markov chain associated with
these expansions on a certain Banach space of complex-valued functions of bounded variation, we make a brief survey of
the solution in the Gauss-Kuzmin-type problem. Secondly, we use the method of Sziisz to obtain a similar asymptotic

result and to give a good estimate of the convergence rate involved.
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1. Introduction

We define OCF (x) the continued fraction expansions with odd partial quotients of = € [0,1] as follows.

Let us partition the unit interval [0,1] into intervals (ik —1} for k =1,2,3,..., and <2k T1 S 2} for
k=2,3,4,..., and consider the transformation 7' : [0,1] — [0, 1] defined by T'(0) =0 and
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we arrive at

Note that

where g1(x) =1if x € (i, ﬁ] and e1(x)=—-1if z € (ﬁ,ﬁ] We obtain
1

T %k 1tea ()T (2)

and, therefore, the map T generates the continued fraction

1
Z1 = [1/@1,81/(12762/a3,...],
az +

as+
where
ap = ap(z) = a1 (T"_l(a?)) yen =én(z) =21 (T"_l(sc)) ,n>1,

en € {-1,41}, a, > 1, a, = 1(mod 2) and a,, + &, > 1, n > 1.

On the OCF expansion, the iterates of the map T act as a shift map by

T"([1/a1,e1/a2,e2/as,...]) = [1/ani1,€ns1/ny2, Eng2/Ans, - - ).

Let us denote

Tn = Tn(x) = an(x) + £, () T™(x)

=ay + [en/Ant1,Ent1/Ont2, Enya/nys, ..., n>1
which yields
E
T =ap + ——, n>1.
Tn+1

(1.3)

(1.4)

(1.7)

The rational approximants to = arise in a manner similar to that in the case of other continued fraction

algorithms. However, the OCF case is the most intricate, because the sequence of denominators of successive

convergents in OCF () is not necessarily increasing as in the regular continued fractions (RCF) or in the

continued fractions with even partial quotients (ECF) cases.
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Let us define

b-1 = ]-7 bo = 07 Pn = GpPn—1 + En—1Pn—2,
g1 = 0,0=1,q, = nGn-1+En_1qn—2

n

for n > 1. The sequence of rationals {p}’ n > 1 are the convergents to = in [0, 1].

n

The following elementary fundamental relations are satisfied

Pn—19n — Pndn—-1 = (—1)k5051 e Ep_1 =: 0p,

pnfl_]ﬁ: 571 TL>0,

dn—1 dn dn—19n ’ a

T = DPn +pn715ntn
dn + Qn—lgntn

n>0

’ — )

where ¢, = T"(z). Equation (1.12) is equivalent to

dnT — Pn

i )
—(qn-1T +pn71

Enln =

Upon (1.13), we infer that for any irrational number z € [0, 1]

qnT — Pn

It =P g >0
_Qn—1$+Pn—1

0<|

Let us consider
1 1
so(z) =0, s1(z) = y Sn(T) = 22
o(z) 1() (@) an () +en_1(x)sn—1()

which yields
Sp = []-/an; €n,1/an,1, 67172/0/7172, s 751/0'1}'

dn—1

Obviously, s, = ,n>0.

n

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

The golden ratios G = @ = 1.6180... and g = VB=1 — (.6180... will be used often. Without

2
further mention we shall frequently use identities like

g+1=G, ¢*>=1-9,G>=G+1,9G=1,9g+2=G~%

Denominators of successive convergents for OCF (x) satisfy

q:f: =an+en-1[l/an-1,en—2/an_2,...,61/a1] >
> a, —[1/3,-1/3,...,-1/3]
>an—[1/3,—1/3,—1/3,...]:an—1—|—é:an—2+G.
Also, one has
qZ: :a"+z1§;£<a"+ani_2l+6‘§a"+Gl—1:a"+G'

3013



SEBE and LASCU/Turk J Math

Whatever n > 1 we have a,, > 3 if and only if 0 < s, < g% and a, =1 if and only if ¢% < s, < G.

Studied by Rieger [9] and Schweiger [10, 11] in the early times, the OCF continue to raise the interest
in many ways. Any continued fraction algorithm on [0,1] generates a natural filtration {J,} of Q N [0,1],
obtained by taking into account the sum of the partial quotients of the rationals. One can consider the simple

nondecreasing functions

eEVhiy<cz
Qn:[0,1] = [0,1], Qu(z)= W EIniy <}

D)n‘ -1
For the regular continued fraction, ), is the set of rationals with sum of partial quotients at most n. The

limit Q(z) := lim @, (z) provides an analogue of the Minkowski question mark function. The resulting map
n—oo

Qo in the situation of continued fractions with odd partial quotients has been introduced and investigated by

Zhabitskaya [15]. Actually, the analogue of Minkowski’s question mark function related to continued fractions

with odd partial quotients Qo(x) coincides with her F°(z). Following Zhabitskaya’s work [15], Boca and

Linden [2] proved that the function Qo is Holder continuous with best exponent ;ﬁ)gg ’\G ~ 0.63317, where

A ~ 1.83929 denotes the unique real root of the equation 2% — x2

—x —1=0. They also proved that the map
Qo linearizes the odd Gauss and the odd Farey maps.

Boca and Merriman [3] described coding of geodesics on the modular surface Mo connected to the
dynamics of odd continued fractions.

Recently, Boca and Merriman [4] studied an analogue of Nakada’s a-continued fraction transformation
in the setting of continued fractions with odd partial quotients and described the natural extension of this
transformation.

The purpose of this paper is to develop a different approach from [8] and [12] to study the asymptotic
behavior of the distribution functions in the OCF case. Based on the finite T'-invariant measure on the o-algebra

Bo,1) of all Borel subsets of [0, 1]

1 1 1
p(A):310gG/A<:c+G—1_m—G—1)dx’ A€ By (1.16)

introduced by Schweiger [10], Kalpazidou [6] investigated the ergodic behavior of a certain homogeneous random

system with complete connections (RSCC). In fact, it was proved that this RSCC is uniformly ergodic and its
associated transition operator under the invariant measure p is regular with respect to the Banach space of

Lipschitz functions. These results allowed to find the limit lim p(r, > t) = ¢ for a given nonatomic measure
n— oo

p on By 1) and to estimate the error u(r, >t) —£.

On the other hand, Popescu [7, 8] studied the [0, G]-valued Markov chain {s,}, n > 1 and its associated
RSCC and solved a variant of the Gauss-Kuzmin problem.

Sebe [12] solved a Gauss-Kuzmin-type problem for the OCF expansion by considering the transition
operator of the Markov chain {s,}, n > 1 as an operator on a certain Banach space of complex-valued functions
of bounded variation. It was also obtained an improvement of the result given in [8] concerning the convergence
rate. It should be said that Wirsing’s method [14] cannot be applied in this case because the corresponding
transition operator is not positive.

The paper is organized as follows. In Section 2, we introduce the definitions and present preliminary

results. We also make a brief survey of the method used in [12].
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In Section 3, to continue our investigation on the asymptotic behavior of the distribution functions of the
map T, we use an approach in the spirit of Sziisz [13]. We mention that using the method of Sziisz to prove
a Gauss-Kuzmin-type theorem for OCF expansions, we obtain a very good estimate of the convergence rate
involved.

2. Preliminary results
2.1. The random system with complete connections associated with the sequence {s,}
In the sequel, we present some investigations on the sequence {s,}, n > 1 studied in detail in [7].

Denoting by E, 1]-1‘12'4':.];‘1 the set of irrational numbers

x =[1/a1(x),e1/az(x),e2/as(x),...] €[0,1]

for which ap(z) =i¢, 1 <l <mn, ep(x) =jg, 1 <k<n—-1,with jp =41, g +jr>1,1<k<n-—1,4 >1,
ig =1(mod2), 1 <€ <mn, n>2, we have

i7 in # 1, e ==+1,
1j1..jn—1 2(t+68n)
A (T""rl >t en=e Ein'z...in ) = 0, iy =1e=-1, (21)
1
+5n’ i, =1, e=1,
t+ sp

1
where t > 1, n > 1, and X is the Lebesgue measure (see [7]). Also, since r1(z) = —, we have
x

0= ([o.2]) =

As is well-known ( see [7]), the sequence {s,}, n > 1 is a W-valued Markov chain with transition probability
function @ defined as

Q(w,B) = > P(w(e,i)), weW,BeWw,
{(e,i):u(w(e,i))eB}
where W = [0,G], W = Bjy,¢ = the collection of all Borel subsets of W, X = {-1,1} x {1,3,5,...}, X=the

collection of all subsets of X,

1
u(w, (-1,i) =¢ 7Y
2’

) w e [0792) = Wla 1

s u(wa (1ai)) == ’
w € (g% G| = Wa, ttw

weW,

i—g

(1 —w?)(2—-4(i,1))
_ i~ 1+ +ew)(itiren) UMD
P(w, (e,i)) = . (2.2)
(14+w)(2—0(i,1))d(e, 1)
(i—1+6(i, ) +w)(i+1+w)

’LUEVV27

forall i > 1, i=1(mod2) and e = £1, where ¢ is the Kronecker’s symbol.
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According to the general theory [5]
(WW), (X, X),u, P) (2.3)

is the random system with complete connections (RSCC) associated with the sequence {s,}, n > 1. Let Q",
n > 1, be the n-step transition probability function associated with (). The stationary probability QQ°° for
{sn}, n>1 is given by

Q*(B) = [ detw). Bew, (2.4)
B
where
1 1+w
1
3log G Bl v €W,
=y (25)
w
1 .
3logG %87 — g2’ weWs
Therefore, for any B € By g, we have
| @=@wetw. 5 -o=®) (2.6)
w

2.2. An operatorial treatment

Let us consider the transition operator U associated with RSCC (2.3) which is defined as

Uf(w)= > P(w,(e,i)f(u(w,(e,i), weW,

(eyi)eX

for any f € B(W) (= the Banach space of bounded measurable complex-valued functions f on W under the

supremum norm |f| = sup |f(w)|). Note that U is also the transition operator of the Markov chain {s,},
weW
n > 1 and we have
Ufw) = [ @w,dw)fw)
w
which implies that

U™ f(w) = /W Q" (w,dw’) f(w'), weW,n>1.

The basic ideea is to consider U as an operator on BV (W) (=the Banach space of all complex-valued
functions f of bounded variation on W under the norm | f||, = varf + |f|). Remember that the variation
vargf over AC W of f € B(W) is defined as

k-1
sup Z |f(t:) = f(tig1)]
=1

the supremum being taken over all t; < ... < t; € A and k > 2. We write simply varf for vary f and, if
varf < oo, then f is called a function of bounded variation.

We recall two elementary results obtained in [12].
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Proposition 2.1 For any f € BV(W), we have
varUf < fyvarf + 65 f], (2.7)
where 01 and 02 are positive constants such that 6, = 0.4270508... and 6, < 0.396312. ..

Corollary 2.2 There exists a positive constant 0 = 67 + 03 < 0.8233628... such that for all n € N and
f e BV(W) we have

varU"f < 0" -varf, (2.8)
U™ f — U™ f| 0" - var f, (2.9)

A

where U f = /W fw)Q>(dw).

Let us define two functions

Fo(x,e) =\ <7’n+k+1 > %,En% =e Ez’lljilg.::.ji_l> (2.10)
and
(1 -9z / (1+y)o(e,
F = *(d ~— 2 277 0(d 2.11
o= [ S e + [ HERE g ay) (2.11)

for z €0,1], e=+1, n>0 and k > 1.

The Corollary 2.2 allows us to solve a Gauss-Kuzmin-type problem, namely to obtain the asymptotic
behavior as n — oo of the distribution function F, and estimate the convergence rate. In fact, we show that
forall n > 1, z €[0,1], e = 1, we have

‘Fn(xve) - F($,6)| <o

Our convergence rate, O (™), with 6 < 0.8233628... < 0.854120. .., is better than the one obtained in [8]. To
proceed, by (2.1), we have

1 141G
Fo(ame) =\ (Tk+1 > ;ﬂfk =e€ Eiljilg...]iz 1)

(1= e
—_—, e Wi, e= =1, .
2(1+ espx) ok Le (2.12)
=4 0, sk € Wa,e=—1,
(1 +Sk)x
—_— € Wy,e=1.
1+ s,z Sk 2:¢

Note that we also have

(1-y*)z (1 +y)z _
/W1 deo(y) + /W2 ———dGo(y), e=1,

Fy(z,e) = 1) (2.13)
) N
o 20y 0 o
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with

<
Goly) = { O yssm oy (2.14)

Now, for any n > 1, by (2.12), we have

1 .
Fn(x,e) = Z)‘ (Tn+k+1 > ;ﬂgn-i—k =€, En+k—1 = JIn,

. . RS N
Antk = Uny- €k = J1, k41 = ll\ Ezljzlzjzi 1)
1 Lor_1,4h30
= ZA Tnik41 > ootk =€ Eil...ik,ig...i;
. . . RS T
XA <€n+k71 = ]7/17 An+k = 7/;17 sy &k = Ji, Ak+1 = 7’/1| E11]Zkk 1)
1—y?)x 14+ y)x

/ ﬂdGn(y)Jr/ ﬂd(}n(y), e=1,

1-y*)z

~—= - dG,(y), e=—1,
/W1 2(1*?#17) n( )

where the sums are taken over all #},...,4), > 1 and j, = £1, 1 < /¢ <n, for which ), = 1(mod 2), i} +j; > 1,

1</<n,1<k<n-—1,and
Guly) = G (y B ) = Q" (50, 0,9)) sy € W > 1.
Let us define G*(y) = Q><([0,y)), y € W.

Theorem 2.3 Foralln>1, x €[0,1], e==+1, 6§ <0.8233628... and y € W, we have

Proof  First, we have
|Fn(2,1) = F(z,1)|

| -y oo (1+ye o0
_ ‘/W ST d(Gal) - (y))+/w2 A (Gu(y) - 6 w)

x4+ 2xy + x2y2

< /Wl 1Galy) — G=()]

2(1 + yx)?
0o z(1 —x) 2 co( 2 592z
+ /W2 |Gn(y) — G=(y)] mdzﬁ' ‘Gn(g ) —G™(g )‘ 200+ g%2)
Also,
_ (1 B yQ)x are
Bt =)= Fa-n) = | [ a6 -6 )| (2.17)
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2 2
Ifo<a< 29 , then (2.17) becomes
gt +1

1-v/1—22
= o v z(zy? + 2 —2y)
Fala )= F-0 < [ Gl - 6w TGy
g z(—zy? —x
[ 60 = 6 M=y (215)
+ fGn(gz) -G (92)| 21 = g2a)’
And if 942‘3_2 ;<@ <1, then (2.17) becomes
soqy T(zy? + @ — 2y)
Fale, 1) = Pl D) < [ 16t) - 0= M5y
) (2.19)
+|Galg?) — G=(g%)| 2((11_992)5)-
Now, for all y € W we have
IGnl(y) = G (W) = 1Q" (sk, [0,y)) = Q™ ([0, )| = [U" fy(sk) = U™ £y, (2:20)

where U is the transition operator of the Markov chain {s,}, n > 1, U®f = / f(w)Q™>(dy), and f, is a
w

function defined on W as

1, 05w<y,
fy(w) = { 0 y<w<G (2.21)
Hence, by (2.9), for all y € W and n > 0, we obtain
U™ fy(sk) = U< fy| < 0" var f, = 6". (2.22)

It follows that for all y € W and n > 0 we have (2.16). Now, we can obtain a good estimate of |F,,(z,e) — F(xz,e)],

namely

|Fp(z,e) — F(x,e)]

(xy(x2+2m+7g+3)) 9
2(1+ g%22)(1+Gzx) )’ ’
(2(1 —VI-2?) 242 (2.23)

x
_5 R e:—land0<x§m,

2 1_24 22
9"sup<x(g$+ g >>, e=—1 and 4g+1 <z <l1.
g

IN

S

3
n
=
e

As is easy to see, the supremum does not exceed 1, so that we get (2.15). O
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3. A new solution of the Gauss-Kuzmin-type problem

Let p be a nonatomic probability measure on Bjo 1; and define:

Ho(x) = w([0,2]), = €][0,1], (3.1)
Ho(z) = p(rp i, <z), 2€[0,1, n>1 (3.2)

where 7, is as in (1.6). Then the following holds.

Theorem 3.1 Let r,, and H, be as in (1.6) and (3.2). Then there exists a constant 0 < n < 1 such that H,
can be written as
1 (G+1)(G—-141x)
H, (2) = 1
@) = G G- e 1=

+O(n™) (3.3)
uniformly with respect to x € [0,1].

To prove Theorem 3.1, we need the following results.

Lemma 3.2 For functions {H,} in (3.2), the following Gauss-Kuzmin-type equation holds:

o= (1 () (1)

(i,€)

for © €10,1] and n > 0. Here (i,e) denotes that i = 1(mod2), || =1 and i +¢ > 1.

Proof From (1.7) and (3.2), we have
Hypi(z) =p (r;iz <Z, Epnt1 = 1) +p (”";Jlrz < T, Epnt1 = *1)

S N
- B\Gyz S5

i=1(mod 2)

1 _ 1
s Y u(femb<s)

1 —
i=1(mod 2),i#1

Ee () ()

Remark 3.3 Assume that for some p > 0, the derivative Hzlv exists everywhere in [0,1] and is bounded. Then
it is easy to see by induction that Hzl)+n exists and is bounded for all n > 1. This allows us to differentiate

(3.4) term by term, obtaining

1 1
H = H . .
nt1(7) (Zz;) (i4ex)2 ™ (z + Em) (3.5)
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We introduce functions {h,} as follows:

!/
ho(2) = 1, (@) —, z€[0,1], n>0.
G1G-1) - (z—G—1)
Then (3.5) is
1
hnsa(@) = (G = (1= (X:V <i+sx)’
where
1
\% ) = .
(0 0) = @D ren) T D@ T D+ 20) — )
Lemma 3.4 For {h,} in (5.6), define M,, := = Jnax, |h. (z)]. Then
S
M7L+1 S n- Mn7

where

_4 -
K 9 Z G—H Ji(i+2)

1=1,3,.

Proof Before we derive (3.7), we bring it to a convenient form. First,

hn+1 (x

x ( S Vi, (6, 1)k <H1x
i=1,3,...

)=

(G2 -(1- x2))

) I o
SmceG_lfG and Gi—&—l72 G, then
1 1
Vv i,1)) =
(@, (&,1)) G?—1(i+z+G)(i+z+G—2)
B 1 1 B 1
2@ -1 \i-2+2+G i+z+G)’
Similarly, we get
1 1 1
Vv ,—1)) = - .
(2, (5, 1) 2(G2—1)(i—2—x+G i—x+G>
Therefore, (3.11) becomes
G? — (1 —a? 1 1 1
(G2-1) e i—242z+G i+z+G i+
1 1
+ (z—2—x+G l—m—i—G)hn(i—x))'

)

(3.11)
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where

However,
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= % {201 —2) (S1 + S2) + (G* — (1 = 2)%) (93 + Sa — S5+ 96) }

L h
i—2+2+G z—i—x—i—G "\i4zx

1 b 1
i—2—2+G z—x—i—G "\i—2x

1
2 (12+x+G2)hn (z+x)
1 — h
(i—2—2+4+G)? z—x—|—G "\i—-w
1

i—2+x+G H—x—i—G)

T+ :r:> (i + x)?
(i —x)

3¢
rera ieva) ()

i
v
o e N N e

=~

+

8

+

Q

2
A i (0),
2+ G-1 Z_:;M(a:—l—G—l—i)(:U—i—i)(x—i—i—f—Z) n(2i)

—x+G+17SZ (i—z+G)(i+2—2)(i—x)

2 /
@rG-1p 2 Gt GriPererivy @)

h (55 /
ﬂ i—x+G)2(i2+2—x)(i—x)h"(ﬂi)’

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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1 1 1 1
where Trir2 <o < —— and ———— < 3; < —— . From (3.19)-(3.22) and (3.12), we have
x+i i—x

+2 T+i it2—x
@) =0 {100 =
5 @rGae ;E;J_rj))(x Tt 2)h/”(ai)
a e it G?Ezl—;;)— 2)(i — x) fia(B5) (3.23)
+(G*— (1 -2)%) }; (x+G+i)2(x1+ PTEe G
> (i—x—i—G)?(il—&—Q—m)(i—m)h;(ﬂi)_%S5+%SG !

i=3,5,...

1 1
<7y < ol Now, for = 1 we have a; = fi12, and then h;, (1) = 0. By the Mean Value
—x x

Theorem, we know that there exists at least one ¢ € (0,1) such that

Whele
3

ie. —hy, 1(0)=nh;, (c). If bl 1(0) <O, then A}, (c) > 0. Since hy, . # 0 on (0,1) and h;,, is increasing in
a neighbourhood of ¢, it follows that A, is increasing on [0,1]. Similarly, if A;,,,(0) > 0, then A} ,(c) <0,

and it follows that hj,,; is nonincreasing on [0,1]. In both cases, it results that

Mpy1 = nax, |1 (2)] = [Br 1 ()] (3.25)

For, x =0, we have «; = 8;, v = a1 and we obtain

( i)
0) —_— 3.26
n1(0) Z (G +4)i(i+2) (3.26)
i=1,3,5,..
Thus,
1
M’IL S 4 . : M’IL : TN T N7 Ay 3.27
i g 2:1;5 (G+d)i(i+2) (3.27)
and the proof is complete. O
Proof of Theorem 3.1. For {H,} in (3.2), we introduce a function R, (z) such that
1 G+1)(G-1
H,(x) = GG =14a) ooy (3.28)

3l0gG 2 (G_1)(G+1—2)

Because H,(0) =0 and H,(1) =1, we have R,(0) = R,(1) = 0. To prove Theorem 3.1, we have to show the

existence of a constant 0 < 1 < 1 such that

Ry (z) = O(n"). (3.29)
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For {h,} in (3.6), if we can show that h,(z) = ﬁ + O(n™), then integrating (3.6) will show (3.3). To

demonstrate that {h,} has this desired form, it suffices to prove the following lemma.

Lemma 3.5 For any x € [0,1] and n > 0, there exists a constant 1 := n(x) with 0 <n <1 such that
hy(z) = O(n"). (3.30)

Proof Let n be as in Lemma 3.4. Using this lemma, to show that (3.30) is enough to prove that n < 1.
Calculating the sum of the series involved, we obtain n =4 - ¢ -0.150853 = 0.372929. O
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