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1. Introduction

Let C be a complex plane and C := CU {oo}; G C C be a bounded Jordan region with boundary L := G
such that 0 € G; Q := C \G = extL; A := A(0,1) := {w:|w|>1}. Let w = ®(z) be the univalent
®G) 5 0; ¥:=d!. For R> 1, we take

conformal mapping of  onto A such that ®(c0) = oo and lim,_,
Lgr:={z:|®(2)| = R}, Gr:=intLg and Qg := extLR.

Let g, denote the class of all algebraic polynomials P, (z) of degree at most n € N.

Let {Zj}é—zl be the fixed system of distinct points on curve L. For some fixed Ry, 1 < Ry < oo, and

z € GR,, consider generalized Jacobi weight function h (z), which is defined as follows:

l

h(z) := ho(2) H |z — 277, (1.1)

j=1

where v; > =2, for all j = 1,2,...,l, and hg is uniformly separated from zero in Gg,, i.e. there exists a
constant ¢;(G) > 0 such that for all z € Gg,, ho(z) > ¢1 (G) > 0.
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Let 0 < p < 0o and o be the two-dimensional Lebesgue measure. For the Jordan region G, we introduce:

1/p
||Pn||p = ”P"”Ap(h,G) = // h(z) |P,(2)? do., , 0 < p<oo, (1.2)
G
[Pl = = ”PHHAOO(LG) i=max [Py (2)], p= oo,
z€G
AP(LG> = A:D(G)7
and when L is rectifiable:
1/p
||Pn||£,,(h,L) = /h(z) [P (2)[P |dz] < 00,0 < p< o0, (1.3)
L
HPnHﬁoo(l,L) : :Iileal)/{lpn(zﬂ, b = o0,
L,(1,L) = :L,(L).

Well known Bernstein-Walsh inequality [49] shows that for any P,(z) € g,
||Pn||c(§R) <o) ||Pn||c(§) (1.4)

holds. Thus, for the points 2 € Gg, R =1+ %, the |P,||o —norm in Gg and G have the same order of
growth. Also, in [49] some similar estimates for various norms were given for the right hand side of (1.3).

For the weight function h(z) = 1 and arbitrary polynomial P,(z) € g, in [33] it was shown:

n+ L
||Pn||zp(LR) < |@(2)] i ||Pn||L,,(L) ; p>0. (1.5)

The estimate (1.5) has been generalized in [12, Lemma 2.4] for the weight function h(z) # 1, defined as in (1.1)
for the v; > —1, j =1,2,...,], and it was obtained as follows:

1™

7 Pall g, nzy» 7= max{0;y;: 1 <j < I} (1.6)
p(,L)

1Pall g,y < B™F

To give a similar estimation to (1.6) for the A,(h,G)—norm, first of all, we will give the following
definition.

Let the function ¢ maps G conformally and univalently onto B := B(0,1) := {w : |w| < 1} which is
normalized by (0) =0 and ¢'(0) > 0 and let 9 := ¢~ 1.

Following [41, p. 286], a bounded Jordan region G is called a k-quasidisk, 0 < k < 1 if any conformal
mapping 1 can be extended to a K -quasiconformal homeomorphism of the plane C on the C with K = 1+£_ In
that case the curve L := 9G is called a k-quasicircle. The region G (curve L ) is called a quasidisk (quasicircle),
if it is k-quasidisk (k-quasicircle) with some 0 < k < 1.

A Jordan curve L is called a quasicircle or quasiconformal curve if it is the image of the unit circle under

a quasiconformal mapping of C to C ([34]). On the other hand, some geometric criteria of quasiconformality of
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the curves was given in [15, p. 81] (also, see [42, p. 107]). It is well known that quasicircles can be nonrectifiable
(see, for example, [24], [34, p. 104]).

In [8] (also, see [6]) it was given an analog of the estimates (1.4) and (1.6) for the quasidisks in the norm
(1.2), with the weight function h(z) which is defined by (1.1), as follows:

1

n-+4 =
”Pn”Ap(h, <a R ”P"”Ap(h,c) , p>0,

GR) —

where R* := 1+ co(R—1) and ¢2 > 0, ¢1 := ¢1(G, p,c2) > 0 are constants independent of n and R.
Further, for an arbitrary Jordan region G, any P, € p,, Ri =14 X, in [9, Theorem1.1] it was obtained
that

n+42
1Pull, ) < e PP o020,

Ap(GRry
1
is true for arbitrary R > Ry =1+ %, where ¢ = (ﬁ) "1+0(3)], n— .
N. Stylianopoulos in [45] replaced the norm [Pyl with norm |[[Py| 4, ) on the right-hand side of
(1.4) and found a new version of the Bernstein—-Walsh Lemma: Assume that L is quasiconformal and rectifiable.

Then there exists a constant ¢ = ¢(L) > 0 depending only on L such that

Vvn
|Pn(2)] < Cm 1Pl 4,6 2(2)", zeq,

where d(z,L):=inf{|¢ —z|: ¢ € L}, holds for every P, € py,.

In this paper, we continue the study of the problem on pointwise estimates of the derivatives

for m > 1, in unbounded regions of the complex plane and we obtained the estimates as the following type:

P (2)] < (G oy 2) [ Pall, 2 € 9 (1.7)

where 7,,(.) = o0 as n — oo, depending on the properties of the G, h.

Analogous results of (1.7)-type for m = 0, a different weight funtion h, an unbounded region and some
norms were obtained in [28, p. 418-428], [36]-[40] and the others.

To get an estimate for the

Prgm)(z)‘ on the whole complex plane, we will need an estimate for the

P,(Lm)(z)‘ in the bounded region G. To do this, we will use Bernstein—-Markov—Nikolsky type estimates for

‘p£m>(z)( , z € G, as the following type:

where A\, := A\, (G, h,p,m) >0, A\, = 00 as n — oo, is a constant depending on the properties of the region
G and the weight function h.

Estimates of (1.8)- type were studied since the beginning of the 20th century([22], [23], [46]). In recent

years, (1.8)- type inequalities for various spaces have been studied in [5], [6], [7], [14] (see also the references
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cited therein), [18], [26], [27], [28, pp. 418-428], [36], [37, subsection 5.3], [38], [39, pp. 122-133], [44] and the
others. For m = 0 the similar estimates were continued to be studied in [3]-[8], [10], [13], [20], [21] and the

others.

Therefore, combining the estimates (1.7) and (1.8), we will obtain the estimate of P}J")(z)‘ for any

m =1,2,..., in whole complex plane C = GrUQg, R > 1:

)\W(Ga h7p)a z eéR

(G hpd(z, L) |2(2)["), = € Qp, (19)

| < e, {
where ¢4 = ¢4(G,p) > 0 is a constant independent of n,h, P,, and \,(G,h,p) = o0, n,(.) = o0 as n — oo,
depending on the properties of the G, h.

2. Definitions and main results
Throughout this paper, c,cg,c1,cs,... are positive and eg,e1,€3,... are sufficiently small positive constants
(generally, different in different relations), which in general, depends on G and parameters that inessential
for the argument. Otherwise, the dependence will be explicitly stated. For any k£ > 0 and m > k, notation
i=k,m means i =k, k+1,...,m.

Let z1, 2o be arbitrary points on L and L(z1,22) denotes the subarc of L of shorter diameter with

endpoints z; and zo. The curve L is a quasicircle if and only if the quantity

|21 — 2| + |z — 22|
|21 — 22|

is bounded for all 21,22 € L and z € L(z1, 22) (three point property). A curve L is called ” c— quasiconformal”
by Lesley (see [35, p. 341]), if there exists the positive constant ¢, independent of points z1, zo and z such
that

|21 — 2| + |z — 22|

<c
|21 — 22|

The Jordan curve L is called asymptotically conformal [25], [42], if

max |21 = 2z = 2 -1, |z1 — 22| — 0.
z€L(z1,22) |Zl - ZQ|

Some various properties of the asymptotically conformal curves have been studied in [16], [29], [30], [31], [32],
[43], and references provided therein. According to the geometric criteria of quasiconformality of the curves ([15,
p. 81], [42, p. 107]) every asymptotically conformal curve is a quasicircle. Every smooth curve is asymptotically
conformal but corners are not allowed. The asymptotically conformal curves can be nonrectifiable.

As stated in [41, p. 163], we say that a bounded Jordan curve L is A—quasismooth or Lavrentiev curve
if for every pair z1, 2o € L, where (21, 22) denote the shorter subarc of L, joining z; € L and zy € L and

[1(z1, z2)| is the linear measure (length) of 1(z1,z22) , there exists a constant A := A(L) > 1, such that
[1(z1,22)] < A|z1 — 22|, 21, 22 € L.

In this case, the inner region intL of a Lavrentiev curve L is called a Lavrentiev region.
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Let S be a rectifiable Jordan curve or an arc and let z = z(s), s € [0, |S]|], |S| := mes S, be the natural
parametrization of S.

A Jordan curve oran arc S € Cy, if S has a continuous tangent 6(z) := 6(z(s)) at every point z(s). We
will write G € Cy, if 0G € Cy.

Following [41, p. 48](see also [19, p. 32]), we say that a Jordan curve S called Dini-smooth, if

it has a parametrization z = z(s), 0 < s < |S| := mes S such that z'(s) # 0, 0 < s < |S| and

2 (s2) — 2 (s1)| < g(s2 — 1), s1 < S, where g is an increasing function for which

/1 de < 00.
x
0
A Jordan region G has a piecewise Dini-smooth boundary, if L := 0G consists of the union of finite Dini-
smooth arcs L;, j = 1,m, such that they have exterior (with respect to G) angles Am, 0 < Ay < 2, at the
corner points {z;}, j = 1,m, where two arcs meet.

According to the ”three-point” criterion [34, p. 100], every piecewise Cyp— curve and Dini-smooth curve
(without cusps) is quasiconformal.

Now, we give the definitions of quasidisks with some general functional conditions.

Definition 2.1 We say that G € Q. if G is a quasicircle and ® € H*(Q)) for some 0 < a < 1.

We note that the class @, is sufficiently large. A detailed account on it and the related topics are
contained in [35], [42], [47] (see also the references cited therein). We consider only some cases:

a) If L is a Dini-smooth curve [42], then G € Q1.

b) If L is a piecewise Dini-smooth curve and largest exterior angle on L has opening ar, 0 < a < 1,
[42, p.52] , then G € Q,.

¢) If L =:0G is a smooth curve having continuous tangent line, then G € Q, forall 0 <o < 1.

d) If G is "L-shaped” region, then ® € Lz’p%.

e) If L is quasismooth (in the sense of Lavrentiev), then ® € Lip o for « = (1 — L arcsin 2)71[47],
[48].

f) If L is ”c-quasiconformal” (see, for example, [35]), then ® € Lip o for a = m

g) If L is an asymptotic conformal curve, then ® € Lip « for all 0 < a < 1 [35].
Now, we can state the corresponding results for the class of regions G € @, . First, we give one more

pm (2)|, z € G, for each m > 0.

theorem that we will use in this case, and after that we give estimate for

Theorem A [14, Th. 1] Let 0 < p < o00; L € Qq for some 0 < a <1, and h(z) be defined by (1.1).
Then, for any P, € p,, n € N, and every m =0,1,2,...

l(ﬂ-‘rm) 1

ne P =< a<l

Hpv(zm)”oo < C4||Pn||p 6(“’*+2+ ) 2o (2.1)
no\P , 0<a<i,
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where here and throughout this paper

v* = max {0;7;, j = 1,1}, (2:2)

and 6 = §(G), 1 <6 <2, is a certain number depending on the specified region.
Recall that for any m > 1 and for m = 0, the sharpness of estimate (2.1) was given in [13, Th. 2.1].
For 0 < &; < 8o :=imin{|z; — 2| 14,5 =1,2,..,1, i # j}, let Q(z;, §;) =QN{z:]z— 2] <§}; 0:=

N
lrgigléj; for L = 0G weset: Us(L,0) := |J U((, 6)—infinite open cover of the curve L; Uy (L,0) := |J U;(L,0) C
i< CEL j=1

Uso(L, §)—finite open cover of the curve L; Q(8) := Q(L,8) := QN Un(L,6), Q := Q\ Q0):; Qr(5) :=
Q(Lg,6) == QrNUn(Lg.6), Qr:=Qr\ Qr(d).

Now, we start to formulate the new results.

2.1. The general estimate (recurrence formula)

First, we present a general estimate of

pim (z)’ for which it will be possible to obtain estimates for the

derivative for each order m = 1,2, ...

Theorem 2.2 Let p > 2; G € Q. for some % < a <1, and h(z) be defined by (1.1). Then, for any

P, € p,, n €N, and every m = 1,2, ..., we have:

‘Pr(LM) (Z)‘ < !q)n—&-l(z)‘ ||Pn||p A:L’p(z;,m) + ic-’ B1 (z) ‘Prg,m_]) (Z)’ , (23)
=1

d(=,L) m g

where ¢1 = ¢1(G, vy, m,p) > 0 is a constant independent of n and z;

¥ 42 1)L
n( po T 1)“, p>2, m > 2, v > =2,
nwpzz, 2§p<1—|—77+2, m=1, > =2+ a,
1 R _1
A p(z,m) o = (nlnn)' ¥ p=1+22" m=1, > —-2+a,
1
n'"w, p>1+77+2, m=1, v > -2+ a,
1
nl_E, p22, mzla _2<7§_2+a3
1 i .
B,(z) + =naj=12,..m,
if z€Q(6), and
+2 _1\1
n5m)s o<p< P agen, v>a
1-1 _ a2
Aly(em) ¢ =4 lRm T =i s >
n, p> 15+ e v > a,
nl_;a p227 _2<’V§Oé,
B i(z) : =nj=1m,

if z € Q(5).
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Theorem 2.3 Let 1 < p < 2; G € Qn for some % < a <1, and h(z) be defined by (1.1). Then, for any
P, € p,, n €N, and every m = 1,2, ..., we have:

[ Pnll,
d(z, L)

P (2)| < ez |04 (2)] A2 (zm) + Y- CLBL (=) [P ) (24)
j=1

where ca = ca(G,y,m,p) > 0 is a constant independent of n and z;

A$L7p(z7m) e n(ﬁ/*p+2 +m—1)§,
if z€Q(9),
n(5m=Dz, 1<p<2, 7y>a
2
nTAmIE L p<c1+2, 0<qy<a,
2 1 _1
A% (z,m) = n(E_liE (7"i1nn)l1 r, p=1+1 0<y<a,

np=Yatl—5, p>1+2 0<y<a

nG—Datl=g, l<p<?2, -2<~<0,

if z€ ﬁ(é) and B}, ;(z) is defined as in Theorem 2.2.

In order to get the final estimates for pm (z)|, m > 2, we need an estimate for the

pim=a) (z)‘ for

each j =1, m. Consider the case m =2 and j = 1,2. Cases of m > 3 are carried out sequentially by applying
the estimates obtained from (2.3) and (2.4).

2.2. Estimate for |P, (2)|

Theorem 2.4 Let p > 1; G € Q, for some % < a <1, and h(z) be defined by (1.1). Then, for any

P, € pn, n €N, and z € Qp, we have:

|<I3”+1(Z)’
d(z,L)

where c3 = c3(G,v,p) > 0 is a constant independent of n and z;

[P (2)] < 3 AS p 1Pl (2.5)

242 _qy1
WV 2sp <t iR vza
_1 1—1
; n' ()T = g vz a
o 1-1 2
Anvp'_ n 1177 p>ﬁ+%u V2o
n'"v, p>2, 0<y<a,
(1_2>L+§_1
n p/a TP p>2, -2 <y <0,
for any p > 2 and
5z, l<p<2  9>a,
(L“,l)l
n\"» o I<p<l+l, 0<y<a
1
AL =19 nGD% (nlnn) 77, p=1+1, 0<v<a,
2 1 1
np—Datl—3 1+2<p<2, 0<y<a,
np—Dati=3, l1<p<?2, —-2<~<0,
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for 1< p<2.

The following remark shows the sharpness of Theorem 2.4.

Remark 2.5 For any n € N there exists Q, € o, and G* C C such that

\/ﬁ n+1 * . AT
|@Qn(z)| 2 ‘A 1@nllayy 12T, z€ FEQ":=CG,

where ¢ = ¢(G*) > 0.

We note that the estimate for |P, (z)| was previously obtained in our paper [13, Th. 3] for p > 0. But
this result is better for p > 2 and coincides with that of [13, Th. 3] for 1 < p < 2.

2.3. Estimate for |P) (z)]

Now, using Theorems 2.2, 2.3 and 2.4, we can give an estimate for |P) (z)| for z € Q.

Theorem 2.6 Let p > 2; G € Q. for some % < a <1, and h(z) be defined by (1.1). Then, for any
P, € pn, n € Nywe have:
‘@2(n+1)(z)’

|Prlz (Z)| < C4W

1Pall, AR p(2), (2.6)

where ¢4 = ¢4(G,7,p) > 0 is a constant independent of n and z;

n%, 2§p<1%x—|—¥+i§, v > a,
nFHTE (nn)' v, p= o+ 52 v > a,
Ai,p(z) = nati=y, P> i+ %, v > a,
ety p>2, 0<y<a,
n%+(27%)%71, p>2, -2 <y <0,
if z€ Q(9), and
a5 Dat g cp e 2 sy
P (lnn)'TE, p= o+ 52 vz a
Ai,p(z) = n?"r, D> 1%‘4—%, v > a,
n2_%, p>2, 0<y<a,
nt %)é‘F%, p>2, -2 <y <0,

if z € Q(6).

Theorem 2.7 Let 1 < p < 2; G € Qy for some
P, € p,, n € Nywe have:

% < a <1, and h(z) be defined by (1.1). Then, for any

|(I)2(n+1) (Z) |

1P, (2)] < CBW

1Pl A7 p(2), (2.7)
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where ¢5 = ¢5(G,7,p) > 0 is a constant independent of n and z;

a2

n e 1<p<?2, v > a,
2
n%, l<p<l+d, 0<vy<a,
_1
Ai,p(z) = np%ﬂ_f (lnalz)1 » p=1+12, 0<vy<a,
nra 7%, 1+2<p<2, 0<y<aq,
np%ﬂ_%, 1<p<?, -2<y<0,
if z€ Q(9), and
n(5 DL l<p<2, V>
+2
i ] n(:T_l)é'H’ 1 l<p<l+4+2, 0<vy<a,
A’fhp(z> = n(g_l)f—i_l(lnlnnl)l_gv p:1+%a 0<7<O‘7
npDat2—3 1+2<p<2, 0<y<a,
nGG—Da+2=3, l<p<2,  —-2<~<0,

if z € Q(6).

2.4. Estimate for |P/ (z)]

Considering the estimates obtained in Theorems 2.6, 2.7 for |P! (z)| and Theorem 2.4 for |P, (z)| in the

Theorems 2.2, 2.3 respectively, we can give the following:

Theorem 2.8 Let p > 2; G € Q. for some % < a <1, and h(z) be defined by (1.1). Then, for any
P, € p,, n € N, we have:

/!
P R e
PN < @l

1Pl A5 (2); (2.8)

where cg = cg(G,7,p) > 0 is a constant independent of n and z;

y+2 1 9) 1 2
n\w 2<p< i+ IR, y>oa,
1—1.2 -1 5
W )R, p= 4 22 4>,
6 _1.2
A7L7P(z) = nl p+a7 p>1iﬁ+%7 7204,
_1.2
=343, 2<p<1+22 0<qy<a,
n(s_%>i+%_l, p>2, -2 <y <0,
if z€ Q(9), and
y+2 4 9)1 2
e a<pc 12 >0,
_1 ] 1—1 o« ~+2 >
n P(nn) Py p_1+a+1+a7 v ZQ,
6 — 3—1 2
Ap p(2) = n 117, p>—1$a+—1¢a, v > a,
n®"7, p>2, 0<y<a
2y1 3
n—p)atetl p>2, —2< <0,

if z € Q(5).
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Theorem 2.9 Let 1 < p < 2; G € Qn for some % < a <1, and h(z) be defined by (1.1). Then, for any
P, € pn, n € Nwe have:
|(I)3(n+l)(z)‘

P/ <
PR < e

1Pall, AL o (2), (2.9)

where ¢ = c7(G,7,p) > 0 is a constant independent of n and z;

n(WTH“)%, 1<p<2, 7> a,
n(FH)E l<p<l+2, 0<y<a,
A;p(z) ={ G2 (nlnn)l_% , p=1+2, 0<vy<a,
nGHDa+1-5 1+21<p<2, 0<y<a,
nGHDa+1-5 l<p<2  -2<7<0,
if z€Q(9), and
n(w;rzﬂ)é’ 1<p<2, v > a,
nF T l<p<l4+2, 0<y<a,
AZ,;;(Z) = n(%71)§+37%(lnn)17%, p=1+1, 0<vy<a,
n(G—Dat3—3 1+2<p<2, 0<y<a,
nGDat3—5, l<p<2  -2<~<0,

if z € Q(5).

2.5. Estimates for |P) (z)| and |P) (z)| in whole plane

According to (1.4) (applied to the polynomial @,_1(z) := P/ (z)), the estimation (2.1) is also true for the points
2€GR , R=1+¢on"!, with a different constant. Therefore, combining the estimates (2.1) (for the z € Gg)

with (2.6), (2.7), (2.8), (2.9), we will obtain the estimate on the growth of | P/ (z)| and |P)/ (2)| respectively, in
the whole complex plane:

Theorem 2.10 Let p > 2; G € Qq for some 3 < a < 1, and h(z) be defined by (1.1). Then, for any
P, € pn, n € N we have:

42 1 _
n(wp +1)“7 ZEGR7
(#2000

1Py ()] < es |1 Pall,,
iz Anp(2), 2 € Qg

where cg = cs(G,v,p) > 0 is a constant independent of n and z; Aﬁyp(z) is defined as in Theorem 2.6 for all

z € Qg.

Theorem 2.11 Let 1 < p < 2; G € Qq for some 3 < a <1, and h(z) be defined by (1.1). Then, for any
P, € pn, n € N we have:

42 1 _
n(’vp +1)°‘7 z € GRg,
#2000 s

Py, (2)] < co|[Pall,,
d(z,L) n,p(z)v S QRy
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where ¢g = co(G,v,p) > 0 is a constant independent of n and z; Ai’l’p(z) is defined as in Theorem 2.7 for all

z € Qg.

Theorem 2.12 Let p > 2; G € Q, for some % < a <1, and h(z) be defined by (1.1). Then, for any
P, € pn, n € Nywe have:

ﬂ_},.g)i —

n( P o S GR

‘P;L’ (Z)| < 9 HPTLHp ‘®3(n,+1)(z)| ] ’ 5
—en Anp(2), 2 €Qg,

where cio = c10(G,7,p) > 0 is a constant independent of n and z; AS (z) is defined as in Theorem 2.8 for

all z € QR.

Theorem 2.13 Let 1 < p < 2; G € Q, for some % <a <1, and h(z) be defined by (1.1). Then, for any
P, € p,, n € Nywe have:

~*+2 1
)

n ZG@R
B < enllPall, { oo ) ’
—en Ane(?) 2 € Qs

where ¢11 = ¢11(G, 7, p) > 0 is a constant independent of n and z; AZLp(z) is defined as in Theorem 2.9 for

all z € QR.
(m)

Thus, using Theorems 2.2, 2.3 and estimating the |P, (z)‘ sequentially for each m > 3, and combining

the obtained estimates with Theorem A, we can obtain estimates for the

pim™ (z)‘ on the whole complex plane.

3. Some auxiliary results

Throughout this paper we denote “a < b“ and “a < b* are equivalent to a < ¢b and cja < b < cea for some

constants ¢, ¢y, co respectively.

Lemma 3.1 [1]/Let G be a quasidisk, zy € L, 29,23 € QN{z: |z — 21| 2 d(21, Ly,) }; w; = ®(25), j=1,2,3.
Then

a) The statements |z1 — za| = |21 — 23| and |w1 — wa| = |wy — ws| are equivalent. So are |z1 — za| < |21 — 23|

and |wy — we| < |wy — ws].

b) If |21 — 22| 2 |21 — 23], then

c1 Cc2

21 — 23 w1 — w3

=

‘wl—ws -

w1 — w2 21 — 22 w1 — w2

where 0 < rg <1 is a constant depending on G .
Corollary 3.2 Under the conditions of Lemma 3.1, we have:
lwy — wa|" X |21 — 22| = Jwy —wsl,

where € = ¢(G) < 1.
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Lemma 3.3 Let G € Q. for some % < a<1. Then, for all wi,ws € ﬁ/, we have:

1
(W (w1) = W(w2)| = fwr — wa|™ .

This fact follows from of an appropriate result for the mapping f € Y (k) [41, p. 287] and estimation for
the W'[17, Th. 2.8]:

aw (1), 1)
-1

W' (7)] < (3.1)
Lemma 3.4 [11] Let L be a K— quasiconformal curve; R =1+ £. Then, for any fived € € (0,1) there exists

a level curve Ly4e(p—1) such that the following holds for any polynomial P,(z) € pn,

1
P, <n? || P, p>0.
” n||£P<|q}>L/|7L1+E(R—1)> ” n”p

Let {z})_

The following result is the integral analog of the familiar lemma of Bernstein-Walsh [49, p. 101] for the A,(h, G)
-norm.

, be a fixed system of the points on L and the weight function h (z) be defined as in (1.1).

Lemma 3.5 [5] Let G be a quasidisk and P,(z), deg P, < n,n = 1,2, ..., is arbitrary polynomial and weight
function h(z) satisfied the condition(1.1). Then for any R>1, p >0 and n=1,2,...

n+ L
1Pall 4, () < €3(1+c(R—1)) T 1Pnll 4, (n,c)

where ¢, cg are independent of n and G.

4. Proof of Theorems
Proof [of Theorems 2.2 and 2.3]. The proofs of Theorem 2.2 and 2.3 will be simultaneously. Let G € @, for

some %gagl and let R:1+%, Ry ::1+%. For z € Q) assume that:

P, (z
H, (2):= <I>”+E(z:)

We represent the m—th derivative of H, , (z) as follows:

Jj=0
plm) (2) mo 1 (@) )

= - 7 g (m—7)
(I)n+1(z) +jz:1cm< (I)n_H(Z)) Pn (Z)a
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where CJ, = w Therefore,

P (z) = ®"H1(z) <(m>(m i ((Im+1 )>(j)P,§m—j>(z) 2 E€Q.

Then,

m

St |(5g)

As can be seen from (4.1), the following two statements on the right side need to be evaluated for z € Q in

™ (z)’ :
(55) | o) (i) |

A) Since the function H,(z), H, (c0) = 0, is analytic in , continuous on €, then Cauchy integral

i o] < el ()

‘p@" N (z )\ . (4.1)

order to obtain the evaluation for

A) ; B)

Now, we start to evaluate them.

representation for the derivatives gives:

1 d
Hv(Lm) (Z) = _% / Hn (C) (imﬂ, z e QR, m > 1.
L, (—=
Then,
Pa(z) \"|_ 1 | 1 |
’<¢<>> 5 | [ o Sy | O 69
Lr, Rl
Denote by
d
/\P | C|| (4.3)

and estimate these integrals separately.
For this we give some notations.

Let w; = ®(z;),p; = argw,;. Without loss of generality, we will assume that ¢; < 27. For n :=

min {n;,j = 1,1}, where 7; = teaé(rgzl(ig, 5 [t —w;| > 0, we set that:
Aj(ng) = ={t: ]t —wj| <n;} C 2z, 6;)),
Am) : = O Aj(m), Aj = A\A@); A(n) == A\A(n); A = A(1),
j=1
Alp) :{ R>p> 1. @o—gﬂal §9<<p1—2%<p2}’
A = A1), A (p) = {t—Rew R>p>1, WSMW},;’:Z&..,;,
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’ ; l
where po = 27 — ¢y; Q; = \IJ(A]-),L%1 '=Lg, NQy;; Q= J Q5.
j=1
For the simplicity of the calculations, we can limit ourselves to only one point on the boundary where the weight
function has singularities, i.e. let h(z) be defined as in (1.1) for I =1 and we put: v, =: 7. To estimate A, (z2),
first of all replacing the variable 7 = ®(¢) and multiplying the numerator and denominator of the integrand

by |¥(7) — U(w;) Eh (7')\% and applying the Holder inequality, we obtain:

W)

) = del & [ @) = )| | (B() (W ()F | [ ()
= /|P"(O'l<—zl’”§/ [2(r) = ()| [%(7) = w(w)"

i
Ry FR1

=

IN

2
=1

/ (U(7) — U (wn)|” | Py (U(7))[7 |9 (1) |dr]
F}%l

Q=

() )q dr| | = : Al (2
: /<w<f>—w<w1>|¥w<f>—w<w>|m ! ; )

Fi
Ry

where F, == ®(L% )=A] N{r:|r| =R}, F} = ®(Lg,)\F} and

S =
Q=

i ()"
Ao s = | [l | | ] e o
/ fU(7) = P (w)] W(7) — ¥(w)|
Fip Fi
= 2,1 : 2,2(2)7
i 2
fap(m) 1 = (U(r) = ¥(w1))” P (¥(7)) (¥'(7))?, 7] = Ry.
Applying to Lemma 3.4, we get:
L= B, i=1,2.
For the estimation of the integral
: ()"
(2)" = [ e L] (1.4
e ) P ()~ ww)
Ry
for i = 1,2, we set:
ER + ={r:teF}, |r—w|<a(R -1}, (4.5)
ER : ={r:7€F}, a(Ri—-1) <|r—w|<n},
ER, : ={r:7€®(Lr,) < |t —wi| <y}, 0" =7"(G),

2585



OZKARTEPE et al./Turk J Math

3
where 0 < ¢; < 7 is chosen so that {7 : |7 —wi| <ci(R1 —1)} N A # @ and ®(Lg,) = |J Ef. Taking into
k=1

consideration these notations, from (4.4) we have:
Ta2(2) + Jia(2) = J2(2) = Ba(BR,) + B(ER) + Ja(BE) = J3(2) + J5(2) + J5(2)

and, consequently,

An(z) = AL(2)+ A2(2) 27 ||l - [3(2) + J3(2) + J3(2) + J3(2)] (4.6)
= N Aml(z) —+ Amg(z) —|— An73(2’),
where
An(2) =¥ |Pall, - J5(2), k=1,2,3,
TE(2)" = W) dr]  k=1,2,3.
) E/ |9 (r) = @ )" D7) — B (o)

For any k = 1,2, denote by

By o= {7 € B, + |¥(7) = W(wy)| > [¥(r) = V(w)|}, EE, 5= B \ER, 1,

|9 () |>~ |dr| .
Ef’[ |‘I’(T)—‘I’(w)|7(q*1)+qm7 Zf vy > 0’
I Elk q : _ o 7 )
( ( R1,1)) |\II(T)—\II(w1)‘*‘V(q71)|\I//(T)|2 q|d‘r| ’ O ( 7)
/ [T () =0 (w)[T" , if v <0,
ERa
W ()| |dr|
o) - o koL
J |\I/(T)7\II(U)1)|’Y(‘I 1)+q
ER1,2

and estimate the last integrals.

Given the possible values of ¢ (¢ > 2 and ¢ <2) and v (=2 <y < 0 and v > 0), we will consider the
cases separately.
Case 1. Let 1 < ¢ <2 (p>2). Then,

W (1)~ |dr | .
(U (7) — ()" W () — B (w)| "

() = |

1k
ERia

1.1. Let v > 0. If 2z € (), applying Lemma 3.3 to (3.1), we get:

11 W4 V(7)1 |dr
(I(ERhl)) < / \I'(T)l—(\llz!w)v(q_l)-i_qm (4'8)
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d(¥ (7),L)\** jdr| 2 |dr|
_ —1)+gm j n y(g—=1)+gm—(2—aq)
J =1 [W(r) — W(w)[" @Dt ‘

Ev11?’11,1 |T - w|

Ry,1

(g=1)+gm—(2—q) (g—=1)+gm—(2—q)
ng,quW nlf‘”W'

= mesEl}%lh1 =< :
I(BY ) =< p(Em)i-(1-2)1-1
d(U (1), L)\* 1 d
R = [ (THE) il
|7] —1 [0 (7) — T (w)|"" q
EX 2
2-q |dr| o g MamLtam=G=0) "
= n T TG SN “ mesEpg, o
ER |T - w1|
= nl_q*'w-
I(BY ) = nlitm)a-(-Das
12 \\4 @' (1)~ |dr]|
(B 2))” = v(g—1)+gm
(W (7) — ¥(w)]
ER 2
2—q
- / (d(\II () ,L)> jdr| S / L E—
Il -1 0 (r) — () D Fm 7 — o] KT D
EZ BR
, nw,l’ 7(q—1)+qm—(2—q)>a,
< n°4 Inn, Yg—1)+qgmn—(2—q) =a,
1, Yg—1)+gm—(2-q) <
n(%+m)é7(17%)é7%7 ,y > _27 m Z 27
I(ER ) = ”(%M)é_(l_%)%_%, p<1+22 m=1,
1, — _2 1
n'Tr(n)' T, p=1+22 m=1,
', p>1+77+2, m=1.

2—
(R )< VP, ar|
Ry,2 = W(r) — \Ij(wl)|’v(q—1)+qm - Ir — w1|’7(q—1)+qm—(2—f1)

12
Ry,2 ER1,2

Y@= +gm—(2—q)
2 . Loylg -1 +gm—(2-q) > a,
<n 1 Inn, Yg—=1)+gm—(2—-q) =q,

L Yg—=1)+qgn—(2-q) <

n(%"‘m)é_(l_%)é_%, v > =2, m > 2,

I(E2 ) nGrma-0-2)a=5 po1y 22 =1,
2 1

e R (nn)' U, p=1422, m=1,

nt=r, p>1+22 m=1,

(4.9)

(4.10)
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% é_(l_g)g_;, 7>72a m22a
0l 1 2\ 1 1
n(;*”’)af(l*;)afz, p<1l4+22 m=1,
I(Ell%Ql,l) +I(E11%21,2) = 1_2 11 3o
nr(lnn) P, p=1+12= m=1,
nl_%7 p>1+77+2, m=1.

For 7 € E}f we see that n < |7 —w;| < 2Ry, |7 —w| > 1 —ci. Therefore, |¥(7) — U(w;)| = 1, from Lemma

3.1and for |7 —wi| >n, V(1) — U(w)| = |7 — w|é , from Lemma 3.3. Then, for w € A(wy,n), applying (3.1),

we get:
2— 2
PP g L il L TG ) ST
2 - m m
[W(7) — (w)|* 7| =1 W(7) — (w)|*
58,
2— |dr|
= n ! am—(2—q)
Ell%ll,l ‘T—’UJ' “
P=EED gy 2-¢)>a, m>2,
< n2_q nw_lv qm_(2_q) > a, mzlv
- Inn, gn—2—-q¢) =a, m=1,
la qm_(2_q)<a7 mzlv
n(%+m71)é7%7 p > 2a m Z 2a
=% 14+ 2 -1
J3(z) < L Ps i e R L e qq), (4.11)
n " r(lnn) P, p=1+2, m=1,
n1% p>1+%, m =1,
Bz = aE000 e ()
Combining (4.8-4.11), for p > 2,7 > 0 and z € Q(4), we get:
n(%"‘m)é_(l_%)é_%’ v > 72’ m227
3 Lk n(%+1)%7(17%)é7%, 2<p< 1—|—L+2’ m=1,
Z J2 (Z> j 1—2 1—1 ’Y+204 (412)
k=1 n v (lnn) 7, p=1+ 1=, m=1,
2
n'"r, p>1—|—’%~'27 m = 1.
If zeQ(5), then
2— 2
(13(2)" = / WO Tdrl / (d@ (r) ’L)) L] (4.13)
= 1) — _ (g=1) ’
O R 1O [ A N G I — |
Ry Ry
d q—1)—(2—gq
<’ ‘w:q—'—l)—(z—q) = n?mrt meSEll%ll
E}; ‘T—’LUl «
1
~ n17q+'v(q—1)—(2—(1).
le(z) < np%_(l_%)é_%,
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2— 2=
()" = / @) dr] / <d(\v <T>,L>) T ldr]
2 = 0 2 — a(a=1)
/. (7)) — \I’(wl)P(q ) pl2 [l =1 |7 —wi| @
Ry 1
_ |dr|
<t FICES e
BR |7 —wi :
HEEEL -1 -2-9) > o
< n7e Inn, ’y(q — 1) —-(2- C]) =qQ,
L, Ng-1)-2-q) <o
(121 _1 a
npaz( p)ﬂl P17 2§p<%+ma V>
1-2 -1 2 «
B = [ nPmaE o peimen e
nl=w, p>%+ﬁa 7>
n'=%, p=2, —2<yfa
’ 2—q 2=q
W (r) — W(wy) @ Il =1

13
Ry

B < ad0-3)

and, from (4.6)—(4.13), we obtain:

E13
Ry

n5mlS s 2 p>2 m>2,
e 12y =
An(z) j HPan 1_1n ’ 71,& 2 Sp <1 ++2a "= 1,
P(lnTlL) p, p=1+1 m=1,
n'=v, p>1+22 ;=1
if z € Q(d) and
42 —1)1
n(lp-l‘nL 1)a1, 2§p<%+ﬁ, v >,
1-4 1-3 —a+2 4 o
A 2Bl DT Pt e 02
n 11’, p> m‘i’m, v >,
n'=w, p>2, —2<y<aq,

if z € Q(0).

(4.14)

(4.15)

1.2. If v <0, for w € A(wy,n) NQR(J), such that [V () — U(wq)| 2 |¥(7) — ¥(w)|, according to Lemma 3.1,
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2— —(g—1
. / d(W (7), L)\*™* [¥(r) = U(wy)| " jdr|
- 7| =1 [W(r) = W(w)™
Ry
d m—(2—q)
< n?74 | Z:l = jn%ﬁ%?nesE}%l1
E}l?ll |T_w| “
_ am—(2—q) _
O
j n%_(l_%)%_%
/ (d(‘lf (T)vL))Qq |d7|
-1 _ v(g—1)+gm
i, T [W(7) = W(wy)
2— |d|
n=4 / F(g—1)+gm—(2—q)
Bl |7 —wy E
1,
nz—q_,_wmesfv}%g jn2_q+w_l;
n(Gtm)a-(1-3)a-3,

For 7 € E}f we see that |t —w:| <7 and from Lemma 3.1, [¥(7) — ¥(wy)| < 1.
Then, for w € A(wy,n) N Qr(J), such that [¥(7) — U(wy)| < |¥(7) — U(w)]|, applying Lemma 3.3, we get:

)

aE g - [ (A) e W) "
fut |7 —1 () — ¥ (w)|*™
fag
% / |dq7;n|7<z—q> < n?71 tlsz(2*q) dr| < n2—q+%—1,
E11221,1 |T7w| * E11221 |T7w| *
I(E}%Ql,l) < na-(1-2)3-3
27
(I(E}%Z 2))‘1 - / (d(l:[] (T)’L)) ! |dT|
’ - _ m —1
' J =1 U (7) — W(w)[Tm e
Rq1,2
2— |d|
= ne / gmty(a—D—(2—q)
o e
am+vy(g=1)—(2—q)
, « Logmte-1)-2-¢q) >a,
= Inn, gm+(g—1)—(2—¢q) =«,
1, gm+(g—1)—(2-¢q) <o
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nGHma=0=3)s-5 p>2 m>2 > -2,
n(%H)é*(l*%)é*%, p<14+2 m=1, > —2+a,
I(ER 5) = n(t=%) (Inn)' "7, =1+22 m=1, v>—-2+a,
nl_g, p>1+2 m=1, v > -2+ a,
n'"r, p>2 m=1 -2<~v<-2+4a.

For 7 € Ef’ and each w € A(wi,n) N Qr(6) we see that n < |7 —w| < 2Ry . Therefore, from Lemma 3.1

and applying (3.1), we get:

w1 Y@= 1\ () 2 dr
e - - [ Y "

E13

Ry,1

- / (d(‘lf (1) ,L)>2_q |d7|

Ir| -1 W(7) — T(w)|"™

E}%
j n27q |dz,-,|L7(274) j n17q+ quo(CZ—q) :
E}l{s |T - w| «
1
I(EE) < na-(-2)%-3

Therefore, combining (4.16)—(4.20) in case of v < 0 for z € (d), we have:

3
N JE(z) < s (D)as (4.21)
k=1
nGHm)a-0-3)2-3. p>2 m> 2, v > =2,
n(%'i'l)é_(l_%)é_%’ p<]_—|—’yT+2, m=1, 0>v>-2+aq,
+ nlf%(lnn)l_%, p—l—&—W;rz, m=1 0>v>-2+aq,
2
n'"e, p>1+722, m=1 0>y>-2+aq,
n'"s, p>2,  m=1 —2<y<-2+aq,
na (25, p>2, m>2 V> -2,
1 2)\1 1
nz*(1*5)2*57 p<1+722, m=1, 0>~v>-2+aq,
_1
< n'"F (1 'y, p=1+22 m=1 0>v>-2+aq,
nl_E, p>1+'yT+2, m=1, 0>v>-2+4aq,
nl_%, p>2, m=1 -2<v<-2+a.
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If zeQ)), then |w—wy| > 7, from Lemma 3.3 and from (3.1), we get:

’ 2—q
(Jh2)! = / N’@L) ldr| (4.22)
oh [O(7) = @ (w) [ [W(7) = O(w)|*™
Ry
d(¥ (1), L)\* ¢ ol
< [ (THEE) ) - w0 o
By
= / (U (7) — U(w,)| 7T dr| <0 tmesER <7< 1
By
J21(z) < 1.

d(¥(r),L) 2 ) — w7 1 gr
DD o) = ()| ar

o

D

=

| A
—

I A
—
/N Y

(), L)\ >4
LTI
-

—
Rl
—
N
N—
S—
Q
I A

[ (558 T

E13
Ry Ry

2

J3(z) = n'Tw.

Combining the last three estimates, in case of v < 0 for 2z € (AZ((S), we have:

3
ST JE(z) =z ntE (4.23)

k=1

Then, for the v < 0, from (4.21-4.23), we obtain:

n%—(l_%)é_%, p>2, m > 2, v > =2, z € Q(d),
1 2)\1 1
. na=(0a 5 pc14 2 m=1 4> -2+a,  zeQ),
1
ZJ5(2)< nl_%(lng)k?, pzl—}-%ﬂ, m =1, > =2+ a, z € Q(9),
st B n'", p>1+77+2, m=1, v> -2+ a, z € Q(0),
nl_%, p>2, m=1 -2<~v<-2+4q, ze€QJ),
nl_%, p>2, zeﬁ(é),
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and, consequently, in this case from (4.6), we have:

na=(-3)a-5 p>2, m> 2, v > -2, z € Q(6),
na—(1=3 a7, p<1+A’T+2, m=1, 0>7>-2+a, z€Q),
_2 _1
An(Z) j n% ||Pn|| . nl p(h’l";,)l p7 p:1+’YT+2, m:]., 0>'}/>_2+C¥, Zeﬂ(é), (424)
P nt=%v, p>1+22 m=1, 0>v>-2+aq, z € Q(9),
nl_%7 P> 2, m=1 -2<~v<-2+aq, z¢€Q),
n'"7, p>2, z € Q(9)
Therefore, combining (4.12) and (4.24), for any v > —2, p > 2, we obtain:
(M+m,1)i
n P av p227 m227 ’7>727
(ﬂ)i 9
n\ 7 ) 2§p<1—|—%, m=1, > =2+ aq,
1
An(’z> j ||P7l||p (nlnn)1_57 p:1+’YT+2’ 'rn::[7 f}/>—2—|—a, (425>
nl_%7 p>1+’YT+27 m:17 ’}/>*2+OL,
n'"w, p>2, m=1 -2<v<-2+aq,
if z € Q(J), and
2 )1 o
nms o<p< Hatn, >
(nlnn)' "7, p=%+1%}, 7>
LGP W e EEeE e (4.26)
n', p>2, 0<y<a,
nl_%7 p > 2, -2< <0,
if z € Q(0).
Case 2. Let ¢ > 2 (p < 2). Then, 2 —¢ < 0, and so
|d7| ;
E1{ |2 ()72 @ () =¥ (w) [T la= D Fam? if v 20,
(I(EE))" = o —(a=1) (4.27)
) [W(7) =T (wy)| "9 |dr] ;
| wom e <0,
B A
|dr|
I(E¥ )T = /  k=1,2,
() ()72 W (r) = W)
R 2
2
I ()~ ar
3 D= — —.
o 1) = W)Y () — W ()
Ry
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2.1. If v > 0 and z € (), applying Lemmas 3.1 and 3.3 to (4.27), we obtain:

Ir| -1 -2 |dT]
11/ <d(\1} (T) 7L)> |\I/(7—) _ \I;(w)|’Y(q—1)+qm (4.28)

(I(Ek, 1))

Rq,1
d y(a— am
< pEDE-2) / A7l e a2 s gl
Ell%ll,l |T_w| «
< gl (g-2)-1,
IEY ) < nGtmat(G-Da-3.
1 -
—1 \"? |dr|
I Ell q < / |T| 4.29
(ER2)" = d(¥ (7)., L) (W (r) — W(w,)[ @D Fam (4.29)
Ell 1
Ry,2
= e / |d’z-(!171)+qm jnmi}ﬁqm+(%_1)(q_2)mesE11211,2
—w =
sj, 77wl
< P12 -1,
B, = aGHmaG0i-}
q 1 1) (g— |dT] a=Dtam | 1 gy oy
(I(EF )" = nla D=2 / TCESyETTgn (1) (g-2) 1,
E12 ‘T_w‘ «
1>
(B =< nGrmat(G-ta-3,
1
dr|
I(EE )Y < / | (4.30)
( Ry,2 ) |\Il,(7_)|q72 |‘I/(T) . \I,(wl)|'y(q71)+qm
B »
< pa—D-2) |dT(|71)+, _an_ii)ﬂmﬂé*l)(q*m*l;
B, |7 — wi «
I(ER,) < aGtmat(G-Da-s,
1, —

For 7 € E}} we see that 1 < |7 —wy| < 21 R, . Therefore, from Lemma 3.1, we have |¥(7) — ¥(w;)| = 1.For

w € Awy,n) |V(r) — V(w)| = |7 — w|é . Then, applying Lemma 3.3, we get:

()" < n(éﬂ)(qu)/Wiﬂwjnéflxq—w%fl; (4.31)
|7 —wl| ™
B3
JBz) < aErG-1i-3
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If ze Q0), then |w—w;| > 7, from (3.1) we have:

-1 " |dT| 1 9)(g-2 |dr]|
(J2(2)" = /( oy Sale e |

[ AL () = W)Y T
Ry Ry
1 y(g—1) 1 v(g—1)

< pla=D@-2)++5 mesEllzl < pla—D(@—2)+=5—-1.

— 1 — )

J21(Z) < npla_'_(%_l) é_l)_%.

2(,1)? 7| -1 2 |dT| n(&—D(-2) |dT|
(2" = / (d(w <T>,L>> W) — W) / i

ER ER [T —wi| @
y(g—=1)
ey e L qlg-1)>a,
j TL<E? )(Q* ) lnn, W(q - 1) = a7
nrat(3-0a—3, v >alp—1),
1 2 1
J3(z) = nETVE (i) 75y =a(p - 1),
n(a=DGE-D, v <alp-1).
)" = o
) — m
S @I () = ()Y [0 (r) — W (w)|?
Ry
dr| 71 \*? (-1(a-2),
* [ wor [ (@en) =t
EY EY
Bz = alanE),
From (4.28-4.31) and (4.6), for v> 0,1 <p < 2,m > 1, we have:
An(2) 2 |[Pal, n 7 Hm%, (4.32)
if z € Q(d) and
L v>(p-1a,
_1
An(z) = ”Pn”p n(%il)i+17? (lnrlz)l rooy=(p—-1q, (4.33)
n(p=Datt=y y<@-1a,

if z € Q(6).
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2.2. Let v < 0. For z € Q(6), according to Lemma 3.1, we have:

N, v —v(q—1) d
e e et S CE1)
L 1) =) (1) |"7% [0 () — W ()|
Ry,
— —1)L
< (A1) | —wi [\ YA |dr|
- |7— _ IU| am+vy(qg—1)
Bl Ir—w e
< plE-D(g-2 e mesEY. | < n(ifl)(q72)+7ﬂq‘2+“m71;
I(ER ) = nGrmatG-Da-s
1 1y(g— |dT| 1_1)(g—2 |dT
(I(EY )" < nE-De2 / _ < p(E-Da-2) N
J(r) = W(w) Lor—w T
Ex, 2 Ex,
< DD L < (G Dl R
- 1,2 — ’
I(EY ) = aGrmat(G-1a-3,
(7)) — U —v(a=1) 14 d
(I(ER )" = / [2ir) = (w1) ] / ___ ldr] — (43))
S ()T () = ¥ (w) S ()T () = ¥ (w)
ERl,l ERlvl
< p(E-DE-2) / Lhmjn%—mq—m%—l;
ST —w| e
ER1,1
I(ER,) =< netG-Da-s
(I(ER )" = / ldr| <n<é71>(q72>/ |
B - O/ (7)|" 2 [ (7) — T (w)[™™ T 7 —w| >
EL2 El12
Ry,2 R1)2
< pEDE-2+ 1
(B < ntHEEE
_ —v(q—1)
(J5(2)" = /'W(T) _\f(wl)‘ |d7;,|L (4.36)
()| |2 (r) = T (w)|?
B
< n(éﬂ)(qu)/Wiﬂqmjnéflxww%fl;
|7 —w| ™=
B
J3z) < nEtG-Di-3

2596



OZKARTEPE et al./Turk J Math

For the z € ﬁ(é), analogously we obtain:

Ji(z) = nGDGED =123, (4.37)

So, for v < 0, from (4.6), we have:

2 1
nGrms i 2 e Q)
A = P PO 4.38
@) = ”p{ n(%fl)(élei, if z € Q(9). (4.38)
Therefore, for any v > —2,1 < p <2, m > 1, from (4.32), (4.33) and (4.38), we get:
(24 m—1)L
ne @ 720,
An(Z) = HPan { ’I’L(%ijil)é, ~ <0, (439)
if z € Q(J), and
n(tmD, > (p-1a,
An(2) 2 Pall, . G Da 5 ()7, y=(p—1)a, (4.40)

2 1 1
n(571)3+1757

if z € Q(0).

B) Now, we begin to estimate the

(g
(ﬁl(z)) ‘ . Since ®(o0) = 00, then Cauchy integral representation

for the region Qg gives:

1 \9 1 1 d¢ 0
(#m) | g oo
L

Ry

If we take the modulus of both sides, we get:

’(@n:l(z)yj)

Replacing the variable 7 = ®(¢) and according to (3.1), we obtain:

Tl =1 o (r) = W(w)"
<n |dT| <{ n, if z € Q(6),

1 / 1 ) 1 / dg|
Sor ) @ Ol — o T 2n ) e
LRl LRl

|7|=R1

J
rilp, 1T l"

Combining estimates (4.1)—(4.6), (4.25), (4.26), (4.39), (4.40) and (4.41), we get:

An(2) =M . nw, if z € Q(6)
plm) < |@nti(z)] - ci | plm=i) ' Pt 4.42
‘ " (Z)‘ <| (2)] d(z,L) + ; mpn (z)’ n, if z € Q(0), (4.42)
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where for any v > —2,p>2,m >1

‘o
n(wl’ +m71)é7 p>2, m > 2, v > =2,
(v*+2)i 42
n\ * Jo 2<p<1+1=, m=1, > =2+,
1
An(Z)j ||P7L||p (nlnn)ll_;7 p:1+77+27 m:l, ’}/>—2—|—O¢)
n'=w, p>1—|—77+27 m=1, v> -2+ a,
niw, p>2, m=1 -2<y<-2+a,
if z € Q(d) and
y+2 _1)1
n(p+m1 11)0‘, 2<p<’1yii+l+7a’ '}/>Ol7
(nlnn)l_ﬁ, p= Yii—l—lia, v > a,
An(2) 2| Pall, nlff, p> 24 v > a,
n'w, p>2 0<vy<a,
nl_%7 p>2, *2<’}/<O,
ifzeﬁ(é); forany v> -2,1< p<2, m>1,
(FE4m-L-3 N> -2, if z € Q(0),
. ~
A< 1P n(FE-1)a+s v>p-1a,  ifzeQ),
n(z) — H n”p (1,1)(2,1) 1—-1 . A
n\a (]nn) P, ’y:(p—l)O(, leEQ((S),
n(a=DGE-1 2<v<(p—1Da, ifze€Q9),

and v* := max {0;y}. Therefore, the proofs of Theorems 2.2 and 2.3 are completed.

Now, we start to evaluate |P, (z)|. For this, we will make the necessary evaluations by writing m = 0

in the above proof. Since the function H, (z) = 4)51(1’2()2), H, (00) = 0, is analytic in €2, continuous on Q, then

Cauchy integral representation for the region g, gives

1 d¢
Ry
Then,
P (2) 1 / P () | ldg] /
— < = < P, (Q)||d 4.4
‘fl)"‘*‘l(z) =25 ) & (O] C- 4 = 2nd(, LRI En (O] ] (4.43)
Lg, Lgr
and so,
(I)n+1 ‘
P,
Pl < /| Olldcl.
Denote by

- / 1P (O)]1dC] (4.44)
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and estimate this integral. To estimate A,,, first of all replacing the variable 7 = ®({) and multiplying the

numerator and denominator of the integrand by |¥(7) — \Il(wl)|% |\I//(T)|% and applying the Holder inequality,

we obtain:
2 () — W(wn)| P | P (W) (W () F] [
4= [mona=Y | . dr|
Lg, ileél [W(1) — W(wy)|?
2 ' 1-2 q !
U'(r)| " *
< S| [ e - vewor g @orwerad | < | [ ( 2ol ) a7
=y AUTCIETE
Fh Fry
2
A
=1
where Fj = ®(L% ) =A] N{r:|r| =R}, FE = ®(Lg,)\F}, and
; \II/ T 2—q
A o I W e
. f () = w(w)
Fi Fj,
= JTiL,l ! JfL,Qa

fp(7) = (B (7) = W(wn))P Py (¥(r)) (¥'(7))7, 7| = Ry.

Applying Lemma 3.4, we get:

Jiy =2 |Pal,, i =1,2.

Therefore, we need to evaluate the following integrals:

o 0 (r 2—q .
(Jh2) = / - )' (7)l ldr],i=1,2.

, T) — \I/(wl)r’(q_1
Fiy,

For the estimation of the integral J};,Q, for i = 1,2, we use notations (4.5) and (4.6) and, consequently, we need

to evaluate the following statement:

An =07 ||Py|, - (J3 + J2 + J3), (4.45)

where

\I// 2—q
(J5)" = / [ " ldr] . k=1,2,3.
B (7) — @ (wy)[" 0V

1k
Ry

So, for any k = 1,2,3 we will estimate the integrals J§ . Given possible values of ¢ (¢ > 2 and ¢ < 2) and
v (=2 < v <0 and v>0), we will consider the cases separately.
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Case 1. Let 1<q<2(p>2).
1.1. Let v > 0. Applying Lemma 3.3, we get:

2— 2
(7 = / ol / <d(\I/ (7),L)) ! |dr| (1.46)
2 o - - . .
|\I/(T) — \I/(wl)r)'(q 1) |7'| -1 |\I;(7.) _ \P(wl)r}'(q 1)
E}%ll Ev11{11
2-q |d7] g gt AE=D-G=0) "
= n Ten-eg SN o mesEp,
E}l{l |T — w1 «
1
j n2_q+w_l;
J21 = n(%ﬁfl)%fi
2—q
20 W(r)]* 1 Jar] . 7]
() < / T FTRTEICE n(®= Ta—D-CG=9 (4.47)
5y |¥(7) — U(w) s Ir—wn | ®
2a=D=(2-g) _
2 T L qg-1)-(2-9) > a
=< n“? Inn, Y g—1)—-2-¢q) =a,
L, 7(q—1)_(2_Q)<a;
A Y R L R
—2 1—1
Ji = ”1”(?”;) r, pzl%oﬁ—%, v > a,
ntTw, p>1_%+%, v > a,
2
', p>2, —2<vy<a.

For 7 € Ef we see that 1 < |7 —w| < 21 R;. Therefore, |¥(7) — ¥(w;)| = 1, from Lemma 3.1 and applying
(3.1), we get:

- d(¥ (1), L)\*™*
o) = [ werie = [ (S g <atove-s, e
-
& Fi

1

JB o< pahO-3),

n(% )55, 2§p<ﬁ+%, v >,
3 1—2 1—1 o y+2
S o< | P(}ng) v, P—l%cﬁ@’ > (4.49)
Py nff, p>1J%a+¥+ia, v > a,
n'=w, p>2, 0<y<a.
From (4.45)—(4.49), we obtain:
2 )1 9
n(%% 1)6:, 2§p<ﬁ+%, v > a,
-z . « ~y+2
Ay 2P, MR PR 7> (4.50)
nff, p> o5+ 12, 7> a
n'"r, p>2, —2,0<y<a.
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1.2. If v < 0, analogously we have:

' = [ e - v (L)

Ell
Ry

< 0t [ ) = ) g <2 [ ar
B B,
< nz_qmesEllzll jnl_q;
Jy =< 1L
12 .
For 7 € Ef, , we get:
g (AW (1), L)\
@) = [ 1w w0 (B o <t e,
ol —
E12

Ry

2 < pd-na-d)

5
S—

=)
A

2—q
/ |0 (r) — \I,(wl)|—"f(4—l) <d(‘|If (1) ,1L)) \dr| < n(éfl)(zfq);
7l —

E12
Ry

Jg < pla-bha-=2)

Therefore, combining (4.51)—(4.53) in case of v < 0 for z € 2, we have:

3
Sk 2 alEv0e),
k=1

and, consequently, in this case from (4.45), we have:

Ap 2 [P, nEOOTES 2 e qp.

Therefore, combining (4.49) and (4.54), for any v > —2,p > 2, z € Q, we obtain:

y+2 )1 2
oV 2<pc e 2 4>,
1-1 2
(nlnn) "7, p=15+ 2, v > a,
_1
An j ||Pn||p nl L) p>ﬁ+'17+i§’ ’7>04a
1
nlfiy p>2, O<’y§0&,
1_ _2 1
&1 p)+p7 p>2, —-2<v<0.

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)
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Case 2. Let ¢ > 2 (p < 2). Then, 2 — ¢ < 0, and so

dr|
JE(2 q;:/ | k=1,2,3.
=) o @ () = (w0
Ry

2.1. If v > 0, applying Lemmas 3.1, 3.3 and (3.1), we obtain:

-2
1\4 7| -1 ! |dT| (L-1)(qg—2) |dr|
(JQ) - d(U L v(g—1) X nte 7(

J (¥ (r),L) (1) — ()] S —w
Ry,2 ERl 2
< nﬂq_l)éﬂé_mq_z)mesE};}l’Q < Y@ DEHE-D@-2)-1,
PRPENC S
2\ 4 |dT| 1_1)(g—2 |dr|
(J3)" = 13 o n(a—1a-2) —
J, ()T [0 (7) — W (wy)] S I —w| @
E‘R1 ER1
T (5 -1)(a-2)-1
n o « 1 ; ’Y(q - 1) > Q,
= n(a=D@=2) I p, v(g—1) =a,
(&=, g —1) <o
()53, l<p<l+, 0<y<a,
2o p(a—DE-D) (Inn)' "%, p= 1+2, 0<y<a,
S n(a=DGE-1 1+1<p<2, 0<vy<a,
n(¥_1)é_%, 1<p<?, v > a.

For 1 € Ef n<|r—w]|< 2Ry and from Lemma 3.1 [¥(7) — ¥(w;)| < 1. Then, we get:

q—1)

|dT| 1 1)(g— 1) (q—
(Jg)q - / q—2 7(g—1) < (D2 |dr| < nla=Dla=2);
(W ()[* 7 [ (7) = U(wn) :
B, 2

B < nGon(Eon

n(¥_1>é, I<p<l+, 0<y<a,
1
A, < nE VG0 () Ty p=142, 0<y<a,
n_”Pn” 1 _ 2 _ 1 «
P nla— DGty 1+2<p<2 0<y<a,
n(WTF_l)i7 1<p<2, v 2> a.
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2.2. Let v < 0. For z € QR, according to Lemma 3.1, we have:

g I —1 \*7?
()7 = /|\1/(T)—\I/(w1)| 2(g-1) (d(\y(T)m \d7| (4.61)
BR ’
< pa—Da-2) / W (7) — U(w;)| "9 |dr| < nla—D2) / |dr|
E};1 E}%ll
< aE D@D el < DD,
Jbo< pGr)G-D-1g
(2)! < /|@(T)7\P(wl)|—v<q71> =1 q72|d7| (4.62)
d(¥ (r), L)
ER

PN

nla—D(e-2) / 1 (7) — \I/(wl)r”(q*l) \dr| = n(ifl)(qu);

E12
Ry

J2 < n(%_l)(%_l)_

(=7)(g—1)

4(r) = () LT (w3
()]

E13

Jg’ =< n( )(l_l)
So, for v < 0, from (4.45), we have:

Ay 2nGDED4 P 2 € Qg (4.64)

Therefore, for any v > —2,1 < p < 2, from (4.60) and (4.64), we get:

n(%ﬁ_l)é, I<p<l+d, 0<vy<a,
n(a=DGE-D+3 (lnn)l_%, p=1+1, 0<vy<a,
An =Pl pla=DE-D+s 1+2<p<2, 0<y<a (4.65)
n(%ﬂ_l)é, 1<p<?, v > a,
n 7_1)(2_1)*'%, 1<p<?, —-2<y<0.

Combining estimates (4.1)—(4.45), (4.55), (4.55), (4.65), we get:
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where for p > 2

a2 _qyL
n(p 1)o¢’ 2Sp<ﬁ+%y ryza,
_ +2
A, <[P BT PG 1>,
n - n 41
=3, p>max{2;&+% , v >0,
nl_zlv, p > 2, -2 <y <0,
and for 1 <p <2
n(% 1%, l<p<min{%14+2},  ~>0,
An = ||Pn||p n(;fl)(%il)Jr% ]nn)lig p:l—}—%’ O</y<oé7
nG-DE-D+3

and therefore, the proof of Theorem 2.4 is completed.

max {1;14+ 2} <p<2, —-2<7y<a,

Proof [of Theorems 2.6 and 2.7.] From (4.25), (4.26) and (4.42) ,we get:

1P ()] 2 [@"H(2)] -

where for any v > -2,p>2m=1

An(2)
d(z,L)

+mmm{”i

it z € Q(9),

~ 4.
n, if z € Q(9), (4.66)

nw 2§p<1+77+2, > =2+ aq,
1
An(2) < Pl (nlnn)1 P p:l—&—%—?, 7> -2+a
nl‘f, p>1+ 22 v>—2+4a,
n'=w, p>2, —2<vy< -24aq,
if z € Q(J), and
(R 2<p< it 122 4>,
(1—2)( 1—2 _ o y+2
nt " (Inn) P, p= e+ 1 V>,
An(2) 2 (|1Pall,, n'"%, P>+ 12, v>a
2
n'"s, p>2, 0<vy<a,
nE-00-3), p>2, v <0,
ifzeﬁ(é); forany v> —-2,1< p<2, m=1,
n1§+2%:%,1 N> -2, if z € Q(6),
4 y n(F-1)5-3 v>alp—1), if z € Q(0),
n(z) > ||Pn||p (L-1)(2-1) 1-1 A
nla g (211171) » y=alp—1), if z € 9(5),
pla—DE-D —2<y<alp-1), if z€Q(9),

and ~v* := max {0;~}. Taking into account the estimates for |P, (z)| from (4.39), and combining with (4.40)

give a proof of the needed estimates.
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Proof [of Theorems 2.8 and 2.9.] According to the Theorems 2.2, 2.4, 2.6 and estimates (4.2), (4.3), (4.25),
(4.26), (4.42), for m =2 and p > 2 from (4.1), we have:

" 2 ()
. P (2) J 1 (2-5)
Pn(z)‘ < ‘(W) +Zcz ) Py (2)‘
=1
Pn z 17 ,
< Jeri(e) ‘(w(())) + OB, [P ()| + C3BL, P (2)
n+1 ”P””p 1 1pl ! 2 pl
= |G g AN + BB ()] + CBBL, P ()
Substituting estimates for the B, ;, j = 1,2, |P, ()| and P, (z)| from Theorems 2.2, 2.4 and 2.6 correspond-
ingly, we get:
24yl a +2
71121’ )"‘1,1 2<p< iyt v 2 a,
1-142 -1 _ +2
v || RTER nn)TE, p=git il vz
1-+4= a 2
Pn(z)’ijPan n ’1’+:, p>m+%7 v 2
n'~rta, 2<p<14+22 0<y<a,
n(37%)é+%71 p>2, —-2<v<0,
for z € Q(¢), and
n(’\/:erl)i’ 2§p<ﬁ+%7 /}/2@7
3-1 1-1 _ +2
. |(I)3(n+1)(z)| n-r :1; 7;7/) P, p= 1+a+’ly+7%7 v 2 a,
Pn(Z)‘mePan nff, p>p%a+¥+ia, v 2 a,
n’"7, p>2, 0<y<a
n=B)atitl p>2, —2< <0,
for z € Q(5).
Analogously, from Theorems 2.3, 2.4 and 2.7 , for 1 < p < 2, we have:
n(WTﬁH)é, 1<p<?2, v 2 a,
42 il
. ’@3(n+1)(2)| ) 2n( p1+1)a, ) 1<p<1+g, 0<vy<a,
n (Z)’ = dGiIn) [ Pnll, n(Efl)(IEH)*zE*z (llnn)l_B , p=1+2, 0<7vy<a,
' p(a DG+ +2 1+2<p<2, 0<y<a,
n(a—DGEHD5+2 l<p<2  -2<~<0,
for z € Q(6), and
n(WPQH)%, 1<p<?, v > a,
42 1
. |(I)3(n+1)(z)| ) nl( 5 -&;1)&, I<p<l+d, 0<y<a
P ()] = iGIn) Molpq n7 0P tan™, p=143,  0<y<a,
' np—Dats—3 1+2X<p<2, 0<~y<a,
n(3-Da+3-3 1<p<2, —2<y<0,
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for z € Q(6). Therefore, the proofs of Theorems 2.8 and 2.9 are completed.

In conclusion, note that, there is a quantity d(z, Lgr,) everywhere in proofs.

We show that d(z, Lg,) =

d(z, L) holds for all z € Qg. For the points z ¢ Q(Lg,,d(Lg,, Lr)), we have: d(z,Lr,) > ¢ > d(z,L). Now, let

z € Q(Lg,,d(Lr,,LRr)). Denote by & € Lg, the point for which d(z,Lg,) = |z —
that d(z, L) = |z — &, and for w = ®(z), t1 = P(&1),t2 = P(&2), we have: |w — wy|

&1|, and point & € L,such

> [|w — wa| — [wg — wi|| >

|[w —wa| — § |w — ws|| > § |w — ws|. Then, according to Lemma 3.1, we obtain: d(z, Lg,) = d(z,L). O

4.0.1. Proof of Remark 2.5

Proof Let G € Q,, % <a<l1, h(z)=1 and {Qn(2)}, deg@, =n, n=0,1,2,

polynomials for region G, i.e. system of polynomials, @Q,(2) := a,z" + an_12"" 1 +

é [ ={ ;o

According to [2], for arbitrary quasidiscs, we have

the conditions

Qn(z) = anp”"’l(I)"(z)(I)/(z)An(z), ze€F €,

where p = p(G) > 1 and

n+1 <t <o n;r{
7r 7r
for some ¢; = ¢1(G) > 1 and
c3
2 < [An(2) £ 1+ ———,
[@(2)| =1

for some ¢; = ¢;(G) > 0, i = 2,3. Therefore, since |Qnll 4,y =1, then:

n+1 n|®(2)] —1
es T‘@(z)‘ &

v

Qn(2)|

|
Q
w
=
-l
N—
—
3
+
=
N
|
&
N —
-
——

and the proof is completed.
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