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Abstract: We introduce digital projective product spaces based on Davis’ projective product spaces. We determine an
upper bound for the digital LS-category of digital projective product spaces. In addition, we obtain an upper bound for
the digital topological complexity of these spaces through an explicit motion planning construction, which shows digital
perspective validity of results given by S. Figekci and L. Vandembroucq. We apply our outcomes on specific spaces in order

to be more clear.

Key words: LS-category, topological complexity, motion planning, digital projective product spaces, digital topology

1. Introduction

Topological robotics has emerged as a new mathematical discipline, having been inspired by robotics and
engineering. The discipline is devoted to study the concept of configuration spaces, motion planning, and the
topological complexity with diverse algebraic material and methods. A configuration space is a given mechanical
location which describes the configurations as desired. The motion planning algorithm determines the rule of a
continuous motion in the system of given initial and final positions. It should have instability, which arises from
topological reasons. The notion of the topological complexity is introduced by M. Farber in 2003 in order to
inform topological measures of the complexity of the motion planning problem in robotics [14]. In other words,
there may exist discontinuity in the motion planner on the configuration space X . The tool that measures this
discontinuity is the topological complexity of the space X, denoted by T'C'(X). This is a numerical homotopy
invariant that can be difficult to determine. Particularly, computing the topological complexity of the n-
dimensional real projective space is shown to be linked to the classical problem of determining the Euclidian
space of minimal dimension in which this projective space can be immersed [16].

In recent years, digital topology has played an active role in the field of topological robotics. Karaca
and Is defined the concept of digital topological complexity in 2018 [20]. The notion of the digital higher
topological complexity is added to the literature in [21]. Ege and Karaca define cohomological operations in
digital setting and prove the deficiency of the Kiinneth formula in [12]. Based on this fact, the cohomological
lower bound, particularly zero-divisor cup-length property, does not hold for the digital topological complexity
as shown in [21]. Studies on digital topology in the finite digital images and given counterexamples underline
the differences between digital topological complexity and Farber’s topological complexity [22, 23]. The study

in [24] shows that there exists another way to state the digital topological complexity by using digital functions.
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Since topological complexity and its related invariants are homotopy invariants, the definition and
properties of digital homotopy have gained importance and some features of digital homotopy have been
generalized in [26]. For the Lusternik-Schnirelmann category, one of the most important related invariants
of the topological complexity, the digital LS-category is defined in [2] and t he study is expanded by applying
it to digital functions [27]. We refer to studies in [7, 11, 12] for more knowledge about digital topological
groundwork.

Projective product space has been introduced by Davis [10] in 2010. This space can be considered a
generalization of real projective space, but it is not in general the product of projective spaces. Some bounds
of the topological complexity of these spaces have been initiated in [18]. The improvement of this study to
finalize t he e stimating p roblem a bout t he t opological ¢ omplexity a nd t he L. S-category o f p rojective product
spaces is included in [17]. Figekci and Vandembroucq compute the LS-category of projective product space and
determine an exact value of the topological complexity for some cases. This leads us to build the digital structure
of projective product space and deal with the digital topological complexity and the digital LS-category of these
spaces.

This paper is related to topological robotics, more precisely the topological complexity and its related
invariant LS-category, and is organized by starting with primary notions and basic facts of digital topology.
The digital projective product spaces based on Davis’ projective product space is introduced by applying digital
topological tools and using digital spheres in [13]. In order to compute the digital topological complexity and
the digital LS-category of digital projective product space, we first n eed t o s pecify t hese d igital homotopy
invariants for digital spheres. Besides, these calculations can be used for the digital topological complexity and
the digital LS-category of configuration s paces based on s pheres. In t he process, we present digital projective
spaces. Moreover, we define the digital nonsingular map and we calculate t he digital t opological complexity of
digital projective spaces with the digital nonsingular map characterization inspired by the work in [16]. We get
new results on digital topological complexity and digital LS-category of digital PPS through an explicit motion
planning in digital spheres. In this way, we derive the digital topological complexity and the digital LS-category
invariants of special spaces. We determine an upper bound for the digital LS-category and consequently an
upper bound for the digital topological complexity of digital projective product space. We also obtain an upper
bound for the digital topological complexity of digital projective product space. We give examples for our main

results to exhibit the application on specific spaces.

2. Preliminaries
In this section, we give basic definitions, e ssential f acts, u seful n otations f or d igital t opology and topological
robotics.

Given any finite s ubset X C Z™, which consists of integer p oints o f n -dimensional Euclidean s pace R™,
(X, k) is called a digital image, where « is an adjacency relation on elements of X [3]. Distinct points = and y
in Z™ are c;— adjacent with the properties that there exist at most k indices ¢ such that |z; —y;| = 1 and for all
remaining indices ¢ such that |z; — y;| # 1, z; = y;, where 0 < k < n [3]. This provides us ¢; = 2—adjacency
in Z, ¢; = 4— and c; = 8—adjacencies in Z?, and ¢; = 6—, c; = 18— and c3 = 26—adjacencies in Z3. Let
(X1,k1) and (X, ko) be two digital images. The normal product adjacency and product adjacency on X7 x Xo
are defined in the following w ay. The p oints (z1, y1), (z2, y2) € X1 X X sare normal product adjacent if one of

a), b), or ¢) holds [1], and are product adjacent if one of a), b), ¢), or d) holds [7]:

a) x1 =x9 and y1,y2 are ko-adjacent.
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b) x1,ze are ki-adjacent and y; = ys.
¢) x1, e are xi-adjacent and yy,ys are ko-adjacent.
d) =1 =23 and y1 = 1.

If (X,k) is a digital image in Z™, then X is called k-connected if for every pair of points z,y € X
with x # y, there exists {zg,z1,...,2;} C X such that * = xg, ¥y = 2y, z; and z;y; are k-adjacent,
where ¢ = 0,1,...,1 — 1 [19]. Given subsets X; C Z™ and Xy C Z", a map [ : (X1,k1) = (X2, k2)
is (K1, k2)— continuous if for any k;—connected subset Uy C Xy, f(Up) is ko—connected [3]. Furthermore,
f is called a (ky,ks)-isomorphism if f is (K1, ke)-continuous, bijective, and the inverse f~! is (ko,k1)-
continuous [6].

A digital interval is defined as a set [a,b]z = {2z € Z : a < z < b} [5]. Since [a,b]z C Z, it has 2-adjacency.
We use the notation I, instead of [0, m]z as in [26]. Let (X, k) be a digital image, then a digital path (x-path)
fin X from z to y is defined by a map f : I,, = X that is (2, k)-continuous with f(0) =z and f(m) =y [5].
The digital path f is called a k-loop when f(0) = f(m) [5]. Let f: I, — X and ¢: I, = X be x-paths with
f(m) = ¢(0). The product of these two digital paths is defined in [25] as the map (f * g) : Lyn+n — X by

F(b), 0<t<m
gt—m), m<t<m+n.

(fxg)(t) = {

Let (X,k1) and (Y, k2) be two digital images. The (K1, ke)—continuous maps f,g: X — Y are called
digitally (k1,/2)—homotopic in Y if there exists m € Z* and a map H : X x I, — Y that satisfies the

following features [3]:
e forall z € X, H(z,0) = f(z) and H(xz,m) = g(x),
o forall z € X, H, : I, =Y, defined by H,(t) = H(x,t), is (2, k2)-continuous,
o forall tel,,, H : X =Y, defined by Hy(x) = H(x,t), is (K1, K2)-continuous.

The function H is said to be a digital (k1, k2)—homotopy between f and g.

A digitally continuous map f : X — Y is digitally nullhomotopic in Y if f is digitally homotopic to
a constant map in Y [3]. A (k1,k2)-continuous map f: X — Y is a (K1, k2)-homotopy equivalence if there
exists a (2, k1)-continuous map ¢ : ¥ — X such that go f is (k1,k1)-homotopic to the identity map on X
and fog is (ke,ka2)-homotopic to the identity map on Y [4]. A digital image (X, k) is called x-contractible
if the identity map in X is (k, x)-homotopic to a constant map in X [3].

Let XTm represent the set of all digitally continuous paths « : I, = X in X.

We define the digital connectedness on X' by using the digital continuity to build a digitally continuous
digital motion planning algorithm s : X x X — X'»_ In order to ensure the continuity of s, an adjacency
relation between two digital paths is given: Let oy : I,,, — X and ag : I,, = X be any two digitally
continuous path in X. Then a; and as are A-adjacent on X ’mi+m2 if for all ¢ times, a;(t) and as(t) are -
adjacent. There is no loss of generality in assuming mj; = my, for if, m; < my then we can extend a; by letting

ai(t) = ay(my) for my <t < msy. Furthermore, the map 7 : X’m — X x X is a digitally continuous map that
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assigns any digitally continuous path « in X to the pair of its initial and final p oints («(0), «(m)) € X x X
where a(m) is the final step o f o [20].

Theorem 2.1 ([21]) If (X,k) is a digital image, the map 7 : X' — X x X which is definedb y (a) =
(a(0),a(m)) is a fibration.

We say that a digital motion planning algorithm is a section s : X x X — XIm of fibration 7, namely
mTos=1iddxxx-
Theorem 2.2 ([20]) Let (X, k) be a digital image. A digital motion planning algorithm s exists if and only if

the space X is k-contractible.

The definition of the digital t opological complexity in [20] is revised and t he normalized version of that

is defined in t he following way.

Definition 2 .3 Given a digital i mage (X, k), the digital t opological complexity n umber &T C (X)) is the least
integer 1 such that 1 +1 subsets Uy, Uy, ...,U; C is a cover of X x X and the map 7 : X'm — X x X admits a

digitally continuous map s; : U; — XTm such that 7o s; = idy, with the normal product adjacency on X x X .

Theorem 2.4 ([20]) The digital topological complexity number is a homotopy invariant of X .

We normalize the notion of the digital LS-category in [2] as follows.

Definition 2 .5 The digital L S-category d -cat.(X) of a s pace (X, k) is the least i ntegerl such that there exists
a cover of X by I+ 1 subsets Uy, Uy,...,U; C X where each inclusion map v; : Uy — X for 1 =0,...,1 is

K -nullhomotopic.

Theorem 2.6 ([2]) The digital LS-category is a homotopy invariant of X as well.

We prove the following Lemma 2.7 and Theorem 2.8 inspired by [9].

Lemma 2.7 Let (X, k) be a path-connected digital image. We have cat (X) < k if and only if there exists an
increasing sequence of sets

=U,1CcUyC...CUs=X
such that each of the differencesU; — U ;_11i sk -contractiblein X wherei € {0,1,...,k}.
Proof Assume that cat,(X) < k, then there is a cover of X consisting of k + 1 subsets Vj,..., Vi with
each V; is k-contractible in X . For i € {0,1,...,k}, we definethesets U;= VyU...UV ;and clearly we have
U; — U;_1 =V, that are k-contractible in X . Hence, the sets U; form an increasing sequence as above.
Conversely, assume that there is an increasing sequence of sets
®:U71CU0C...CU]€:X

such that each of the difference U; — U;_1 is k-contractible in X where ¢ € {0,1,...,k}. In this case, the

corresponding differences provide us a cover of X by k+1 k-contractible subsets in X, and thus cat . (X) < k.
O
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Theorem 2.8 If (X1,k1) and (X2, k2) are path-connected digital image, then
cat \ (X1 X Xo) < caty, (X1) + cat ., (X2),
where X\ is the normal product adjacency on the product space X1 X Xs.

Proof Suppose that cat,, (X1) =m and cat,,(X2) = n. Then there exist increasing sequences of sets
0=U_1cUycC...cU,=X;
(Z):V,1CVOC...CVn:X2

such that Ul = U; — U;_1 is kj-contractible in X; for i € {0,...,m} and f/j =V, —V,_1 is ky-contractible

in Xy for j € {0,...,n}. Namely, inclusion maps UZ — X7 and ‘7] — Xy are k1- and ko-nullhomotopic,
respectively.

We define an increasing sequence
D=W_1CWoC...C Whin=X1 x X
by building subsets of the product X; x X5 as
r
W, =J Ui x Vi,
i=0

for r > 0. Here, U; = X1 if i > m and V; = X, if j > n. In addition, we show that

s s—1
Wy = Waor = |J Uk x Vaei) = | Uk x Vaeip)
k=0 k=0
= U N x Vo) N0 x Verr 8, k=1=1
k=01=0

= O ﬁ (Ue = U1) x Vo) U (Ui X (Voo — Vi1-1))
k=01=0

= U (Uk — Uk—l) X (V:q_k - ‘/s—l—k)

Furthermore, the subset W, = W, — W,_; C X; x X, is A-contractible in X; x X5. In other words, the
inclusion map Wy < X1 x Xy is A-nullhomotopic.

The normal product adjacency on X; x X5 ensures that
Uk x Veei) N (U1 x Vooy) = 0
(Uk X ‘7s—k) N (Ul X ‘73_1) =0
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for k # 1. Therefore, the subsets W are disjoint and A-contractible in X; x X5. Since these A-contractible

S

subsets are disjoint and the space X7 x X» is digitally path-connected, their union is also A-contractible. Hence,

the union - - - -
(Uk X ‘/S—k) U (Ul X ‘/s—l)

is A-contractible. We iterate this process one more step and get

(Uk x Vaer) U (U1 X Veer)) N (U % Vieg) = (Uk X Vi) N Uy X Vey))U

and

(Up X Ve ) U (U x Vi )NV (U X Vi_y) = 0

for k # [ # t. Therefore, the sets (Uk X f/s_k) U (Ul X f/s_l) and U, x V,_, are disjoint and \-contractible, and
the union (Uk X f/s,k) U (Ul X f/sfl) U (Ut X f/s,t) is A-contractible in X7 x X5. We finally obtain that the

subset W,. — W,._1 is A-contractible in X; x X5. Hence, we get the increasing sequence
02W71CWOC...CWm+n:X1 X Xo

that each difference W, — W,_1 is A-contractible in X; x Xs. In conclusion, by Lemma 2.7, we have
cat y (X1 X Xo) <m+n = cat,, (X1) + cat ., (X2). O

The theorem in [20] is rewritten with the normal product adjacency as follows and the inequality still
holds, since the normalized version of the digital topological complexity does not affect the idea of the proof in
this case.

Theorem 2.9 If (X, k) is a digitally path-connected space, then
d-cat, (X) < d-TC,(X) < d-catr(X x X),
where X\ is the normal product adjacency on the product space X x X .

As a result of Theorems 2.8 and 2.9, the following corollary is presented.

Corollary 2.10 Let (X, k) be a digitally path-connected space. We have
d-cat,(X) < d-TC,(X) < 2(d-cat, (X)),
with the normal product adjacency on the product space X x X .

Throughout this work, we assume that a subset of Z" has c¢,—adjacency to preserve the adjacency
relation on the product of spaces and we consider the normal product adjacency on the product spaces.
Additionally, we use the term "motion planning” instead of "digital motion planning”. In short, we use the
notation d-cat(X) = d-cat,(X) and d-TC(X) = d-T'C(X) and express all the digital terms without indexing
adjacency.
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3. Main results

Given positive integers ny < ... < n,, we denote the r-tuple (ni,...,n,) by . We use the notation I(72) = r
for the length of n. The space S; is defined by the product S™ x --- x S ™"and the diagonal action ofZ 5 on
Sn is given as Zo X Sp — Sq,

g.i’:gx(1'17...,1'7«):(gxla"'?gzr)'

Here for each Z € Si, we have ZoZ = {¢9Z | g € Z2} = {Z,—T} C S;. Viewing each of these orbits as a single
point yields the quotient space
Sn ST x ST

P — —
"~ —2 (T1,e s xe) ~ (21, Ty

which is called the projective product space [10]. In the case of r = 1, the space P, equals the usual real
projective space P"'.

In order to define the digital projective product space, we use the concept of digital spheres. A digital
0-dimensional sphere is a disconnected digital space S°(z,y) with two points x and y. The join of two
digital 0-dimensional spheres S°(xq, o) ® S°(z1,%1) contains S°(zo,%0), S°(z1,y1) and edges connecting each
pair of points except those in the same digital spheres. A minimal digital n-sphere is defined by the join
Sn. =S50 dSYd...»S% of n+ 1-copies of SY [13]. As a result of these definitions, we set the following
notations:

o St ={zi=(%i,...,x,) € L™}, where |z;,| =1 if i = j and 0 otherwise,
o SY={x=1(0,...,0,24,0,...,0) C Z""" : ||zg]| = 1} for k < n.

Notice that an n-dimensional digital sphere in Z"*! has 2n + 2 vertices.

Example 3.1 The digital spheres S.. and S2.. that are modified from figures in [13, 26] are illustrated:

n

S}n'm = {(1’ O)a (_1’ O)a (07 1)’ (07 _1)}

s2 . =1{(1,0,0),(-1,0,0),(0,1,0), (0, —1,0),(0,0,1), (0,0, —1)}

min

1S1_

Figure 1. S.,. . Figure 2. S2,,.
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The digital projective space is defined as:

d_Pn — Srerlin
T~ —T

where x € S”

min *

with respect to the diagonal action of Zs on S,

We introduce the digital projective product space d-P; by the diagonal action of Z, on d-S; =

SN ooox 8™ as follows:

min min

wp 5 _ S™ o x x §M |
T~ =T (x17"'aIT)N(75E13"'77I7’)

where T € d-Sz. It is clear that the dimension dim(d-Ps) = dim(d-Sz) = > n;. In case of r = 1, the space
d-P; coincides with the digital projective space d-P"*.

Theorem 3.2 Let d-P; be the digital projective product space where i = (nq,...,n,) with ny < ... < n,,
then the digital LS-category of d-Pr satisfies

d-cat(d-Pr) <mj +r—1.

Proof For k < n, we use the following notations:
o SF={z=1(0,...,0,24,0,...,0) C Z""! : x4 > 0},

o Sy ={z=1(0,...,0,24,0,...,0) C Z""" : z}, <0},

. S0=57UsE,
o« Af=1(0,...,0, (1 ,0,...,0) (north pole) and
k. entry

« A =(0,...,0, —1 ,0,...,0) (south pole).

We define the map € : Sp — £1 such that

1, ifaxp>0
1, ifzp<O.

ek(O,...,xk,...,O){

Note that ex(—z) = —¢x(z) for any z € SY.
Let p(A,B) : I, — S, be the digital path from A to B for nonantipodal points of digital sphere
S’Vl

n .- Notice that p(—A, —B) = —p(A4, B) and that p(A, A) is the constant path. We consider the fixed digital
path oo(4, , AF) : I, — S™. such that o0(0) = A,

n’ min n

We define a cover U?:larrfl U, of d-S; as follows:

and og(msg) = A}

e For 0<i<mn;—1,weset U; =52 x][[ gra—t,

q=2 ~min
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e For a subset J C {1,...,r}, the cardinality of J is denoted by |J| and
QJZ{’UEd-SﬁZ UjES?lj ifjed UjESZén 1fj¢J},
which is inspired by [8]. Realize that for J # J' with |J| = |J'|, the sets Q; and @, are disjoint.
For i =ny — 14k, where k=1,...,r —1, we set U; = Up, —14% :U|J|:kQJ‘
e Fori=n;+r—1,weset Uy =Up,4r—1 :Sgl X v xS?LT =59,

Hence, we have a cover of d-Sp = Uy U ... U Uy, 1r—1 by subsets of d-S;. We now define a digital homotopy
function as:

hi : U — (d-Pp)Imi+ma |

where 0 < i <mnj +r—1. The class of an element u € d-S; in d-P; is denoted by [a].

For 0 <i<mny —1:For 4= (ug,...,u,) €S x H;ZZSZS;l and ¢ € Iy, 4m,, We set:

hi(u,t) = p(ulaA;(ul))(t)ap(UQ’AZQ(Ul))(t)7"-ap(uhAZ?ul))(t) :

For n; <i<nj;+r—2: Recall that we write ¢ = ny — 1+ k with £k = 1,...,r — 1 and that U; =

Un,—14k = Ullek Q@ . We construct a digital homotopy function by:
hy:Qy— (d—Pﬁ)Iml‘*""'? .

Set jo € J as the smallest element of J. If @ € Q 7, then u;, € ngo .Forue@yandt € Ly, 1m,, 0<t<mq,

we set:
ha(t,t) = [p(ur, B(u1))(t), .., plug, B(ug))(t), ..., p(ur, B(ur))(t)],
here, for 1< g <7, Blug) = 4 2en T9€J
where, for 1 < g <7, B(uy) = A?(qujo), g

We distinguish two cases for t € L, ym,, m1 <t <my +mao.

If €(uj,) =1, then hy(4,t) = [w1,...,w,] where, for 1 < g <r,

~ Joot—ma), ife(uy)=-landgeJ
Wa = otherwise.

Nq
e(uj() ) ’

If e(uj,) = —1, then hy(a,t) = [wi,...,w,| where, for 1 < g <r,

g

_Joo(t —=m1), ife(ug)=1landgeJ
Wa = otherwise.

—e(ujo)’
We obtain A?(lul), ey A?(jujy . ’A?(ZT)} = [ATE(M), ey Ai’;(uj), e ,ATC(UT)} for ¢ = my. This pro-

vides us a well-defined digitally continuous map on Qs X L, +m, -

3209



FISEKCI and KARACA /Turk J Math

We define h jonU;=U,, —14k= UllekQ sbysetting h ;|o, <1 =hy,fork=n;—1+k.

m1+mo

For i=ny+r—1:For ue S x--- xS =89 and ¢ € Iy, 1m,, We set:

hi(a,t) = [p(ul, ALY, ol Ag(';%))(t)] .

We seperate two cases for t € I, +m, and m; <t <mg + ma.
If e(uy) =1, then h;(a@,t) =[A™}

Cun)y W25 - ,wy] where, for 2 < g <r,

" AZ(quq), if e(uy) =1
oo(t —myq), if €(uy) = —1

If G(ul) = —]., then hz(ﬂa t) = [Anl

—€

(ul),o.)g,...,wr] where, for 2 < g <r,

o= [ Ak i el = 1
Uo(t — ml), if e(uq) =1

For t = mq, A?(lul),...,AW } = {A"l

e(ur) Celur)r A’ire(u )] . This gives a well-defined digitally continuous
map on S2 X I, tmy -
We have h;(a,t) = h;y(—a,t) for any t € L, 4m, and @, —a € U; for any i. According to the maps, we

obtain h;(@,0) = [a] for 0 <i<n;+r—1,

[AL, A2 AT, 0<i<n—1

hi(d,mqy +ms) =
(@, ma +my) {[Ail,AT,...,AT], n <i<mg4r—1.

For any ¢ and @ € U;, hi, : Imy+m, — d-Pr given by h;, (t) = hi(a,t) is digitally continuous. Moreover, for
any t € Ly, tmy, hi, : Ui — d-Py defined by h;, (@) = h;(4,t) is digitally continuous as well. Hence, for any
i, Vi = U;/~ is a subset of d-P; and we get a digital homotopy function h; : V; — (d-Py)fm1+m2> such that
hi([a],0) = [@] for 0 <i<ny; +r—1 and

) Al AT AT, 0<i<ng—1
hi([a], m1 +ma) = [Zl s +nr] )
[AT AT LAY, ng <i<ng+r— 1L

Similarly, for any i and [a] € Vi, hiy : Im,4m, — d-Ps presented by hy, (t) = h([a],t) is also digitally

continuous. Furthermore, for any t € I, m,, hi, : Vi — d-Pn given by h;, ([a]) = hi([u],t) is also digitally

continuous. In addition, we obtain a cover U?:loﬂfl V; of d-P; and each inclusion map V; < d-P5 is digitally
nullhomotopic. Therefore, we prove that d-cat(d-Pr) < mnj +r — 1. O

Combining Theorem 3.2 and Corollary 2.10 leads to the following result.
Corollary 3.3 d-TC(d-Py) < 2(d-cat(d-Pr)) < 2(ny +r—1).

Example 3.4 The construction of Theorem 3.2 is specified for ny =1, ng =2 and r = 2. In other words, we
show that:

SL. % S2.
Zmin % Zmin ”””) <m4r—1=2

~

d-cat(d-P) = d—cat(
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Therefore, d-TC(d-P) < 2(d-cat(d-P)) <4 by Corollary 3.3.

Figure 3. Sl x S2...
As before, assume that p(A,B) : I, — SI..
A,B e St with A# B. Note that p(—A,—B) = —p(A, B). Moreover, let o¢ : I, — ST

path from A" to A} with 09(0) = A" and oo(1) = A%}

Fiz the set U; in the following notation:

is the digital path from A to B for nonantipodal points
be the digital

Sy xSt i=0
Ui=48) xSk, uS%, x589, i=1
S9 x 89, i=2

and here we have S}, x S2. C U?:o U;.

min min

For i =0, the digital homotopy function hg : Uy X I, ym, — d-P = (SL. x S2%.Y/ ~ is defined by:

min min

For i = 1, the digital homotopy function hy : Uy X Iy, ym, — d-P = (S, x S%. )/ ~ is given by:

min min

[p(ulaA},-)(t)ap(u%Ai—)(t)] ) (u17u27t) € Sf_ X Svlmn X Im1+m2

h (u u t) _ [p(uhAl—)(t),p(uQaAZ—)(t)] ’ (u17u27t) € Sl_ X Srlmn X Im1+mz
e [p(ur, A1) (), pluz, A3)(0)] s (w2, ) € S5 % 5F X Ly
[p(ul,A{)(t),p(UQ,AE)(t)] ) (u17u27t) € S?m,n X S; X Im1+m2-

For i = 2, the digital homotopy function hy : Uy X Ly, 4m, — d-P = (S}, x S2. )/ ~ is considered as follows:
[p(ul,A}r)(t),p(’LLQ,Ai)(t)] ) (ul’u%t) € Sl+ X S;r X Im1+m2
[p(ul,AE)(t),p(UQ,A%)(t)] ) (u1,u2,t) € Sf x S; X Im1+m2
[p(ulaA}f—)(t)ap(UQaAi)(t)] ) (u17u2’t) € Sf_ X 52_ X Iml-‘rmz

and 0 <t < my,
[p(ul,Al_)(t),p(UQ,AQ_)(t)] ) (ulau%t) € S;r X SZ_ X Im1+m2

and my <t < myp + ma.

hl(ul,ug,t) =
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Notice that hy is well-defined digitally continuous on Sy xSy X I, 1m, since there exists [A}, A%] = [AL, A? ]
at t=m;q.

If (u1,uz,t) € Sy X SF X I 1m,, then we get:

[p(u17A1—)(t)7p(u2aA%—)(tﬂ ; OStSml
[AL, oo(t —ma)], my <t <myg+ms.

h2(u17u27t) = {

In this case, hy is well-defined digitally continuous on Sy X So X I, +m, since we have [Al_, Ai] = [A}HAQ_]
att=mj.

Given any (uy,us) € U;, we have (—u1, —uz) € U; and h;(uy,uz,t) = hi(—u1, —ua,t) for any t € L, 1m,
and any 0 <i <2. We obtain h;(u1,us,0) = [u1,us] for 0<i <2, and

(49, 42], =0

hi ) ’ + =
(u1 U2, M1 WLQ) {[A}'r’A?i-]v i=1,2.

The map h t Iy tmy, = d-P defined by h;,, . (t) = hi((u1,u2),t) is digitally continuous for any i and

T(uy,uz)
(u1,u2) € U;, and the map hy, : U; — d-P given by hy, ((u1, u2)) = hi((u1,u2),t) is digitally continuous for any
t € L, tm, - These yield a digital homotopy function h; : Vi X Iy, vm, — d-P such that h;([u1, us],0) = [u1, us]
for 0<i<2, and

7 _ [A37A3}7 i=0
m@uhuﬂﬂn1+””ﬂ“{[AL,Ai}, i=1,2.

Thus, we obtain a cover of d-P as U?:larl V; where V; = U;/ ~ and the digital homotopy function h; provides

that each inclusion V; — d-P is nullhomotopic. Hence, d-cat(d-P) < 2. Consequently, d-TC(d-P) <
2(d-cat(d-P)) < 4 by Corollary 3.3.

Definition 3.5 A digitally continuous map f : Z"™ x Z"™ — 7ZF* is called a digital nonsingular map, if the

following conditions hold:
e flax,by) =ab- f(x,y) for every x,y € Z™ and a,b € Z.
o f(z,y) =0 implies that either x =0 or y=0.

Proposition 3.6 Let f: Z"t! x ZnH — ZFF1 be o digital nonsingular map where n+ 1 < k, then the digital
projective space d-P™ has a motion planner with k local acts, which is:

d-TC(d-P") < k.

Proof We assume that 6 : Z"1 x Z"*1 — Z is a scalar digitally continuous map with §(au, bv) = ab- 0(u,v)
for all (u,v) € Si;, x Sk, and a,b € Z.

Let Uy C d-P™ x d-P™ represent the set of all pairs (u,v) of points in S”, such that v # v and
O(u,v) #0.

We assert that there is a continuous motion planning in Uy. Namely, there exists a digitally continuous

map s defined on Uy with values in the space of digitally continuous paths in d-P™ such that for each pair
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(u,v) € Uy the digital path s(u,v)(t), t € L, begins at point u and finishes at p oint v. The construction of

d-P™ may lead to the existence of points in S”. such that 6(u,v) > 0. In this manner, we may take —u, —v

min
instead of w,v. Notice that u,v and equivalently —u, —v dictate the same orientation of the plane based on

these points. The intended motion planning map s occurs in rotating u to v in the plane, in the positive
direction determined by the orientation.

Furthermore, the map 6 : Z"*1 x Z"*1 — Z is called positive if 6(u,u) > 0 for any u € Z"T!. Consider
the set Uj C d-P™ x d-P™ of all pairs u,v € S}

m with (u,v) # 0. Here, Uj contains all pairs (u,u) and so
Up C Uj. We describe the digital path from u to v for u # v as rotating from w to v in the plane, based on
u and v in the positive direction determined by the orientation. At point u, we fix the constant digital path.
Therefore, the digital continuity is preserved.

A digital nonsingular map f : Z"t! x Z"*t1 — ZF admits k scalar maps 0y,...,0, : Z"t! x Z"tt - 7
and Up, cover the product d-P™ x d-P" except the diagonal. Since n+ 1 < k, we may use such an f as the

initial digital nonsingular map such that for any u € Z"*!, the first coordinate 6 (u,u) is positive. The sets

Uél, Ug,,...,Up, form a cover of d-P" x d-P™. We have described explicit motion planning instructions over
each of these sets; hence, we get the inequality d-T'C(d-P™) < k. O
Theorem 3.7 If d-P; is the digital projective product space where i = (ny1,...,n,) and ny < ... < n,, then
we have:

d-TC(d-Py) < d-TC(d-P™) + Y0 _, d-TC(S

mm)

Proof We consider the cartesian product of two digital projective product spaces d-P x d-P; = (d-Sz X

d-S)/ ~ as the quotient of (Spt x Spt ) x -+ x (Shr x Srt ) by using the well-known isomorphism for the
relation
Vi u; = u; and v; = v}
;o ;o or Vi ul-:—u and v; = v
(U1, 015y Up, Up) ~ (U, 07, UL, V) & orVi = u) and v; = v; (1)
or Vi w; = —ul and v; = —vl.

We set the construction of motion planning in the digital projective space d-P™ and a digital sphere S

min >

which is inspired by [16] and [14], respectively. We will get a motion planning on d-P; by gathering them.
Assume that d-TC(d-P™) = k. Thus, there exists a digital nonsingular map 6 = (6o, - ,0k) :

Zm+tl x zm+l 7kl by Proposition 3.6. The k + 1 scalar maps 6g,...,0 : ZM T x ZM+1 — 7 satisfy
0;(auq,bvy) = ab-0(uq,v1) for (ug,vy) € Spt, x Sit. with a,b € Z and they do not become zero simultaneously.

We suppose that 0g(uy,u1) > 0 for any uy € S by the definition of the digital sphere for n; +1 < k. Let

min

U() = {(ul,vl) Snl X Sn : 90(’[1,1,?}1) 7& O}

min min

Ui = {(ul,vl) S S’fh X Snl

min min °

: for all 0 <n < 4,0,(ur,v1) =0 and 0;(ug,v1) # 0},

where 1 <i<k-—1.

Notice that all the sets are compatible with the equivalence relation on S;i, x S;t. deduced by the

antipodal relation u; ~ —u; on S™

min *
Sn1 S’V’Ll

min min *

Moreover, all the sets U; are disjoint and Ui:O U; is a cover of
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Let p(A,B) : I,,, — S, be the digital path from A to B except for antipodal points A, B of digital

min

sphere S”. . Recall that p(—A,—B) = —p(A, B) and p(A, A) is the constant digital path.

For 0 <i <k, we define the map ;:U; — (d—P”l)Imlerz by

(1) = [p(u1, v1)], if 0;(u1,v1) >0
Yilus, o) {[p(—U1,U1)], if 6;(uq1,v1) <O.

We obtain 6p(uq,u1) > 0 for any uy € S7;, and we get Op(uy, —u1) = 0o(—u1,u1) < 0, consequently. Therefore,
we have (u1,u1) € Uy or (—u1,uy) € Uy, equivalently. This allows us to assure that 1); is well-defined on pairs
of antipodal points. The map ¢ is digitally continuous on U; and satisfies v;(u1,v1) = ¥;(£uq,xwv1) for
0 < i <k and the induced map v, : U;/ ~— (d-P"t)Imi+m2 admits an explicit motion planning in the digital
projective space d-P™ .

For 2 < g <r, we use the following subsets of S['¢ x S

min *

In the case that n, is odd, we take subsets

‘/0 = {(U‘Q’vq) € Sryrbgn X S:rll‘in : ’Uq # iuQ}

Vi = {(uq,vq) € Spi, x Sy

min min

DUy = j:uq}.
In the case that n, is even, we consider subsets
Vo = {(ug,vq) € Sinfn X Sipn © Vg # Fg }

‘/1 = {(U‘Z’v‘Z) € Sr:l'gn X S:‘rll(in

D Vg = Fug, Ug F :I:aq}

Vo = {(ug,vq) € Sppy X Spit

min min

D Ug = Fug, ug = :taq}.

Here, the fixed element a, = (0,...,0,1) € S

'win corresponds to the vanishing point of even dimensional spheres.

We describe the motion planning in a digital sphere by the paths as follows:

o For (uq,vq) € Vo and (ug,uq) € V1 U Vs, we consider the digital path p(ug, vg).

g
min

o For (ug,—uq) € Vi, we choose the digital path o : I,,, = S,1, path o(uq, —uq) from u, to —u, in the

positive direction, which is symmetrical to the digital path from —u, to u,.

o For (a4, —a,) € Vo, we fix the digital path og : I,, — Si4.

from a4 to —a, and we set oo(—aq, aq) =

—oo(aq, —aq).

We combine these motion plannings in the following way:
Given i € {0,1,...,k} and 2 <gq <r,let j, € {0,1} when n, is odd; or j, € {0,1,2} when n, is even.
We define the map

) - U; x HZZQ ‘/jq — (d—Pﬁ)Im1+m2

(4,525 3
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[p(ulavl)ac‘&»"'awr]» gi(ulavl) >0

i iy UL, U1, U2,V2,...,Up,VUp) =
1/’(1,,72,.4.7%)( 1,01, 02,02, ) Ty 7') {[p(U17U1),Wé,...,W;], 9i(’l,l,1,1}1)<07

where, for n, odd,

Wy = {U(uq,vq)a if vg = —uy

p(uq,vq), otherwise,

W = o(—uq,vg), 1 vg = ug
1 p(—ug,vq), otherwise,

and, for ny even,

o(ug,vy), if vy = —ug,uq # aq
wg = S 0o(ug,vq), if vy = —ug, uy = taq

p(ug, vg), otherwise,

o(—uq,vq), ifvg=ug,uq # *aq
wy = o0(—uq,vq), if vg =ug,uy = Fa,

p(—uq,vy),  otherwise.

The map ¥ j,,....j,) is the well-defined digitally continuous on U; x I 4=2 Vi, - Moreover, the compatibility of
this map does not conflict with the equivalence relation (1).
For i € {0,...,k} and 2 < ¢ <r,let j, € {0,1} when ng is odd; and j, € {0,1,2} when n, is even. We

obtain a digitally continuous map with respect to antipodal relation

- U xTT 5 V;
W(i joredn) © # O
that satisfies TZJ(i,jz,...,jq)(uhm,uz,vg, o Up,vr) = [p(ug,v1), @2, ..., @, ], where for ng odd,
e U(Utlvvq)v if Vg = —Uq
! p(uq,vq),  otherwise,
and, for ny even,
O’(Uanq)a lf ’Uq = —uq’uq #iaq
(Dq = O'O(Uq,vq)a lf ’Uq = —uq7uq — :l:aq

p(ug, vg), otherwise,
For : € {0,1,...,k} and 2 < g <7, let j, € {0,1} when n, is odd; and j, € {0,1,2} when n, is even.
The disjoint union W is presented by

VVl = Ul:i+z;=2 Jq (UZ X H;:Q Vq) (Sgllm X Sr’?llln) X (SZII:ITI‘II X Sr’?l:n)

where | =0,...,k+ Zq ,d-TC(S ) = d-TC(d-P™) + Zq , d-TC (S ). The cartesian product St x
Spin X Sp2 X ngn cex Spr xS 22 d-Sy x d-Sp contains all subsets W concerning the relation (1).

In the quotient space,

_ Ul X r_ V.
Wl = Ui+ZT:2 Ga=l —( Hq_2 q) C d_Pﬁ X d—P»fL
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is a disjoint union where [ = 0,...,k + Zq , d-TC(S ). The induced mapsqp_(i’jz,__”jr) provide an explicit

k+3r_, d-TC(SpL)

motion planning in W, and Uz min? )37 covers d-Py x d-Py,. Hence, we conclude that

d-TC(d-Py) < k + Y0 _, &-TC(Sia,) = &-TC(d-P™) + d-TC(Ss,).

Example 3.8 We analyze the digital topological complexity of digital projective product space d-P = (52, x
S2.)/ ~. We state that

S2 X S2. 9 9
d-TC(d-P) = d-TC ( 2min X Pmin ) < 4. 7C(d-P?) + d-TC(S2,,,),

where d-P? = S2,, /| ~.

. 2 2
Figure 4. S5, X Shin -

We construct explicitly motion plannings in the digital projective space d-P? and digital sphere S2,.. .
The case of d-P?, we use the characterization of digital nonsingular maps.

We build a cover of S2,,, x S2,.. C Z3xZ3 by processing similarly as in [16]. The digital nonsingular map
Z* x 7Z* — 7Z* has a restriction onto Z> C Z*. This provides us the digital nonsingular map 6 : Z3 x 73 — Z*
with the formula:
ul, Ut
V1, Vi,

uh U13 . U12 u13

V1, V1,

k,

9(u1701) = <U1,111> - v v
1 3

where uy = (u1,,u1,,u1,),v1 = (v1,,v1,,v1,) € Z3, i,j,k € Z* are the imaginary units and (uy,v1) represents

the scalar product of w1 and vy such that
0(u1,v1) = 0p(u1,v1) + 01 (u1,v1)i + O2(u1,v1)7 + 03(u1,v1)k.
We indicate that the following subsets are compatible with the antipodal relation on S2,;, :
Uo = {(u1,v1) € S X Stin © bo(ur,v1) # 0}
= {((u1,v1) € 82 X SZin ¢ Oo(ur,v1) = 0,01 (u1,v1) # 0}
= {(u1,v1) € Spin X Spin * Oo(ur,v1) = 0,01 (u1,v1) = 0,05(us,v1) # 0}
(

U3 = { ul,vl) € S72mn X Sfmn 00(7.1,1,’1)1) = 0,81(711,’01) = 0,02(’[1,1,’1)1) = 0,93(U1,’U1) # 0} .
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Notice that U?:o U; includes the disjoint subsets of S2. x S2 .  and this gives us a cover of S2, x 52

We consider the digital path p(A, B) : I,,, — S, as mentioned before.

min

We set the map ; : U; — (d-P?)Imi+m2 for 0 <i <3 by

, ~ Jlpur,v1)]l, if O5(ug, v1) >0
piln ) = {[p(ul,vl], if 0;(u1,v1) < 0.

For any uy € S2,,, we have Oy(uy,u1) = 0p(—u1, —u1) >0 and p(u1, —u1) = 0p(—u1,us) < 0. Accordingly,

we have pairs (uy,u1), (—u1, —uy) € Uy; hence, ¢; is well-defined on pairs of antipodal points. This map is
digitally continuous on U; and satisfies ¥;(ui,v1) = ¥;(fuq,xv1) for 0 < i < k. Furthermore, the induced
map ; : Uy ~— (d-P?)Tmitm2 gives us an explicit motion planning in d-P2.

In the case that ng, is even, we use the following subsets of S2,;, X S2

Vo = {(uz,02) € Sy X Sp + 02 # Fua}

Vi= {(UQ,’UQ) € S?m‘n x 52 D Vg = FUo, Uo 75 ﬂ:ag}

min

Vo = {(UQ,’UQ) € S?nm X S?nm DUy = FUo, U = iag} .

Here, as = (0,0,1) € S2,,. corresponds to the vanishing point of even dimensional spheres.
2

We present the motion planning in even dimensional digital sphere S}, as below.

o For (ug,v2) € Vo and for (ug,ve) € V1 UVa, we use the digital path p(ug,vs).

2

o For (ug,—us) € Vi, we consider the digital path o(ug, —ug) : I, — Sa, from ug to —ug in the positive

direction.

o For (ag,—a2), we fix the digital path oy : I, — S2,, from az to —az and we set oo(—az,as) =

—oo(az, —az).

2 2
X Smin X Smin

We gather these motion planners on U; x V; C S2. x SZ

min min fOT’ 1€ {0,1,2,3} and
j €{0,1,2} as follows:

The motion planning in U; x Vo : We define the map ;) : Uy x Vo — (d-P)Imitma by

(s, v1), p(uz, v2)] if 03(u1,v1) >0
Yo (un vz, v2) = {[P(uhvl)m(uz,vz)] if 0;(u1,v1) <0,

where (uy,v1) € U; and (ug,vq) € Vo. As in the proof of Theorem 3.7, we consider the image of (u1,v1,us,vs)

under the isomorphism and specify the image of ;o) as below.

* If (ug,ug,v1,v9) € Uy X Vo with 0;(uy,v1) >0 and vy # tusy, then
(1,0) (U1, u2, v1,v2) = [p(u1,v1), p(uz, ve)] .
x For (ui,us, —v1, —v2) € U; x Vi, we have 0;(u1,v1) <0 and vy # tuy. Thus, we get
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(1,0) (U1, u2, —v1, —v2) = [p(—u1, —v1), p(—u2, —v2)] = [p(u1,v1), p(uz, v2)].
x For (—uy, —ug,v1,v2) € U; x Vi, we have 0;(uy,v1) <0 and vs # tuy. In that case, we have
(1,0) (—u1, —u2,v1,v2) = [p(u, v1), p(uz, v2)].
x For (—uy, —us, —v1, —v2) € U; X Vi, we have 0;(u1,v1) >0 and vy # tuy. Thus, we obtain
(1,0) (—u1, —u2, —v1, —va) = [p(—u1, —v1), p(—uz, —v2)] = [p(u1,v1), p(uz, va)] .

The motion planning in U; X V1: We give the map 1y : Ui X Vi — (d-P)lmi+ms by

[p( , 0 (ug,v2)] if 0;(u1,v1) > 0,02 = —ug, ug # tas
[ (ulvvl ,p(u271)2)] ifai(ulavl) > 0,v2
[p(—u1,v1), p(—ug,v2)]  if 0;(u1,v1) < 0,02 = —ug,ug # +as
[p(—u1,v1),0(—ug,v2)]  if 0;(u1,v1) < 0,02 = ug, ug # +as.

Uz, U2 75 :|:CL2

d)(i,l)(ula V1, U2, v2) -

x Let (u1,us,v1,v2) € Uy X Vi with 0;(u1,v1) >0, va = —ug and ug # +as. After that, we get
(i,1) (U1, U, v1,v2) = V(1) (U, u2, v1, —ug) = [p(ur,v1), 0 (uz, —us2)].

x For (ui,us, —v1, —v2) € U; x V1, we have 0;(u1,v1) <0, vo = —us and ug # *as. Thus, we have

(i,1)(U1,U2, —v1, —U2) = (i,1)(U1,U2, —v1,uz) = [p(—u1, —v1), 0 (—ug, uz)]

= [p(u1,v1), 0 (u2, —u2)].

x For (—up, —ug,v1,v2) € U; x V1, we have 0;(u1,v1) <0, vo = —us and ug # tas. Hence, we obtain
('L,l)(_uh —Uu2,v1, ’UQ) = (i,l)(_uh —U2,v1, _u2) = [P(Ula Ul)a O'(’Ll,27 _UQ)] .
x For (—uy, —ug, —v1, —vg) € U; X V1, we have 0;(ui,v1) >0, vo = —ug and ug # +as. Thus, we get
(i,l)(_ula —Ug, —V1, —V) = (i,l)(—uh —Ug, —V1,Ug) = [p(_Uh —01)70(—U27u2)]

= [p(ula Ul)? U(u27 7u2)}
x Let (u1,ug,v1,v2) € Uy x Vi with 0;(u,v1) >0, vo =us and us # tas. Thus, there exists:
(i, (U1, U2, v1,v2) = Yy (UL, v, v1,u2) = [p(ur,v1), p(uz, uz)].

x For (uy,us, —v1,—ve) € U; x Vi, we have 0;(u1,v1) < 0, vo = ug and us # +as. At that case, this

satisfies:

(i,1) (U1, Uz, —v1, —v2) = Y 1) (U1, ug, —v1, —u2) = [p(—u1, —v1), p(—u2, —uz)]

= [p(u1,v1), p(uz, uz)].
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x For (—uy, —ug,v1,v2) € U; X Vi, we have 0;(u1,v1) <0, vo = us and us # tag. Afterwards, this gives
that:
(i,l)(*uh —Ug,V1,V2) = 1#(1',1)(*”17 —ug,v1,uz) = [p(u1,v1), p(ug, uz)].

x For (—uy, —ug, —v1,—vs) € U; x V1, we have 0;(ui,v1) > 0, vo = uy and ug # tas. Therefore, this
provides that:
(i,l)(iulviu27iv ) ’l/)(z 1)( Uy, — 770177/“2) = [p(iulvivl)ap(il‘@?iu?)}

= [p(ur,v1), puz, uz)].

The motion planning in U; X Vo : We present the map  (;2y : Uy X Vo — (d-P)lmi+ma py:

p(u1, v1),00(usz, v2)] if 0;(u1,v1) > 0,v2 = —ug,us = £as

( ( )
p(u1,v1), p(uz, v2)] if Oi(ur,v1) > 0,v2 = ug,uz = +ay
(— ( )
(- ( )

p(—u1,v1), p(—ua, va)] if 0; < 0,v9 = —ug,us = *as

p(—u1,v1),00(—u2,v2)]  if Oi(ur,v1) < 0,v2 = uz, uy = *as.

U1, V1

[
V(i2) (U1, v1, ug, v2) = {
[

x Let (u1,us,v1,v2) € U; X Vo with 0;(uy,v1) >0, vg = —ug and ug = +ay. Then we have:
(i,2) (U1, U2, v1,V2) = Y 2) (U1, £az, v1, —u2) = [p(u1,v1), 00(£az, Faz)].
x For (ui,us, —v1, —v2) € U; x Va, we have 0;(u1,v1) <0, vo = —ug and us = *as. Hence, we obtain:
(i,2) (U1, u2, —v1, —v2) = (52)(u1, £ag, —v1, *az) = [p(—u1, —v1), 00(Faz, *az)]
= [p(u1,v1), 00(Faz, Fasz)].
* For (—u1, —ug,v1,v2) € U; x Va, we have 0;(u1,v1) <0, va = —uz and ug = *ay. Thus, we get:
(i,2)(—u1, —u2,v1,v2) = Y 2)(—u1, Fag, v1, Faz) = [p(u1,v1), 0o(F£az, Faz)].

x For (—uy, —ug, —v1, —v9) € U; X Vo, we have 0;(uy,v1) > 0, voa = —us and us = tas. Thus, we state
that:

(i,2) (—u1, —u2, —v1, —v2) = P 2)(—u1, Faz, —v1, Las)
= [p(—u1, —v1),00(Faz, £az)]

= [p(u1,v1),00(Faz, Faz)].
x Let (uy,ug,v1,v2) € Uy X Vo with 0;(u,v1) >0, vo =us and us = tas. Then
(2 (.02, 00, v2) = s 2) (1, £z, 01, Faz) = [plu, 1), (a2, ay)].

x For (uy,ug, —v1, —v2) € U; X Vo, we have 0;(u1,v1) <0, va =uz and us = tas. Next, this gives that:
(i,2) (U1, U2, —v1, —v2) = P 2)(u1, £az, —v1, Fag) = [p(—u1, —v1), p(Faz, Faz)]

= [,O(Ul,l)l),p(:tag, ia?)]'
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x For (—uy, —ug,v1,v9) € U; X Vo, we have 0;(uy,v1) < 0, va = us and ug = tas. Hence, this provides
that:

(i,2) (—u1, —u2,v1,v2) = P 2)(—u1, Fag,v1, £az) = [p(u1,v1), p(Fas, +az)].

x For (—uy, —ug, —v1, —v9) € U; X Va, we have 0;(uy,v1) > 0, vo = uz and ug = tas. Accordingly, this

satisfies:
(i,2)(—u1, —uz, —v1, —v2) = Y 2y (—u1, Faz, —v1, Faz)
= [p(—u1, —v1), p(Faz, Faz)]
= [p(uz, v1), p(£az, £az)].

These constructions yield the following maps by considering the quotient space, since the equivalence
classes are the same.

i 1/;(i,0) : M — (d-P)fmi+ma s defined by:
Y0y ([u1, v, uz, v2)) = [p(ur, v1), pluz, va)]
© Y M — (d-P)fmatma s given by:
Va1 ([ur, 1, ug, v]) = [p(ur,v1),0(uz, v2)]  if Oi(ur, v1) # 0,02 = —uz, uz # Fas
“y L 7 [P(Ulyvl)»P(U2,U2)] Zf Qi(ul,vl) ;é 0,1}2 = U9, U2 7& :‘iag
. 1[)(1.72) . M — (d—P)Im1+m2 is set by

- _Jlp(ur,v1), 00(ug, v2)]  if Oi(ur,v1) # 0,02 = —ug, uz # +az
Y2y ([u1, v1, ug, v2]) = ;
[p('u/l,’Ul),p(Ug,’Ug)] Zfei(ulv’ul) 7é OaUQ = U2, U2 7& ia@a

S2. x 82,
where i € {0,1,2,3} and d-P = Zmin X Dmin

~

2 2
M = @UEU@U% and S?

min

x S2

min

We obtain an explicit construction o =VouWViuVs.

~ ~ ~ ~

We define the disjoint union:

Wi = |J (U x Vj) C 82 X St X St % S2

min min min’
i+j=l

where | = 0,...,3+ d-TCS?,, . All subsets of S2,;, x S2,, x S2. x S2. are compatible with respect to the

min min min min

equivalence relation (1). In the quotient space,
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is the disjoint union, where | = 0,...,3 + d-TCS? We describe a motion planning strategy over each W

min *

and U?:o W, is a cover of d-P x d-P. Therefore, we conclude that:

d-TC(d-P) < d-TC(d-P?) + d-TC(S?,,).

4. Conclusion

The combination of topological structures with robotics forms a new area called topological robotics. Although
robotics is a practical discipline, there is a theoretical side of the subject. The theoretical idea of robotics is
associated with many branches of mathematics. Topology plays a key role in implementing great ideas. For
instance, researchers discuss topological problems inspired by robotics and study motion planning problem,
as well as the concept of Farber’s topological complexity in detail. When the digital topological tools, more
specifically, the notion of the digital topological complexity and related invariants are utilized in finding solutions
to problems, interdisciplinary interaction will increase and hence this will open new windows in the field.

In this paper, we aim to introduce the digital projective product space and the digital projective spaces
by using the digital spheres [13]. The main goal is to deal with the digital topological complexity and the
digital LS-category of these spaces. We determine an upper bound for the digital LS-category and ultimately
an upper bound for the digital topological complexity of the digital projective product spaces. Additionally,
the digital nonsingular map characterization is used to measure the digital topological complexity of the digital
projective spaces. This study reveals the digital topological complexity of the digital PPS in terms of the digital
topological complexity of the digital projective space associated with the first digital sphere and the digital
topological complexity of the remaining digital spheres. We accomplish this by constructing an explicit motion
planning in these spaces. In this context, the advantages of more direct methods in the digital sense provide
the results in [17] apart from requiring cohomological operational lower bound properties. In particular, we give
examples on specific spaces to clarify our results.

This leads us to work on the digital higher topological complexity and related invariants of the digital

projective product spaces, which is an open problem.
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