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Abstract: In an attempt to show the way we pass from ordered semigroups to ordered I'-hypersemigroups, we examine
the results of Semigroup Forum (1992; 46: 341-346) for an ordered I'-hypersemigroup. It has been shown that the

concept of semisimple ordered I'-hypersemigroup S is identical with the concept “the ideals of S are idempotent” and
the ideals of S are idempotent if and only if for all ideals A, B of S, we have AN B = (AI'B]. The main results of the

paper are the following: The ideals of an ordered I'-hypersemigroup S are weakly prime if and only if they form a chain
and S is semisimple. The ideals of S are prime if and only if they form a chain and S is intraregular. It should be
finally mentioned that the concepts “ prime ideal” and “both semiprime and weakly prime ideal” are the same; and that

in commutative ordered I'-hypersemigroups the prime and weakly prime ideals coincide. For an abstract formulation of the
above statements we refer to Turk J Math (2016; 40: 310-316) .
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1. Introduction
The concept of prime ideal has played an important role in the theory of commutative rings. Semigroups in
which the ideals are prime or weakly prime have been considered by Szész [14]. Ordered semigroups in which
the ideals are prime or weakly prime have been studied in 1992 in Semigroup Forum [1]. From the results on
ordered semigroups given in [1], corresponding results on semigroups (without order) can be obtained as every
semigroup endowed with the relation <= {(z,y) | * = y} is an ordered semigroup. Later, the results of ordered
semigroups have been studied for ordered T'-semigroups [3]; and for ordered hypersemigroups [5]. Relationship
between lattice ordered semigroups and ordered hypersemigroups has been given in [10]. An le-semigroup is
a lattice ordered semigroup possessing a greatest element usually denoted by “e”. An abstract formulation of
the results for le-semigroups has been given in [4]. In this type of semigroups, the ideal elements (instead of
ideals) play the essential role. The paper in [4] is in the same spirit with the abstract formulation of general
topology (the so-called topology without points) initiated by Koutsky [12], Nobeling [13] and, even earlier, by
Chittenden, Terasaka, Nakamura, Monteiro and Ribeiro (see [7]).

The present paper, as a continuation of the papers in [5, 10], shows the way we pass from the results
on ordered semigroups considered in [1] to ordered I'-hypersemigroups. It is shown that an ordered T'-
hypersemigroup is semisimple if and only if the ideals of S are idempotent. On the other hand the ideals of S
are idempotent if and only if for all ideals A, B of S, we have ANB ={t € S|t < ayb for some a € A, b €
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B, v € T'}. The main results are the following: (a) The ideals of an ordered I'-hypersemigroup S are weakly
prime if and only if they form a chain and S is semisimple and (b) The ideals of an ordered T'-hypersemigroup
S are prime if and only if they form a chain and S is intraregular. It should be mentioned here that the
concepts “prime” and “both semiprime and weakly prime” ideals are the same and that in commutative ordered
I'-hypersemigroups the prime and weakly prime ideals coincide. The sets in the proofs show their pointless

character and that they come from the poe-semigroups.

2. Prerequisites

Let S and T be two nonempty sets. The set S is called a T'-hypergroupoid [6] if the following assertions are
satisfied:

(1) if a,b € S and v € T', then @ # ayb C S and

(2) if a,b,c,d € S and v, € T' such that a = ¢, v = p and b = d, then ayb = cud.

If S is a I'-hypergroupoid then, for every v € I, we denote by 7 the operation on the set P*(S) of all
nonempty subsets of S defined by

A3B = U ayb
acA,beB

and by T' the operation on P*(S) defined by

ArB := | ] A9B.
~€er

As one can easily see, AI'B = U ayb. As a consequence, the following holds:
a€A,beB, veT

x € AI'B if and only if x € avyb for some a € A,;b € B,y €T}

from which we have the following: if a € A, b€ B and v € ', then ayb C AT'B.
We write, for short, aI'b instead of {a}I'{b}.

Lemma 2.1 [6, Lemma 3.5] If S is a hypergroupoid then, for any x,y € S and any v € I', we have
{z{y} = vy

Lemma 2.2 [6, Lemmas 3.6 and 3.8] If S is a T -hypergroupoid, A, B,C,D nonempty subsets of S, v € T,
ACB and C C D, then A'C C BI'D and A5C C B¥D.

A T-hypergroupoid S is called a I'-hypersemigroup [6, Definition 3.14] if, for any a,b,c € S and any
v, € I', we have

{a}7y(bpe) = (avb)i{c}.

Lemma 2.3 [6, Proposition 3.17] If S is a T -hypersemigroup then, for any nonempty subsets A, B,C of S,
we have (AT'B)I'C = AT'(BI'C).

Lemma 2.4 [8, Lemma 2] If S is a T -hypersemigroup then, for any nonempty subsets A, B,C of S and any
v, €T, we have (A¥B)aC = A5(BuC).
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Lemma 2.5 (see also [6, Proposition 3.13]) If S is a T'-hypergroupoid then, for any nonempty subsets A, B
of S, we have

(1) (AUB)I'C = ATCUBTIC and

(2) AT(BUC)=ATBUAIC.

Lemma 2.6 If S is a I'-hypergroupoid then, for any nonempty subsets A, B of S, we have
(1) (AnB)I'C C ATCNBTC and
(2) AT(BNC)C A'BnAI'C.

Proof (1) Let x € (ANB)I'C. Then z € dyc forsome d€ ANB, yel', ceC. Sincede A, veI', ce C,
we have dyc = {d}7{c} C AT'C. Since d € B, v €T', ¢ € C, we have dyb = {d}7{b} C BI'C'. Thus we have
x € ATC N BT'C. The proof of (2) is similar. O

Lemma 2.7 [6, Proposition 3.12] If S is a T -hypergroupoid, A is a right ideal of S and B is a left ideal of S,
then ANB # 0.

A T'-hypergroupoid S is called commutative if AI'B = BI'A for any nonempty subsets A, B of S.
A T-hypergroupoid S is called an ordered I'-hypergroupoid [8] if there exists an order relation < of S
such that a < b implies ayc < byc and cya =X ¢yb for every ¢ € S and every v € I', in the sense that for every

u € ayc there exists v € byc such that u < v and for every u € cya there exists v € ¢yb such that u < wv.

Lemma 2.8 [9, Lemma 2.2] If S is an ordered T -hypergoupoid, a <b, ¢ < d and v € T, then ayc < byd.

For an ordered I'-hypersemigroup S and a nonempty subset A of S, denote by (A] the subset of S
defined by:

(A] := {t € S such that t < a for some a € A}

and, for any nonempty subsets A, B of S, we have S = (5]; A C (A];if A C B, then (4] C (B]; ((4]] = (4];
if A is a right (or left) ideal of S, then (A] = A (see also [1] -as the order does not play any role in these

properties).

3. Main results
Definition 3.1 [9, Definition 2.5] Let S be an ordered T -hypergroupoid. A nonempty subset A of S is called
an ideal of S if

(1) STAC A, AT'S C A; that is if x € sya for some s€ S, vy, a€ A, then x € A and if x € ays
for some a€ A, yeTl', s€ S, then x € A.

(2) ifa€ A and S>b<a, then b€ A; that is if (A] = A.

Definition 3.2 Let S be a I —hypergroupoid or an ordered T —hypergroupoid. A nonempty subset T of S is called
prime if, for any nonempty subsets A, B of S such that AUB C T, we have ACT or BCT.

For A ={a} and B = {b} we write, for short, aI'b instead of {a}I'{b}.
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Proposition 3.3 Let S be a TI'-hypergroupoid or an ordered I -hypergroupoid and T a nonempty subset of S.
The following are equivalent:

(1) T is prime.

(2) For any a,b € S such that al'b C T, we have a €T or beT.

Proof (1) = (2). Let a,b € S such that aI't C T. Since {a},{b} are nonempty subsets of S,
al’b := {a}I'{b} C T and T is prime, by (1), we have {a} CT or {b} CT;thatisacT or beT.

(2) = (1). Let A, B be nonempty subsets of S such that ATB C T'. Suppose that A ¢ T and let b € B.
We will prove that b € T'. For this purpose, take an element a € A such that a € T. By Lemma 2.2, we have
{a}T{b} C ATB C T ie. al'b CT. Since a,b € S such that aI'b C T, by (2), we have a € T or b € T'. Since
a T, wehave b € T. Thus we get B C T and T is prime. O

Definition 3.4 Let S be a I’ —hypergroupoid or an ordered T'-hypergroupoid. A nonempty subset T of S is called
weakly prime if, for any ideals A, B of S such that ATB C T, we have ACT or BCT.

Definition 3.5 Let S be a T ~hypergroupoid or an ordered T'-hypergroupoid. A nonempty subset T of S is called
semiprime if, for any nonempty subset A of S such that ATA C T, we have ACT.

Proposition 3.6 Let S be a I —hypergroupoid or an ordered I" —hypergroupoid and T a nonempty subset of S.
The following are equivalent:
(1) T is semiprime.

(2) For any a € S such that al'a C T, we have a € T.

Proof (1) = (2). Let a € S such that al'a C T'. Since {a}I'{a} C T and T is semiprime, we have {a} C T
andso a €T'.
(2) = (1). Let A be a nonempty subset of S such that ATA C T and let a € A. By Lemma 2.2, we have

al’a C ATA C T. Since a € S and al'a C T, by (2), we have a € T'. Thus we have A C T and so T is
semiprime. O

Definition 3.7 Let S be a I’ ~hypergroupoid or an ordered T -hypergroupoid. A nonempty subset T of S is called
weakly semiprime if, for every ideal A of S such that ATA C T, we have ACT.

Lemma 3.8 [9, Lemma 2.6] If S is an ordered T -hypergroupoid then, for any nonempty subsets A, B of S, we

have
(A]T'(B] C (AT'B].

Lemma 3.9 [9, lemma 2.8] If S is an ordered hypergroupoid then, for any nonempty subsets A, B of S, we

have

(ATB] = (AF(B}] - ((A]FB} - ((A]F(B]].
Lemma 3.10 [9, Lemma 2.17] If S is an ordered T -hypersemigroup then, for any subsets A,B,C of S, we
have

(AP(B]PC} = (ATBLC).
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Lemma 3.11 Let (S,T',<) be an ordered I"-hypergroupoid and A, B nonempty subsets of S. Then we have the
following:

(1) If A and B are ideals of S, then the sets AN B and AU B are also ideals of S.
In particular, if S is an ordered T -hypersemigroup, then we have the following:

(2) If A is a left ideal of S and B is a right ideal of S, then (AT'B] is an ideal of S.

(3) (STATL'S] is an ideal of S for every nonempty subset A of S.

Proof (1) Let A, B be ideals of S. By Lemma 2.7, AN B is a nonempty set. Moreover we have
(ANB)I'SCATSNBI'SC ANB and ST(ANB) C STANSTBC ANB. If t € ANB and S >y < x, then
y€ AN B. Thus AN B is an ideal of S. Similarly, AU B is an ideal of S.

(2) Let A be a left and B a right ideal of S. Then (AI'B] is a nonempty subset of S and we have
(ATBITS = (ATBII(S] C ((AFB)FS} (by Lemma 3.8)
- (AF(BFS)} (by Lemma 2.3)
c (arm,

ST(ATB] = (S|T(ATB] C (SF(AFB)} = ((SFA)PB] C (ATB.

Let x € (AT'B] and S 5 y < z. Since z € (AI'B], we have © < t for some t € A'B. Then we have
y <te A'B and so y € (AI'B]. Thus (AI'B] is an ideal of S.

(3) Let A be a nonempty subset of S. Then we have

(STATSITS = (STALS|D(S] C ((SFAFS)FS] (by Lemma 3.8)

N

(SFAF(SFS)} (by Lemma 2.3)

C (STAT'S] (since STS C 9),

ST(STAT'S] = (ST (STAT'S] C (SF(SFAFS)} = ((SFS)FAFS} C (STATS].

Let z € (STATS] and S 3 y < z. Since = € (STAT'S], we have x < t for some t € STAT'S. We have
y <t e STAT'S and so y € (STAT'S]. Thus (STAL'S] is an ideal of S. O

Proposition 3.12 Let S be an ordered T -hypergroupoid. An ideal T of S is weakly prime if and only if for
every ideals A, B of S such that (ATB] N (BTA] C T, we have ACT or BCT.

Proof =—. Let A, B be ideals of S such that (AI'B] N (BI'A] C T'. By Lemma 3.11(2), the sets (AI'B]
and (BT'A] are ideals of S. Thus we have

(ATB|T(BT'A] C (ATB]I'S N ST(BT'A] C (AT'B] N (BT A] C T.

Since (AT'B], (BT'A] are ideals of S, (AT'B]I'(BT'A] C T and T is weakly prime, we have (AT'B] C T or
(BTA) C T, then ATB C T or BTACT. If ATB C T then, since A,B are ideals of S and T is weakly
prime, we have ACT or BCT. If BTAC T, in a similar way, we get ACT or BCT.
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<. Let A, B beideals of S such that AT'B CT. Then (AI'B]N(BT'A] C (AT'B] C (T] = T. By hypothesis,
we have ACT or BCT and so T is weakly prime. O

For a nonempty subset A of an ordered hypersemigroup S, we denote by I(A) the ideal of S generated
by A and we have I(A) = (AUSTAUAT'S U STAT'S] (see [9, Lemma 2.7]). When is convenient we write, for
short, A3, A* instead of ATAT'A, ATAT AT A and so on.

Lemma 3.13 If S is an ordered T -hypersemigroup and A, B nonempty subsets of S, then we have

I(A)TI(B) C (STBU STBT'S] (3.1)
I(A)3 C (STATS] (3.2)

If S is commutative, then
I(A)TI(B) C (ATBUSTAT'B| (3.3)

Proof

I(A)TI(B)

(AUSTAUATSUSTATS|I'(BU STB U BI'S U STBI'S]

N

((A USTAU AT'S U STATS)I'(BU STB U BI'S U STBT'S)|.

On the other hand,

(AUSTAU AT'S U STATS)I'(B U ST'B U BI'S U STBT'S)

= AIBUSTAI'BUAI'STBUSTAISTBUAI'STB U STAI'STBU AT'ST'STB U STAI'STST'B
UAl'BI'S U STAI'BT'SUAI'STBT'S U STAT'STBT'S U AT'STBI'S U STATI'ST'BI'S
UATSTSTBT'S U STAI'ST'STBT'S
C STBUSTBT'S.

This is because
AT'B C STB; STAT'B = (STA)I'B C ST'B; AT'STB = (AI'S)I'B C ST'B;
STATSTB = (STAT'S)I'B C ST'B as STAI'S = (STA)I'S C STS C S;
ATSTSTB = (AT'STS)I'B C ST B, as AT'ST'S = AT'(ST'S) C AT'S C S;
STAT'STSTB = (STAT'ST'S)I'B C ST'B as STAT'STS = STAT'(ST'S) C STAT'S;
AT'BTS C STBT'S; STAT'BT'S = (STA)I'BT'S C STBT'S; ATSTBIS = (AT'S)I'BT'S C STBT'S;
STATSTBT'S = (STAT'S)I'BT'S C STBI'S as STAT'S = ST(AT'S) C ST'S C S,
ATSTBT'S = (AT'S)I'BI'S C STBT'S;
STATSTBT'S = (STAT'S)I'BI'S C STBI'S as STAT'S = (STA)I'S C ST'S C S;
ATSTSTBT'S = (AT'ST'S)I'BI'S C SI'BT'S as AT'ST'S = AT'(ST'S) C AT'S C S;
STATSTSTBT'S = (STAT'STS)I'BI'S C STBI'S as STAI'ST'S = (STA)I'(ST'S) C STSCS.
Thus we have I(A)T'I(B) C (STB U STBI'S] and property (3.1) holds.

3281



KEHAYOPULU/Turk J Math

By (3.1), we have

I(A C (STAUSTATS|T(AUSTAUATSU STATS]

N

((SFA USTATS)I(AUSTAU AT'S U STATS)

= (SI‘AI‘A USTAI'STAU STATAT'S U STAT'STATI'S U STAT'STAU STAT'ST'ST A

USTATSTAT'S U SFAFSFSFAFS}

C (STALS]

and property (3.2) holds.
If S is commutative, then I(A)T'I(B) C (AT'BUSTAT'B] (and property (3.3) holds).

This is because
a) AI'STB = (AT'S)I'B = (STA)I'B = STAI'B (since S is commutative ).

(

(b) STAT'STB = ST(ATS)I'B = ST(STA)TB = (ST'S)TAT'B C STATB.

(¢) ATSTSTB = AT(ST'S)TB C ATSTB C STATB (by (a)).

(d) STATSTSTB = STAL(ST'S)I'B C STAT'STB C STAL'B (by (b)).

(e) ATBT'S = AT'(BI'S) = AT(ST'B) = (AT'S)I'B = (STA)T'B = STAT'B.

(f) STATBT'S = STAT(BT'S) = STAT(STB) = STAT'STB C STATB (by (b)).

(g) ATSTBI'S = (AT'S)T'BT'S = (STA)I'BT'S = STATBT'S C STAT'B (by (b)).

(h) STATSTBI'S = STAT'ST(BT'S) = STAIST(ST'B) = STAT(ST'S)I'B C STAT'STB C ST'AT'B
(by (b))

(i) ATSTBI'S = (AT'S)I(BT'S) = (STA)T(STB) = ST(ATS)I'B = STAT'STB C STAT'B (by (b)).

(j) STATSTBI'S = ST(AT'S)['(BI'S) = ST(STA)[(STB) = (ST'S)TAT'ST'B C STAI'STB C STAI'B
(by (b))

(k) ATSTSTBT'S = AT(ST'S)TBT'S C ATSTBT'S C STATB (by (i)).

(1) STATSTSTBIS = STAT(ST'S)I'BI'S C STATSTBT'S C STAT'B (by (j)).
O

Proposition 3.14 An ideal T of an ordered T -hypersemigroup S is prime if and only if it is semiprime and

weakly prime. In commutative ordered T -hypersemigroups the prime and weakly prime ideals coincide.

Proof If T is prime, then clearly it is semiprime and weakly prime. For the converse statement, suppose T is
an ideal of S both semiprime and weakly prime and let A, B be nonempty subsets of S such that ATB C T'.
Then

(BDSTAJT(BISTA] C ((BFS)F(AFB)F(SFA)] c (SF(AFB)FS} C (STTTS] C (T] = T.

Since T is semiprime, we have (BT'STA] C T. Then we have
(STBLS|D(STALS] C (SF (BF(SFS)FA)FS} c (SF(BFSFA)FS
= (SP(BPSPA}PS] C (STTTS] C (T) =T.
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Since (STBT'S], (STAT'S] are ideals of S and T is weakly prime, we have (STBI'S] C T or (STAT'S] C T.
Let (STATS] C T. Then we have

(I(A)FI(A)}FI(A) - (I(A)FI(A)}F(I(A)} C (I(A)FI(A)FI(A)

C ((SFAFS]] (by Lemma 3.13)

= (STATS|CT.

As I(A) is an ideal of S, (I(A)I‘I(A)] is an ideal of S (by Lemma 3.11(2)), and T is weakly prime, we have

(I(A)FI(A)} CTor I(A)CT. I I(A)C T, then ACT. If (I(A)I‘I(A)} C T, then I(A)TI(A) C T then,

since T is weakly prime, we have I(A) C T and so A C T. From (STBI'S] C T, in a similar way, we get
B C T. Therefore T is prime.

Let now S be commutative, T a weakly prime ideal of S and A, B nonempty subsets of S such that
AT'B C T. Then, by (3.3), I(A)TI(B) C (ATBUSTATI'B] C (TUSTT]) = (T) =T. Since I(A), I(B) are
ideals of S, I(A)TI(B) C T and T is weakly prime, we have I(A) CT or I(B) CT,then ACT or BCT

and so T is prime. O

Definition 3.15 Let S be an ordered T -hypergroupoid. A subset T of S is called meet-irreducible if for any
ideals A, B of S such that ANB =T, we have A=T or B=T.

Proposition 3.16 Let S be an ordered 1" -hypergroupoid. If a subset A of S is weakly prime, then it is meet-

trreducible. If an ideal of S is weakly semiprime and meet-irreducible, then it is weakly prime.

Proof =—. Let T be an weakly prime subset of S and A, B be ideals of S such that AN B =1T. We have
ATB CAT'S C A and ATBC STBC B andso ATBC ANB =T. Since A, B are ideals of S, ATBCT
and T is weakly prime, we have A CT or B C T. Then we have A=T or B=T and T is meet-irreducible.
<=. Let T be an weakly semiprime and meet-irreducible ideal of S and A, B be ideals of S such that
ATB C T. By Lemma 3.11(1), AN B is an ideal of T". On the other hand, (AN B)I'(ANB) C ATB C T.
Since T is weakly semiprime subset of S and AN B is an ideal of S, we have AN B C T. Then we have
T=TU(ANB)=(TUA)N(TUB). Since T',A,B are ideals of S, by Lemma 3.11(1), TUA and TU B are
ideals of S. Since T is meet-irreducible, we have TUA =T or TUB =T. Then ACT or BCT and T is
weakly semiprime. O

Definition 3.17 [11, Definition 2.16] An ordered T -hypersemigroup S is said to be semisimple if for every
a € S there exist x,y,z,t €S and v, u,p,{ € ' such that

t € (zya)u(ypa)({z} and a < t.

Proposition 3.18 Let S be an ordered T -hypersemigroup. The following are equivalent:

(1) S is semisimple.

(2) For every a € S there exist v, p,p,( €' such that a € (Sﬁ{a}ﬁSﬁ{a}ZS} .
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(3) For any nonempty subset A of S, we have A C (STATSTAT'S].
(4) For any a € S, we have a € (STal'STal'S].

Proof (1) = (2). Let a € S. Since S is semiprime, there exist z,y,z,t € S and ~, 1, p,{ € T such that
t € (vya)fi(ypa)({z} and a < t. Since a < t € (vya)f(ypa)({z}, by Lemmas 2.1, 2.4 and 2.2, we have

ae (anea{=| = ({oyHalnlyptalci=}] C (sT{a}nspialcs

and property (2) is satisfied.
(2) = (3). Let A be a nonempty subset of S and a € A. By (2), there exist v,u,p,( € T' such that
a e (Si{a}ﬁSﬁ{a}ZS}. We have S7{a} C ST{a} C STA, S7{a}uiSp{a} C STAmSp{a} C STATSTA,

SH{a}uSp{a}(S C STATSTATS. Thus we have a € (STAT'STAT'S] and property (3) holds.
The implication (3) = (4) is obvious.

(4) = (1). Let a € S. By hypothesis, we have a € (STal'STaI'S], thus a <t for some ¢t € STal'STal'S =
(STal'S)I'(aI'S) (C S). Then we have

t € upv for some u € (STa)I'S, peT', veal'S,

u € wuy for some w e STa, pel’, ye S, we xya for some x € S, vy €I and

v € alz forsome (€T, z€ S.
Hence we obtain

teupv = {u}p{v} C (wpy)p(az) (by Lemmas 2.1 and 2.2)
({whafy})a({a}Ciz}) (by Lemma 2.1)
{wha({y}pla})Ciz} (by Lemma 2.4)

C  (zya)i(ypa)({z} (by Lemmas 2.1 and 2.2).

Then t € (zya)fi(ypa)({z}, where x,y,2,t € S and a <t and so S is semisimple. O

Definition 3.19 A nonempty subset A of an ordered T"-hypergroupoid S is called idempotent if A = (AT A].
That is, for every a € A, there exist byjc € A, v €T and t € byc such that a <t and if x <t and t € byc for
some b,ce A, ve€ T, then z € A.

Theorem 3.20 Let S be an ordered T'-hypersemigroup. The following are equivalent:
(1) S is semisimple.
(2) The ideals of S are idempotent.

(3) AN B = (AT'B] for any ideals A, B of S.

(4)

4) I(A)NI(B) = (I(A)FI(B)} for any nonempty subsets A, B of S.

(5) I(A) = (I(A)I‘I(A)} for every nonempty subset A of S.
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Proof (1) = (2). Let A be an ideal of S. If x € (AT'4], then = € (AI'S] C (A] = A and so x € A. Let
now x € A. Since S is semisimple, by Proposition 3.18, we have x € (STzI'STzI'S]. Then x < ¢ for some
t € ST2I'STxT'S = (ST2I'S)I'(2'S) (by Lemma 2.3) and ¢ € avyb for some a € ST2I'S, v € T', b € 2I'S. Since
a€ STeI'S CSTATS C A, beal'SCAI'S C A and v € T', we have ayb C ATA. We have x <t € AT'A and
so x € (AT'4].

(2) = (3). Let A, B be ideals of S. Then (AT'B] C (AT'S] C (A] = A and (AT'B] C (STB] C (B] = B and
o (A'B] € AN B. By Lemma 3.11(1), AN B is an ideal of S thus, by (2), we have

ANB = ((A N B)[(AN B)} C (ATB].
Thus we get AN B = (AI'B] and property (3) holds.
The implications (3) = (4) and (4) = (5) are obvious.
(5) = (1). Let A be a nonempty subset of S. By hypothesis, we have I(A4) = ((I(A)FI(A)} . Then we have
I(A)TI(A) = ((I(A)FI(A)} TI(A) = ((I(A)FI(A)}F(I(A)} C (I(A)U(A)U(A)} ,
I(AP C (I(A)FI(A)FI(A)}FI(A) - (J(A)FI(A)U(A)]P(J(A)} c (I(A)U(A)N(A)U(A)] .
We continue at the same way, and we have
I(A) C (I(A)FI(A)FI(A)PI(A)FI(A)} .

Hence we have

I(A) = (1 } ((I(A)FI(A)FI(A)H - (I(A)U(A)FJ(A)} c ( (I(A)FI(A)FI(A)FI(A)H
— (1 )H(A)] C <(I(A)FI(A)FI(A)FI(A)FI(A)}}
_ ( (A)FI(A))FI(A)} c (str(a)] < (1(4)] = 1(4)
(as I(A)TI(A) C STS C S, I(ATI(ATI(A) C STI(A) C STS C S, I(ATI(ATI(ATI(A) C STI(A) C S).

Thus we have

I(A) = (I(A)FI(A)FI(A)FI(A)FI(A)} - (I(A)ﬂ.
On the other hand, by Lemma 3.13, we have

I(A)TI(A)TI(A) C (STATS].

Then we have

I(A)*

N

(STATSIT(AUSTAU AT'S U STAT'S|

= (STAT'STAUSTATSTATS].

(STATS)T'(AUSTAUATS U STATS)

STATSTAU STAT(STS)TAU STATSTAT'S U STAT(STS)TATS
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~
N

T
N

(STATST AU STATSTATS|T(AU STAU AT'S U STATS]

N

((SFAPSFA U STATSTATS)I(AU STAU AT'S U STAT'S)

(STATSTATAU STATSTATSTAU STATSTATAT'S

USTATSTAT'STAL'S U STAI'STAT'STAU STAT'STAT'ST'ST A
USTATSTATSTAT'S U STAT ST AT'ST ST AT'S]

(STATSTAT'S].

N

Therefore, we have

ACI(A) = (I(A)ﬂ C ((SFAFSFAFS]} = (STATSTATS].

Hence we obtain A C (STAT'STAT'S] for every A € P*(S) and, by Proposition 3.18(3) = (1), S is semisimple.

The equivalence (2) < (3) holds in ordered I'-hypergroupoids in general. O

Remark 3.21 In the above theorem we tried to use sets (instead of elements) to show the pointless character

of the results. However, conditions
(1) I(a) N I(b) = (I(a)LI(b)] or
(2) I(a) = (I(a)TI(a)]
for any a,b € S, also characterize the semisimple T -hypersemigroups. From (2) one can prove that S is

semisimple exactly as in (5) = (1) of Theorem 3.20.

Remark 3.22 We have seen in [10, Theorem 3.15] that for an le-semigroup S the following are equivalent:
(1) S is semisimple [4, 10]. (2) a Nb=ab for any ideal elements a,b of S. (3) a* = a for any ideal element
a of S. (4) Every ideal element of S is weakly semiprime. Therefore, the following theorem also holds.

Theorem 3.23 An ordered T'-hypersemigroup S is semisimple if and only if every ideal of S is weakly
semiprime.

Proof Let T be an ideal of S and A be an ideal of S such that AT'A C T'. Since S is semisimple, by
Theorem 3.20 (1) = (5), we have I(A) = (I(A)FI(A)} . Since A is an ideal of S, we have I(A) = A. Then we

have A= (AT'A] C (T =T, then A CT and so T is weakly semiprime.

The “<=-part can be proved by and easy modification of the proof of (4) = (1) in [10, Theorem 3.18] (in fact by
replacing the * by I') as follows: Let A be a nonempty subset of S. Then we have I(A)® C (STAT'STA] and
since (STAT'ST'A] is an ideal of S and S is weakly semiprime, we have A C (STAT'ST'A] and by Proposition
3.18(3) = (1), S is semiprime. O

Theorem 3.24 Let S be an ordered T -hypersemigroup. The ideals of S are weakly prime if and only if they
form a chain and one of the nine equivalent conditions given in Theorem 3.20, Remark 3.21 or Theorem 3.23

holds in S.
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Proof =—. Let A, B be ideals of S. Since (AT'B] is an ideal of S, by hypothesis, it is weakly prime. Since
A, B are ideals of S, AT'B C (AT'B] and (AT'B] is weakly prime, we have A C (AT'B] or B C (AT'B]. Then
we have A C (STB] C (B]=B or BC (AI'S]C (Al = A ie. AC B or BC A, and the ideals of S form a
chain. For the rest of the =-part of the theorem, it is enough to prove that the ideals of S are idempotent.
For this purpose, let A be an ideal of S. By Lemma 3.11(2), (AT'4] is an ideal of S. By hypothesis, (AT 4]
is weakly prime. Since A is an ideal of S, ATA C (AT'A] and (AT'A] is weakly prime, we have A C (AT'A]. If
now x € (AT A], then x € (AT'S] C (A] = A and so x € A. Thus we have A = (AT'A4].

<=. Suppose condition (3) of Theorem 3.20 holds in S and let A, B,T be ideals of S such that A'B C T'.
By hypothesis, we have A C B or BC A. If A C B then, we have A= ANB=(AI'B]C(T]=T.1If BC A,
then B=ANB = (AT'B] CT. Thus we have ACT or BC T and so T is weakly prime. O

As a consequence, the following theorem holds.

Theorem 3.25 The ideals of an ordered T'-hypersemigroup S are weakly prime if and only if they form a chain
S is semisimple.

Definition 3.26 [9, Definition 2.10] An ordered T -hypersemigroup S is called intraregular if for every a € S
there exist x,y,t € S and v,u,p € T such that t € (xya)i(apy) and a < t.

This is equivalent to saying A C (STATATS] for any nonempty subset A of S [9, Proposition 2.11].

Proposition 3.27 (For ordered semigroups see [2]). If S is an intraregular ordered T -hypersemigroup then,
for any nonempty subsets A, B of S, we have

(STATBI'S] = (ST BT AT'S).

Proof Let A, B be nonempty subsets of S. Since S is intraregular and AT'B is a nonempty subset of S, by

[9, Proposition 2.11], we have
ATB C (sr(ArB)r(ArB)rs] = ((SFA)FBFAF(BFS) C (STBTATS].

Then

ST(ATB)I'S C ST(STBTATS|TS = (S|T(STBTATS|T(S]

C ((SI‘S)I‘BI‘AF(SFS)} C (STBTALS].

Thus we have (STATBILS] C ((SFBFAFS]} = (STBTATS]. By symmetry, we have (STBLALS] C
(STAT'BT'S] and equality holds.

Proposition 3.28 Let S be an ordered 1" -hypersemigroup. If S is intrareqular, then it is semisimple. If S is
commutative and semisimple, then S is intraregular. Therefore, a commutative ordered T -hypersemigroup is

semisimple if and only if it is intrareqular.
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Proof =. Let A be a nonempty subset of S. Since S is intraregular, we have

A C (STATATS] C (SP(SFAFAPS]FAPS (by Lemma 2.2)

SF(SFAPAFS)FAPS} (by Lemma 3.10)

(SFS)TAPAFSPAFS] (by Lemma 2.3)

TN TN TN TN

- SPAFAPSFAFS] (since ST'S C S)
- SFAF(APS)FAPS} (by Lemma 2.3)
C (STAT'STATS] (since AT'S C S).

By Proposition 3.18(3) = (1), S is semisimple.

<. Let A be a nonempty subset of S. Since S is semisimple, by Proposition 3.18(1) = (3), we have

A C (STATSTATS] = (SFAF(SFA)FS (by Lemma 2.3)
- (SFAF(AFS)FS} (since S is commutative)
- (SF(AFA)F(SFS)} (by Lemma 2.3)
c (SF(AFA)FS} (since ST'S C S)
= (STAT'AT'S) (by Lemma 2.3).
By [9, Proposition 2.11], S is intraregular. O

Theorem 3.29 Let S be an ordered T'-hypersemigroup. The ideals of S are prime if and only if they form a

chain and S is intraregular.

Proof —. If the ideals of S are prime, then they are weakly prime, so, by Theorem 3.24, they form a chain.
To show that S is intraregular, let A be a nonempty subset of S. By [9, Proposition 2.11], it is enough to prove
that A C (STAT'AT'S]. By Lemma 3.11(3), the set (STAT'AT'S] is an ideal of S; by hypothesis, (STAT'AT'S]
is prime, and so semiprime as well. Since (AT'A)I'(AT'A) C (STATAT'S] and (STAT'AT'S] is semiprime, we
have ATA C (STATAT'S] and A C (STATAT'S].

<=. Since S is intraregular, the ideals of S are semiprime. In fact, if 7" is an ideal of S and A a nonempty

subset of S such that AT A C T then, since S is is intraregular, by [9, Proposition 2.11], we have
AC (SF(AFA)FS C (STTTS] = ((SFT)FS} C (TTS| C (1] =T,

then A CT and so T is semiprime.
Since the ideals of S are semiprime we have (1) and (2) below:
(1) I(A) = (STATS] for every nonempty subset A of S. Indeed:
(ATA)T(AT'A) C (STAT'S], where (ST AT'S] is an ideal of S. Since (ST AT'S] is semiprime, we have AT'A C

3288



KEHAYOPULU/Turk J Math

(STAT'S] and A C (STAT'S]. Then we have I(A) C (STAT'S] C I(A), then I(A) = (STAT'S] and condition
(1) is satisfied.

(2) I(2Ty) = I(x) N I(y) for every z,y € S. Indeed:
Let z,y € S. We have 2I'y C I(x)I'S C I(z) and zT'y C STI(y) C I(y), thus we have I(zT'y) C I(z) N I(y).
Let now t € I(x) N I(y). By (1), we have t € I(x) = (ST2I'S] and ¢ € I(y) = (STyI'S]. Then we have

t < u for some u € ST'z['S and t < w for some w € STyI'S.

Since u € (STz)I'S, we have u € vub for some v € STz, p €', b€ S. Since v € STz, we have v € alx for
some a € S, ( € I'. Then we have

u € b = {w}{b} < (aCo)lb} = {a}T{a}{b}.
Since w € ST(yI'S), we have w € £z for some c€ S, £ € ', z € yI'S. Since z € yI'S, we have z € ywd for
some w €', d € S. Then we have

w € c€z = {c}é{z} C {c}e(ywd) = {c}&{y}w{d}.

Hence we obtain
t <u, where u € {a}{{z}{b} for some a,b € S, {,u €T,

t < w, where w € {c}¢{y}w{d} for some ¢,d € S, £&,w € T.

Let now v € I'. By Lemma 2.8, we have
trt % wyu = {w)i{u} € ({€yioia) )7 ({a)Cladiiv} ) = {}€({y}o{abiia)Cle} ) afb}.
On the other hand, {y}w{d}7{a}{{z} C I(2Ty). Indeed: We have

(tn@tdia)lia} )T (e{driellia}) < SClair{y)es

= SC(al'y)wS C ST (2Ty)I'S C I(2T'y).

Since the ideal I(zI'y) is semiprime, we have

{yyo{d}z{a}({z} C I(aTy),
and then
(€ (@l diT{a)Cie) ) B} C (JEITyR{b) C STIETY)TS C I(aTy).

Hence we obtain ¢yt < wyu C I(2Ty) for every v € T'. Then tI't C I(2T'y). Indeed: Let z € tI't. Then
z € tpt for some p € I'. Since tyt = wyu C I(zl'y) for every v € I', we have tpt < wpu C I(2T'y). Since
tpt < wpu and z € tpt, there exists h € wpu such that z < h. We have z < h € wpu C I(zI'y) and so
z € I(zT'y). Therefore, tI't C I(al'y). Since tI't C I(2T'y) and I(zTy) is semiprime, we have t € I(aT'y).
Thus I(x) NI(y) C I(zT'y), and property (2) is satisfied.

Let now T be an ideal of S and a,b € S such that aI'db C T'. By hypothesis, I(a) C I(b) or I(b) C I(a).
If I(a) C I(b) then, by property (2), we have a € I(a) = I(a) N I(b) = I(al'b) CI(T) =T and so a € T. If
I(b) C I(a), then b€ I(b) =I(a)NI(b) =1I(al'b) CI(T)=T and so b € T. By Proposition 3.3, T is prime.
O
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Corollary 3.30 (For ordered semigroups see [2]). An ordered T -hypersemigroup S is intraregular and the ideals
of S form a chain if and only if, for any nonempty subsets A, B of S, we have

A C (STATBTS] or B C (STALBTS).

Proof = . If S is intraregular and the ideals of S form a chain, then, by Theorem 3.29, the ideals of S are
prime. Since (STAI'BT'S] is an ideal of S and (AT A)['(BI'B) C (STAT'BT'S], we have AT'A C (STATI'BI'S]
or BB C (STAT'BT'S], then A C (STAT'BI'S] or B C (STAT'BTS].

<. Suppose that for any nonempty subsets A, B of S, we have A C (STAI'BT'S] or B C (STAT'BT'S].
To prove that S is intraregular and the ideals of S form a chain, by Theorem 3.29, it is enough to prove
that the ideals of S are prime. For this, let 7' be an ideal of S and A, B nonempty subsets of S such that
AT'B C T. By hypothesis, we have A C (STAT'BT'S] or B C (STAT'BT'S]. If A C (STAT'BT'S], then we have
AC(STTTS] C (STS]C(T=T. If BC (STAI'BT'S], then B C (STTTS] C T. Thus we have A C T or
B CT and T is prime. O

Remark 3.31 According to the present paper, the results on ordered semigroups in [1] hold not only for elements

but for sets as well that shows that the results on [1] are also based on le (poe )-semigroups.

Remark 3.32 A poe-semigroup S is called intrareqular if for every a € S we have a < ea’e. It is called
semisimple if a < eaeae for every a € S [4]. The abstract formulation of Proposition 3.27 is the following: If
S is an intraregular poe-semigroup then, for any a,b € S, we have eabe = ebae. In fact, if a,b € S then, since
S is intraregular, we have ab < e(ab)?e = eababe < ebae, then eabe < e*bae? < ebae. By symmetry, we have
ebae < eabe and equality holds. The abstract formulation of Proposition 3.28 is as follows. If S is intraregular
and a € S, then a < ea’e < e(ea’e)ae = (e?a)acae < eaecae and so S is semisimple. If S is commutative and

2

semisimple, then a < e(ae)(ae) = e(ea)(ae) = e*a’e < ea’e and so S is intraregular.

4. Examples
We apply the results of this paper to the following examples.

For the first example we have to give the following definitions:

An ordered I'-hypersemigroup S is called regular if for every a € S there exist x,t € S and v, u € T’
such that ¢t € (ayz)i{a} and a <t [9, Definition 2.3]. An ordered I'-hypersemigroup S is regular if and only
if for any nonempty subset A of S we have A C (AT'ST'A] [9, Proposition 2.4]. An ordered I'-hypersemigroup
S is called right regular if for every a € S there exist x,t € S and 7, € T such that ¢t € (aya)p{z} and a <t
[9, Definition 2.13]; equivalently if A C (AT'AT'S] for every nonempty subset A of S [9, Proposition 2.14]. It is
called left regular if for every a € S there exist z,¢t € S and ~,u € T" such that t € {x}7(apa) and a < t ]9,
Definition 2.13]; equivalently if A C (STAT' A] for any nonempty subset A of S [9, Proposition 2.15].

Example 4.1 Here we give some examples of ordered T -hypersemigroups in which the ideals are idempotent.

In a regular ordered T -hypersemigroup the right (or left) ideals are idempotent. In fact, if A is a right ideal of
S, then A C (AT'ST'A] = ((AI‘S)FA} C (AT'A] C (AT'S] C (A] = A and so (AT'A] = A. Therefore, in a regular

ordered T -hypersemigroup, the ideals are idempotent. If S is a semisimple ordered T -hypersemigroup and A
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is an ideal of S, then A C (STATSTALS] = ((SFA)FSF(AFS)} C (ADSTA] = ((AFS)FA} C (AT4] C

(ATS] C (A] = A and so A is idempotent. As a result, in an intraregular ordered T -hypersemigroup the ideals
are idempotent. The right (or left) reqular ordered T -hypersemigroups are intraregular. In fact, if S is right

reqular and A 1is a nonempty subset of S, then A C (ATAT'S] C (AF(AFAFS]FS} = (AF(AFAFS)FS} =

(AFAFAF(SFS)} C (STATAT'S] and so S is intraregular. Thus in right regular or left reqular ordered

I"-hypersemigroups, the ideals are idempotent.

Remark 4.2 Regarding Fxample 4.1, clearly, the idea comes from the poe-semigroups. If S is a regular
poe -semigroup and a is a right (resp. left) ideal element of S, then a < aea = (ae)a < a? < ae < a (resp.
a < aea < alea) < a? < ea < a) and so a®> = a. If S is an intrareqular poe-semigroup and a is an ideal

2=a. If S is a semisimple poe-semigroup

element of S, then a < ea’e = (ea)(ae) < a? < ae < a and s0 a
and a is an ideal element of S, then a < eaeae < (ea)e(ae) < aea < a? < a and so a® = a. If S is a right
reqular poe-semigroup, then a < a’e < a(a?e)e < ea’e so a < ea’e for every a € S and so S is intrareqular.
If S is a left reqular poe-semigroup, then a < ea® = e(ea?)a < ea’e for every a € S and so S is intraregular.

For the necessary definitions see [/] and [6].

Example 4.3 We consider the ordered T -semigroup S = {a,b,c,d} given by Tables 1 and 2 and Figure 1.
Using the methodology described in [11], from this ordered T -semigroup the ordered T -hypersemigroup given by
Tables 3 and 4 and the same figure (Figure 1) can be obtained. This is an intraregular ordered T -hypersemigroup

as, for example,
a € (aya)i(aya) = {a}u{a} = apa = {a,b,c} and a <a.

b€ (ayb)(bya) = {b}u{a,b,c} = U bux = buaUbubUbuc = {a,b,c} and b <b.
z€{a,b,c}

c € (eyo)u(eye) = {a,b,c}uf{a,b,c} = U Ty
z€{a,b,c},ye{a,b,c}

= apaUapbU apcUbua UbubU bucU cpa U cpb U cuc = {a, b, ¢} and ¢ < c.

d € (dyd)7(dvd) = {d}7{d} = dyd = {d} and d <d.
The set of all nonempty subsets of S is the set

{{a}, {6}, {c}, {d}, {a, b}, {a, c}, {a,d}, {b,c}, {b,d}, {c,d}, {a,b,c}, {a, b, d},
{a,c,d}, {b, ¢, d}, S}.

The only ideals of S are the sets {a,b,c} and S and they form a chain. Indeed, we have
ST'{a} = ST{b} = ST{c} = {a,b,c} € {a},{b},{c} that means that {a}, {b}, {c} cannot be ideals.
ST{d} = {a,b,c,d} € {d} that means that {d} cannot be ideal.
ST'{a,b} = ST{a,c} = ST{b,c} = {a,b,c} € {a,b},{a,c},{b,c} and so {a,b}, {a,c}, {b,c}

are not ideals.
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ST{a,d} = ST{b,d} = ST{c,d} = ST{a,b,d} = ST{a,c,d} = ST{b,c,d} = {a,b,c,d}

¢ {a,d},{b,d}, {c,d}, {a,b,d},{a,c,d}, {b,c,d}
and so {a,d},{b,d},{c,d},{a,b,d},{a,c,d},{b,c,d} cannot be ideals.

On the other hand,
ST{a,b,c} ={a,b,c} C{a,b,c}.
{a,b,c}T'S ={a,b, c}{~,u}{a,b,c,d} = {a,b,c} C{a,b,c}.
Let x € {a,b,c} and {a,b,c,d} >y < x. We have the following cases:
(a) x =a and {a,b,c,d} >y <a. Then y=a € {a,b,c}.
(b) £ =0 and {a,b,c,d} >y <b. Then y=>b € {a,b,c}.
(¢) x=c and {a,b,c,d} 2y <c. Theny=a or y=>b or y=c and so y € {a,b,c}.
Therefore, the set {a,b,c} is an ideal of S.
Theorem 3.29 can be applied and the set {a,b,c} is a prime ideal of S. Independently, one can write
a computer program to see that {a,b,c} is the only proper ideal of S. As S is intraregular, by Proposition

3.28, it is semisimple as well and so Theorem 3.20 can be also applied. As a consequence, the ideals of S are
idempotent and for any ideals A, B of S, we have AN B = (AT'B]. Independently,

({a, b, c}T{a,b, c}] ({a, b, cHv, u}{a,b, c}}

= (ayaUaybUaycUbyaUbybUbycUcyaUeybU evye

Uapa U apb U ape U bpa U bub U bue U cua U cub U cud]

({a,b7 c}} = {a,b,c} (as {a,b,c} is an ideal of S)

= {a,b,c} N{a,b,c}.
({a, b, c}T'{a,b, c, d}} {a,b, c}{v, u}{a,b,c, d}] = ({a,b, c}} = {a,b,c} = {a,b,c} Nn{a,b,c,d}.
({a, b,c,d}T{a,b, c}} {a,b, e, d}{v, p}{a,b, c}} = ({a,b7 c}} = {a,b,c} = {a,b,c,d} N{a,b,c}.

({a, b, ¢, d}T{a,b,c, d}} = {a,b,c,d} = {a,b,c,d} N {a,b,c,d}.

-
-

Table 1. The w-operation of Example 4.3.

w a b c d
a a b c a
b c c c b
c c c c c
d a b c d

Example 4.4 We consider the ordered T -semigroup S = {a,b,c,d,e} given by Tables 5 and 6 and Figure
2. From this ordered T -semigroup the ordered T -hypersemigroup given by Tables 7 and 8 and the same figure

(Figure 2) can be obtained. This is an intraregular ordered T -hypersemigroup as, for example,
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Table 2. The ¢-operation of Example 4.3.

Figure 1. The order of Example 4.3.

13 a b c d
a c c c b
b c c c c
c c c c c
d c c c b
c
e d
b

Table 3. The y-hyperoperation of Example 4.3.

¥ a b c d

a | {a} {0} f{a,b,c} | {a}

b {a,b,c} {a,b,c} {a,b,c} {b}

c {a,b,c} {a,b,c} {a,b,c} {a,b,c}
d | {a} {o} {a,b,c} | {d}

Table 4. The p-hyperoperation of Example 4.3.

a € (aya)i(aya) = {a}u{a} = apa = {a} and a < a,

b € (byb)f(byb)

¢ € (eye)y(eye) = {c}7{c} = ecye={c} and ¢ <c,
d € (dyd)¥(dvd) = {c,d}7{c,d} = eye Ueyd U dyeUdyd = {c,d} and d < d,
e € (eve)fi(eye) = {e}u{e} = epe = {e} and e <e.

L a b c d

a {a,b,c} {a,b,c} {a,b,c} {b}

b {a,b,c} {a,b,c} {a,b,c} {a,b,c}

c {a,b,c} {a,b,c} {a,b,c} {a,b,c}

d {a,b,c} {a,b,c} {a,b,c} {b}
{a,b,e}i{a,bey = | apy

z,ye{a,be}

apa U apb U ape U bua Ubub U bue U eua U eub U epe = {a,b,e} and b < b,
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The set of all nonempty subsets of S is the set

{{a}’ {o}. {ct, {d}, {e},{a, b}, {a, c},{a, d},{a, e}, {b,c}, {b,d}, {b,e}, {c,d},{c e}, {d, e},
{a,b,c},{a,b,d},{a,b, e}, {a,c,d}, {a,c e}, {a,d, e}, {b,c,d}, {b,c, e}, {b,d, e}, {c d, e},

{a,b.¢,d} {a,b.c.ch, {a,bd,e}, {a.c.d.e}, {b,e.d,e}, S}

As in the previous example, one can check that the sets {a,b,e} and S are ideals of S and there is no any other
ideal of S. As the ideals {a,b,e} and S clearly form a chain, according to Theorem 3.29, they are prime ideals.
As this is an example of semisimple ordered I'-hypersemigroup as well, the results of the paper concerning the

semisimple ordered I -hypersemigroup can be also applied.

Table 5. The w-operation of Example 4.4.

w a b c d e
a a b a b a
b a b b b b
c a b c d e
d a b d d b
e a b e b e

Table 6. The (-operation of Example 4.4.

¢ a b c d e
a a b a b a
b a b b b b
c a b e b e
d a b b

e a b e b e

Table 7. The y-hyperoperation of Example 4.4.

a b c d e

{a} | {a,be} | {a} {a,b.e} | {a}

{a} {a,b,e} {a,b,e} {a,b,e} {a,b, e}
{a} | {a,be} | {c} {c, d} {e}

{a} {a,b,e} {c,d} {c,d} {a,b, e}
{a} | {fa,be} | {e} {a,b.e} | {e}

|| || |2

Example 4.5 We consider the ordered T -semigroup S = {a,b,c,d,e} given by Tables 9 and 10 and Figure 3.
From this ordered T -semigroup the ordered I -hypersemigroup given by Tables 11 and 12 and the same figure

(Figure 3) can be obtained. This is an intraregular ordered T -hypersemigroup as, for example,
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Table 8. The p-hyperoperation of Example 4.4.

I a b c d e

a | {a} | {abe} | {a} {a,b,e} | {a}

b {a} {a,b,e} {a,b,e} {a,b,e} {a,b,e}
c {a} {a,b,e} {e} {a,b,e} {e}

d {a} {a,b,e} {a,b,e} {a,b,e} {a,b,e}
e | {a} | {abe} | {e} {a,b.e} | {e}

b
d

Figure 2. The order of Example 4.4.

a € (aya)iiaya) = {a} and a <a, be (byb)a(byd) = {a,b} and b <b,
c € (eye)y(eye) ={c} and ¢ < c, d e (dyd)y(dyd) ={d} and d <d,
e € (eve)y(eye) = {e} and e <e.

The sets {a,b}, {a,b,d}, {a,b,e}, {a,b,d,e} and S are the only ideals of S and they do not form a

chain. However, the ideals of S could be prime, but they are not. The ideal {a,b} is not weakly prime as

{a,b,d}{v,u}{a,b, e} = {a,b} but {a,b,d} € {a,b} and {a,b,e} < {a,b}.

The ideal {a,b,d, e} is weakly prime as
{a,b}T{a,b} = {a,b}, {a,b}I{a,b,d} = {a,b}, {a,b}'{a,b,e} = {a,b},
{a,b}T{a,b,d, e} = {a,b}, {a,b}I{a,b,c,d, e} ={a,b},
{a,b,d}'{a,b} = {a,b}, {a,b,d}{a,b,d} = {a,b,d}, {a,b,d}{a,b,e} = {a,b},
{a,b,d}I'{a,b,d,e} = {a,b,d}, {a,b,d}I'{a,b,c,d, e} = {a,b,d},
{a,b,e}T{a,b} = {a,b}, {a,b,e}'{a,b,d} = {a,b}, {a,b,e}'{a,b,e} = {a,b, e},
{a,b,e}T{a,b,d,e} = {a,b,e}, {a,b,e}{a,b,c,d,e} = {a,b,e},
{a,b,d,e}I'{a,b} ={a,b}, {a,b,d,e}{a,b,d} = {a,b,d}, {a,b,d,e}I'{a,b,e} = {a,b, e},
{a,b,d,e}I'{a,b,d,e} ={a,b,d, e}, {a,b,d,e}{a,b,c,d, e} ={a,b,d, e},
{a,b,¢,d,e}{a,b} = {a,b}, {a,b,¢,d,e}{a,b,d} = {a,b,d}, {a,b,c,d,e}I'{a,b,e} = {a,b, e},
{a,b,c,d,e}{a,b,d,e} = {a,b,d,e}.

The ideals {a,b,d} and {a,b,e} are weakly prime as well.

If we take the ordered T -semigroup given by Tables 9 and 10 and change Figure 3 to Figure 4, then we
obtain the ordered T -hypersemigroup given by Tables 13 and 14.

This is an intrareqular T -hypersemigroup as, for example,
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Table 9. The p-operation of Example 4.5.
b d

DA |O [T |

QI ||| |2
o lalolo|alo
ol oo

SRS RSN ES

b
b
b
b
b

Table 10. The (-operation of Example 4.5.

¢ a b c d e
a a b a b a
b a b a b a
c a b a b a
d a b a b a
a b a b a
b
€ o
e d
) C
a

Figure 3. The order of Example 4.5.

Table 11. The ~-hyperoperation of Example 4.5.

a b c d e
fa} | {a,b} | {a} fa,0} | {a}
fa} | {a,b} | {a,b} | {a,b} | {a,b}
{a} | {a,b} | {c} {d} {e}
fa} | {a,b} | {d} {d} {a, b}
e | {a} | {a,b} | {e} {a,0} | {e}

o |ofe |2

a € (aya)i(aya) = {a} and a < a, b€ (byb)u(byb) =S and b <D,
¢ € (eye)y(eye) = {c} and c<ec, d € (dyd)F(dyd) = {d} and d <d,
e € (eve)y(eve) = {e} and e < e (and so semisimple as well)

having the S as its only ideal that clearly is prime.

Let us finally give an example of an intraregular poe-semigroup to apply the results mentioned in Remark
3.32.
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Table 12. The p-hyperoperation of Example 4.5.

L a b c d e

a | {a} | {ab0} | fa} | {a,b} | {a}
b | {a} | {ab0} | fa} | {ab} | {a}
¢ | fa} | {ab} | {a} | {ab} | {a}
d | {a} | {a,b} | fa} | {a,b} | {a}
e | {a} | {a0} | {a} | {a,b} | {a}

Table 13. The ~-hyperoperation of Example 4.5 related to Figure 4.

¥ a b c d e
a {a} S {a} S {a}
b | {a} | 5 | S 3 3
c | fap | S | {c} | {d} | {e}
d | {a} | S | {d} | {a} | S
e | {a} | S | {et | S {e}
Table 14. The p-hyperoperation of Example 4.5 related to Figure 4.
I a b c d e
a | {a} | S | {a} | § | {a}
b {a} S {a} S {a}
c | {a} | S | {a} | § | {a}
d {a} S {a} S {a}
e {a} S {a} S {a}
b
a
(&
d
C

Figure 4. The (second) order of Example 4.5.

Example 4.6 The poe-semigroup S = {a,b,c,d,e} defined by Table 15 and Figure

semisimple as well. From the fact that S is commutative and semisimple, we also get that S is intraregular.

Also, for any a,b € S, we have eabe = ebae.

The poe -semigroup S = {a,b,c,d, e} given by Table 16 and Figure 6 is intraregular and not commutative.

However, it is semisimple.

Note: There is mistake in the proof of the implication (4) = (1) in [10, Theorem 3.15] that affects the

is intrareqular and so
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Table 15. The multiplication of Example 4.6 related to Figure 5.

a b c d e
a c b a b e
b b b b b b
c a b c b e
d b b b b b
e e b e b e

e
a
c
b
d

Figure 5. The order of Example 4.6 related to Table 15.

Table 16. The multiplication of Example 4.6 related to Figure 6.

a b c d e
a e b a d e
b b b b b b
c e b c d e

d b d d d

e b e d e

e
a
d
c
b

Figure 6. The order of Example 4.6 related to Table 16.
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proof of (4) = (1) of [10, Theorem 3.18] as well corrected in Theorem 3.23 above. In Theorem 3.15, after the

(r(l(a))5 < eaeae, we should write (r(l(a))8 < eaeae and, since eaeae is an ideal element of S and S is weakly

semiprime, we have a < (r(l(a)) < eaeae and so S is semiprime.

I would like to thank the two anonymous referees for their time to read the paper carefully and their

prompt reply.
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