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Abstract: A third-order damped neutral sublinear differential equation for which its differential operator is oscillatory
is studied. Sufficient conditions are given under which every solution is either oscillatory or the derivative of its neutral

term is oscillatory (or it tends to zero).
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1. Introduction

Consider the third-order nonlinear differential equation
2" 4 q(t)2 +r(t)|z(ot)] sgn z(o(t)) =0, t>0 (1.1)
with
2(t) =z(t) + a(t)x(T(t)) , (1.2)

where A € (0,1], ¢ € C(Ry), r € C(R}), a € C(Ry), 0 € C(R), 7 € C(R), Ry = [0,00), R = (00,0),
q(t) >0, r(t) >0, a(t) >0 for t € R} and tlim o(t) = tlim 7(t) = o0.
oo — 00

Throughout the paper the following hypotheses are assumed.

(Hy) o€ CYR), 7€ CYR), o(t) < 7(t) <t for t € R and constants o; and 7y exist such that 0 < /() < oy
and 0 <719 < 7'(t) for t € R;

(Hs) the associated linear equation h” + ¢(t)h =0, ¢t > 0 is oscillatory.

Sometimes, the following hypothesis is assumed:

(H3) numbers ag and a1 exist such that 0 < ag < a(t) < ay holds for t € R .

Definition 1.1 Let T € Ry and Ty = o(T). Then a function x is said to be a solution of (1.1) on [T, 00)

if x is defined and continuous on [Ty,00), z € C3?[T,o0) and (1.1) is satisfied on [T, 00), where z is given by

(1.2). A solution x is said to be nonoscillatory if x(t) # 0 for large t; otherwise it is said to be oscillatory.
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A continuous function v € C[T,00) is said to be oscillatory if there exists an increasing sequence of its zeros

tending to the infinity.

We need to define some types of (1.1) which are studied below.

Definition 1.2 FEquation (1.1) is said to have Property A if every solution is either oscillatory or z(t)z'(t) <0

for large t and tlim 2(t) = 0. It is said to have Property A° if every solution x is either oscillatory or
—00

tlim 2(t) = 0 or 2’ oscillates. It is said to have Property A* if every solution x is either oscillatory or 2’
—00

oscillates.

In all the paper, if we study a solution x of (1.1), z is given by (1.2) without mentioned it.

The oscillation and the asymptotic behavior of solutions of third order differential equations are still of an
intensive investigation. Some equations have applications in the mathematical modelling in biology and physics,
see e.g., [6], the study of entry-flow phenomenon [10], the regulation of a stream turbine [16], the propagation
of electrical pulses in the nerve of a squid [14] and the feedback nuclear reactor problem [18].

Most of oscillation results, connected with (1.1) and its special cases, are written on the equations taken

the form either
2" (1) + q(t)2' (t) + ()| x(o(1))] sen z (o (t)) = 0 (1.3)

or, more generally,
(ra()(r1 ()2 (1)) + Q(1)2' (t) + R(t)|z (o (1)) |/\x(o(t)) =0 (1.4)
with r, € C(Ry), Q € C(Ry), Re C(Ry), ri(t) >0, Q) >0, R(t) >0 for t € Ry and ¢ =1,2. The most

results are devoted to equations for which
W' +qt)h =0 ((r2(t)(r1()R)") + Q(t)h = 0) (1.5)

is nonoscillatory in case of (1.3) (of (1.4)). Mainly, sufficient conditions have been studied under which equation
(1.3) ((1.4)) has Property A, see e.g., [1], [2], [5], [6] and the references therein.

In the recent years, the above given results are generalized for the neutral equation of the form either
(1.1) (see e.g., [3]) or

(r2(t)(r1(1)2)) + R()| (o (t))| sen (o (t)) =0, (1.6)

see e.g., [7], [8], [13], [15], [17] and the references therein.
Notice that the investigation of (1.1) or (1.3) or (1.4) (if (1.5) holds) consists in the very known equivalent
transformation into the two-term equation with quasiderivatives (1.6) or (1.4) (with @ = 0) or (1.4) (with

Q@ = 0), respectively. Moreover, any nonoscillatory solution x of (1.6) satisfies
2(t)2'(t) #0 for large t. (1.7)

If equation A" 4+ ¢g(t)h = 0 is oscillatory, a transformation of (1.1) into (1.6) does not exist in a
neighborhood of oo and (1.7) does not hold for (1.1) as a nonoscillatory solution z, satisfying z(t) # 0 for large
t and 2’ oscillates, may exist, see e.g., [11] for equation (1.3). This is the reason why Property A° is studied

instead of Property A, see e.g., [1] for equation (1.3) or [2] for (1.4).
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If r is large with respect to ¢, then, under some hypotheses on A, o and 7, solutions satisfying (1.7) of

the equation

2 4 q)" +r(t)|x(o(t)] z(o(t) =0 (1.8)

do not exist (z is given by (1.2)), see also [4]. Moreover, in [9] sufficient conditions are given for every nontrivial

solution = of (1.8) to have 2" oscillating,.
To the best of our knowledge, nothing is known regarding Property A* for (1.1). Hence, our goal is to
study either Property A® or Property A* for (1.1) if (Hz) holds.

In all the paper, 0~! (77!) denotes the inverse function to o (7). For a sake of brevity, we define

F(t) = G(t) =
7(t) Srg%r(s), q(t) Srg%)q(S),

Alt) =0 (t) = h((t), t ERy.

Notice, that according to (Hy), h and hy are increasing.

2. Preliminaries

To prove our main results, we first present some lemmas to be used in the process.

Lemma 2.1 ([12] Lemma 5.2) Let [a,b] C R, m > 2 be integer, u € C™[a,b] and g; = r2?§b|u(i)(t)|,

1=0,1,...,m. Then
0; < 2—1m!mm(b . a)_iQO + 2(i—1/m)(m—i) (m!)(m—i)/mmm—i

(= i/mgiim = 0,1, m.

x 0

Lemma 2.2 Let [a,b] CR, u € Cla,b], (—1)"uP(t) >0 for t € [a,b], i =0,1,2 and let u"(b) = gligbu”(s).

Then u(a) > (b — a)?u”(b).

Proof As

b
—d(5) > —(s) + /() = / V() dt > (B)(b— s)

S

for a < s < b, the integration implies

b b
u(a) > u(a) — u(b) = f/ u'(s)ds > / u” (b)(b—a)ds = %(b —a)%u"(b).
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Lemma 2.3 Let A=1, 0 <a < b < oo, there exist ag such that 0 < ag < a(t) for t € [h1(a),h1(b)] and let
x be a solution of (1.1), defined on [hy(a),0), satisfying

z(o(t)) >0 fortela,b], 2'(t) <0 forte [hi(a),b]. (2.1)
Then
|2"(t)| < K z(hi(a)) for tE€ a,b], (2.2)
where qg = angliigbq(t), ro = anglg;(br(t) and
K= max{% +72 [(b4_qoa)2/3 + (2—2)2/3} 345620 | - (2.3)
Proof Let z be a solution of (1.1) (with A = 1) satisfying (2.1). Put ¢g = 3%, c1 = 4, ¢3 = ﬁ,

3 =433 g = a@?§b|z(i)(t)|, 1=20,1,2,3 and g, = z(hl(a)). Hence, using (2.1), 0o < 0«. Applying

Lemma 2.1 with v =2z, m = 2, we get

01 < ¢cpoo + 01(9092)1/2 . (2.4)

Similarly, Lemma 2.1 with v = z, m = 3 implies

02 < c200 + 030(1)/305/3- (2.5)

Now we estimate g3 using (1.2) and (2.1):
(0(t) < (alha(£) " 2(ha(t)) < aioz(hl(a)) - &

for t € [a,b]. From this and from (1.1)
"o
03 < qoo1 + 1o arg?%(bx(o(t)) < qoo1 + CTOQ* . (2.6)

Furthermore, (2.4), (2.5) and (2.6) imply

1/3 1/2 1/2 | To 12/3
02 < c200 + 6300/ [cogooo + ClQOQo/ Qg/ + ;Q*] /

Fon2/3
< ¢o0x +—32/30391/3{(00qogo)2/3 + (gt o oy/® + (251) 93/3}
0

< Qi/g [0491/3 + 0595/3] (2.7)

)2/3

with ¢4 = co + 32/303[(coq0)2/3 + (T—O ], cs = 3*3cs(eiqo)?/?. If C4Q,1k/3 > csgé/s, then (2.7) implies

ao

02 < 2¢q404. If 0491/3 < C5Q§/3, then (2.7) implies g2 < 20592/3@/3; hence 05 < (2¢5)%/20,. Thus, in both
cases

02 < max (2cy, (265)3/2)Q* =K z(hi(a))

and (2.2) holds. O
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Lemma 2.4 Suppose (Hs) with ag > 1 and x is a solution of (1.1) such that

z(o(t)) >0, 2/(t) <0 on [T,00) CR;. (2.8)
Then
-1
2(o(t) > L=z(h(t)) for t>h(T). (2.9)
apay
Proof It follows from [5, Lemma 1] and a(t) < ag. O

Lemma 2.5 Suppose A =1, g€ CY(Ry), (H3) with ap > 1, = is a solution of (1.1) satisfying (2.8) and

AR (2.10)
for t >T. Then
F(t) := =22"(t)2(t) — q(t)2*(t) + (z'(t))2 <0 (2.11)
for t>T and
/oo [2“0 — L - q'(t)] 22 (hy (1)) dt < oo. (2.12)
T apay
Proof Let x be a solution of (1.1) with (2.8). Then
F'(t) =2r(t)z(t)z(o(t)) —d'(t)22 (), t>T. (2.13)

According to (2.10), (2.13) and Lemma 2.4

F(t) > 2%r(t)z(t)z(h1(t)) —d(H)2()
> [2“0 e q(t)]22 (ha(t)) >0 (2.14)
apaq

for t > h(T). Case z”(t) <0 for large ¢ is impossible as, otherwise, z becomes negative due to (2.8). Hence,
either

1° 2"(t) > 0 for large t, or

2° 2" changes its sign infinitely many times.

Let us choose an increasing sequence {¢x}72, such that t; > h(T), klim tr = oo and tj is arbitrary
— 00

in case 1° (2”(tx) = 0 and 2z’ has local maxima at tr, k = 1,2,... in case 2°). It is easy to see that

lim 2'(tx) = 0 as, otherwise, z becomes negative for large ¢ and that contradicts (2.8). Hence, klim F(ty) <0
—00 —00

and (2.11) follows from this and from (2.14). Finally, (2.11) and (2.14) yield (2.12). O

3. Property A°

The following theorems show the possible types of nonoscillatory solutions of (1.1).
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Theorem 3.1 Any nonoscillatory solution x of (1.1) either satisfies

2(t)2'(t) <0 for large t (3.1)
or 2’ oscillates.
Proof It is similar as the one of Theorem 2.1 in [1] given for (1.3). O

Remark 3.2 Notice that Theorem 3.1 is valid without hypotheses (Hy) and g > 0.

Theorem 3.3 Suppose q € CY(R,), (H3) holds with ag > 1 and

i -1
[2Lr(t) - q'(t)} dt =00 in case A\ =1, (3.2)
0 apay
and for any K >0
/ [K r(t) — q’(t)} dt =00 in case A< 1. (3.3)
0

Equation (1.1) has Property A°.

Proof Let x be a nonoscillatory solution of (1.1) which is positive for large ¢ (case z < 0 can be studied
similarly). Suppose that (1.1) has not Property A®. Then Theorem 3.1 implies the existence of Ty > 0 and
¢ > 0 such that z(o(t)) >0, 2(t) >0, 2/(t) <0 for t > Tj and

lim z(t) =c. (3.4)

t—o0

At first, suppose A = 1. There exists T > T such that (3.2) and z(t) < 2¢ hold for ¢t > T'. From this, (2.10)
is valid, and Lemma 2.5, (2.12) and (3.4) imply

/Oo [2‘10 — L - q’(t)} dt < 00

T apay

This contradicts (3.2).
Now, let 0 < A < 1. Then z is the solution of the equation

2"+ q(t)z' + R(t)z(o(t)) =0 (3.5)

on [Ty, 00) with R(t) = 22~ (a(t))r(t). According to (3.4), T > Ty exists such that z(t) < 2¢ for t > T'. From
Lemma 2.4 and (2.9)

R(t) > (a;)O;11)Aflzk_l(hl(t))r(t) > (206120211))\71 rt)

for t > Ty = h(t) > T'. Hence, using (3.3),

oo

/T - [2“20;113(15) —q()]dt > /T {2’\(%7_1)/\0)‘7"(15) — ()] dt = oo.

apay
Thus, (3.2) is valid for (3.5) and according to proved part of the theorem for A = 1, tli}m z(t) = 0. This
oo

contradicts (3.4). O
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Theorem 3.4 Suppose ¢ € C1(Ry), ¢'(t) <0 for large t and [ r(t)dt = co. Then (1.1) has Property A° and
0

for any nonoscillatory solution x of (1.1)
liminf 2(t) = 0. (3.6)

t—o0

Proof Let z be a nonoscillatory solution of (1.1) such that z(o(t)) > 0 and ¢'(¢) < 0 for ¢ > T > 0 (case
z(o(t)) < 0 can be studied similarly). With respect to Theorem 3.1 it is necessary to prove (3.6). Suppose,
contrarily, that ¢ > 0 exists such that x(o(t)) > ¢ for ¢t > T. If F' is given by (2.11), then

F'(t) = 2r(t)z(t)x™ (o (t) — ¢ (t)2%(t) > 22T (t) > 0
for ¢t > T'; hence,

lim F(t) = F(t) + 2cM! /00 r(t)dt = c0. (3.7
t—o0 T

Suppose (3.1) is valid. Then z is bounded and limsup z’(¢) = 0 (otherwise z becomes negative). Case 2" <0
t—o0

for large t is impossible as, otherwise, z becomes negative. Let {t;}72, be an increasing sequence such that

t1 > T, klim tr, = oo and z’(tx) = 0 in case z” oscillates (¢ is arbitrary if z” > 0 for large ¢). From this,
—00

{F(tr)}32, is bounded which contradicts (3.7).

Suppose 2’ oscillates. Then an increasing sequence {tj}7°, exists such that ¢; > T, klim t, = oo and
— 00

Z"(ty) >0, k=1,2,.... Then (2.11) implies {F(tx)}3>, is bounded which contradicts (3.7). O

Remark 3.5 (i) Notice that Theorem 3.4 is valid without the hypothesis (Hy).

(ii) In [1, Theorem 4.1 and Corollary 4.3] equation (1.3) is investigated under the hypotheses ¢ € C1(R),

q(t) > qo >0, ¢'(t) <0 for large t. It is proved that [ r(t)dt = co is necessary and sufficient condition for
0
oo
(3.6). Hence, Theorem 3.4 generalizes this result even for (1.3) and hypothesis [ r(t)dt = oo cannot be weaken.
0

4. Property A*

In this paragraph, Property A* is studied for (1.1). Notice that nothing is known even for its special case (1.3).

At first, two results are formulated for the linear equation.

Theorem 4.1 Suppose A =1, (Hs), 77 1(o(t)) < 7(t) < t,

(M /T;) r*(s) ds — q(t)) (h(r(t)) —)* > 1 (4.1)

and

- r(t)\%/3 _
M/T(t)r (s) ds—72(a—0) > H(t) + q(t) (4.2)
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for large t, where M = min (a%, almm) and

H(t) = max { Alfi) + 72( A‘ét) q(t))2/3,3456\/§(j(t)} . (4.3)

Then (1.1) has Property A*.

Proof According to Theorem 3.1, it is sufficient to prove that a solution x of (1.1), satisfying (3.1), does not
exist. Hence, suppose, contrarily, that there is a solution x of (1.1) such that the hypothesies of Theorem 4.1
hold for ¢t > T and

z(c(t) >0, 2(t) >0, 2'(t) <0 fort>T>0 (4.4)

(case z(o(t)) < 0 can be studied similarly). Put v(¢) = z”(t) and notice that ' = <. Then (1.1) implies

(6(h(©) +a(h(0) () + v (h(®)ale)o (r(0)
o [W(A(E))) (z(h(ut)))’
<h (t){ vt a(h(t)) WD (4.5)
+r(h(®)a(r(t)) | =0
for t > T. Similarly,
(o)) +a(o ) (21 (1)) + Uilr(a—l(t))x(t) <0 (4.6)

for t > T'. Now, (4.5) and (4.6) imply

= (0o () +o(h(8) = a(e™ (1) (2(0 (1))

) (4.7)
+a(h(t)) (2(h(t))) + Mr*(t)=(t)
for t > T'. Notice that (Hy) yields
t<h(o@t)) <h(t)<o (t), t>T. (4.8)
The integration of (4.7) from 7(t) to ¢, (4.4) and (4.8) imply
—(w(e™ () +o(h(r(1)) = at)(2(e~ (1) = 2(h(t)))’
1 () (2(h(8)) — 2(h(r (1)) + M / RECEOLE wo)

> 2(t) | M / r(s)ds — q(1)]
(1)
for t > T. To estimate v(c~1(t)), we apply Lemma 2.3 with a = h(t) and b = o~1(¢). From this, (2.3) and
from (4.3)

(o2 (1))] < Hi(1)=(2) (4.10)
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for t > T, where Hy(t) = H(t) + 72(77(’&))2/3. To estimate v(h(7(t))), two possibilities are considered:

ao

1° There exists an increasing sequence {tx}7>, such that T' < ¢y, klim tr = oo and
— 00
v(h(r(ty))) <0 k=1,2,...

2° v(t)>0 for t>T*>T.
Case 1°. Due to (4.9), (4.10) and (4.11)
t

Hi(t)=(ty) > [M/

o e ds = gt s(te)

k=1,2,... that contradicts (4.2) for k — co.

(4.11)

Case 2°. We have litm infv(t) = 0 as, otherwise, 2z’ becomes positive; it contradicts (4.4). Hence, an increasing
—00

sequence {t;}52, exists such that t; > T*, klim t = oo and
—0o0

U(h(T(tk))) - tkﬁsg}ll(g(tk)) U(S) k=12

Hence, Lemma 2.2 (with a =t;, b= h(r(t;)), u = z) implies

(0) 2 5 (hlr(ts) = ) 0 (A(r(00)

From this and from (4.9)

122

2 (h(r(t)) — 1) 22(th) > =(ta) [M/

T(tk)

r(s) ds — q(ty)|
that contradicts (4.2) for large k.

Theorem 4.2 Suppose A =1, q € C1(Ry), (H3) with ag > 1, n € C(Ry) exists such that

hi(t) <n(t) <t,

(ao -1 /nt r(s)ds — q*(t)) (n(t) — hl(t))2 > 92

aoar Jy(r)

and

o) 2 2% s (220, A7)

for large t, where ¢*(t) = (11)1<ax< q(s). Then (1.1) has Property A*.
n(t)<s<t

(4.12)

(4.13)

(4.14)
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Proof Due to Theorem 3.1, it is sufficient to prove the nonexistence of a solution x of (1.1) satisfying (3.1).
Hence, let, contrarily, there exist 7' > 0 and a solution x of (1.1) such that (4.12), (4.13), (4.14) and

z(o(t)) >0, 2(t) >0, 2'(t) <0 (4.15)

hold for ¢t > T. Put ¢ = ‘Zz;} > (0. There are three possibilities:
(i) 2" <0 for large t;
(ii) 2" >0 for large t;

(iii) 2" changes its sign infinitely many times.
Case (i). It is impossible as, otherwise, z becomes negative for large ¢, see (4.15).

Case (ii). Equation (1.1), (4.15) and Lemma 2.4 imply

2"+ q(t)2 (t) + er(t)z(ha (1)) < 2"+ q(t)2' (1)

+r(t)z(o(t) =0

for t > T5 = h(T1). From this, from (4.15) and by the integration from n(t) to ¢, ¢t > Ty

(1) + () (2(8) — 2(n(0))) + e=(ha(8)) / s

t t

q(s)z'(s) ds + c/( )r(s)z(hl(s)) ds <0;
n(t

< 2"(6) " (n(t) + |

n(t)

hence,

n(t)
¢
> [c/ r(s)ds — q*(t)}z(hl(t)) . (4.16)
n(t)
As litm inf 2”(t) = 0 (otherwise 2z’ becomes positive for large ¢, see (4.15)), an increasing sequence {tj}7°,
—00
exists such that t; > Tp, lim ¢, = oo and 2”(tx) = min  2”(s), k = 1,2,.... From this and from
k—o0 hy(ty)<s<t

Lemma 2.2 (with a = hyi(tg), b =n(tg)) we get

2(h(tr)) = = (n(tx) — ha(t)) 2" (n(t)) s k=1,2,...

[N

The application to (4.16) for t = t;, implies

2 > [c/m) r(s)ds — q*(tk)] (n(tx) = (tn))*, k=1,2,...

which contradicts (4.13) for large k.
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Case (iii). If F;(t) = —2"(t)2/(t), then

Fl(t) = q(t) (') + r(1)2 (W (a(t)) — (2"(1))*, t>T.

As 2'(t) < 0, Fy changes its sign infinitely many times and an increasing sequence {t;}7°, exists such that
t1 > T, klim tp = 00, 2"(ty) =0 and Fi(t) < 0 in a left neighborhood of tx, k =1,2,.... From this and from
— 00
Fi(ty) =0
’ ’ 2 ’
0 S Fl(tk) = q(tk)(z (tk)) + r(tk)z (tk).%'((f(fk)) ) (417)

k=1,2,.... Furthermore, (4.17) and Lemma 2.4 yield

tr) r(te) r(tk)
2 (t >r( z(o(ty)) > ¢ z2(hi(tg)) > c 2(tr) , 4.18
£t 2 Gy mlot) 2 ey t)) > e yete) 19
ti > h(T). On the other side, Lemma 2.5 implies
g(t)22(t) + (2 (t6))° <0, k=1,2,...
Hence, from this and using (4.18)
7(tx) 1/2
Cq(tk)z(tk) < q " (t)z(tr)
that contradicts (4.14) for large k. O

The next theorem is devoted to the sublinear case.

Theorem 4.3 Suppose that A <1, € € (0,2), &1 >0, ¢ € C*(Ry), (Hs) with ag > 1, n € C°(Ry) are such
that for large t

ha(t) <m(t) <t, (4.19)
(2= ! / r(s)ds — ¢*(8)) (n(t) — ha(t))” > e, (4.20)
a0a1 Jy(r)
r(t) > e1¢®%(t) (4.21)
and for any K >0
/O T Kr(t) - ¢ (0)] dt = 0, (4.22)

h *(t) = . Then (1.1) has P ty A*.
where q*(t) n(glg;(gtq(s) en (1.1) has Property

Proof Similarly to the proof of Theorem 4.2, suppose, contrarily, that there exist 7" > 0 and a solution =
(1.1) such that (4.19), (4.20), (4.21) and

2(o(t)) >0, 2(t) >0, 2'(t) <0 (4.23)
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hold for ¢ > T'. Then Theorem 3.3 and (4.22) imply

lim x(t) = lim z(t) =0. (4.24)

t—o0 t—o0
Furthermore, x is the solution of the equation

2 4 qt)2 + R)z(o(t)) =0 (4.25)
for t > T with
R(t) = r(t)z* "t (c(®))- (4.26)

Put a* = 2944 > 0. In virtue of (4.24), there exists Ty > T' such that

*

A1 (o(t)) > max (g, Z—l) . (4.27)

Now, we apply Theorem 4.2 to equation (4.25). Then (4.20), (4.26) and (4.27) imply

(& [ Roas =) 60 -mo)* = (5 [ 2o

a* () a* Jnw) €

hence, (4.13) is valid for (4.25). Furthermore, using (4.21), (4.26) and (4.27) we get

*

R(t) =rt)z* " (o(t)) > a—r(t) > a*¢*2(t). (4.28)
€1

Moreover, according to (4.22), To > T} exists such that

K 2
qt)<dt)+—<=r(t), t>T
t €1
From here and from the first inequality in (4.28)
R(t) > Zr(t) > a'd (1)/2. (4.29)
1

Thus, (4.28) and (4.29) imply the validity of (4.14) for (4.25). As all hypotheses of Theorem 4.2, applied to
(4.25), are satisfied, 2z’ oscillates and it contradicts (4.23). O

5. Special case

Remark 5.1 Theorems 4.2 and 4.3 can be applied to Equation (1.3) as it is equivalent with

’

24 q(t) + (1+ a)r(t) e (o(1)] sgn 2 (a(t)) = 0,

where 7(t) =t, a(t) =a >0 and z(t) = (1 + a)z(t).
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Consider a special type of (1.1) with constant delays,

’

Z —|—q(t)z’—|—r(t)fz(t—cl)|Asgn z(t—c1)=0 (5.1)
with A € (0,1], a >0, 0 < ¢y < ¢1 and z(t) = z(t) + ax(t — ¢p).

Corollary 5.2 Let a>1, g€ CY(Ry), v >0, w € R, either s > -2 or s = —2 and qy > i, ro >0, go >0,

gy € R and
r(t) = rot”, q(t) < qot*, q'(t) < qot"  for large t,

where v >0, v > %S, v>w, and ro > m in case A=1 and v=0. Then (5.1) has Property A*.

Proof Let n(t) = t — ca, where ¢2 € (0,¢1 — ¢g). The proof follows from Theorems 4.2 and 4.3. As
n(t) — 77 1(o(t)) = c1 —cop — c2 > 0 is constant, a necessary condition for validity of either (4.13) or (4.20)

¢
is litm inf [ r(s)ds > 0, i.e. v > 0. Similarly, necessary conditions for either (4.14) or (4.21) to be valid are
—00
n(t)

2a?
C1—Cp—C2

/

v > %s and v > w. In case A =1 and v = 0 we obtain the condition ry > @=Tyea( 2 and the optimal

a—1

—3/2 .
. We use ¢ = %( > ToC2 — qo)(01 —co— 02)2 and €1 = roq, when Theorem 4.3 is

value of ¢y is cp = <52

applied. O

Corollary 5.3 Let A=1,a<1,0<2¢) <cy1, r0>0,71>0, g0 >0, €€ (0,1) either s> —2 or s = —2

L v>0,v>s, To>i[ 162 +72(%)2/3] in case v =0 and

4 co L(c1—co)?

and qg >

rot’ <r(t) < rt(3—ev/2 , q(t) < qot®  for large t.
Then (5.1) has Property A*.
Proof It follows from Theorem 4.1. O
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