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Abstract: Let A; and Az be an {ai, 1,71 }-cubic matrix and an {as,2}-quadratic matrix, respectively, with
a1 # B, B1 # 71, a1 # 1 and a2 # B2. In this work, we characterize all situations in which the linear combination
Az = a1A1 + a2 A2 with the assumption A1 A = A2 A; is an {as, 3} -quadratic matrix, where a1 and a2 are unknown

nonzero complex numbers.
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1. Introduction

Let C be the field of all complex numbers and C* be the set of all nonzero complex numbers. The symbols
C,, I,, and 0 will denote the set of all n X n complex matrices, identity matrix (of size n), and zero matrix
of suitable size, respectively. When we do not want to emphasize the size of the identity matrix, we’ll use the
symbol I to indicate it. Moreover, the rank of a matrix A will be symbolized by rk(A). On the other hand,
similarity and direct sum of two matrices A and B will be denoted by A ~ B and A @& B, respectively, where

two square matrices A and B are similar if there exists a nonsingular matrix S such that S~'AS = B.

We say that a matrix A is an {«, 8,7} -cubic matrix if the equality
(A_O‘In)(A_BIn)(A_WIn) =0 (11)

holds with «, 8,7 € C. It is easily seen that if {«, 3,7} = {1,—1,0} is taken, then the matrix A in (1.1)
becomes a tripotent matrix, i.e. a matrix satisfying the equality A% = A.

Recall that a matrix A is called a generalized {«, 3}-quadratic matrix with respect to an idempotent
matrix P if there exist o, 8 € C such that

(A—aP)(A—BP)=0 AP =PA=A[ll, 18, 23)]. (1.2)

In case P = I, it is called that the matrix A in (1.2) is an {«, 8}-quadratic matrix. From now on, the set
of all {«, 8}-quadratic matrices with « # S, the set of all generalized {a, §}-quadratic matrices with respect
to an idempotent matrix P where a # (3, and the set of all {a, 8,7 }-cubic matrices with a # 3, 8 # v, a #~
will be denoted by Q(«, 8), L(P;«, ), and k(«q, 3,7), respectively.
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Notice that any generalized {a, 8}-quadratic matrix with respect to an idempotent matrix P satisfies
the equality A% = (a + B)A% — aBA. Similarly, any {a, 3,v}-cubic matrix A satisfies the equality A% =
(a+ B+7)A% — (af + ay + By)A + aByI. Thus, it is clear that any generalized {a, 3}-quadratic matrix is a

special cubic matrix with v = 0.

On the other hand, we know from [11] that the set of all generalized quadratic matrices covers the sets
of all generalized involutive matrices, i.e. A2 = P and all generalized skew involutive matrices, i.e. 42 = —P,
respectively, where P # I. In addition, as we have explained above, the set of all cubic matrices covers the set
of all generalized quadratic matrices, and also, the set of all generalized quadratic matrices covers the set of all
quadratic matrices. Moreover, the set of all quadratic matrices contains the set of all idempotent matrices, i.e.
A? = A, all involutive matrices, i.e. A? = I, and all scalar-potent matrices, i.e. A2 = AA for some ) € C.
Thus, the set of all cubic matrices covers all mentioned above.

In the last years, the problem of characterizing all situations, in which a linear combination of two special
types of matrices is again a special type of matrix, are widely considered in the literature, for example, [2-7, 9, 13—
15, 18-24]. The main purpose of this work is to characterize all situations in which a linear combination of
a quadratic matrix and a cubic matrix that commute is a quadratic matrix. In addition, some special results
derived from the main result obtained are given. From these results, it is seen that the main result covers many
of the results in the literature related to characterization of linear combinations of special types of matrices.

Now, we want to introduce two additional notations.

Firstly, we know that if A is an {a, }-quadratic matrix with a # §, then there exists an idempotent
matrix ¢ such that
A=(a=p)Q+p5I (1.3)
by Theorem 2.1 in [16]. Notice that the matrix (a—3)Q in (1.3) is an (a— f3)-scalar-potent matrix. If we denote
this matrix by B, then we shall say that the matrix A in (1.3) is an {a, 8}-quadratic matrix corresponding
to the scalar-potent matrix B. We shall denote the set of all such matrices by Q(a, 8, B).

Secondly, we know that if A is an {«, /3, v}-cubic matrix with « # 8, 8 # 7, and « # ~, then there
exist two disjoint idempotent matrices X and Y such that

A=(a—X+(B—-7)Y +~1I (1.4)

by Lemma 1.1 in [21]. Let us denote the matrix (o — )X + (8 — )Y by C. It is clear that the matrix C
is a generalized {a — v, 8 — v}-quadratic matrix with respect to the idempotent matrix X +Y := P in view
of the item (ii) of Theorem 1.1 in [18]. Thus, we shall say that the matrix A in (1.4) is an {«, 3, v}-cubic
matrix corresponding to the generalized quadratic matrix C'. We shall denote the set of all such matrices by
k(a, B,7,C, P).

2. Results
As pointed out before, this section is designed in two stages. It first presents some auxiliary results which will

be used to get the main result. Next, the main result is given within the framework of these results.

Theorem 2.1 Let A; € m(al,ﬁl,’yhBhPl), A € Q(a2752732) with Al,AQ € C,, and A1Ay = AsAy. Then

there exists a nonsingular matriz S, an {a1 — 1,81 — 71} -quadratic matriz K, and (ag — f2) -scalar potent
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matrices X and T such that

o K 0 .4 Lo X 0 o

with rk(Py) =7, K, X €C,, and T € C,,_,.
Proof According to the hypotheses, it can be written
A1 = Bl + ’}/1[ and A2 = B2 + 52_[ (21)

The commutativity of the matrices A; and As leads to the commutativity of the matrices By and Bs in view
of (2.1). Moreover, since the matrix Bj is an {a; — 71,81 — 71 }-generalized quadratic matrix with respect to

the idempotent matrix P;, we have
(Br — (1 =m)P1) (B1 — (B1 —m)P1) =0, BiP, = P\B; = By. (2.2)

Similarly, since the matrix Bs is an («a — )-scalar potent matrix, there exists an idempotent matrix W such

that
BQ = (042 — 52)W (23)

Now, because of the idempotency of the matrix P, there exists a nonsingular matrix S such that
P =8(I, ®0)S™* (2.4)

with r = rk(Py). Let us write the matrix By as

— K L -1
&-S(MN>S7K6Q. (2.5)

From the second equality of (2.2) and the equalities (2.4) and (2.5), we get L =0, M =0, and N = 0. Thus,
we can write the matrix B as

B =8 ( Ig 8 ) st (2.6)

If the equalities (2.4) and (2.6) are substituted into the first equality of (2.2), then the following equality is
obtained:

(K — (a1 =)L) (K — (81 = )I) = 0. (2.7)
It is clearly seen from (2.7) that the matrix K is an {a; — 71, 81 — 71 }-quadratic matrix. Furthermore, the
matrix K is nonsingular because oy # 1 and 51 # 1.

Now, let us write the matrix Bs as

(X Y
mos(X D)5 o
where X € C, and T € C,,_,.. Since ByBs = By By, from the equalities (2.6) and (2.8), the matrix By turns
into
(X 0
Bos( X 2)s as)
Thus, the desired result is obtained. O
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Theorem 2.2 Let X, T, and K be the matrices in Theorem 2.1. Then there exist idempotent matrices M ,
My, and Z7 such that

X =(ag = B2)My, T=(az—p2)Ms, and K = (o —p1)Z1+ (B —m)l,
under the hypotheses of Theorem 2.1.
Proof From the equalities (2.3) and (2.9), the following can be written:

L_Xx 0
—1 _ az—f
S WS—( 202 1 T)'
az—P2

If we denote the upper left corner element and lower right corner element of S™'WS by M; and Ms,

respectively, then we directly see that
X = (a2 - BQ)Ml and T = (OZQ — BQ)MQ. (210)

Since the matrices X and T are (ay—f2)-scalar potent, it is clear that the matrices My and Ms are idempotent.
In addition, since the matrix K is an {a; — 1, 81 — 71 }-quadratic matrix, from the item (iv) of Theorem 2.1

in [16], there exists an idempotent matrix Z; such that

K= (a1 — 61)21 + (61 — ’)’1)[. (211)

Thus, the proof is completed. O

Now, consider a linear combination of the form
A3 = a1A1 + (IQAQ, (212)

where ay,as € C*, the matrices A; and Ay are as in Theorem 2.1. We will investigate necessary and sufficient
conditions for the {as, 83}-quadraticity of the linear combination matrix As with as, S35 € C. The equality
(2.12) is equivalent to

As = a1B1 + aa By + (a1 + a282)1. (2.13)

The matrix As of the form (2.13) is an {as, 83} -quadratic matrix if and only if
(a131 + as By + ((13 — Oég)]) (a1B1 + a9 By + (CL3 — Bg)]) =0, (214)
where a3 = a1y1 + a282. From (2.14) and the commutativity of the matrices By and Bs, we obtain

a12B1? + 2a1a2B1 By + as?By® + ay (2a3 — a3z — f3) By

2.15
+ag (2a3 — ag — B3) Ba + (a5 — as) (a5 — B3) [ = 0. ( )

Substituting the equalities (2.2) and B3 = (ay — 32) B> into (2.15) leads to
c1 By + caBs 4+ 2a1a2B1 By 4+ c3 Py + ¢4l = 0, (216)

where ¢ = af(a1+p1—2m)+a1(2a3—az—fF3), ca = a3(aa—B2)+az(2a3—az—P3), c3 = —ai(ar—71)(B1—mn),
and ¢4 = (a3 — as3)(az — f3). If we substitute the equalities (2.4), (2.6), and (2.9) into (2.16), then we get the
following system.

oK+ X +2a1a0KX 4+ (cs+c4)I =0 and T + ¢yl =0. (2.17)

3376



PETIK et al./Turk J Math

On the other hand, from (2.6) and (2.9), it is clear that KX = XK due to the fact that By By = ByBj.
Moreover, since a; # 51 and ag # B2, from the first equality of (2.10) and the equality (2.11), it is obtained
that Zy My = M, Z, . If we substitute the matrix X in (2.10) and the matrix K in (2.11) into the first equality
of (2.17), then the following equality is obtained:

c1 (a1 — Br1) Z1 + (c2 (a2 — B2) + 2a1a2 (B1 — 1) (2 — B2)) My

2.18
+2a1az (a1 — B1) (g — B2) Z1My + (1 (B1 —71) +c3 +ca) I = 0. (2.18)

If we write the matrix T in the second equality of (2.10) into the second equality of (2.17), then we get
CQ(O(Q — /BQ)MQ +cydl = 0. (2.19)

Thus, we have the following corollary.

Corollary 2.3 Let Ay and Ay be as in Theorem 2.1. Then the linear combination Az = a1 Ay + asAs with
ay,as € C* is an {as, B3} -quadratic matriz with as, B3 € C if and only if the equalities (2.18) and (2.19) hold.

Now, we will investigate the cases in which the equalities (2.18) and (2.19) are satisfied. We first handle the
cases related to (2.19).

Theorem 2.4 Under the conditions of Theorem 2.1, the necessary and sufficient condition to hold the equality

(2.19) is that any one of the following sets of additional conditions holds, where My is the matriz in Theorem

2.2.
(i) ¢4 =0 and My =0,
(i) ca(aa —PB2) +ca =0 and My =1,
(iii) ca =c4 =0 and My ~1®0.
Proof Multiplying the equality (2.19) by My leads to
(ca(ag — Ba2) + ca) My = 0.

Now, we have two possibilities: Ms =0 or My # 0.
In the case My = 0, from the equality (2.19), we get ¢4 = 0, which is the item (i).

In the case My # 0, there are two possibilities for diagonal form of the idempotent matrix Ms: My ~ II
(that is, My =1T) or My ~ I & 0. Thus, from the equality (2.19), we get co(ag — 82) +c4 =0 or ca =¢c4 =0,

which are the items (ii) or (iii), respectively. Hence, the desired results are obtained. O

Next, let us handle the cases related to (2.18).

Theorem 2.5 Under the conditions of Theorem 2.1, the necessary and sufficient condition to hold the equality
(2.18) is that any one of the following sets of additional conditions holds, where Zy and My are the matrices

in Theorem 2.2.

(a) c1(B1—71)+ ca(a — B2) +2a1a2(B1 — 71) (a2 — B2) +cs + ¢4 =0,
Z1 =0, and M, =1,
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Cl(ﬂl — ’)/1) = —C3 — C4, C2 = 72(11(12([31 7")/1), Zl = 0, and M1 ~ I@ 0,
c1(fr —m) = —c3 —c4, Z1 =0, and M, = 0,

61(041 —’)/1) = —C3 — C4, Zl = I, andMl = 0,

C1 :Cg+C4:O, Zl NI@O, G/fldMlio,

c3+c4 = —ci(ar —m)

= —co(ap — B2) — 2a1a2(B1 — 71) (a2 — B2) — c1(B1 — 1),
Z1~1¢0, and My ~0d 1,

a1 =0, g = —2a1a2(B1 — M), €3 = —cy,

2, ~TI®0®0, and My ~0® G0,

ci(ar — 1) + ca(ag — B2) + 2a1a2(o; — 71) (o — B2) + 3+ ¢4 =0,
Zl :I, andM1 :I,

c1(on —m) = —c3 — ¢, 2 = —2a1a2(0q —71),

Zi1=1, and My ~ 1 ® 0,

c1(B1 —m) = c1(on —m1) + ca(e — B2) + 2a1a2(a1 — 1) (a2 — f2)
=—c3—C4, Z1~1P0, and M, ~ 130,

c1 = —2ayaz(ag — B2), ca(ag — f2) = —c3 — ¢4,

Z1 N[@O, andM1 :I,

1 = —2aaz(ag — f2), c1(ar —m) = —c3 —ca, c2 = —2a1a2(c1 — 1),
2y~ TSTG0, and My ~T®0S I,

c1 =0, cg = —2a102(a1 — M), €3 = —¢y,

Zl NI@I@O, andM1 NI@OEBO,
c1(fr —7) = —c3 — ¢4, 2 = —2a102(f1 — 1),

ci(ag —m) + ca(ag — B2) + 2a1a2(r —71) (2 — B2) + ¢34+ ¢4 = 0,
2y ~m 1©060, and M, ~ 1160,

Proof Premultiplying (2.18) by the idempotent matrix Z; leads to the equality

If the equality (2.24) is postmultiplied by the idempotent matrix M, then the equality

(ci(ar — 1) + ¢34+ ca) Z1 + (c2(a2 — B2) 4+ 2a1a2(a1 — 1) (a2 — B2)) Z1 M1 = 0.

(c1(on —m1) + ca(ae — B2) + 2a1a2(ar —71) (e — B2) + 3+ ¢c4) Z1 M1 =0

is obtained.
Now, there are two possibilities: Z3;M; =0 or Z; M1 # 0.

3378
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Firstly, in the case Z1M; = 0, from (2.24), we get
(c1(r =m) +c3+ca) Z1 = 0. (2.21)

There are two possibilities for the matrix Z; from the equality (2.25): Z; =0 or Z; # 0.
In the case Z; = 0, from the equality (2.18), the equality

(c2(ag — B2) + 2a1a2(B1 — 1) (a2 — B2)) M1+ (c1(B1 —71) +c3+ca) I =0 (2.22)

is obtained. On the other hand, it is seen that, taking into account the diagonal forms of the idempotent matrix

M, all possibilities for the matrix M; are as in the following:
My=1 or M{~I®0 or M =0.

Thus, from the equality (2.26), the equalities
c1(B1 —m) +ea(ae — B2) + 2a1a2(B1 — 1) (a2 — B2) +c3 +c4 =0 or
c1(f1 —71) = —c3 — ¢4, ca = —2a1az(f1 — ) or
ca(fr—m) = —c3 — ca,

respectively, are obtained. Thus, we have the items (a), (b), and (c), respectively.

In the case Z; # 0, from the equality (2.25), we get
c1(ag —y1) +e3+ ¢4 =0. (2.23)

In addition, since Z; M7 = 0, all possibilities for the pairs of the idempotent matrices Z; and M; are as in the
following:

Z1 =1 and M; =0 or

Zi~1I®0and M =0o0or M ~0&®1I or

Z1~1®0®0and M ~081640.
Thus, in view of the equality (2.27), from the equality (2.18), the following equalities are obtained:

Cl(al —71) = —C3 — C4 OT

ci1=c3+c4 =0 or

e tea=—ci(ar —m) = —c2(az — B2) — 2a1a2(B1 — 71)(az — B2) —c1(B1 —m1) or

c1=0,c0 = —2a1a2(f1 — 71),¢3 = —ca.

Thus, we get the items (d), (e), (), and (g), respectively.
Secondly, in the case Z3M; # 0, the matrices Z; and M; are both nonzero. Thus, it is seen that all

possibilities for the pairs of the idempotent matrices Z; and M; are as in the following:
Z1=1and M; =1 or
Z1=1and My ~1&0 or
Zi~1®0and M ~I1®0 or M; =1 or
Zi~I®I®0and M ~I1H0d 1 or
Zi~1®1®d0and M ~1®040 or
Z1~1®000and Mi~1®1¢0.
If we write the pairs of matrices above in (2.18) in view of a3 # f1, as # P2, and c3 # 0, then we get the

following equalities, respectively:
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ci(ar —m) + ca(ae — Ba2) + 2a1a2(ar — 1) (a2 — B2) +c3 +ca =0 or

ci(an —m) = —c3 — ca,c2 = —2a1a2(y — 1) or

c1(Br —m) = e1(ar —m) + ca(az — B2) + 2a1a2(a1 — 1) (a2 — B2) = —c3 —cy o1
c1 = —2a1az(ag — Ba2), ca(a — B2) = —c3 — ¢y or

c1 = —2a1as(as — f2),c1(ar —y1) = —c3 — €4, 62 = —2a1a2(a; — 1) or

c¢1 =0,c0 = —2ajaz(a; —v1),c3 = —¢q OF

c1(fr—m) = —cz—ca, 2 = —2a102(B1—71), c1(ar—71)+ca(az—PF2)+2a1az (o1 —v1) (e —B2)+c3+cq = 0.

Hence, the items (h), (k), (1), (m), (n), (p), and (r), respectively, are obtained. Thus, the proof is completed.

O

Considering Corollary 2.3, Theorem 2.4, and Theorem 2.6, now we can give the following theorem which

is the main result of the work. Next, let us handle the cases related to (2.18).

Theorem 2.6 Under the conditions of Theorem 2.1, the necessary and sufficient condition to hold the equality

(2.18) is that any one of the following sets of additional conditions holds, where Zy and My are the matrices

in Theorem 2.2.

3380

(a) c1(B1—71)+ (e — B2) +2a1a2(B1 — 71) (a2 — P2) +cs + ¢4 =0,
Z1=0, and M, =1,

(b) (b1 —m)=—c3—ca, c2=—2a1a2(f1 —m), Z1 =0, and My ~ I &0,
(¢) c1(B1—m)=—c3—c4, Z1 =0, and M; =0,
(d) ci(ar —m)=—c3—ca, Z1 =1, and My = 0,
(e) c1=c3+cy=0,7Z, ~I®0, and M; =0,
(f) c3+ca=—ci(ar—1)
= —ca(az — B2) — 2a1a2(B1 — 1) (a2 — B2) — c1(B1 — M),

Z1N1®07 andM1~069I,

(9) c1=0, ca=—2a1a2(B1 — M), c3 = —cu,
Zy~I®0®0, and M; ~0B 130,

(h) c1(on —71) + ca(aa — B2) + 2a1a2(a1 —71) (a2 — f2) + ¢34+ ¢4 = 0,
Zl = I, (M’LdMl = I,

(k) ci(ar —y) = —c3 — ¢4, 2 = —2a1a2(o1 — 1),
Zl :I, (J,TldMl NI@O,

(1) c1(Br —m) = ci(ar —7) + c2(ae — B2) + 2a1a2(a1 — 71) (e — B2)

=—c3—c¢4, Z1 ~I1®O0, and M1 ~ I &0,

(m) ¢ = —2a1a2(as — fa), c2(a — f2) = —c3 — cu,

Z1~1®0, and M, =1,
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(n) c1=—2a1a2(c2 — B2), c1(oq —m1) = —c3 — ca, 2 = —2a1a2(a1 — 1),

Zi~1I®I®0, and My ~ 100D 1,
(p) c1 =0, ca =—2a1a2(01 —71), €3 = —cq,
Zl NI@I@O, andM1 NIEBOEBO,
(r) ci(Br —m) = —c3 —cq, 2 = —2a1a2(B1 — 1),
(o —7) + ca(ae — B2) + 2a1a2(cr — y1)(ag — f2) +¢c3 +c¢c4 =0,
Zi~I1®0®0, and M, ~ T ®1®0.
Proof Premultiplying (2.18) by the idempotent matrix Z; leads to the equality
(ci(an —m1) + ¢34+ ca) Z1 + (c2(a2 — B2) 4+ 2a1a2(a1 — 1) (a2 — B2)) Z1 M1 = 0. (2.24)

If the equality (2.24) is postmultiplied by the idempotent matrix M, then the equality
(c1(ar — 1) + calaz — B2) + 2a1a2(cr — 1) (a2 — fB2) + 3 +ca) Z1 M1 =0

is obtained.
Now, there are two possibilities: Z1M; =0 or ZyM; # 0.

Firstly, in the case Z1M; = 0, from (2.24), we get
(01(a1 — ’71) +c3 + 04) Z1 =0. (225)

There are two possibilities for the matrix Z; from the equality (2.25): Z; =0 or Z; # 0.
In the case Z; = 0, from the equality (2.18), the equality

(c2(ag — B2) + 2a1a2(B1 — 1) (g — B2)) My + (c1(Br —71) + ez +ca) I =0 (2.26)

is obtained. On the other hand, it is seen that, taking into account the diagonal forms of the idempotent matrix

M, all possibilities for the matrix M; are as in the following:
Mi=1 or My~I®0 or M =0.

Thus, from the equality (2.26), the equalities
c1(Br —m) + c2(az — B2) + 2a1a2(B1 — 1) (2 — B2) + ez +ca =0 or
c1(f1—m) = —c3 —ca, ca = —2a1a2(f1 —m) or
ca(fr—m) = —c3 — cu,

respectively, are obtained. Thus, we have the items (a), (b), and (c), respectively.

In the case Z; # 0, from the equality (2.25), we get
01(051 — ’}/1) +c3+cq4 =0. (2.27)

In addition, since Z; M7 = 0, all possibilities for the pairs of the idempotent matrices Z; and M; are as in the
following:
Z1 =1 and M; =0 or
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Zi~1I®0and M =0o0or M ~0&®1I or

Zi~1®000 and M{ ~0®I1®O0.
Thus, in view of the equality (2.27), from the equality (2.18), the following equalities are obtained:

ci(ar —m) = —c3 —cyg or

ci1=c3+c4 =0 or

ez +cy=—ci(an —m) = —ca(a2 — B2) — 2a1a2(B1 — 1) (a2 — B2) — c1(Br — 1) or

c1=0,c0 = —2a1a2(f1 — 71),¢3 = —ca.
Thus, we get the items (d), (e), (), and (g), respectively.

Secondly, in the case Z3M; # 0, the matrices Z; and M; are both nonzero. Thus, it is seen that all
possibilities for the pairs of the idempotent matrices Z; and M; are as in the following:

Z1 =1 and M; =1 or

Zi1=1and M{ ~1®0 or

Zi~1I®0and M ~1I®0 or M; =1 or

Zi~I®I®0and M ~I1H08 1 or

Zy~I@®I®0and M ~I®0®0 or

Zi~1®000 and My ~1®130.
If we write the pairs of matrices above in (2.18) in view of a1 # B1, as # B2, and ¢z # 0, then we get the
following equalities, respectively:

ci(oq —m) + ca(ag — B2) + 2a1a2(ar —71) (e — f2) + ¢34+ ¢4 =0 or

c1(ag —y1) = —c3 — ca, 02 = —2a1a2(a; — 1) or

c1(fr —m) = c1(ar —71) + ca(az — B2) + 2a1a2(a1 — 71) (a2 — f2) = —c3 — ¢4 oF
c1 = —2a1az(ag — f2),ca(g — f2) = —c3 — ¢4 OF

c1 = —2a1az(ag — B2),c1(a1r —71) = —c3 — ¢4, ¢2 = —2a1az(a; — 1) or
¢1=0,c0 = —2aqas(a; —71),c3 = —¢q Or

c1(Bi—m) = —cz—ca, 2 = —2a1a2(B1—1), c1(ar—y1)+ca(aa—P2)+2a1az(c1 —71)(az—F2)+cz+ca = 0.
Hence, the items (h), (k), (1), (m), (n), (p), and (r), respectively, are obtained. Thus, the proof is completed.
O

Considering Corollary 2.3, Theorem 2.4, and Theorem 2.6, now we can give the following theorem which

is the main result of the work.

Theorem 2.7 Let A1 € k(a1,B1,m,B1,P1), Az € Qag,P2,B2), A;,As € C,, aj,a2 € C*, and
A1As = AsAy. Then As = a1 Ay + asAs is an {as, B3} -quadratic matriz with «z,83 € C if and only if

any one of the following cases holds:

(a1) c1(wi— 1)+ ca(an — B2) 4¢3 + 2a1a2(w; —71)(ag — B2) =0, ¢4 =0,
By = (wi —71)P1, By = (ag = B2)P1, i =1 0or2, (w1,ws) = (a1, f1),

(az) co = —2a1az(w; — 1), c3 = —c1(w; — 1), ca =0,

By = (wi =71)P1, B1By = (wj —71)B2, i =1 or2, (wi,w2) = (a1, f1),

(a3) c3=—ci(wi —m), ca =0,

Bl = (wl _WI)PI, BQ = 07 1=1 07’27 (Wl,OJQ) = (a17ﬂ1)7
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(as) c1 = —2a1a2(az — fB2), c2 = —2a1a2(w; — 1),
c3 = 2a1a2(w; —71)(a2 — f2), €4 =0,
BBy + (wi —m1) (e — B2) Py — Ba) = (aa — fB2)Bu,

1 =1 07'2, (wh w?) = (alaﬁl)v

(as) ci(wi—71)+c3 =0, caaz — B2) +c1(w; —m)
+2a1a2(wj —v1)(e2 — B2) +¢c3 =0, ca =0,
(az = B2)B1 + (wi — wj) Bz = (wi —71) (a2 — B2) Py,
BiBy = (w; —m)Ba, (i,j) = (1,2) or (2,1), (w1,w2) = (a1, b1),

(ag) c1 = —2a1a2(02 — fB2), c3 = —ca(ag — f2), ca =0, By = (g — fB2) P,

(a7) ci(wi — ) + 3+ 2a1a2(w; —71)(az2 — B2) =0, ca(ae — f2) +c4 =0,
By = (wi —71)P1, Ba= (0 — B2)I, i =1 012, (w1,w2) = (1, b1),

(ag) c2 = —2a1a2(w; — 1), c3 = —(wi —71) (€1 + 2a1a2(2 — B2)) ,
cs = 2a1a2(w; — 1) (a2 — B2),
By = (wi = 71)P1, B1B2 + (wi — 1) (a2 — B2)I — By — (a2 — B2) 1) = 0,

i=1o0r2, (w,ws) = (a1,51),

(ag) c1(w; —7)+c3 =calas — B2) = —cy,
By = (wi—m)P1, Bo+(ag—B2)(Pr—1)=0,i=1o0r2, (wi,w2) = (a1,51),

(a10) c1 =0, ca = —2a1a2(w; —71), 3 = —2a1a2(w; —71) (2 — f2) = —cq,
B1By + (wi —71) (a2 — B2)] — By — (g — B2) P1) = 0,

i=1o0r2, (w,ws)=(ag,p1),

(a11) c1(wi—m)+c3+ca=0,c2(a2 — fa) +ca =0,
c1(wj —m) + 2a1a2(w; —y1) (a2 — B2) + 3 =0,
(wi —wj) (B2 = (a2 = B2)I) + (a2 — B2) (B1 — (wj —711)P1) =0,
(wi —w;)B1Ba + (wj — M) (a2 — B2) (Br — (wi —11)P1) = 0,

(i,7) = (1,2) or (2,1), (w1,ws) = (a1, B1),
(a12) c1 =0, co(g — B2) = c3 = —c4, Ba+ (ag — o) (P — I) = 0,

(a13) c1(wi —71) + 3+ 2a1a2(w; —71) (e — B2) =0, ca =0, ¢4 =0,
By = (wi —71)P1, BiBy = (wi —71)(aa — B2) P,

i=10r2, (w,ws)=(a1,5),
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(a1a) c1(wi—m)+e3=0, co=ca=0, By = (w; —71)P1, BiB> =0,

1=1 0T2, (Wl,WQ) = (alvﬂl)v

(a15) ci(wj —71) +2a1a2(w; — 1) (a2 — B2) +c3 =0,
ca=c4=0, c3+ci(wi—m) =0,
(wi —wj)B1Ba + (wj — M) (a2 — B2) (Br — (wi —11)P1) = 0,

(i,7) = (1,2) or (2,1), (w1,ws) = (a1, B1),

where ¢y = ai(oq+61—27)+a1(2a3—az—f3), co = aj(as—PF2)+az(2a3—az—f3), c3 = —ai(ar—7)(bi—n),

cs = (a3 — az)(az — f3), and a3 = a1y1 + azfs.

Proof Let K represent the item (i) or (ii) or (iii) in Theorem 2.4, and L represent the item (a) or (b) or (c) or
..(r) in Theorem 2.6. Mutual intersections of the items K and L easily lead to the coefficients included in the
items of the theorem. To obtain the matrix equalities included in the items of the theorem, it is enough to put
these equalities of coefficients into (2.16) taking into account the diagonal forms of the matrices By and Bs,
and also, considering that c3 # 0, a1 # 81, B1 # 71, a1 # 71, and as # [2. Which intersection corresponds

to which item of the theorem is given in Table. O

Note that some intersections of the items K and L are naturally not included in the table because they

contradict the corresponding hypotheses of the theorem.

Table . Summary of the intersections of the items K and L, and the corresponding items of the Theorem 2.7.

The items of Theorem 2.7 Intersecting situations of K and L
a; when i = 2 (when i = 1) i) and (a) ( (i) and (h))

as when i =2 (when i =1) i) and (b) ((i) and (k) )

az when i = 2 (when i = 1) i) and (c) ( (i) and (d) )

ay when i =2 (wheni=1) i) and (r) ( (i) and (n) )

as when (i,7) = (1,2) ( when (4,7) = (2,1) ) | (i) and (f) ( (i) and (1))

ag i) and (m)

a7 when i =2 (when i =1

)
)

ag when i =2 (when i =1)

as when ¢ =2 (when i =1

a1p when i =2 (when i = 1)
a1 when (Za.j) = (172) (When (7’7.7) - (27 1))

@12

a3 when i =2 (when i = 1)

ayy when i =2 (when i = 1)
a5 when (4,7) = (1,2) (when (4,5) = (2,1))

Observe that if (a1, 51,m) € {(1,-1,0),(-1,1,0),(1,0,-1),(-1,0,1),(0,1,-1),(0,—1,1)} and (as, 82) €
{(1,0),(0,1)}, and (a3, B3) € {(1,0),(0,1)}, we get the following result which gives a detailed analysis of The-

orem 2 in [24] in case where the matrices involved in linear combination are commutative.
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Corollary 2.8 (Theorem 2.4, [19]) Let Ay, As € C,\{0} be a tripotent and an idempotent matriz, respec-
tively, with the assumption A1As = AsAq1, and let A = a1 Ay + asAs where a1,a9 € C*. Then the matriz A is
idempotent if and only if any of the following sets of conditions holds:

(a) (a1,a2) = (1,1) and one of the following matrix equalities:
(a1) A2 = A, Ay + Ay =1,
(a2) A1? = A, A1Ay =0,
(a3) A? =1,4,=3(1-A),
(af) Az = %(fh2 —4),
(a5) A? = —A; = —A1 Ay,
(a6) —A1As = L(A% — Ay),
(b) (a1,a2) = (—=1,1) and one of the following matriz equalities:
(b1) A2 =—A),—A1+ Ay =1,
(b2) A2 =—A;, A4, =0,
(b3) A® =1, A = 3(I+ Ay),
(b4) Ay = L(A® + Ay),
(b5) A2 =A, = A1 Ay,
(b6) A1As = L(A° + Ay),
(c) (a1,a2) = (—1,—1) and one of the following matriz equalities:
(c1) Ay =—1I,
(c2) A2 = —A, AjAy = — Ay,
(d) (a1,a2) = (1,—1) and one of the following matriz equalities:
(d1) Ay =1,
(d2) Ay = Ay, A1Ay = Ay,
(e) (a1,a2) = (—1,2) and one of the following matriz equalities:
(e1) A)® =1,Ay=1(I+ A)),

(e2) As=3(A:* + A1),
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(f) (a1,a2) = (1,2) and one of the following matriz equalities:
(f1) A® =1,A=(I—A4),
o=5(A1" — A1),
(f2) Aa=3(A1* — Ay)
(9) (a1,a2) € {(3,3).(=3.3)} and A3 = A,,
(h) ai,a2 € C* with a1 +a2 =0 or a1 + a2 =1; A1 = As,
(i) a1,a2 € C* with ay —az =0 or a; —az = —1; Ay = —A,.

If we consider the matrix identities that satisfy the condition A? # +A4; in Corollary 2.8, then we immediately
get the following result.

Corollary 2.9 (Corollary 2.5, [19], The item (a) of Theorem 1, [3]) Let Ay be an essentially tripotent
matriz and let Ay be a nonzero idempotent matriz such that AyAs = AsAy. The linear combination of the

form a1 A1 + asAs is an idempotent matrix if and only if any of the following sets of conditions holds:
(i) (a1,a2) = (1,1) and AyAy = $(A; — A3),
(i) (a1,a2) = (1,2) and Ay = %(A% —Ay),
(iii) (a1,a2) = (—1,1) and A1As = 3(A; + A}),
(iv) (a1,a2) = (=1,2) and Ay = £(A? + Ay),
(v) (a1,a2) € {(3.5): (=5, 3)} and Az = A

If we consider the matrix identities that satisfy the conditions A% = A; and A; # Ay in Corollary 2.8,

then we simply obtain the following result.

Corollary 2.10 (Theorem (i), [2]) Let Ay and Ay be two different nonzero idempotent matrices that com-
mute. Let Az be their linear combination of the form Az = a1A1 + asAs with ai,a2 € C*. Then there are
exactly three situations, where As is an idempotent matrix:

(i) (a1,a2) = (1,1), A1A> =0,
(i) (a1,a2) = (1,-1), AjAy = A,

(iii) (a1,a2) = (—=1,1), A1Ay = A;.

f (041751’%) € {(17 7]-a 0)5 (717 la 0)7 (17 Oa 71)7 (715 07 1)7 (Oa 17 71)a (07 717 1)}a (012, ﬂQ) € {(17 71)3 (717 1)}a
and (as, f3) € {(1,0),(0,1)} in Theorem 2.7, then we easily get the following result.

Corollary 2.11 Let Ay, Ay € C,, be a tripotent and an involutive matriz, respectively, such that Ay Ay = As Ay,

and let A = a1 Ay + as Ay where ay,a9 € C*. Then A is idempotent if and only if any of the following sets of
conditions holds:
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(a)
(a1)
(a2)
(a3)
(a4)
(a5)
(a6)

(v)
(b1)
(v2)
(v3)
(54)
(v5)
(56)

(c)
(c1)
(c2)
(c3)
(c4)
(c5)
(c6)

(4)
(d1)
(d2)
(d3)
(d4)
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(a1,a2) = (1,1) and one of the following matriz equalities:
A% =4 = %(I—Aﬂ,

A=Ay, Ay =1,

A+ Ay =T+ A1 Ay, AjAy = — A3,

A2+ Ay =1— Ay,

A=Ay, 24, + Ay =1,

A+ Ay =1+ A1A,

A2=Ay, Ay =1,

—A+ Ay =1 A1 Ay, AjAy = A2,
A2 — Ay =1 Ay,

A2 = Ay, 2A) — Ay = 1,

—A1+ Ay =1-A1A,

(a1,a2) = (1,—1) and one of the following matrix equalities:
Al = A = 5(I + A9),

A=Ay, Ay =1,

A — Ay =1— A1 Ay, A1Ay = A3,
A+ A =1+ Ay,

A=Ay, 24, — Ay =1,

Al — Ay =1— A A,

(a1,a2) = (=1,—=1) and one of the following matriz equalities:

A2 =—-A) = %(I+A2),
AZ= Ay, Ay =1,
—A1 — Ay =T+ A1A, A4y = —A%;

A2~ Ay =1+ A,
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(d5)
(d6)

(¢)
(el)
(e2)
(e3)

(f)
(f1)
(f2)
(f3)

(9)
(91)
(92)
(93)

(h)
(hi)
(h2)
(h3)

(i)
(i1)
(i2)

(3)
(1)
(72)

(k)
(k1)

3388

PETIK et al./Turk J Math

A2 = Ay, 2A) + Ay = 1,

Ay Ay =1+ A A,

(a1,a2) = (2,1) and one of the following matriz equalities:
A2 = 4= M- Ay,

A1 Ay = — A2,

A2 = Ay, 24, + Ay =1,

(a1,a2) = (=2,1) and one of the following matriz equalities:
A= A= - A,

AjAy = A2,

A2 = —Ay, 2A) — Ay = —1,

(a1,a2) = (2,—1) and one of the following matrix equalities:
AT = Ay = 5(I+ Ay),

A1 Ay = A2,

A=Ay, 24, — Ay =1,

(a1,a2) = (—2,—1) and one of the following matrix equalities:
Al = -4 = 5T+ 4y),

AjAy = — A2,

A2 = Ay, 240 + As = 1,

(a1,a2) = (3, 3) and one of the following matriz equalities:
A2 =1, 1+ AjAy = Ay + Ay,

A2 =Ay =1,

(a1,a2) = (=3, %) and one of the following matriz equalities:
A2=1,1—-A1Ay=—A1+ Ay,

A2 =Ay =1,

(a1,a2) = (3,—1) and one of the following matriz equalities:

A2=1,1— A Ay=A; — A,
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(k2) A2 =—-Ay=1,
(1) (a1,a2) = (—3,—1) and one of the following matriz equalities:
(1) A3=1, 1+ A1Ay=—A; — Ay,
(12) A2 =—-Ay =1,
(m) ay,as € C* with a; +as =0; A3 = As,
(n) ai,as € C* with a1 —as =0; A1 = —As.

If we consider the matrix identities that satisfy the conditions A? = I and A; # +A, in Corollary 2.11,

then we get the following result.

Corollary 2.12 (Theorem 2.2 (i), [20]) Let A; and As be two involutive matrices with Ay # +As and
A1As = AsAy. Consider linear combination Az = a1 Ay + asAs with ai1,a2 € C*. The matriz Az is an

idempotent matrix if and only if any of the following sets of additional conditions holds:
(i) (ar,a2) = (—%,—1) and —A; — Ay =T+ A1 Ay,
(i) (a1,a2) = (3,3) and Ay + Ao =1+ A A,

(iii) (a1,a2) = (=3,

(iv) (a1,a2) = (%,—é) and A1 — Ay =1 — A1 As.

) and —A1+A2:I—A1A2,

N[

If (061761,71) S {(17 _1a O)a (_1a la 0)7 (17 Oa _1)7 (_15 07 1)7 (07 17 _1)a (07 _17 1)}a (a2aﬁ2) S {(la 0)7 (07 1)}a
and (as, B3) € {(1,—1),(=1,1)} in Theorem 2.7, and we consider the matrix identities that satisfy A? = Ay,
then we get Corollary 2.5 (i) in [18].

If (ala 51771) € {(17 71»0)7 (*1, ]-ao)a (1a 0, 71)3 (71707 1); (07 ]-7 *1)’ (07 *L 1)}’ (042752) € {(17 *1)7 (*13 1)}7
and (as, f3) € {(1,—1),(—=1,1)} in Theorem 2.7, then we get Corollary 2 in [9].

If (041,51,’}/1) € {(17 _1a O)a (_1a 17 0)7 (17 Oa _1)7 (_15 07 1)7 (07 17 _1)a (07 _17 1)}7 (a27ﬂ2) S {(17 0)7 (07 1)}7
and (as,f3) € {(1,—1),(=1,1)} in Theorem 2.7, and we consider the matrix identities that satisfy A? = —A;
and A; # +A,, then we get Corollary 3 in [9].

If (a17ﬂ1a71) € {(17 -1, O)a (717 L, O)’ (17 0, 71)7 (*1; 0, 1)7 (Oa 1, 71)3 (07 -1, ]-)}a (O‘Qa/BQ) € {(L 0)7 (07 ]-)}a
and (a3, 83) € {(1,—1),(—=1,1)} in Theorem 2.7, and we consider the matrix identities that satisfy A? = I and
Ay # +As, then we get Corollary 4 in [9].
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