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Abstract: In the present paper, we consider the semigroup O, of all order-preserving full transformations a on an
n-elements chain X, , where p € X,, is the only fixed point of . The nilpotent semigroup O, , was first studied by
Ayik et al. in 2011. Moreover, Oy,1 is the maximal nilpotent subsemigroup of the Catalan Monoid C,. Its rank is
the difference of the (n — 1)th and the (n — 2)th Catalan number. The aim of the present paper is to provide further
fundamental information about the nilpotent semigroup O, ,. We will calculate the rank of O, , for p > 1 and provide

a semigroup presentation for Oy 1.
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1. Introduction

The full transformation semigroup T;, on an n-elements set X,, = {1,2,...,n} is the set of all transformations
(i.e. self maps) X, — X, of X, with composition of transformations as multiplication. It is well known
that every finite semigroup is isomorphic to a subsemigroup of a suitable finite transformation semigroup (the
analogue of the Cayley’s theorem for finite groups). Hence, the transformation semigroups have an important
role in semigroup theory, as the symmetric groups in group theory. Various properties of T,, are known and
many subsemigroups of T, are studied. Among the most studied subsemigroups of T;, is the monoid O,, of
all order-preserving transformations on the chain X,, = {1 <2 < --- <n}. A transformation « € T, is called
order-preserving if x < y implies xa < ya. The monoid O, has long been considered in the literature. In
particular, the rank of monoid O,, is n (see [7]). The rank of a semigroup S is the minimal size of a generating
set for S, i.e. rank(S) = min{|G| : (G) = S}. Alzenstat (1962) exhibited presentations for O,, (see [1]). If
Y is a set then we denote by Y1 the free semigroup on Y. If R C Y+ x YT, then we denote by R# the
congruence on YT generated by R. To say that a semigroup S has semigroup presentation (Y |R) is to
say that S = Y+ /p% or, equivalently, that there is a semigroup epimorphism ¢ : Y+ — S with kernel R#
(ie. kerp = {(z,y) € YT x Yt :2p = yp} = R¥). If ¢ is such an epimorphism, then we say that S has
presentation (Y | R) via . The elements of Y are called generators and the elements of R are called relations.

In practice, a relation (z,y) € R will be written as z ~ y.
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Besides the already mentioned fundamental paper by Aizenstat [1], in 2010, East has given a presentation
for the singular part of Ty, , i.e. for T, \ S, , where S, is the symmetric group on X,, [4]. In the literature, one
can find presentations for several semigroups of partial transformations (see, e.g., [5, 6]).

A subset A C X, is called invariant for a transformation o € T;, if Aa = {za : 2 € A} C A. In
1966, Magill Jr. has considered the monoid T,(A) = {a € T}, : Ao C A} [12]. However, the elements
in A do not have to be included in the set Fiz(a) = {z € X,, : za = x} of all fixed points of a. The
number [{a € O, : |Fiz(a)| = r}| of all transformations on O,, with r fixed points, for a fixed positive integer
r, was given by Higgins in 1993 in [9]. Honyam and Sanwong have studied the semigroup Fiz(X,,a) of all
a € T, such that A C Fiz(«a), for a fixed set A C X,, [10]. They have shown that Fiz(X,,a) is a regular
monoid. Chinram and Yonthanthun have given a necessary and sufficient condition that Fixz(X,,a) is left-
regular and right-regular, respectively [3]. If we restrict ourselves to the case that Fiz(a) = A, we miss that

the corresponding semigroup is a monoid, whence A # X,,. In [2], the cardinality of the semigroup
Op,a={a€0,: Fiz(a) = A}

was determined by Ayik et al.. This paper extends the considerations about the cardinalities of semigroups of
order-preserving transformations on a finite set in [9]. We will write O, , instead of O,, 4, whenever A is the
singleton set {p} (A = {p}) for some p € X,,. However, in [9], algebraic properties of O, 4 are not studied.
The study of the nilpotent semigroup O,,,, gives more information about the subsemigroups of the well studied
monoid O,,. In the present paper, we will study algebraic properties of O, ,. We will calculate the ranks and

give a presentation for O,, ;. The transformations in O,, , can be described as follows:

Proposition 1.1 ([2], Proposition 4) Let p € X,, and let a € O, .
i) If 1<z <p, then z+1<za.
i) If p<ax<n, then za <z — 1.

By Proposition 1.1, it is easy to verify that (p — 1) = p (whenever p > 1) and (p+ 1)ae = p (whenever
p<n).

An element a of a finite semigroup S with 0 is called nilpotent if ™ = 0 for some positive integer
m. The set of all nilpotent elements of S is denoted by N(S). The semigroup S with 0 is called nilpotent if
S™ = {0} for some positive integer m. It is a well known fact that S is nilpotent if and only if N(S) =S (see
[8]). In the present paper, we deal with nilpotent semigroups. Let ¢, be the constant map to z, for x € X,.

In particular, the semigroup O, ; is already well studied because it is the maximal nilpotent subsemigroup
of the Catalan Monoid C,,. A transformation « € T,, is called order-deceasing if xa < z for all x € X,,.
The set of all order-decreasing transformations in 7T, is a denoted by D, , which is a subsemigroup of T, .

The subsemigroup C, = O, N D,, is called Catalan Monoid since its cardinality is the nth Catalan number

n+1 n n n —

C, = -1 ( 2n ) =1 ( 2n 1 >, where Cy = 1 (see [14]). We observe that c¢; is the zero element in C,,.

Moreover, an element o € C,, is nilpotent if and only if Fiz(a) = {1} (see [11], Lemma 2.2). From [2],
Proposition 4, we have the fact O, 1 = N(C).

Lemma 1.2 O, , is a nilpotent semigroup.
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Proof Since O, ; is equal to the nilpotent semigroup N(C,,), it is enough to consider the case p > 2. Let
a € O, . By Proposition 1.1, using la > 2 and (p—1)a = (p+1)a = p, we can conclude that zaP~ = p for all
xe{l,...,p—2} and za™ P =p forall x € {p+2,...,n}. This shows that xza™ = p for m = max{p—1,n—p}.
Consequently, we have o™ = ¢,. We obtain N(O,,,) = O, p, i.e. O, is a nilpotent semigroup with zero
element c,. O

It is easy to verify that O,,, and O, ,_r4+1 are isomorphic for r € {1,..., L%J }. In particular, O, 1 and

Oy, are isomorphic. Thus, we get

Lemma 1.3 ([2]) |Op1| =|0nn] =Ch-1.

In general, it holds:

Lemma 1.4 ([2], Lemma 6) [0, | =Cp_1Cp—p.

Using the fact that O,,1 = N(C,,), where rank(N(C,,)) = Cp—1 — Cy—2 ([15], Theorem 2), we obtain

Proposition 1.5 ([15]) rank(Op1) = rank(On,n) =Cpo1 — Ch—2.

As Oy, and O, ,, we can show that O, > and O,_1,; are isomorphic.

Lemma 1.6 O, 2 and O,_11 are isomorphic.

Proof Let ¢:0Op2 — Op_11 with z(ap) =(x+1La—-1forall z € {1,...,n—-1} = X,,_1 and a € O, 2.
Firstly, we show that ¢ maps into O,,_11. Let a € Oy 2. Then 1(ap) = (1+ 1) —1=2—1=1. Moreover,
for x < y € X,,—1, we have z(ap) = (. + Na—1 < (y+ 1)a—1 = y(ap) < n — 1. Further, we have
zlap)=(r+1la—-1<z+1-1=x forall z€{2,3,4,...,n—1}. This shows that ap € Op_11.

On the other hand, for @ € Op_11, let @ € T,, with 1& = 2 and z&@ = (z — 1)a+ 1(< n) for all
x€{2,...,n}. Wehave 2a = (2—1)aa+1=1+1= 2. It is routine to show that @ is order-preserving and
za < x for z € {2,...,n},s0 @ € O,. Further, we have z(ap) = (z+1)a-1=(x+1-1)a+1-1=za
for z € X,,_1, i.e. @p = a, which provides that ¢ is surjective. Next, we verify that ¢ is injective. Let «a, 8 €
Op2 with ap = fp. For x € X,,_1, the assumption zap = zf8p implies (z + 1)a = (z + 1)3. Moreover, we
have 1a = 2 = 13, which completes the argumentation that o = .

Finally, let o, 8 € Oy, 2. Then for € X,,_1, we have z((af)¢) = (z+1)af—-1 = (((z+1)a—1)+1)5—-1 =
((x 4+ 1Da—1)(Be) = (x(ap))(Be). This shows that (af)p = (ap)(B¢), which completes the proof. O

2. Rank of O,, ,

As already mentioned, the rank of O,,; as well as the rank of O,, ,, is C,—1 — C,,—2. Since O, 2 is isomorphic
to both O,_11 and O, 1, we can conclude that rank(Oy2) = rank(Oppn—1) = Cph—2 — Ch—3. Since O, is

a nilpotent semigroup, we have rank(Op ) = |Onp \ O%’p’ (see [13], Lemma 2.1). Let
Gnp={a€0,,:|za—zx|=1forat least one x € X, \ {p — 1,p+ 1}}

and we will show that O, ,\ O , = Gy . For this, we show first that O} , NG, , = 0.
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Lemma 2.1 If o, € O, p, then af ¢ G, .

Proof Assume that there are o, § € O, ,, such that af € G, ;. Then thereis z € X,\{p — 1,p,p + 1} such
that |zaf — x| =1.

If £ < p—1, then za > x+1 by Proposition 1.1, where z+1 < p. This implies za8 > (x+1)5 > =+ 2.
Thus, zaf —x > x4+ 2 — x = 2, a contradiction.

If x >p+1, then za <z — 1 by Proposition 1.1, where 2 — 1 > p. Thus, zaf < (z - 1) <z -2, ie.

rzaf —x <x—2—x = -2, a contradiction. O

Proposition 2.2 0, ,\ O} , =G,

Proof By Lemma 2.1, we can conclude that O,, , \ OfL’p 2O Gp,p. In order to show the converse inclusion, we

verify that a € OF , for all @ € Opp \ Gpyp. Let « € O p\Gr,p. We define o : X,, — X, by

za—1 forx<p-2;
za* =<¢ za+1 forax>p+2;
P otherwise .

Since a ¢ Gy, , implies |z —xa| > 2 for all z € X,\{p—1,p,p+ 1}, it is easy to see that a* € O,, ,. We show

that a = o™, where

(1
7=\ 2

It is clear that v € O,,. Let x € X,. Suppose that © < p — 2. We have za*y = (za — 1)y, where

3 p—2 p—1 p p+1 p+2 --- n
4 - p-—1 p p p p+l -+ n—-1)"

w N

xa < p since « is order-preserving. If za = p, then (za—1)y = (p— 1)y = p = za. If za < p, then
(za—1)y = (za—1)+1 = za. Thus, za*y=za. If z € {p—1,p,p+ 1}, then za = p = py = za*y. Suppose
that « > p+ 2. Then za*y = (za + 1)y. Since « is order-preserving, we have za > p. If za = p, then

za*y = (za+l)y = (p+1)y = p = za. If za > p, then za+1 > p+1 and za*y = (za+1)y = (za+1-1) = za.
O

Proposition 2.2 shows that a € OF , if and only if |z — 2| > 2 for all 2 € X,, \ {p — 1,p,p+1}. We

will use this fact for the calculation of the size of O3 .

Lemma 2.3 |O,21,p’ = |On—2p-1]|.
Proof Let a € Ofw. We define o* € T,,_o by

. ra—1 for z<p-—1;
e = (z+2)a—1 for p<z<n-—2.

Clearly, za* <n—1 forall z € X,,_5. Since |[za —z| > 2 forall x € X,,\{p—1,p,p+1}, we have |[za* —z| > 1
forall z € {1,...,p—2,p,...,n—2}. Moreover, (p—1)a = p implies (p—1)a* = (p—1)a—1 = p—1. Obviously,

o is order-preserving. Hence, we can conclude that o™ € O, _3 ,—1. We define a mapping ¢ : Ofl,p — On—2p—1

by ap = a*. It is easy to verify that ¢ is a bijection, i.e. |O,2L’p = |On-2p-1|- O

Now we are able to calculate the rank of the nilpotent semigroup O, .
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Theorem 2.4 rank(O, p) = Cp—1Ch—p — Cp—2Cn_p_1.

Proof Note that rank(Onp) = |Onp \ O2 | = |0np| — |02 | = |0np| = [On—2p—1] by Lemma 2.3. Because
of |Onp| = Cp—1Cn—p and |Op_2p_1| = Cp—2Cr—p—1 by Lemma 1.4, we get rank(O,p) = ‘On?p\037p| =
Cp_lcn_p — Cp_zcn_p_l . O

3. Presentations for O, ;

The goal of this section is to give a presentation for O,, ;. Let A, be set of all mappings g € {0,1,...,n—1}*»
with 1g =0, zg > 1 for € {2,...,n}, where lg = 1 for some [ € {3,...,n}, and either (z + 1)g < zg or
(x+1)g=xzg+1foral ze€{1,...,n—1}.

Lemma 3.1 Let g€ A,,. Then x —xg>1 forall x € X,,.

Proof We have 1 —1g = 1—0 = 1. Suppose that z — xg > 1 for some x € X, and we will show

that (x +1) —(x +1)g > 1. We have (zx +1)g < zg or (x+1)g = 2g+ 1. If (z+ 1)g < xg, then

1<z—zg<az+l—-azg<(z+1)—(z+1)g. If (x+1)g=2g+1,then (z+1)—2g=(x+1)—(z+1)g+1;

thus, 1 <z —zg=(zx+1)— (z+1)g. O
For each g € A,,, let ay € T}, with

rog =x — xg for all x € X,,.

Lemma 3.2 G, ={ay:9€ A,}.

Proof Let g € A,, and we will show that ay € Gy, 1. Clearly, lay, =1-1g=1-0=1 and |[z—zay| =xg > 1
for all x € {2,3,...,n}. Note that there is [ € {3,...,n} such that g = 1. This provides lay, =1 —1lg=1—-1;
thus, | —lagy| =1.

Next, we show that ay € O, 1, i.e. «4 is order-preserving. Let x < y € X,,. Then y = z + k for
some k € X,,. Firstly, we verify that zay < (z 4+ 1)ag. We have zg > (z +1)g or (z+1)g = zg+ 1. If
xg > (x+1)g, then zay =z —2zg<z—(z+1)g<(z+1)—(z+1)g=(r+Day. If (x+1)g=2g9+1,
then zay =z —zg=c—(x+1)g+1=(z+1)— (x+1)g = (xr + 1)ay. By the same arguments, we obtain
zag < (x+ 1oy < (z+2)ay <--- < (x+k)ay, ie zay; <yoy,.

Therefore, ag € G,,1. Altogether, we have shown that {ag: g€ A,} C G,1.

For the converse inclusion, let 8 € G,,1 and we define gg € {0,1,...,n — 1}%» by
xgs = x —xf for all x € X,,.

We will show that gg € A,,. Clearly, 1gs =1—-15=1—-1=0and zgg =z — 26 > 1 for all z € {2,...,n}
by Proposition 1.1. Further, there is p € {3,...,n} such that 1 =p —pB8 =pgg. Let z € {1,...,n — 1} with
(x+1)gs > xgp. This implies (z+1)—(z+1)8 > z—2f andso 1—(z+1)5 > —zf,ie. (z+1)8—1 < zf. Since
B is order-preserving, (z+1)8—1 < xf is only possible if (x+1)8 =28, ie (x+1)—(z+1)f=ax—2aF+1.
This shows (x + 1)gs = xgg + 1. Consequently, gz € A,.
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Finally, since zay, =« —xgs = v — (x — ) = zf3, for all x € X,,, we can conclude that § = ag4, €
{ag : g € A, }. Consequently, we have shown the converse inclusion G, 1 C {¢y : g € An}, which completes
the proof. O
Together with Proposition 2.2 we obtain:

Corollary 3.3 {a,:g € A,} is a generating set of Oy 1.

For g,h € An, let g@h € {0,1,2,...,n — 1} with 1(g® h) = 0,2(9 @ h) = 1 and (g ® h) =
(x —zg)h+xzg—1 for x € {3,4,...,n}. Note that 29 =1 for all g € A4,,.

Lemma 3.4 Let ggh € A,,. Then gd h € A,.

Proof For z € {3,4,...,n}, we have xg > 1. If zg = 1, then x — xg > 2; thus, (x — xg)h > 1. This
provides (z —xg)h+xzg—1>1. If g > 1, then zg — 1 > 1; thus (x — zg)h + 29— 1 > 1. We take z = 3.
Then 3¢ € {1,2} by Lemma 3.1. If 3¢ = 1, then 3(¢ ®h) = 3—-1)h+1—-1=2h =1. If 3g = 2, then
3(9g@h)=B3-2h+2—-1=1h+2—-1=1. Let x € {2,3,4,...,n — 1} such that (z+1)(g®h) > z(g®h).
We show that (z+ 1)(¢g@® h) =z(g® h) + 1.

If zg > (x + 1)g, then g = r + (z + 1)g for some r € {1,2,...,n}. Then (x + 1)(g ® h) =
(z+1—(z+1)g)h+(z+1)g—1 and z(g®h) = (r—zg)h+z9—1 = (z—(r+(z+1)g))h+r+(x+1)g—1, that is
(x+1=(z+1)g)h > (x—(r+(z+1)g))h+r. Thus, (z+1—(x+1)g)h > (z—(r+(x+1)g))h+r+1. On the other
hand, we can calculate that (z4+1—(z+1)g)h < (z4+1—(z+1)g—(r+1))h+(r+1) = (z—(z+1)g—r)h+(r+1).
This implies (z+1—(x+1)g)h=(x—r—(x+1)gh+r+1. Weget (x+1—(z+1)gh+(z+1)g—1=
(x—r—(z+Dgh+r+(x+l)g=(x—r—(xg—r))h+r+zg—r=(r—azg)h+zg—14+1=2(gdh)+1.
This implies (z+1)(g & h) =z(g@h) +1.

If xg=(x+1)g, then (z+1)(g®dh)=(x+1—z9)h+29—1>(x —2xg)h+2xz9—1=2x(g®h). This
gives (x+1—zg)h > (x—zg)h,ie. (x+1—zg)h = (x—xg)h+1. This provides (x+1)(gdh) =z(g9®h)+1.

If g < (x+1)g, ie. (x+1)g=2xg+ 1, then we can calculate (z+1)(g®h) =(xr+1— (z+ 1)g)h +

x+lg—1=@x+1—2zg—1h+ag+1l—-1=((x—2g9)h+zg—1)+1=x(gDh)+1. O
Let us put w € {0,1,2,...,n — 1}*» with lw =0 and 2w =1 for = € {2,3,4,...,n}. Clearly, w € A,,.
It is useful to determine the product of any transformation in G, ; with «, = ( 1 ? g Z 1 ) .

Let us define a mapping f : X, U{0} — X, by f(0) =1 and f(z) =z for z € X,,. In this case, we

write the argument right of the mapping for convenient.

Lemma 3.5 Let g € A,,. Then

e <1 2 3 4 n >
gre 1L 1 f2-39) f(3-4g) -~ f((n—1)—ng) )’

Proof We have loga,, = 1o, =1, 204, = la,, =1, and

Jz—zg—-1 ifx—xg>1;
Ty =1 1 ifr—zg=1,
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ie. zago, = f(x —xg—1), for all z € {3,4,5,...,n}. O

For g€ A, let g €{0,1,2,...,n—1}*» with 1§ =0, 2g =1,and zg =2 — 1 — f(f(z — 1 —zg) — 1)
for x € {3,4,...,n}.

Lemma 3.6 g€ A, forall g€ A,.

Proof Let g€ A,. Wehave 1 =0 and 2g =1. If > 3, then we obtain zg=2—1— f(f(z—1—29)—1) =
x—1—2x4+14+2zg+1=29g+1 > 1, whenever f(x — 1 —2zg) > 2 and 2§ =z —-1-12>3-2 =
1, whenever f(x — 1 — xg) = 1. Further, 3g € {1,2} implies f(2 —3g) = 1 and 35 = 2 — f(f(2 —
3) —1) =2 f1-1) =2-1=1,ie 2§ =33 Let z € {3,....n— 1} with (z + 1)§ > xq.
1 2 3 4 ceen

L1 f(f2=-39)=1) f(fB-49)—-1) - [f(f((n—1)—ng)—1)

f(fle=1-=z9) = 1) < f(flz —(x+1)g) = 1), =f(f(z —(z+1)g) - 1) < —f(f(x — 1 —=zg) —1); thus,
@+)g=a—f(fa—(z+l)g) - <z—f(fle—1-ag)-)=2z-1-f(flz—1-zg)-1)+1=aj+1.
On the other hand, 2§ < (x + 1)§ implies 2§+ 1 < (2 + 1)§. Therefore, we have 2§+ 1= (z + 1)g. O

Since agza,, = ( ) € Oy,1, we obtain

Now we define an alphabet set Y,, = {z, : g € A,} and define two sets of relations on Y, . Let
Ri = {zg=~uz5z,:9€ A} and
Ry = {zgon = x4onte :9,h € Ay}
It is easy to see that |Ri| = |A,| and |Ra| = |A,|?. Since Ry N Ry = (), we have
|R1 U Ro| = | Au] + [An]* = (1+ | Aul) - |4n] = (L +|Gna)|Gaal = (14 Camt = Ca2)(Camt — Cus)

using Lemma 3.2 and Proposition 2.2.

We write ~ for the congruence on Y, generated by Ry U Ry. Note that {a, : g € A,} is a generating
set of Op1 (see Corrollary 3.3). We define an epimorphism ¢ : Y,, = O, 1 by z4¢ = a4 for g € A,,. We aim
to show that kery =~ so that O, 1 has presentation (Y, |R; U Rg) via ¢.

Lemma 3.7 We have the inclusion ~C kerep.

Proof It is sufficient to show that the relations in R; U Ry hold as equations in O, ; when the variables are

replaced by their images under . Note that x,¢p = a,, = ( 1 ? 2 ;l n ﬁ 1 ) .
. . 1 2 3 R ()
Let g € A, , where g € A, by Lemma 3.6. Then a4a, = 11 f(2-3g) o f((n—1) = ng)

by Lemma 3.5 and it is easy to verify that aga, = o, with 1h =0, 2h =1 and zh =z — f(z — 1 — zg) for
x € {3,4,...,n}. Now we have

(O‘ga‘*’)%:aha‘”:(1 L f2-3+f2-3g) - f<n—1—”+f((”—1)‘”g))>

4 e n

1 2 3
:(1 1 f(f2-39)—1) f(fB—4g)—1) --- f(f((n—l)—ng)—1)>' On the other hand, Lemma
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3.5 gives
o <1 2 3 eom )
T\ 1 f@-24f(f2-39)—1) - f((n—1)—(n—1)+ f(f((n—1) —ng) — 1))
(12 1 eom ) wsing F(7(a) = f(a) for a
11 f(f(2-39)—1) f(fB—4g)—1) - f(f((n—1)—ng)—1) &

Xy . Hence, aga,0, = azo,, and we obtain xgxf)go = TgPTuPTHP = Qgll, Oy = QgL = TGPT,P = TgTypP.

Let g,h € A, where g ® h € A,, by Lemma 3.4. Then we can easily calculate

(12 3 n
Q=11 1 3—-3¢g—3-39)h -+ n—mng—(n—ng)h J°
For = € {3,4,5,...,n}, we have x — xg — (x — xg)h > 1 since x — xg — (x — xg)h is in the image of

agap € Oy 1 thus, f(z —xzg — (x —xg)h) = — 29 — (x — zg)h. Hence, TygpnTup = TgohPTwp = Qgont,

_(1 2 3 n )
S\l 1 fB-39-B-39)h+1-1) -+ f(n—ng—((n—ng)h)+1-1)

(12 3 4 n O
“\1 1 3-3¢g—(38—-3g9)h 4—49—(4—49)h -+ n—ng—(n—ng)h
= agap = Tepxnp = (Ten)P.
Now, we want to show the converse inclusion kerg C~.
Lemma 3.8 Let vi,v2,...,v, € {xy:9 € A,}, r>2. Then there is h € A, such that viva--- v, ~ Ty, .

Proof We prove by induction on 7. If r = 2, then the statement is satisfied by Ry. Suppose that for
v1,V2,...,0, € {x4 1 g € A,}, for some integer r > 2, there is h € A, such that vive- v, ~ xpzy.
Let vi,v2,...,0p41 € {24 : g € A,}. Then vi(vova---vpvp41) ~ vi(zpz,,) for some h € A,. Further,

(v1zh)Tw ~ (T374)20 by Ra, for some h e A,. By Ry, there is h e A, such that zpwewy ~ 7770, ie.
V1V2 - - UpUpg1 ™~ Tf80 - O

We put now A, = {g € Ay : |z —xg| > 1 for all z € {3,4,5,...,n}}.
Lemma 3.9 Forall h € A,, there is g € A\n such that rgx, ~ ThTy .

Proof Let h € A,. Suppose that i —ih = 1 for some i € {3,4,5,...,n}. Let Q = {z € {3,4,5,...,n}:
x—xh=1}#0. Then zh > 2 for all z € Q. We put

[ zh ifx ¢ Q;
xg{ zh—1 ifzeqQ.

We have to show that g € A,,.
We have 1g = 1h =0 and for =z € {2,...,n},

[ zh#0 if v ¢ Q;
TIZV ah—1>2-1=14£0 ifzeqQ.
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There is | € {3,4,5,...,n} such that (h = 1, ie. |l —1lh] # 1 and | ¢ Q. Thus, lg = lh = 1. Let
x €{2,3,4,...,n— 1} such that (x + 1)g > xg. Then we have the following cases:
Case a: xg = xh. Assume that (x +1)g = (¢ +1)h — 1. Then (x + 1)h — 1= (z + 1)g > xg = xh. This gives
(x+1)h > (x+1)h—1>zh,ie. (r+1)h=zh+1. However, (t+1)h = (z+1)h—1+1>2h+1= (z+1)h.
This is a contradiction. Hence, (x + 1)g = (z + 1)h. Thus, (z + 1)h > zh, i.e. (x + 1)h = zh + 1; therefore,
(x+1l)g=(x+1)h=zh+1=xg+1.
Case b: (x+1)g = (xr +1)h and zg = zh — 1, i.e. (z 4+ 1)h > zh. This implies that (x + 1)h = xh or
(x+VD)h=zh+1. If (x+1)h=zh+1,thenl=o+1—-(z+1)h=2+1—-2h—-1=2z—2zh > 2,
a contradiction. Thus, we have (x + 1)h = xh. This means that (z + 1)g = (z + 1)h = xh and then
(x+1)g=zg+1.
Casec: zg =2zh—1 and (z+1)g = (x+1)h—1. Then (z+1)g > xg implies (x+1)h > xh,ie. (z+1)h = zh+1,
(x+1)h—1=xh—1+1; thus, (x+1)g=zg+1.

Altogether, this shows that g € A,, .

Let z € {3,4,5,...,n}. fx ¢ Q,then c—zg=x—ah >1. fz € Q,then x—2zg=x—zh+1=2> 1.
This means that z —xzg > 1 for all « € {3,4,5,...,n}. Therefore, g € A,.

Next, we show that z,z,, ~ zp2,,. We have 1,2, = Thew®w € Re and 247, = Tgpwr, € R If € Q,
then x—zh =1 and x—zg = x—ah+1 = 2. This gives (z—2h)w+zh—1 =0+ah—1 =ch—1=14zh—1-1=
l+zg—1=(x—zg)w+zg—1. If ¢ Q, then zh = zg and (z — zh)w+2h —1 = (z — xg)w +xg — 1. This

provides Thgw®w = TgowTw. Then we obtain zpz, ~ x4z, by transitivity. O

We define a function p : /Aln — Op,1 by g = og0, forall g € ﬁn

Lemma 3.10 p is an injection from En into Op1 \ Gn.1-

Proof  We show that p is a function from A\n to Op,1\Gn,1. For this, we take g € fAln such that
g = g0y, € Op 1. This shows that agay, ¢ Gp,1 by Lemma 2.1.

We show g is injective. For this, let ¢1,92 € f/l\n such that gipu = gop. By Lemma 3.5, we have

o — 1 2 3 4 n and
PR=CC =1 1 f3-3g—-1) fA—4g—1) - fln—ng—1)
1 2 3 4 n
gzuag2aw<1 1 f(3—3gs—1) f(d—dgy—1) --- f(n_nQQ_l)).Forx€{3,4,5,...,n},we

have  —xg; > 1 and x — xgy > 1, thismeans x —xg1 — 1= f(x —2xg1 — 1) = f(x —xg2 — 1) =2 — xgo — 1.
Hence xg; = xgs. Altogether, we have xg; = xgo for all z € X,,, that means ¢g; = g5 . O
Theorem 3.11 The semigroup O, 1 has presentation (Y,|R1 U Re) via ¢.

Proof By Lemma 3.7, we have ~C kery. It remains to show that kery C~. For this, let (wq,ws) € kerep.

By Lemmas 3.8 and 3.9, there are g1,g92 € A\n such that w; ~ x4, 7, and we ~ x4,7,. Since ~C kery,

we can calculate that x4z, = wip = wp = xg,x,p. In particular, gip = ag 0, = T4 2,9 and
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goph = g, 0y = Tg, Ty, 0. This provides gipn = gop. Since p is injective by Lemma 3.10, we obtain g1 = go.

This gives wy ~ Tg, %y, = Ty, Ty ~ W3, i.6. W1 ~ W3, O

We want to illustrate Theorem 3.11 for n = 4. It is easy to verify that O4; consists of the five

transformations
_(t234), (1234 (12 3 4
@ = \1 11 3)°" 2 2 /)T \11 2 3 )
1 2 3 4 1 2 3 4
d_<1112>’and6_<1111>'

Let g1,92 € {0,1,2,3}*%¢ with 1g; = 1g2 = 0, 291 = 292 = 39 = 491 = 1, and 3g; = 4go = 2. It is easy to
see that Ay = {g1, 92, w}, L.e. Yy = {zg,,24,, w}. For convenience, we use a,b, and ¢ for x4, x4, and w,

respectively. The relations in R; provide
ac® = be, be? ~ be, and cc? ~ be.
The relations in Ry provide

aa =~ be, ba=x=bc, ca=bc,
ab~ac, bb=bc, cb=ac,
ac~ ac, bcmbe, cc=ac.

Then we obtain the following presentation for Oy :

<{a, b,c} | {ac® ~ be, be? = be, cc? ~ be, aa =~ be, ab = ac,ba ~ be, bb =~ be, ca = be, cb =~ ac, cc ~ ac}>.
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