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Abstract: In this paper, we introduce and examine certain subclass M, s (¢, 8) of analytic and bi-univalent functions
on the open unit disk in the complex plane. Here, we give coefficient bound estimates, upper bound estimate for the
second Hankel determinant and Fekete-Szegt inequality for the function belonging to this class. Some interesting special

cases of the results obtained here are also discussed.
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1. Introduction and preliminaries

Let A denote the class of all complex valued functions f given by

f(2)=z24a92® +az2® + ...+ a,2" +...= 2 + Z anz", an € C, (1.1)
n=2

which are analytic in the open unit disk U = {z € C: |z| < 1} in the complex plane. By S we define the
class of all univalent functions in A.
For a € [0,1), some of the important and well-investigated subclasses of S include the classes S*(«) and

C(«), respectively, starlike and convex function classes of order « in U.

By definition, we have

and

_ . G N
C(a)—{fes.ﬂ%<1+ f/(z))> , GU}.

In his fundamental paper [16] for ¢ € (0,1), Jackson introduce g— derivative operator D, of an analytic
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function f as follows:

[e)-f@n)
Dyf(z)=4 ~Gae o+ H2FO (1.2)
1 (0), if z=0.

The formulas for g—derivative of a product and a quotient of functions are

D,z" = [n]qznfl, n €N,

n

where [n], = > ¢"~1 is g— analogue of the natural numbers n. It can be easily shown that [n] =
k=1

lim

[0, =0, 1], =1,

Jm [n], = n.

It follows from (1.2) that

D,f(z)=1+ Z [n], Azt
n=2
and
Df(2) = Dy (Dyf(2)) = D In], [n— 1], a,2" ">

for the function f € A. Also, it is clear that lim D,f(z) = f (z) for an analytic function f.

q—1—

Let us define the following subclasses of analytic functions.

Definition 1.1 For q € (0,1) and a € [0,1), a function f € A is said to be in q-starlike function class Sy (@)

of order a, if satisfied the following condition

%<W>>a, zeU.

Definition 1.2 For g € (0,1) and o € [0,1), a function f € A is said to be in q- convex function class Cy ()

of order a, if satisfied the following condition

le?f(z)
%<1+qu(z)>>a, zelU.

Studies on g— derivative were firstly initiated by Jackson [15, 16], Carmichael [9], Mason [18], Adams
[1] and Trjizinsky [32]. This topic was forgotten for a long time. Later, some properties related with function
theory involving g— theory were introduced by Ismail et al. [14]. Recently, many studies were done on this
subject (see [2, 28, 29]). As the study [2] suggests, there is a lot that can be done for this research topic. For
example, ¢g— analogy of starlikeness and convexity of analytic functions in the open unit disk and in arbitrary
simply connected domains would be interesting for researchers in this field.

In [3], by using applications of g— derivative, it was shown that Szasz Mirakyan operators are convex
when convex functions are taken such that their result generalizes well known results for ¢ = 1. Also, in [3] the

authors showed that g— derivatives of these operators approach ¢— derivatives of approximated functions.
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Very soon, by Ugar [33] and Ucar et al. [34] studied some properties of g- close-to-convex functions. By
Polatoglu in [27] was investigated g— starlike functions and gave growth and distortion theorems for this class.
Quasi starlike and quasi-convex functions were studied by Altintag in [5]. Altintag and Mustafa studied quasi
q— starlike and quasi g— convex functions (see [6]).

Very recently, in [4] Altintag and Aydogan studied quasi ¢— convex functions.

Now, let’s give some preliminary information and definitions that we use in our study.

It is well-known that every function f € S given by (1.1) has an inverse f~! defined as follows

() = 22eU 7 (f(w) =w,we Uy, ={weC:luw <r(f)},
ro(f) > 1/4
and
fH(w) = w + Agw? + Asw® + Ayw* + ..., w € U, (1.3)
where

Ay = —ag, Az = 2a§ —ag, Ay = —5(1% + Sasas — ay.

Also, it is well known that a function f € A is called bi-univalent function in U, if both f and f~!
are univalent in U and U,,, respectively. Let ¥ denote the class of bi-univalent functions in U given by (1.1).
For a short history and examples of functions belonging to the class ¥ see [30].

For the functions f and ¢ analytic in U, f is said to be subordinate to g and denoted as f (z) < g (2),

if there exists an analytic function w such that
w(0)=0, |w(z)]<land f(z)=g(w(z)) .
In particular, when ¢ is univalent in U
f(z) <g(z) <= f(0)=g(0) and f(U) Ccg(U), z€U.

Firstly, by Lewin in [17] he introduced a subclass of bi-univalent functions and obtained the estimate
|as] < 1.51 for the function belonging to this class. Subsequently, Brannan and Clunie in [7] developed the
result of Lewin to |as| < V2 for f € . Later, Netanyahu [19] showed that |as| < 3. Brannan and Taha [8]
introduced certain subclasses of bi-univalent function class X, namely bi-starlike function of order « denoted
S% (a) and bi-convex function of order a denoted Cy (a) corresponding to the function classes S* (o) and
C (), respectively. For each of the function classes S% (o) and Cs (o), nonsharp estimates on the first two
Taylor-Maclaurin coefficients were found in [8, 31]. Many researchers have introduced and investigated several
interesting subclasses of bi-univalent function class ¥ and they have found nonsharp estimates on the first two
Taylor-Maclaurin coefficients (see [30, 36]).

Among the important tools in the theory of analytic functions is Hankel determinant, which is defined
by coefficients of the function f € S. The Hankel determinants H,, (n),n = 1,2,3,....,m = 1,2,3,... of the
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function f € S are defined by (see [20]).

(e7% Gn41 ceo Opdm—1
Qp41 Up4-2 Qp4m
Hy, (n) = , a1 =1
Unt+m—1  Opntm - Opitm-—2

Generally, these determinants were investigated by researchers with m = 2.

Recently, the upper bounds of second Hankel determinant |Hs (2)| = |azas — a3| for the classes S% ()
and Cy () were obtained by Deniz et al. [10] . Very soon, Orhan et al. [26] reviewed the study of bound for
the second Hankel determinant for the subclass M@ (8) of bi-univalent functions. Mustafa et al. [23] improved
the results obtained in [10].

One of the important tools in the theory of analytic functions is the functional Hs (1) = a3 — a3, which
is known as the Fekete-Szegd functional and one usually considers the further generalized functional as — pa3,
where 1 is a complex or real number (see [12]). Estimating the upper bound of |as — pa3| is known as the

Fekete-Szeg6 problem in the theory of analytic functions. The well-known result due to them states that if
f €A, then

’ag—pa§|§ 1+Qexp<%>, if 0<pu<l,
4p — 3, if 1< p.

In 1969 Koegh and Merkes ([21]) solved the Fekete- Szegd problem for the classes of starlike and convex
functions for some real u. The Fekete-Szego problem has been investigated by many mathematicians for several
subclasses of analytic functions ([20-22, 25]). Zaprawa (see [35]) has studied on Fekete-Szeg6 problem for some
subclasses of bi-univalent functions. Very soon, Mustafa and Mrugusundaramoorthy [24] solved the Fekete-Szego
problem for the subclass of bi-univalent functions related to shell shaped region.

We define the following subclasses of analytic functions.

Definition 1.3 For q € (0,1), a function f € A given by (1.1) is said to be in the class S;(p), which we will

call q— starlike function class with subordination if the following condition is satisfied

zDqf(2) B
o ©(2),

where ©(z) = z+ V1 + 22 and the branch of the square root is chosen to be the principal one, that is ©(0) =1.

Definition 1.4 For q € (0,1), a function f € A given by (1.1) is said to be in the class Cq(p), which we will

call g— convex function class with subordination, if the following condition is satisfied

D2 ()
1+ W < CP(Z),

where ¢(2) = z++V1+ 22 and the branch of the square root is chosen to be the principal one, that is ©(0) =1.
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It can be easily seen that the function ¢(z) = z 4+ /1 + 22 maps the unit disc U onto a shell shaped
region on the right half plane and it is analytic and univalent in U. The range ¢(U) is symmetric respect to
real axis and ¢ is a function with positive real part in U, with ¢(0) = ¢'(0) = 1. Moreover, it is a starlike

domain with respect to point ¢(0) = 1.

Now, we define a subclass of analytic and bi-univalent functions as follows.

Definition 1.5 For g € (0,1) and 8 > 0, a function f € ¥ given by (1.1) is said to be in the class My s (¢, B),

if the following conditions are satisfied

zDqf(2)
f(2)

zDgf (2)

=9 Duf (2

—|—ﬂ<1—|— ><<p(z)—z—|— 1422, 2z€U

and

wDgg(w) L5 (1 n ZD?Q (w)

<pw)=w+V1+w? wel,,
Dqg(w)) (w) o

where g = f~% as given by (1.3).

Remark 1.6 Tuoking B = 0 in the Definition 1.5, we have bi-q— starlike function class with subordination

Sy (p), which satisfied the following conditions

zDq f(2)
—I s <p(z)=24+ V1422 2€U
ORI
and
D
wDqg(w) <pw)=w+vV1i+w? wel,
g(w)
where g = f~1 as given by (1.3).

Remark 1.7 Taoking § = 1 in the Definition 1.5, we have bi-q— convex function class with subordination

Cy.x (p), which satisfied the following conditions

1+M<@(z):z+ 1422, 2€U
Dqf(2) 7
and
wDZg(w)
1+ 2" <o) =w+vV1+w?2 wel,,
Dyg(w) (w) 0
where g = f~1 as given by (1.3).
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Notation 1.8 It is clear that
lim Mq,Z (Qoaﬁ) = ME (@aﬁ) .
q—1-
The class My (v, 8) was recently investigated by Mustafa and Mrugusundaramoorthy in [24] .

In this paper, our aim is to give coefficient bound estimates, determine the upper bound estimate for

the second Hankel determinant and solve the Fekete-Szegé problem for the function belonging to the class

MZ (@7 B) .
In order to prove our main results, we shall need the following lemmas.

Lemma 1.9 (/11, 13]) Let P be the class of all analytic functions p of the form
p(z) =14+ prz+pez® +p32® + ... = 1+anz" (1.4)
n=1

satisfying R (p(2)) > 0,z € U and p(0) = 1. Then,

Ipn] <2, n=1,2,3, ...

This inequality is sharp for each n=1,2,3,... . In particular, equality holds for the function
142

foralln=1,2,3,... .

Lemma 1.10 (/11, 18]) Let P be the class of all analytic functions p of the form
p(z) =1+piz4+p22 +p3z® +.. =1+ anz"
n=1

satisfying R (p(2)) > 0,z € U and p(0) =1. Then,

2ps pi+ (4—pi),
dpy = p?+2(4—p3puv—(4—p@pﬂ3+2(4—pﬂ(1—Lﬂﬁz

for some x,z with |x| <1, |z| <1.

Notation 1.11 As can be seen from serial expansion of the function ¢ given in Definition 1.3, 1.4 and 1.5,

this function belongs to the class P.

Lemma 1.12 ( [13]) The power series given by (1.4) converge in U to the function p in P if and only if the

Toeplitz determinants

2 D1 D2 e Dn
P-1 2 D1 T
D, =| - ' o n=1,2.3, ..
P—n P-nt+1 DP-n+2 - 2
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and p_n = pn, are all nonnegative. They are strictly positive except for

n
p(z) =Y papo (¢"%), pn >0, tn
n=1

real and t,, # ty for n# k in this case D, >0 for n<m—1 and D, =0 for n>m.

Notation 1.13 According to Lemma 1.12 p, > 0 for each n = 1,2,3,... , if p € P. On the other hand,

according to Lemma 1.9 |pn| < 2 for each n =1,2,3,..., if p € P. For these reasons, we will assume that

‘4 - p%‘ = ‘4 - \p1|2‘ =4— |p1|2 for p1, which is the first coefficient in (1.4), throughout our study.

2. Coefficients bound estimates
In this section, we prove the following theorem on upper bound estimates for the first three coefficients of the

functions belonging to the class M, » (¢, 3).

Theorem 2.1 Let the function f given by (1.1) be in the class My s (¢, 8). Then,

1

|a2| S ma

jas| < max{a$" (¢, 8) 05 (0, 8)}

where
oV (q.8) = 1
3 (¢,8) ([2]q—1+ﬁ)2
and
al’ (¢,8) = ! ,
8, — 1+ ((21,1) 18, +1) 8
jaa| < max {af" (¢.8) .0 (4. 9)}
where
e _ 1
s 4, -1+ ((131,1) (4, +1) 8
and

8, — 1+ { (121, - 1) 18], + (18], - [21,) (2 +1} 8
[, =1+ (18], 1) (41, + 1) 8 (121, - 1+ 5)3

al? (q,8) =
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The results obtained here are sharp for 3 € [0,1].

Proof Let f € Myxn(p,8),8 >0 and g = f~'. Then, there are analytic functions w : U — U, w :
|w

0
U,, = U,, with w(0) =0=w (0),|w(2)] <1, |w(w)| <1 satisfying the following conditions

_ 5 2Daf(2) D@ om0 = .
and
7qug(w) 7wD§g(w) =yp(w(w)) =w(w w2 (w) , w
(1- ) “2ett +,8<1+ Dqg(w)>—¢< @) =% W)+ VT @), wel, . (22)

We define the functions p,q € P as follows:

14+w(z > n
p(Z)Z1_8:1+p12+p222+p323+...:1—|— E ppz’, z€U
w(z —
and
1+ @ (w) 2 3 -
qg(w)=——= =14+ qw+ w” + gw +...:1+anw", w € Up,.
1—w(w) =

It follows that

p(z)—1 1 A P\ s
_pH—-r_ 2 _pn _ 71 U 2.3
w(2) P11 2 Pzt 2= |2 s —pipe k)2 2 € (2.3)
and
qw)—1 1 qi 4
w(w):7q(w)+1:§ awt(e- 5w+ (a-qae+ T )w+. |, wel (2.4)

Changing the expressions of functions w (z) and w (w) in (2.1) and (2.2) with expressions in (2.3) and
(2.4), we obtain

2Dy f(2) DRf(2)\ . m p2 Pl ps  pip2
(1-5) 7 +6<1+qu(z)>_1+2z+<2—81)z2+(2— 1 )z3+... (2.5)
and
wDgg(w) wDig(w)\ @ @ ¢ B Qg
(1_ﬂ)g(w)+ﬁ<1+Dqg(w)> —1+?w+ (2—81>w2+(2—4 )w3+... (2.6)

If the operations and simplifications on the left side of (2.5) and (2.6) are made and the coefficients of

the terms of the same degree are equalized, the following equations are obtained for as, as and a4

([2}q 1+ ,3) a = %, (2.7)
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{120, 3,8+ (13, - 1) =B }as — {1228+ (121, — 1) (1 - ) } a3 (2.8)
_
2 8’
{18, 14,8+ (14, -1) 1 -8)} as (2.9)

~{(R2s-p+1)Bl,+ (18,6 - 6+1) 2, +2(8— 1)} 0205
+{(225-p+1) (2, +6-1} a3

_ b3 DPip2
2 4
and
- ([2]q -1+ b’) az = %, (2.10)

{2, 8,8+ (B, - 1) 1= B} as (2.11)
+{2[12), 18,8+ (B8, - 1) 1= B)] - [228+ (12, - 1) 1 - B)] } &

_ e @
2 8’

{181, 14,8+ (14, -1)1-8)}a (2.12)
(511, - 121,) (131, 8- 8+1)
+{ —(e2s-sr1)B, 8- [

(511, —2121,) (18,8 - 8+1) p
+ (121, - 213],) (1212 8 B-1 [

43 9192

2 4
From equations (2.7) and (2.10), we write

p1 q1

From this and Lemma 1.9, the first result of the theorem is clear.
Subtracting (2.11) from (2.8) and considering the equality p; = —q1, we get

D2 —q2

{1, 6,8+ (18, -1) 1 -6}

)

2
az = a; +
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that is,
i P2 — @
0y — n , (2.14)
a2, -1+8) 4{E,B,8+ (B8, 1) -8}
Also, subtracting the equation (2.12) from the equation (2.9), considering the equalities (2.13) and (2.14),
we have
3 3], — 12 2 2 3], —1)(1—
. {181, + (131, - 121,) 121, } 120, B+ (131, — 1) ( D s 015
s{03l, 14,8+ (14, - 1) 4= 8)} (121, - 1+ 8)
n 5(p2 —q2)p1
16{[2], 31,8+ (13, - 1) (1= 8)} (121, - 1+ 8)
4 b3 — a3
{3, 1,8+ (14, -1) -5}
_ (p2 +a2) 1 .
s{03], 141, 8+ (14, - 1) 1 - 8)}
Since p; = —¢q, according to Lemma 1.10, we can write
— 2 2
P2*Q2:4 2p1 (I*y)7p2+Q2:P?+4 2p1 (z+y) (2.16)
and
mon = DI DR e (2.17)

4 — 2
+g (1o)== (1)
for some x,y, z,w with |z| <1, |y| < 1,]z| < 1,|w| < 1.
Substituting the first equality (2.16) in (2.14), we write the following expression for the coefficient ag

4([2]q—1+5)2+8{[2]q[3}qﬁ+([3]q—1)(1—6)} v

az =

Note that if we take |pi| = ¢, we can write |4 — pf| = ‘4 — |p1|2’ =|4—1t?| =4 — 12 (see, also Notation
1.13 at the end of the first section). That is, we may assume without restriction that ¢ € [0,2]. In that case,
using a triangle inequality and setting |z| = £ and |y| = n, we can write the following inequality for |as]
12 4 — 2

l = 4([2]q1+5)2+8{[2]q[3]q6+([3]q—1)(1—ﬂ)

(&n) € [0,1]7.

(E+m),
}
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Now, let the function F : R? — R defined as follows:

F(&n) = + }@+m,

(&m) € (0,1,

We need to maximize the function F' on the closed square Q@ = {(5, n): (&,n) €0, 1]2} .

It is clear that the function F takes its maximum value at the boundary of the closed square §2.
Differentiating the function F(£,7) respect to parameter £, we have

4 —t?
s{(2l, 6,8+ (18l,-1) 1 -8}

Since F¢(&,m) > 0, the function F(€,n) is an increasing function respect to £ and maximum occurs at

£=1, so

Ff(fan) =

max {F(&,n):£€[0,1]} = F(l,n) =

for each n € [0,1] and ¢ € [0,2].
Now, differentiating the function F(1,7), we have

4 —¢2

s{121,181,8+ (18, - 1) -8}

F (1,n) =
Since F' (1,m) > 0, the function F(1,7) is an increasing function and maximum occurs at n = 1, so

t2
4(mq71+ﬂf
4 — 2

{1,068+ (18, -1) -5}

max {F(1,n):n€[0,1]} = F(1,1)=

+ ,t€[0,2].

Thus, we have

max {F(§,n) : (§,n) € Q} = F(L,1)

47 2 N 4 — ¢

a2, -1+0) {EB,e+ (8, 1) 0=}

F(&n)

IN
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Since |as| < F(&,n), we can write

1

las| < a(q, B)t* +
2], 81,8+ (18, - 1) (1= 8)

1 €10,2]
where

1 1 B 1
(2 -1+6) 2LBLE+(8,-1)1-5)

a(q,B) =

Now, let’s find the maximum of the function x : R — R defined as follows

1
2, 18,8+ (18], — 1) (1 = B)

x(t) =a(q B)t* +

in the interval [0,2].
Differentiating the function x(t), we have x (t) = 2a (¢, 8)t,t € [0,2]. Since x (t) < 0 when a (¢, 8) < 0,
the function x(t) is a decreasing function and maximum occurs at ¢ = 0, so
1
2], 18], 8+ (13, - 1) (1 - B)

max {x(t) : t € [0,2]} = x(0) =

and x'(t) > 0 when a(q,3) > 0, the function x(t) is an increasing function and maximum occurs at

t=2, so

1
max {x(t):t €[0,2]} = x(2) = ———.
(121, -1+ 5)
Thus, we obtain the following upper bound estimate for |as|
1 1

|ag| < max

2
(12, ~14+8) 2,80+ (B, ~1) -5
From (2.15), using (2.16), (2.17) and triangle inequality, we obtain the following inequality for |a4|

lag] < c1 () + e () (E+m) +es(t) (& +n*) =G (&),

where

{181, + (18], - 2,) 21, } 21,8+ (138, - 1) 1 - )

alt) = 3
8 {13], 14,8+ (14, - 1) 1 = )} (12), — 1+ 8)
4 —t?
a{B), 1,8+ (4, -1) -8}

+
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ca(t) = 5(47t2)t
32 {[2]q [3], 8+ ([3]q - 1) (1- /3)} ([Q]q -1 *5)
(4—12)t

BT {Bl,14,8+(14,-1) -}

e (6) = (4—12) (t—2)
16{[3), (4,6 + (4, -1) 1 -9}

Now, we need to maximize the function G on Q for each t € [0,2].

Since the coefficients ¢ (t), ¢z (t) and cs(t) of the function G depend on the parameter ¢, we must
investigate the maximum of the function G for different values of the parameter ¢.
For t =0, since ¢2(0) =0,

1

a0 = Sy, (W, 1)
e (0) = _
2{13], 141, 8+ (14, -1) 1 -8}
we write
G (&) = !

8], 141, 8+ (14, - 1) (1 = )

_ 1 o 2
2{[3]11[4](15‘1‘([4](1—1) (1_5)} (5 +n )7(§7n)€ [0,1)".

From this, we have

1
8], 14,8+ (14, - 1) (1= 8)

G (€n) <max{G(&n): (&n) € =G(0,0) =
Let ¢t = 2. Then, since c2(2) = ¢5(2) =0 and

{181, + (131, - 2,) 2,} 2,8+ (B, - 1) (1 - B)
(B, ,8+ (14, -1) a-p} (2, -1+8)

the function G is constant as follows

c1(2) =

G(éﬂ?) =1 (2) =
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In the case ¢ € (0,2), we can easily show that the function G cannot have a maximum on the .

Thus, we obtain

1
3],[4],8+([4,-1)(1-8)’
las| < max{ {(3),+(13],—[2],)(2], }12],6+(13],~1) (1-B)
{31, 141,8+(14],-1)1-B) } (21, - 1+8)°

The results obtained in the theorem are sharp for 8 € [0,1]. Really, the obtained results hold with

equalities for the following function

for g €[0,1].
Thus, the proof of Theorem 2.1 is completed. O

In special cases § =0 and § =1, from the Theorem 2.1 we obtain the following results, respectively.
Corollary 2.2 Let the function f given by (1.1) be in the class S} s (). Then,
Bl,—1

1
(12, - 1)2 (14, 1) (12, - 1)3'

The results obtained here are sharp. In particular, equalities hold for the function

|CL2| S ) |a3| S and |CL4| S

2], -1

) =2t 22 . 3 ([3]q - 1) 24

2], 1 (i, - 1)2 + (1, - 1) (121, - 1)3,

Corollary 2.3 Let the function f given by (1.1) be in the class Cyx (). Then,

zeU.

1 ma Zf q € (07 qO] )

1
laz| < ——, |as| £ —5 and |as| < 3] +([3], —[2].)[2 )
2, 22 Bl BBl i g e [go,1),

|
e
=

Ve

where qo = 5

The results obtained here are sharp. In particular, equalities hold for the function

22 23 2

f(z):Z‘Fm‘F@—Fm, zeU

for q € (0,q0] and for the function
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for q € [qo,1).

Also, from the Theorem 2.1 the following result was obtained, when ¢ — 1~ .

Theorem 2.4 (see [24], Theorem 2.1) Let the function f given by (1.1) be in the class My (¢, 3). Then,

1

as| < ——
lag| < e

sl < araee if Be[0.1+V2],
N mv if  B=1+V2,

|a|

< # 2((114:;1)@)’ Zf 5 € [0750}7
SO i Bz b,

where By = 1.3289 is the numerical solution of the equation B> + 3% — 58 —1 = 0.

3. The second Hankel determinant and Fekete-Szego inequality

In this section, we give an upper bound estimate for the second Hankel determinant and Fekete-Szego inequality

for the function belonging to the class My s (¢, 8) defined by Definition 1.5.

Firstly, we prove the following theorem on the upper bound estimate of the second Hankel determinant.
Theorem 3.1 Let the function f given by (1.1) be in the class My s (p,5),5 € [0,1]. Then,

|azay — a3| < max{A(q,8), B(q.5)}. (3.1)

where

], — 03], + { (131, + 121,) 1202 — (121, = 1) 13], - (131, +1) (4], } 8
B(qvﬂ) = 4 :
{14, -1+ [ (B, - 1) 14, +1] 8} (121, - 1+ )

Proof Let f € Myx(p,8), B €[0,1]. Then, from (2.13), (2.14) and (2.15), we write the following equality

2
for asaq — as
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{(131, - 1212) 121, + (1203 - 14,) 3], } B+ (B3], — [4,) (1= )
16{(3], 14,8+ (14, ~1) 0 -B)} (12, -1+ 8)

pi

N (p2 —Q2)p1 5
s2{12], 131, 8+ (138, - 1) 0= 8)} (12], - 1+ B)
. (p3 —Q3)P2

8{13l, 14,8+ (14, - 1) 0= 8)} (12), — 1+ 8)

B (p2 + @) P
16 {13], 4,6+ (14, 1) (1= 8)} (12, - 1+5)

(P2 — QQ)2

16{(2), 18,8+ (18, ~1) 1 - &)}

Using equalities (2.16) and (2.17), then triangle inequality and letting |p1| = ¢, |x| = &, |y| = n, we obtain

the following estimate for |a2a4 - a§|

‘a2a4 - a§] <CL(t)+Cy(t)(E+n)+Cs(t) (52 + 772) +Cy(t) (E+ 77)2 , (3.2)

where

{(127 - 131,) 21, + (2 - 10,) B o+ (10, - 1,) 1 - 9)
Ci(t) = 1
16{(3], 14,8+ (14, - 1) 1 =8} (12, - 1+ 5)
(4—t*)t
8{3), 14,8+ (14, -1) A -8} (12, -1+8)

+ =0,

1
Oy ()= A=) { (B, 7P, ) (P ) } >0,
64 ([2]q —1+ ﬁ) (3], 141, A+ (141, - 1) (1-B)

Cy (1) = U-t)e=2t <0,

s2{03], 4], 8+ (14, —1) 0= B)} (121, — 1+ 8)

_42)2
) >0,

Cy(t) = 2 =
64 {[z}q 3], 8+ ([S]q - 1) (1- 6)}

Let the function @ : R? — R defined as follows:
®(&n) =C1(t)+ Ca(t) (§+n) + Cs(t) (€ +77) + Ca(t) (€ +n)°, (& m) € [0,1]
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for each ¢t € [0,2].
Now, we need to maximize the function ® on € for each ¢ € [0,2].

Since the coefficients of the function ® depend on the parameter ¢, we must investigate the maximum
for different values of the parameter ¢.
1. Let t = 0. Since C; (0) = C5(0) = C5(0) =0 and

1

Cy(0) = 55
{2, 8,8+ (18, -1) 1 -8}

the function ® written as follows

(&+n)°

®(&n) =
! 4{[2]q 3], 8+ ([3]q - 1) (1- ﬂ)}

5, (&m) €.

It is clear that the function ® takes its maximum at the boundary of the closed square 2.

Now, differentiating the function ® (£,7) respect to £, we have

§+n _
2{[2], 18,8+ (18], — 1) 1 - B)}

(I)f (57 77) =

for each n € [0,1].

Since ®¢ (&,m) > 0, the function ® (£,7) is an increasing function respect to ¢ and maximum occurs at
£E=1. So

(1+n)*

max {® (&) : § € 0,11} = @ (1,1) =
e ' {12, 18,8+ (18, - 1) 1 -5}

5,1 € [0,1].

Differentiating the function ® (1,7), we have

1+n

o (1) =
! 2 {[2]q 3], 5+ ([3}q - 1) (1- ﬁ)}

5 >0,n7¢€[0,1].

Since ® (1,7) > 0, the function ® (1,7) is an increasing function and maximum occurs at 7 = 1.

Therefore,

1

max {® (1,n) :n € [0,1]} = & (1,1) = -
n {12,188+ (18, -1) 1 -8}

Thus, in the case ¢t = 0, we have

e&m < max{eEn):(En e’} =21
1
{l2,8,6+(8,-1)a-5}
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Since |a2a4 — a§| < ®(&,1n), we can write

|a2a4 — a§| <

Thus, we have

{(122-13],) 121, + (1203 - 14,) 3], } 8+ (141, - 131,) (1 = B)
(B8, 1,8+ (14, - 1) @-B)} (12, +8-1)"

Aoy — a%’ <

in the case t =2 .
3. Finally, let t € (0,2). In this case, we must investigate the maximum of the function ® taking into

account the sign of A (®) = Pe¢ (€,1) By (6,1) — (Dey (€,1))°.

We can easily see that A (@) = 4C5 (¢) [C3 (t) + 2C4 (t)]. The sign of A (®), we will investigate in two
cases.

3.1. Let C5(t) +2Cy (t) <0 for same t € (0,2). In this case, since ®¢, (§,1) = Ppe (§,1) =2C4 (1) >0
and A (®) > 0, from the elementary calculus the function ® ( have a minimum) cannot have a maximum on
the square €.

3.2. Now let C5(t) +2C4(t) > 0 for some ¢t € (0,2). In this case, since A (®) < 0, the function @
cannot have a maximum on the square Q.

Thus, as a result of all three cases, we write

1
{121,081,8+(13],-1)1-5)}° }

lagas — a3| < Hlax{ {(1212-131,) 121, + (1212~ [4],) 131, } B+ ([4],~13],) 1—B)
{131,14],8+(14],-1) 1-8) }([2],~1+8)"

Thus, the proof of Theorem 3.1 is completed. O

In special values of the parameters, from Theorem 3.1 we obtain the following results.

Corollary 3.2 Let the function f given by (1.1) be in the class S; s, (¢). Then,

|a2a4 - a§| <
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Corollary 3.3 Let the function f given by (1.1) be in the class Cyx (¢). Then,

|lazay — a3 <

Also, from Theorem 3.1, we obtain the following theorem when ¢ — 1~.

Theorem 3.4 (see [24], Theorem 3.1) Let the function f given by (1.1) be in the class My (¢, 5). Then,

1 .
lazas —a2| < { Fmmmgwepe A€ DA
204 — a3 < S S >

1(1+28)2 if B> P,

where 1 = 0.16357 is numerical solution of equation 98* + 304> + 2082 + 26 — 1 = 0.

Now, we give the following theorem on the Fekete-Szego inequality.

Theorem 3.5 Let the function f given by (1.1) be in the class My s (p,B) and p € C. Then,

B i 11— <1(q,B),

_ 2 o) (@,-148) 3.3
‘as ,ua2’ = ([2]T1—771i‘13)2 if [1—pl>1(q,p), .
where
2
(g, ) (b =1+

The result obtained here is sharp.

Proof Let f € Mys(9,8),8 > 0 and p € C. Then, from the equalities (2.13), (2.14) and (2.16) the
expression az — pa3 written as
2 2
p 4—p
1 s + L (x —y) (3.4)
(12, ~1+8)"  s{@,Bl,6+(B,-1)0 -9}

ag — paz = (1 — p)

for some z,y with |z| <1,|y| < 1.
Using triangle inequality to the equality (3.4) and setting |z| = &, |y| = n, |pi| = t, we obtain the

following estimate for the upper bound of ‘ag — /m%|
|1 —plt?
2
4 ([2]q 1+ 6)
4 — ¢
s{121, 81,8+ (18, ~1) 1 - 8)

|a3 — ua% <

+

}(€+77), (Eﬂ?)GQ
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for each ¢ € [0,2].

Let us define the function ¢ : R? = R as follows:
_ 2 _ 42
vem = ——HT o S (€+m).
i), -1+8)  s{@,Blo+ (B, -1) -5}

&n) e @
for each ¢ € [0,2].

Let’s find the maximum of the function % on the closed square 2.

It is clear that the function ¢ takes its maximum value at the boundary of the closed square 2 .

Differentiating the function ¢ (£, n) respect to &, we have
4—1t2

s{121,181,8+ (18, - 1) 1 - 8)}

¢f (5) 77) =

for each ¢ € [0,2].

Since ¢ (§,1) > 0, the function ¢ (§,7n) is an increasing function respect to ¢ and maximum occurs at

Therefore,
max {v (§,n): £ €[0,1]} =v (1,n)

1— plt? 4—t2
s . L (1+7)

1(,-1+8)  #{@,Blo+ (B, -1) -9}

for each n € [0,1] and ¢ € [0,2].
Now, differentiating the function ¥ (1,7), we have

4 —¢2

N Ty (8, 1) 0 9)

for each ¢ € [0,2].

Since ¢’ (1,m) > 0, the function 1 (1,7) is an increasing function and maximum occurs at n =1, so

max {¢ (1,7) : n € [0,1]} = ¢ (1,1)

1 — ult? 4 —¢2
= L= p + ,t€10,2].

a2, -1es) 4{RL B, (B, 1) 0 -0}

Thus, we have

Y(&n) < max{(§n):(&n) € =v(1,1)

1— plt? 4 — 2
_ 11— pl n

i@, -1+0) 4{ELB,e+ (B, 1) 0-9)
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Since |a3 — ,ua§| < (& n) , we can write the following estimate

|a3*ﬂa§|§ L= nl =t 5) 2 + 19, 8)
(12, -1+8) (12, -1+8)

where

(12, - 1+8)°
2], 81,8+ (8, - 1) (1= 8)

I(q,B) =

In that case, if we find the maximum of the function ¢ : [0,2] = R defined as follows

1—pl—1(q, 1 (g,
_ 1=y (Qﬂ)2t2+ (¢,8)

(t) 3
- 1(12, - 1+6) (121, —1+5)

the proof of the theorem is completed .

Differentating the function ¢ (t), we have

90' (t): ‘1_N‘_I(Q7ﬁ)2t, te [072]
2([2]q—1+,8)

Since ¢’ (t) <0, the function ¢ (t) is a decreasing function, if |1 — u| < 1(g,3) and maximum occurs at
t=20, so

1(q,0)

max{¢(t):t€[0,2]} =¢(0) = —"—
(121, - 1+5)

and ¢ (t) > 0, the function ¢ (¢) is an increasing function, if |1 — u| > (g, 8) and maximum occurs at
t=2, 580

11— u

max {p(t) : t € 0,2} = p(2) = ——H
([z}q 1+ /3)

Thus, as a result, we obtain

a2l <) (@,-18)
a2 = e < i1 >1(q.8).

Tl—ul
(21,-1+8)

The result obtained here is sharp for |1 — u| > (g, 3) , if we choose the function f as follows:

22 23

PM‘1+5+(BL—1+BY’

f(z)=2z+ zeU.
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Thus, the proof of Theorem 3.5 is completed.
In the cases § =0 and 5 =1, from the Theorem 3.5 we obtain the following results, respectively.

Corollary 3.6 Let the function f given by (1.1) be in the class S} s () and p € C. Then,

| 2| < [3]%1 if 1—pl<lo(q),
as — [ z )
3 Hazl = ([2|]1q_l‘«1‘>2 Zf |1 - ,U,| Z lO (Q) .

2
where 1y (q) = ([[2;}" 111) The result obtained here is sharp for the function
2 3
f(z):z—|—22 1+ : 5, 2€U
[ ]q - ([2]q -1

Jor |1 —pl =1 (q) -
Corollary 3.7 Let the function f given by (1.1) be in the class Cyx () and p € C. Then,

2 m if |1—pl<Uh(q),
|ag — pa3| < |1[2—]g| if |1—pl>104(q),

— Bl

where 11 (q) = Bl - The result obtained here is sharp for the function

2 23
f(Z):Z—Fi"'?, zeU

for [1—pl =1 (q) -
Also, from the Theorem 3.5 we obtain the following theorem, when ¢ — 1~.

Theorem 3.8 (see [24], Theorem 3.4) Let the function f given by (1.1) be in the class My (¢,8) and p € C.
Then,

1 ; (1+5)*
if |1 - :u| < )
]ag - lﬂlg} < { 2(1+26) 2(1+28)

3
(‘114:;)'2 if |1 _ ,U'| > (14+8)

2(1+28) -

In the case p € R, the Theorem 3.5 is given as follows.

Theorem 3.9 Let the function f given by (1.1) be in the class My x (¢, 8) and p € R. Then,

([2]1—7717%6)2 if n<1-1(g,8),
> la.8) o
CL3—/LG2| < ([2]‘1_11’_5)2 Zf 1 l(Qaﬂ) S NS 1+l(q76)7 (36)
S U S ; 1+1(q, < qu.
@y ¥ +1(g,0) < p
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_ (121,-1+8)°
where l(%ﬁ) = [3]q71+[([2]q71)[3]q+1}5

Proof Let f € Myx(p,8), >0 and p € R . Since in the case p € R inequalities |1 — p| > (g, ) and
|1 —p| <l(q,B) are equivalent to the inequalities

and

1-1(¢,8) < p<1+1(q,8),

respectively, from the Theorem 3.5 we obtain the result of the theorem.

This completes the proof of Theorem 3.9.

In the cases 8 =0 and 8 =1, from the Theorem 3.9 we obtain the following results, respectively.

Corollary 3.10 Let the function f given by (1.1) be in the class S} 5, (¢) and p € R. Then,

mﬁQQ if p<1-1o(q),
‘ag—ua§|§ B]q%l if 1_50(‘1)§ p<14+1(q),
oy 141 (g) < p.

2], —1)*
where Iy (¢) = ([[;]qq_l) )

Corollary 3.11 Let the function f given by (1.1) be in the class Cyx (¢) and p € R. Then, we have

SEf usi-n()
lag — pa3| < m if 1-h(g)< p<1+h(q),
o if Lth(g) < o,
q
_ B2
where 11 (q) = B

Furthermore, from the Theorem 3.9 we obtain the following results for p = 1.

Corollary 3.12 Let the function f given by (1.1) be in the class My 5 (¢, 8). Then, we have

1
2], 8], 8+ (8, 1) (1= 8)

ay — a3 <

Corollary 3.13 Let the function f given by (1.1) be in the class S} s, (¢). Then, we have

1
Bl,—1

jas — a3 <
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Corollary 3.14 Let the function f given by (1.1) be in the class Cyx (¢). Then, we have

1

o3 = 2] < gy,

In the case p = 0, from the Theorem 3.9 we obtain the following results, which confirm the second

inequality obtained in Theorem 2.1

Corollary 3.15 Let the function f given by (1.1) be in the class My s (¢, 8). Then, we have

1 .
sl < (@, -148)° if 1(q,8) <1,
Tl whhy Y lenzt,

(12,~1+8)’
[21,3],6+([3],-1)(1-8)

where 1 (q,B) =

From the Theorem 3.9, we obtained the following theorem, when ¢ — 1~

Theorem 3.16 (see [24], Theorem 3.7) Let the function f given by (1.1) be in the class My, (¢, 8) and p € R.

Then, we have

3118

a0 p<1-1(8),
las —pad| <3 siemy U 1-U(B) < n<1+1(B),
2
where 1 (8) = 2((11152)6)'
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