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Abstract: Let I x;[E? be a 3-dimensional Lorentzian warped product manifold with the metric § = dt® + f2(t)(dz* —
dy2), where I is an open interval, f is a strictly positive smooth function on I, and E? is the Minkowski 2-plane. In

this work, we give a classification of all space-like and time-like constant angle surfaces in I X ¢ E? with nonnull principal
direction when the surface is time-like. In this classification, we obtain space-like and time-like surfaces with zero mean
curvature, rotational surfaces, and surfaces with constant Gaussian curvature. Also, we have some results on constant

angle surfaces of the anti-de Sitter space H3(—1).

Key words: Constant angle surface, warped product, rotational surface, maximal surface, zero mean curvature,
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1. Introduction

The study of constant angle surfaces whose normals make a constant angle with a fixed direction in the ambient
space is a classical subject in the differential geometry, and it is important to classify such surfaces that satisfy
certain geometrical properties such as being umbilical, constant mean curvature or constant Gaussian curvature.
In recent years, many articles have appeared on constant angle surfaces, and several classification results were
given in different ambient spaces, see [6-9, 11, 12, 14-17, 20, 21, 23]. These surfaces have an important role in
the physics of interfaces in liquid crystals and of layered fluids, as studied by Cermelli and Di Scala in [6].

The concept of constant angle surfaces was extended to a Minkowski space in [12, 13, 15], and re-
cently, space-like and time-like constant angle surfaces in the 3-dimensional Lorentzian Heisenberg group and
Lorentzian Berger spheres were studied in [20, 21].

On the other hand, surfaces in warped product manifolds I x; M have been investigated by several
researchers, where I is an open interval and M is a surface, see [1-5, 9, 18], and the references therein. In
[9], Dillen et al. classified constant angle surfaces in the 3-dimensional warped product I x ¢ E2, and in this
family they determined flat surfaces, rotational surfaces and minimal surfaces. In [10], the author and Turgay
obtained a classification of all space-like and time-like constant angle surfaces in —I x E2.

In this work, we continue to study constant angle surfaces in 3-dimensional Lorentzian warped product
manifolds. Let I xj E? be the 3-dimensional Lorentzian warped product manifold with the metric § =

dt? + f2(t)(dz? — dy?), where I is an open interval, f is a strictly positive smooth function on I, and E? is
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the Minkowski 2-plane. We classify all space-like and time-like constant angle surfaces in I x E? with nonnull
principal direction. In this classification, we get space-like and time-like surfaces with zero mean curvature,
rotational surfaces, and surfaces with constant Gaussian curvature. Furthermore, we yield some results on

constant angle surfaces of the anti-de Sitter space H3(—1) with the metric § = dt? + ¢!(dz? — dy?).

2. Preliminaries
2.1. Basic formulae for the warped product manifold I x; E?
Let E? be a 2-dimensional Minkowski space and I C R an open interval equipped with the metric dt?.

Let I x; E? be the 3-dimensional Lorentzian warped product manifold equipped with the Lorentzian metric

g =dt?* + f2(t)(dz? — dy?), where f: I — R, is a smooth function.
Let V be the Levi-Civita connection of (I x;E2,g), and U, V,W the lifts of vector fields tangent to E2.

Then, from [19] we have the connection V on I x ¢+ E? as

f'(#)

VyV = DyV — o) G(U, V), (2.1a)
%Uat = ﬁatU = ?éf)) U, (2.1b>
Vo, 0, =0, (2.1c)

where D is the connection of E?. Then, the Riemannian curvature tensor R of I x 7 E? is given by

_f"®)

= _ @)

R(U,8,)0; = 0 U, (2.2b)
R(U, V)8, =0, (2.2¢)
RU V)W = — *’;j((f)) (G(V, W)U — §(U, W)V. (2.2d)

For the orthonormal basis {8y, dy,8,} of I x s E%, we have the connection V together with (2.1c) as

Vo, 0s = — f(t)f'(£)0,, (2.3)
Vo, 0y =f(t)f' (), (2.4)
N~ @)

Vo,0t =Vp,0; = mﬁm, (2.6)
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and thus the curvature tensor of I x ¢ E? is given by

R(Dy,0,)0, =f(t)f" (1), (2.7)
fi(agp at)ay = f(t)f”(t)@t, (2-8)
= _ "

R(0z,0¢)0, = 70 0z, (2.9)

R(Dy,0,)0, =f2(t)0,. (2.10)

So, the sectional curvatures of I x s E? are obtained as

C R0.0)0.0,) )

00 = = o, 8.)5(0,0y) — G(0n O~ P (210
- G(R (D, 01)0s, 0y) _

K020 = = 35003000 — GO~ 1) (2.12)
O N )

K(0y,0;) = 50090700, 00) — 300 )2 R (2.13)

Using the above sectional curvatures we can have the following proposition.

Proposition 2.1 The warped product manifold I x; B} with the metric g = dt* + f2(t)(dz? — dy*) has a
constant sectional curvature if and only if, up to a rigid motion of I x ¢ B3, the warping function is f(t) = e,
where a € R. Furthermore, when a = 1, I x¢E? with the warping function f(t) = €' is the anti-de Sitter

space H3(—1), and when a =0, I x¢E?} is the Minkowski E.

Let ¢ : My — I Xy E? be an isometric immersion of a surface M, with index ¢ = 0,1, into the
Lorentzian warped product manifold (I x s E%,g). It is said that ¢ is space-like (resp., time-like or light-like)
if the induced metric g via ¢ is Riemannian (resp., Lorentzian or degenerate). It is equivalent to say that a
normal vector £ to M, is time-like (resp., space-like or light-like). We take ¢ = 0 for a space-like immersion
and g = 1 for a time-like immersion.

The Gauss and Weingarten formulae of the immersion are, respectively, given by

VxY = VxY +h(X,Y), (2.14)

and

Vxé = —AX, (2.15)
for every X and Y tangent to M,, where £ is a local unit vector field normal to M, with the signature
ge = g(£,6), V is the induced connection, h is the second fundamental form, and A is the shape operator of
M, . It is well known that h and A are related by §(h(X,Y),{) = g(AX,Y), and h(X,Y) = e.9(AX,Y)E.

Also, the mean curvature vector H of M, in I x; E? is defined by

2
1
H= 3 ;Eig(Aei,ei), (2.16)
where {e1,es} is a local orthonormal frame field on M, with the signatures ¢; = g(e;, e;), i = 1,2.
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2.2. Angles between vectors

Let v = (v1,v2,v3) be a vector in T(; ;) (I Xy E2). Then, v is said to be space-like if g(v,v) > 0 or v = 0,
light-like if g(v,v) =0 and v # 0, or time-like if §(v,v) < 0. The norm of v is defined by ||v|| = \/v§(v,v),
where v is the signature of v. The vector v is said to be positive (resp., negative) if v; > 0 (resp., v1 < 0).

The angle between two vectors in a Minkowski space was introduced in [22, 24].

Definition 2.2 Let v and w be positive (negative) time-like vectors in a Minkowski space B} . Then, the unique

non negative number 6 such that
9(v, w) = —|[vl[||w][ cosh (2.17)

is called the Lorentzian time-like angle.

Definition 2.3 Let v be a space-like vector and w a positive time-like vector in E$. Then, the unique non

negative number 6 such that
|g(v, w)| = [|v[[[Jw]| sinh (2.18)

1s called the Lorentzian time-like angle.

A space-like vector v is Lorentzian orthogonal to a positive time-like vector w if and only if the Lorentzian

time-like angle @ is zero.
Definition 2.4 Let v and w be two space-like vectors in E} that span a time-like vector subspace. Then, we
have |g(v,w)| > ||v||||w||, and the unique non negative number 6 such that

|9(v, w)| = [|v]|[Jw]] cosh ¢ (2.19)

is called the Lorentzian time-like angle.

Definition 2.5 Let v and w be two space-like vectors in E3 that span a space-like vector subspace. Then, we

have |g(v, w)| < ||v||||w||, and the unique real number 6 between 0 and 7 such that
(v, w) = [[vl[[|w]| cos (2.20)

is called the Lorentzian space-like angle.

3. Constant Angle Surfaces in I x; E?

Let M, be a surface in I x; E? and & = &0; + &0, + €30, be a local unit vector field normal to M, with
the signature e¢. At each point p € M, it can be chosen a unit normal vector {(p) such that & (p) > 0 when
g=0,and &(p) >0 when ¢ =1.

Now, we assume that the first component of £ is nonnegative, i.e. & > 0. Then, we write 0; as

O =T+06¢ (3.1)
such that T' is a nonnull time-like vector, where © = €¢§(0;,€) is called the angle function. We put e; = H—gu

and &1 = (e, e1) = F1, where ||T||> = £,§(T,T). Thus, we have

1| T|]? +e0% =1, (3.2)
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where

sinhf if e =—1,
©=¢ coshf if e=1¢=-1,
cosf if e =1 =1,

with 6 > 0 because of (2.17)—(2.20).
A surface M, is said to be a constant angle surface if the Lorentzian angle 6 is constant on M,.
Let R be the curvature tensor of M,. By using (2.2), (2.14), (2.15) and (3.1) we obtain the Gauss and

Codazzi equations, respectively, as follows:
R(X,Y)Z =e¢(g(AY, Z)AX — g(AX, Z)AY)

—(nf) 09 (9(v, 2)X — (X, 2)Y)

(3.3)
— (0 f)" 0 9) (9(2, T)g(V, )X = g(Z,T)g(X,T)Y )
+ (0 )" 0 ) (9(V. T)g(X, 2) = g(X, T)g(Y, 2))T
and
(VxA)Y = (Vy A)X = ee0((In f)" 0 9) (9(Y; )X — g(X, T)Y), (3.4)
for X,Y and Z tangent to M,.
Proposition 3.1 Let X be a tangent vector to M,. Then,
VxT =0AX + ((Inf) o p)(X — g(X,T)T) (3.5)
and
X(8) = —ecg(AT, X) — O((In ) 0 )g(T, X). (36)

Proof If X is tangent to M,, then §(X,9;) = g(X,T), and also we can write X = X* 4 ¢g(X,T)0;, where
X* is tangent to E2. By using (2.1b), (2.1c¢) and (3.1) we get

Vx0 = ((In f) 0 9)(X = g(X,T)T) — O((In f)' o p)g(X, T)¢.
On the other hand, by using the Gauss and Weingarten formulae and (3.1) we have
Vx8 = VxT — OAX + (ecg(X, AT) + X (O))E.

Comparing the tangent and normal parts of the last two equations we acquire (3.5) and (3.6). O

From (3.6) we have the following proposition.

Proposition 3.2 Let M, be a constant angle surface in I Xy E2. Then, the vector T is a principal direction

of the shape operator, and the corresponding eigenvalue is k= —c¢O((In f) o ).
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Note that since the vector 0; is space-like, in the case of time-like surfaces, the principal direction T' can

be a null vector. In this work we will not consider this case.
From now on, we assume that © is constant. Let es be a unit vector orthogonal to e; with signature

g2 = g(ea,e2) = F1. If M, is a space-like surface, then ey is also a principal direction, and thus there is a
function A € C*°(M) such that Aes = Aes.

Proposition 3.3 Let M, be a constant angle surface in I x § E2 with © # 0 and a nonnull principal direction
T when g =1. Then, there is an orthonormal frame field {e1,ea} with ; = g(e;,e;) = £1 such that the shape

operator A is diagonalizable, i.e.
Aey = —e¢((Inf) o p)Oey  and Aey = Nes, (3.7)

for some A € C*°(M,), and the Levi-Civita connection V is given by

Veer =0, Veer = phy @A+ (0 f) 0 ¢))ea,

3.8

Ve, 2 =0, Ve €0 = —slegﬁ(é)/\ + ((In f) o¢))ey. (3.8)

Proof Let M, be a space-like constant angle surface in I x ¢ E2? with © # 0. From Proposition 3.2, e; = %
is the unit principal direction of A. As M, is space-like, there is a unit space-like vector es orthogonal to

el = ﬁ, and eq is also a principal direction. Thus, there is a function A € C*° (M) such that Aey = Aes.
Let M, be a time-like surface with a nonnull principal direction. Assume that the shape operator A is
not diagonalizable. Then, there is a unit vector ey orthogonal to e; with signature 9 = g(ea, e2) = —e1 such
that Aes = pe; + Aey. From (3.5) we have
1

Ve,€1 = Tl {Ouer + (OX + ((In f) o p))ea}. (3.9)

If we compare (3.9) to Ve,e1 = eawia(ea)ea, we have p = 0 which implies that A is diagonalizable.
The Levi-Civita connection (3.8) is yielded from (3.5). O
We consider an orthonormal frame field {e;, ea} with signatures e; = g(e;,¢;), i = 1,2, as above. From
8) it is seen that [e1, eq] is proportional to es. Thus, we can choose coordinates (u,v) on M, such that

(3.
0, = €1 and 9, = feq, for some smooth function B(u,v). Therefore, the metric g on M, takes the form

g =erdu’® + 5252(% v)va. (3.10)
So, the Levi-Civita connection according to the metric ¢ is obtained by

Vo,0, =0, Vg,0, =Vp,0, = @3@, Vo,0p = —€1623640, + @81,, (3.11)

B 5
and S holds
B

Bu = W(@)\+((1nf)'090))~ (3.12)

If we write
o(u,v) = (t(u,v), z(u,v),y(u,v)),
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then we get tu = §(u, i) = gle1,0h) = G(T/||T||,T +©¢) = &1||T|| as [|T||* = e1g(T, T) and t, = §(py,d;) =
g(Bea, 0¢) = g(Pea, +T + ©E) = 0. After a translation in u coordinate and integration, we have

t(u,v) = e1||T)|u. (3.13)
From (3.2) and (3.10) we yield
171 + £ (el Tlu) (23 — i) = e, (3.14a)
TyZy — YulYo =0, (3.14b)
PlallTllu) @y - y3) = e26. (3.14c)
Now, we define
o(u) = ((In f) o )(u,v) = In f(ex||T||w). (3.15)

Using (2.1), (3.14) and (3.15), by a straightforward computation we have

= 1

Vou®u = Pun + 20" (W), — J/(u)(m +e1l|T1) ), (3.16a)
VouPo = $ou + 20" (W) pn, (3.16h)
~ / 2

thuwv = Poyv — E15‘:20|(;;)||6615~ (3160)

On the other hand, using (3.1), (3.7), (3.11), (3.15) and the Gauss’ formula we can state these covariant

derivatives as follows:

= o' (u
Vo.pu=0"(u)pu — H;H)at, (3.17a)
% _ Bu

puPv = F@’Ua (3.17b)
= A\B2||T » 32
V%gpv = —&9 (ﬁlﬁﬂu -+ W)(pu + %(p,u + 6255%8,5. (3170)

Now, we are going to compare (3.16) and (3.17). From (3.16a) and (3.17a) we get @y +0' (u)py—e1||T||0” (u)0; =
0. This equation holds for the ¢-component. For the z- and y-components we obtain ., + o'(u)z, = 0 and
Yuu + 0’ (u)y, = 0 from which we obtain 2, (u,v) = e="@Wey(v) and y,(u,v) = e~ 7@ cy(v) for some functions
c1(v) and ca(v). From (3.2) and (3.14a) we get ¢i(v) — c3(v) = €16¢0%. We put pi1(v) = ¢1(v)/O and
p2(v) = c2(v)/O. Then,

pu(u,0) = (1T, p1(0)Oe 7, pa(01)Oe™™),  pi(v) - p3(v) = erce. (3.18)

From (3.16b) and (3.17b) we obtain that ¢.,,+ (0’(u)f % ) ¢, = 0. This equation holds also for the t-component.

For the z- and y-components we have

Ty + (U’(u) - %)xv =0 and yu, + (a’(u) - %)yv =0,
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from which we write
2y (u,0) = q(v)Bu,v)e "™ and  y,(u,v) = g2 (v)B(u, v)e 7™,
for some functions ¢ (v) and go(v). From (3.14c¢) and (3.15) we get ¢3(v) — ¢3(v) = e2. Hence, we have

po(u,0) = Bu,0)e 70,41 (0), ¢2(v)), @7 (v) — B3 (v) = e2. (3.19)

The compatibility condition, i.e. @, = @y, implies that

Bu — o' (u)B
AN
(p1,p2) = (7@ )(Q1;(I2)~ (3.20)
Finally, Equations (3.16¢) and (3.17¢) yield
ARITI o A

Pov + €2 (5155u + €§T><Pu - FS% — &2 (m + 6)315 =0. (3.21)

Replacing (3.18) and (3.19) into (3.21), the z- and y-components give
(01(v), 42(v)) = —€2(€10u + e AB|ITI|) (p1(v), p2(v))- (3.22)

3.1. Space-like constant angle surfaces

Here we classify all space-like constant angle surfaces in I x ¢ E?, and we give a corollary for space-like surfaces
in the anti-de Sitter space H$(—1).

Theorem 3.4 An immersion ¢ : Mo — I x ;s E? defines a space-like constant angle surface with a constant

Lorentzian time-like angle 0 > 0 if and only if, up to rigid motions of I x ¢ E%, one of the followings holds
locally:

i) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by

u cosh 6 dﬂ v
o(u,v) = (ucosh@,tanhﬁsinhv/ [ —|—/ a(p) cosh pdyps, (3.23)
1]
w cosh 6 v
dp
tanh@coshv/ — +/ a(w) sinh pdp ),
f(w) )
for some smooth function a(v).
it) p(Mp) is an open part of the space-like cylinder
y—tanh@/td'u—o (3.24)
flw) '

This is a totally umbilical space-like surface with the principal curvature A = sinh 8 f’(ucosh8)/f(ucosh).

Proof We first show that the surfaces given in the theorem are constant angle surfaces.
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For the case (i), the vectors

sinh #sinhv sinh 8 cosh v )

Pu= (COShH7 f(ucosh@) " f(ucosh®)

u cosh 6
Oy = (tanh@/ % + a(v)) (0, cosh v, sinh v)

form a basis for the tangent space of the surface.
Let v = (v1,v2,v3) and w = (wy,wa,w3) be two vectors in Ty ;) (I X [E2). Then, the vector defined
by
v xpw = (f2(t)(vaws — vaws), (V3wWy — ViW3), (V2w — ViW3)) (3.25)
is orthogonal to v and w.

Hence, a unit normal vector to the surface is written as

Vv X | Py ( ) cosh #sinhv cosh 6 coshv
= _—————— = (sinh#, , )
w7 @ul Flucosh8) " f(ucosh )

with ¢ = §(&,&) = —1. Then, we get §(&,0;) = sinh 0g(0;, 0;) = sinh § which is a constant.

For the case (ii), we can parameterize the surface as

o(u,v) = (u,v,tanhﬂ/u fi’:))

Then, the vector £ = (sinh 6,0, C}’?L‘)e) is a unit normal, and (&, d;) = sinh @ which is a constant.

Conversely, let ¢ : My — I x; E? be a space-like constant angle surface with a constant Lorentzian
time-like angle 6 € [0,00). Let (u,v) be local coordinates on My as in (3.10). Then, we have Equations
(3.10)-(3.22) for 1 =€ =1 and e¢ = —1, also ||T|| = coshf and © =sinh#.

If # =0, then the vector 0, is tangent to p(My) everywhere. It implies that ¢(Mj) is an open part of
a space-like cylinder with rulings in the direction of J;, or equivalently that there exist local coordinates (u,v)
on My such that ¢(u,v) = (u,71(v),v2(v)) for some smooth functions v; and ~2. If ¢ parametrizes a plane,
this is the case (ii) of the theorem with # = 0. If ¢ does not describe a plane, this is case (i) of the theorem
with 6 = 0.

Now we assume that § > 0. Considering (3.20), we distinguish two cases depending if p;(v) and pa(v)
are constant or not.

Case 1. pi(v) and pa(v) are constant. Then, from (3.20) we obtain that 8, = ¢’8 from which we

get B(u,v) = ¢¥(v)f(ucoshf). After changing in v-coordinate we can suppose that 1 (v) = 1 such that
B(u,v) = f(ucosh®). Then, from (3.12) we have A\ = sinh 8 f/(ucosh0)/ f(ucosh8). Using (3.7), it follows that
My is totally umbilical. Also, it is seen from (3.22) that ¢; and ¢y are constant. Integrating (3.18) and using
(3.19), we obtain that

p(u,v) = (u cosh 6, py sinhﬁ/ e "Ndr + v+ a1, po sinhﬁ/ e " Mdr + gov + 0,2), (3.26)

for some constants a; and as which can be taken zero after a translation in z and y. From (3.14b), (3.18) and
(3.19), we have

prar —p2g2 =0, p3—pi=1 and ¢ — ¢ =1. (3.27)
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Considering (3.27), after a rotation around the t-axis which is an isometry of I X E2?, we may assume that

(p1,p2) = (0,1) and (¢1,q2) = (1,0). Hence, using (3.15) and after the substitution p = 7cosh@ in (3.26) we

obtain

u cosh 6
dp
u,v) = (ucosh 9,v,tanh9/ —, 3.28
elu,v) = ( in), (3.28)
which corresponds to case (ii) of the theorem.
Case 2. p;(v) and p2(v) are not constant. Then, from (3.27) we can assume that

(p1(v),p2(v)) = (sinhwv, coshv). (3.29)

Considering (3.27), Equation (3.20) implies that
Bu — o' (u)B3 = £ sinh § (3.30)

and, without loss of generality, we can assume that the right hand side to be sinh#. Integrating (3.30), we get
B(u,v)e 7™ — sinh@/ e " Mdr = a(v), (3.31)

for some function «(v). Moreover, (3.20) yields that

(¢1(v),q2(v)) = (cosh v, sinh v). (3.32)
Then, (3.18) and (3.19) reduce to
@u(u,v) = (cosh 8, e~ sinh @ sinh v, e =7 sinh § cosh v), (3.33)
©o(u,v) = Bu,v)e=7 (0, cosh v, sinh v). (3.34)
Integrating (3.33) we have
o(u,v) = (u cosh 6, sinh € sinh v /u e "M dr + ~,(v), sinh 0 cosh v /u e "Mdr + 72(1))), (3.35)

for some smooth functions 1 (v) and ~,(v). Taking derivative of (3.35) with respect to v and comparing it to
(3.34), and also using (3.31), we obtain that

v

i (v) = / " a(r) coshrdr, (v) = / o(r) sinh rdr.

Therefore, considering (3.15) and using the substitution p = 7 cosh 6, we have (3.23) from (3.35). O
It follows from Proposition 2.1 that the warped product I x ;E? with the metric § = dt*+ f2(t)(dz?—dy?)

is the anti-de Sitter space H3(—1) when f(¢) = e!. Hence, we can conclude the following result from Theorem

3.4 for space-like constant angle surfaces in H3(—1).

Corollary 3.5 An immersion ¢ : My — H3(—1) defines a space-like constant angle surface with a constant
Lorentzian time-like angle 0 > 0 if and only if, up to rigid motions of I x¢E2, one of the followings holds
locally:
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i) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by
o(u,v) = (u cosh ), —e=*¢**"% tanh @ sinh v + / a(p) cosh pdy, (3.36)
v
—e~ueoshO4anh @ coshv + / a(p) sinh p du) )

for some smooth function a(v).

1) ©(My) is an open part of the space-like cylinder
y+e ‘tanhf = 0. (3.37)

This is a totally umbilical space-like surface with the principal curvature A = sinh 6.

3.2. Time-like constant angle surfaces

Here we classify all time-like constant angle surfaces in I x s E?, and we give a corollary for time-like surfaces

in the anti-de Sitter space H3(—1).

Theorem 3.6 An immersion ¢ : My — I x ¢ E? defines a time-like constant angle surface with a constant

Lorentzian angle 6 and a nonnull principal direction if and only if, up to rigid motions of I X E2, one of the

followings holds locally:

i) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by

wsin 6 v
o(u,v) = (usin@,cot@coshv/ fcél,:) —I—/ a(p) sinh pdp, (3.38)

u sin 6 v
. du
cot@smhv/ —+/ a(p) cosh pudp |,

f(w) () )

for some smooth function «(v), where the Lorentzian space-like angle 6 € (0,7/2) U (x/2, ).

it) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by

—u sinh 6 d/J v
o(u,v) = (— usinh 6, —cotthinhv/ [} +/ a(p) cosh pdy, (3.39)
—usinh 6 v
dp
—coth@coshv/ —4—/ a(p)sinh pdy ),
) (1) sinh u)

for some smooth function a(v), where the Lorentzian time-like angle 6 > 0.

iti) o(My) is an open part of the time-like cylinder

x—cote/tf‘é:):o, (3.40)

where the Lorentzian space-like angle 6 € (0,7/2)U(w/2,7). This is a totally umbilical surface with the principal

curvature A = —cosOf'(usin®)/f(usinf).
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i) p(My) is an open part of the time-like cylinder

t
d
y -+ coth 0 ﬁ:) —0, (3.41)

where the Lorentzian time-like angle 0 > 0. This is a totally umbilical time-like surface with the principal
curvature A = —cosh @ f'(—usinh @)/ f(—usinh ).

v) p(M1) is an open part of the time-like surface t = tq, for some real number ty and 0 = 0.

Proof As in the proof of Theorem 3.4, it can be shown that the surfaces defined by (3.38), (3.39), (3.40) and
(3.41) are constant angle surfaces.

Conversely, let ¢ : My — I x5 E? be a time-like constant angle surface with a constant Lorentzian angle
f and the nonnull principal direction T". As the normal vector ¢ and the vector field 0; are space-like, the
vector T', i.e. ey is space-like or time-like.

Case 1. T is a space-like vector. Let (u,v) be local coordinates on M; as in (3.10). Then, we have
Equations (3.10)-(3.22) for ey = —eo =1 and €¢ =1, also ||T|| =sinf and © = cosf for 0 <6 < .

If & = 0, then p(M;) is a surface of type (v) given in the theorem. If § = 7/2, then the vector
O is tangent to p(M;) everywhere. This means that ¢(M;) is an open part of a time-like cylinder with
rulings in the direction of 8y, or equivalently that there exist local coordinates (u,v) on M; such that
o(u,v) = (u,71(v),y2(v)) for some smooth functions v; and . If ¢ parameterizes a time-like plane, this is
the case (iii) of the theorem with § = w/2. If ¢ does not describe a plane, this is case (i) of the theorem with
0=m/2.

Now we assume that ¢ € (0,7/2) U (7/2,7). Considering (3.20), we distinguish two cases depending if
p1(v) and po(v) are constant or not.

Subcase 1.1. p;(v) and p2(v) are constant. Then, from (3.20) we obtain that 8, = ¢’f8 from which
we get B(u,v) = ¥(v)f(usind). After changing in v-coordinate we can suppose that ¥(v) = 1 such that
B(u,v) = f(usin@). Then, from (3.12) we have A = —cosff'(usind)/f(usind). Using (3.7), it follows that
M, is totally umbilical. Also, it is seen from (3.22) that ¢; and ¢ are constants. Integrating (3.18) and using
(3.19) we obtain that

o(u,v) = (u sin 6, py cos@/ e dr + qv + a1, p2 cos@/ e " Mdr + gv + a2>, (3.42)

for some constants a; and az which can be taken zero after a translation in « and y. From (3.14b), (3.18) and
(3.19), we have

p1q1 — page = 0, p% —pg =1 and qg — q% =1. (3.43)

Considering (3.43), after a rotation around the t-axis which is an isometry of I X E2?, we may assume that
(p1,p2) = (1,0) and (¢1,92) = (0,1). Hence, using (3.15) and after the substitution pu = 7cosh@ in (3.42) we

obtain
p(u,v) = (usin0 cot(‘)/uSi ' — v) (3.44)
) ) p( )7 Y .

which corresponds to the case (iii) of the theorem.
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Subcase 1.2. p;(v) and p2(v) are not constant. Then, from (3.18) we can assume that
(p1(v),p2(v)) = (cosh v, sinh v). (3.45)
Considering (3.19), Equation (3.20) implies that
Bu— o' (u)B = £ cosb (3.46)

and, without loss of generality, we can assume that the right hand side to be cos . Integrating (3.46) we get
B(u,v)e 7™ — cos&/ e " Mdr = a(v), (3.47)

for some function «a(v). Moreover, (3.20) yields that

(¢1(v), g2(v)) = (sinhwv, coshv). (3.48)
Then, (3.18) and (3.19) reduce to
©u(u,v) = (sinh, e~ cos f cosh v, e ™7™ cos fsinh v), (3.49)
0o (u,v) = B(u,v)e=7(0,sinh v, coshv). (3.50)
Integrating (3.49) we have
o(u,v) = (u sin @, cos @ cosh v /u e~ dr + ~1(v), cos @ sinh v /u e o Mdr + 72(’0)), (3.51)

for some smooth functions 1 (v) and ~,(v). Taking derivative of (3.51) with respect to v and comparing it to
(3.50), and also using (3.47) we obtain that

v

7(v) = /v a(7)sinhrdr, ~2(v) :/ a(T) cosh rdr.

Therefore, considering (3.15) and using the substitution g = 7sinf, we have (3.38) from (3.51).

Case 2. T is a time-like vector. Let (u,v) be local coordinates on M; as in (3.10). Then, we have
Equations (3.10)—(3.22) for —e; =e9 =1 and ¢¢ =1, also ||T'|| =sinh 6§ and © = coshf for § > 0. If § =0,
then (M) is a surface of type (v) given in the theorem.

Since the rest of proof is similar to subcases 1.1 and 1.2, we omit the proof of (iii) and (iv). O

Corollary 3.7 An immersion ¢ : My — (H3(—1),§ = dt* + e*(dz? — dy?*)) defines a time-like constant angle
surface with a constant Lorentzian angle 60 and a nonnull principal direction if and only if, up to rigid motions

of I x;E%, one of the followings holds locally:

i) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by

o(u,v) = (u sin @, —e =5 cot 0 cosh v + / a(p) sinh pdp, (3.52)

—e~ 5% cot fsinh v + / a(p) cosh ﬂdﬂ> '
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for some smooth function «(v), where the Lorentzian space-like angle 6 € (0,7/2) U (7/2,m).

it) There exist local coordinates (u,v) on My, with respect to which the immersion ¢ is given by
o(u,v) = ( — usinh 0, e*5"1% coth 6 cosh v + / a(p) sinh pdp, (3.53)
eSO coth @ sinh v + / a(p) cosh udu) ,

for some smooth function «(v), where the Lorentzian time-like angle 6 > 0.

i1i) o(My) is an open part of the time-like cylinder
z+e 'coth =0, (3.54)

where the Lorentzian space-like angle 0 € (0,7/2)U(w/2, 7). This is a totally umbilical surface with the principal
curvature A = —cosf.

i) p(My) is an open part of the time-like cylinder
x—e ‘cothh =0, (3.55)

where the Lorentzian time-like angle 0 > 0. This is a totally umbilical surface with the principal curvature
A= —coshf.

v) p(M1) is an open part of the surface t = ty, for some real number ty and 0 = 0.

Note that in the case (i) of Theorem 3.4, and (i) and (ii) of Theorem 3.6, the function A is given from
(3.12) and (3.22) by
171l _ o/ EllT]w)

A=— —¢

5 O (3.56)

4. Constant angle rotational surfaces in I x; E?

In this section, we study constant angle rotational surfaces in the Lorentzian warped product manifold I x ¢ E2
with the Lorentzian metric § = dt® + f2(t)(dz? — dy?).

The rotation about the t-axis given by
Ry :Ix;E — I x;E3: (t,2,y) — (t,zcoshv + ysinhv, zsinhv + y coshv)

is a one-parameter group of isometries which left the t-axis pointwise invariant. Let v = ~v(u), u € J, be a
smooth curve in I x ¢ [E? defined on an open interval J. Then, a rotational surface about the ¢-axis in I x s E?
with a profile curve ~ is defined by ¢(u,v) = R,(y(u)). Without loss of generality, we may assume that the
profile curve lies in a nondegenerate plane of I x ; E?. Thus, we consider two cases.

Case 1. Profile curve « lies in a space-like plane. Let v be a smooth curve defined an open interval J
in the totally geodesic plane of I x y E? containing ¢- and z-axes. Assume that y(u) = (a(u),b(u),0) is an arc

length parametrized curve, that is,

a"*(u) + f2(a(w)b” (u) = 1, (4.1)
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which means that the profile curve is space-like. Note that a : J — I and f is defined on I. Then, the
rotational surface about the t-axis in I X [E? is given by

o(u,v) = (a(u), b(u) coshv, b(u) sinh v). (4.2)

A unit normal vector field on the surface is obtained as

= Pu TPy () f(a(u)), A coshv, — @'(w) sinh v
€= oy pull = 0 al). = 7o coshv, - 2O sinho)

with ¢ = 1, that is, the rotational surface is time-like. So, the plane spanned by {ei,{} is space-like and
go = —1. Considering &, we have §(&,0;) = b/'(u) f(a(u)). Also, from (3.1) we have b/(u)f(a(u)) = €0 = O as

g¢ = 1. Thus, the time-like rotational surface (4.2) is a constant angle surface if and only if
b (u) f(a(u)) = cosb. (4.3)

Using (4.1), we have a(u) = usin + ¢ for some real constant c. After a change of the arc length parameter u

of v, we may assume that a(u) = usin @ without loss of generality. Then, it follows from (4.3) that

m d wsin 6 d
b(u) = cos&/ f(TZ—nH) = cotH/ T’Z), (4.4)

where 6§ € (0,7/2) U (7/2,7).

If 0 =0, we have a(u) = ap € I and b(u) = (1/f(ag))u + b1, where ap and by are constant. Thus, the
time-like rotational surface is planar.

If 6 = x/2, we have a(u) = u and b(u) = by > 0 without loss of generality, where by is a constant. Then,
the time-like rotational constant angle surface is a rotational cylinder which is a special case of (i) of Theorem
3.6 when a(v) = ap is a constant.

Therefore, the time-like rotational constant angle surface with a space-like profile curve in I X f]E% defined
by (4.2) is determined. This time-like rotational constant angle surface is a special case of Theorem 3.6 when
a(v) =0 or when 0 = 7/2 and a(v) = ap.

Case 2. Profile curve v lies in a time-like plane. Let v be a smooth curve defined on an open interval
J in the totally geodesic plane of I x E? containing ¢- and y-axes. Assume that y(u) = (a(u),0,b(u)) is an

arc length parametrized curve, that is,

a’®(u) — f2(a(u)b”(u) = e1. (4.5)

Note that a:J — I and f is defined on I.

Then, the rotational surface with this profile curve about the ¢-axis in I x s E? is given by
o(u,v) = (a(u), b(u) sinh v, b(u) cosh v). (4.6)

A unit vector field normal to the surface is obtained as

a'(u)
f(a(w))

a'(u)
fla(w))

sinh v, —

PuXfPo (_ Y (u) fla(u)), —

S SCRAT I SCER coshv)
I Xf ool
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with e, = —e; from which we have §(&,0;) = —b'(u) f(a(u)). Considering (3.1) we have V' (u) f(a(u)) = —© =
€10. Thus, the rotational surface (4.6) is a constant angle surface if and only if

b (u)f(a(u)) = sinh @ if =1,

V(u)f(a(u)) = —coshf if e =—1. (4.7)

On the other hand, using (3.1), (4.5), and a'(u) = §(pu,0) = §(pu, T) = &1||T|| we have a(u) = ucoshd + ¢

for &1 =1 or a(u) = —usinhf + ¢ for e; = —1, and for some real constant c¢. Without loss of generality we

may assume that ¢ = 0. Then, it follows from (4.7) that

] u dﬂ u cosh 6 dﬂ .
b(u :sth/ :tanhﬁ/ — if e1=1,
() f(pcosh®) fgﬂ,ug ' (4.8)
u dl,l, /71,&8111 d/J, .
b(u :cosh9/ —————— — —coth# —— if g =-1,
(®) F(—pusink 0) fw e

for 6 > 0.

If &4 =1 and 6 = 0, we have a(u) = u and b(u) = by > 0 without loss of generality, where by is a
constant. Then, the space-like rotational constant angle surface is a rotational cylinder which is a special case
of (i) of Theorem 3.4 when «(v) = o is a constant.

If &g = -1 and 6§ = 0 we have a(u) = ap € I and b(u) = —(1/f(ag))u + b1, where ap and b; are
constant. Thus, the time-like rotational surface is planar.

Therefore, the space-like and time-like rotational constant angle surfaces of I x E? with profile curves
lying in time-like planes defined by (4.6) are determined.

For £ = 1 the space-like rotational constant angle surface defined by (4.6) is a spacial case (i) of Theorem
3.4 when a(v) = ap is a constant; for € = —1 the time-like rotational constant angle surface defined by (4.6)
is a special case (ii) of Theorem 3.6 when a(v) = 0.

So, considering Theorem 3.4, Theorem 3.6 and the above results, we obtain the followings:

Theorem 4.1 A space-like rotational surface ¢ in I xy E2 defined by (4.6) is a constant angle surface with a
constant Lorentzian angle 0 > 0 if and only if it is congruent to the space-like surface given by

w cosh 6 u cosh 6

o(u,v) = (u cosh 0, (by + tanh@/ K )sinh v, (by + tanh@/

m) K ) cosh v) .

I ()

Corollary 4.2 A space-like rotational surface ¢ defined by (4.2) in the anti-de Sitter space (H3(—1),§ =
dt? + e?'(dx® — dy?)) is a space-like constant angle surface with a constant Lorentzian angle 0 > 0 if and only

if it is congruent to the space-like surface given by
o(u,v) = (u cosh 6, (by — e~ "% tanh ) sinh v, (b — e~ “*"* tanh #) cosh v),
where by s a constant.

Theorem 4.3 Nonplanar time-like rotational surfaces in I x y E3 defined by (4.2) and (4.6) are constant angle

surfaces with a constant Lorentzian angle 6 if and only if they are, respectively, congruent to the following
surfaces:
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i) The time-like surface given by

. usin 6 dp, u sin 6 m .
p(u,v) = (u sin 6, (by + cot 0/ ) ) cosh v, (bg + cot 0/ M ) sinh v),
where by is a constant and the Lorentzian space-like angle 6 € (0, ).
it) The time-like surface given by
p(u,v) = ( — usinh f, — coth @ sinh v /usinh9 d—u, — coth @ cosh v /usinh9 d—”) ,
fu) f(w)

where the Lorentzian time-like angle 0 > 0.

Corollary 4.4 Nonplanar time-like rotational surfaces ¢ in the anti-de Sitter space (H3(—1),§ = dt*>+e* (dx*—
dy?)) defined by (4.2) and (4.6) are space-like constant angle surfaces with a constant Lorentzian angle 0 if and
only if they are, respectively, congruent to the following surfaces:

(i) The time-like surface given by

o(u,v) = (u sin @, (by — cot fe 5% cosh v, (by — cot e~ *5" %) sinh v),

where by is a constant and the Lorentzian space-like angle 6 € (0,7).

(ii) The time-like surface given by

o(u,v) = ( — usinh , coth @ sinh ve®*™" 9 coth 6 cosh ve™ S 9) ,

where the Lorentzian time-like angle 0 > 0.

5. Constant angle surfaces in I x; E? with constant Gaussian curvature

We consider surfaces in I x s E? of type (ii) of Theorem 3.4 and of types (iii) and (iv) of Theorem 3.6 to give
examples of space-like and time-like constant angle surfaces with constant Gaussian curvature. Using the Gauss

equation (3.3) and (3.7) we get the Gaussian curvature as

f’(€1atIIT|\u)>2 _ €2|‘T||2(f”(51||T||U) _ (f’(€1||T|\U))2)

K 28182(5592 — 1)(

7T Fellme ~ \ Felmh
_ o S (][ T][u)
=~ el R T

Thus, we have the followings:

1) The space-like constant angle surface (ii) of Theorem 3.4 has constant Gaussian curvature K if and

only if f(t) = acosh(coghfgt+ b) when K <0, or f(t) = acos(cget—&— b) when K >0, or f(t) = at +b when
K=0.

2) The time-like constant angle surface (iii) of Theorem 3.6 has constant Gaussian curvature K if and
only if f(t) = acos(ﬂt—kb) when K <0, or f(t) = acosh(s\ﬁgt—l—b) when K > 0, or f(t) = at + b when
K=0.

3) The time-like constant angle surface (iv) of Theorem 3.6 has constant Gaussian curvature K if and

only if f(t) = acosh(s—mtJr b) when K <0, or f(t) = acos(%zﬂrb) when K > 0, or f(t) = at+ b when

K =0, where a # 0,b are constants.
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6. Constant angle surfaces in I x; E? with zero mean curvature

In this section we classify constant angle surfaces in I x s Ef with zero mean curvature. Let ¢ be a time-like

constant angle immersion of type (v) in Theorem 3.6. Then, 9; is a normal to the surface (M;) = {to} x s E?,

and it follows from (2.1b) that the surface @(My) is totally umbilical and the shape operator A = ]}/((:;’)) Iy,

where I; is the identity transformation on E%. Thus, such a surface has zero mean curvature if and only if
f'(to) = 0, that is, it is also totally geodesic.

Now, let the space-like constant angle surface be of type (ii) of Theorem 3.4. Then, it is maximal only
if it is totally geodesic. Since the principal curvatures are of the form A = sinh6f’(ucosh®)/f(ucoshf), we
have either § = 0, i.e. the surface is a warped product of the interval I and a space-like straight line in E?, or
f' =0, that is, the ambient space is a direct product, and Mj is a space-like plane in E3.

Similarly, we assume that the time-like constant angle surface is of type (iii) or (iv) of Theorem 3.6.
Then, it has zero mean curvature only if it is totally geodesic. When we consider the principal curvatures of
the surface we have f’ =0, i.e. the ambient space is a direct product, and M; is a time-like plane in E3.

Finally, we assume that the space-like constant angle surface is of type (i) of the Theorem 3.4, or the
time-like constant angle surface is of type (i) or (ii) of the Theorem 3.6. Then, from (3.7) and (3.56) it follows
that H = 0 if and only if

208 (u,v)o’ (u) = —eo |T|?, (6.1)

which implies that 8 depends only on w. From (3.30) and (3.46), we can write (8, — ¢’(u)3 = ©. Using this
and differentiating (6.1) we get

1\ &1 —e,02
- =—. 6.2
(a’) [IT|? (6.2)

Integrating (6.2) and using (3.15) we obtain that
7ty =b(ht+ )m (6.3)
=bl—t+c) , .
T

where m = %, and b # 0 and c¢ are constants. Without loss of generality we can assume that ¢ = 0.

Hence we have

e1]|T||u dr . 51||T||
/ Fo) = b= )T (6.4)

From (3.56) and (6.1) we obtain that f(u) = —e2 ‘Q‘TTn‘g;‘ and A(u) = alegl";—ﬁu. Also, considering e1e62e¢ = —1
u

and o'(u) = ™, it can be shown that
Blu,v)e o™ — @/ e Mdr =0. (6.5)

Therefore we have a(v) =0 in (3.31) and (3.47).
Case 1. M, is space-like in I x s Ef. Then, we have e =5 = 1 and e¢ = —1, and hence © = sinh6
and ||T|| = cosh@. Therefore, from (3.23) and (6.4) we get
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sinh@sinhv  sinhf coshv
) = ho, : } 6.6
wlu, ) (u o b(1 —m)um=1" b(1 — m)um—1 (6.6)
where m = 12‘);1?1;290 and u >0 when 6 € (0,In(1 ++/2)), and v € R when 6 > In(1 + v/2).
Case 2. M, is time-like in I x E?. Then, we have two cases as &1 = ge=1,e=-1,0r g = -1,

€9 =¢e¢=1.
Subcase 2.1. ¢; =¢¢ =1 and €3 = —1. Then, © = cos§ and ||T|| = sinf. Therefore, from (3.38) and
(6.4) we get

1-m 1-m

u cosf coshv u cos@sinhv)
b(1—m) b(1 —m) ’

o(u,v) = (usin 0, (6.7)

sin? 0
where m = $$5-55 € (0,1).
Subcase 2.2. ¢; = —1 and €3 =& = —1. Then, © = coshé and ||T|| = sinh . Therefore, from (3.39)

and (6.4) we get

1-m 1-m

u coshfsinhv u cosh 6 cosh U)
b(1 —m) ’ b(1 —m) ’

o(u,v) = ( — usinh 6, (6.8)

___sinh?6 .
where m = — 355 € (—1,0).

All these surfaces are rotational.
Finally, we state the followings by considering Theorems 3.4 and 3.6.

Theorem 6.1 Let ¢ : My — I X E? be a space-like immersion, and assume that it is not totally geodesic.
Then, ¢ is constant angle and mazximal if and only if the warping function is f(t) = bt™ and ¢ is a space-like

rotational immersion given by

sinh 6 sinh v sinh 6 cosh v )

plu,v) = (u cosh o, b(1 —m)um=1" b(1 — m)um—1

where m = —<2S00 and 4> 0 when 6 € (0,In(1 ++/2)), and v € R when 6 > In(1 + v/2).

1—sinh? 6

Theorem 6.2 Let ¢ : My — I X E? be a space-like immersion, and assume that it is not totally geodesic.
Then, ¢ is constant angle and has zero mean curvature if and only if the warping function f(t) = bt™ and ¢

is one of the following time-like rotational immersions:

i

(u, ) ( sing wl™™ cosfcoshv ul™™ cos@sinhv)
u,v) = (usi
sin? 0
where m = 13555 € (0,1);
i)
(u, ) ( sinh 8 w!~™™ cosh @sinhv ul=™ cosh@coshv)
= ( —usin
oy Y N Ty s A
where m = 7% € (-1,0).
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