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Abstract: In this paper, we establish infinitely many positive solutions for the iterative system of conformable fractional

order dynamic equations on time scales

(s [TBA (Ua(t))] = @(t)fa (Vnta(t)), t € (0, 1)1, 1 < o, p < 2,
1(t) = Feg1(t), t € (0, )1, n=1,2,--- ¢,

satisfying two-point Riemann—Stieltjes integral boundary conditions
1
19n(0) = 0, 1911(1) = / ﬁn(T)Dg(T)7 n = ]_72’ . 767
0
1
(T92)(0) = 0, (TEYa)(1) :/ (TA9)(1)Dg(r), n=1,2,--- ¢,
0

where 72 denotes the conformable fractional derivative of order x € {«, B} on time scale T, by an application of

Krasnoselskii’s fixed point theorem on a Banach space.
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1. Introduction

Fractional calculus is a generalization of classical integer order calculus and has gained momentum recently.
Unlike integer order derivatives, the fractional derivative is a nonlocal operator, which gives the future states
depend on the current state as well as the history of all previous states. From this point of view, fractional
differential equations provide a powerful tool for mathematical modeling of complex phenomena in science and
engineering practices, see [5, 6, 8, 17, 18, 23, 29, 30, 32, 37] and references therein. In the theory of classical
and fractional order differential equations, various theorems have been extensively deployed by researchers in
establishing the existence, uniqueness and multiple solutions of boundary value problems, see [26-28, 38] and

the references therein.
The differential equations, difference equations and dynamic equations on time scales are three theories

which play important role for modeling in the environment. Among them, the theory of dynamic equations
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on time scales is recent and was introduced by Hilger [22] in his PhD thesis in 1988 with three main features:
unification, extension and discretization. Time scale is any closed and nonempty subset of the real numbers,
so we can extend known results from continuous and discrete analysis to a more general settings. As a matter
of fact, this theory allows us to consider time scales which possess hybrid behaviours both continuous and
discrete. These types of time scales play an important role for applications, since most of the phenomena in the
environment are neither only discrete nor only continuous, but they possess both behaviors [7, 9, 35]. Moreover,
basic results on this issue have been well documented in the articles [2, 3] and monographs of Bohner and
Peterson[15, 16].

Many researchers have started to deal with discrete versions of fractional calculus using the theory of
time scales, see [1, 34, 36] and references therein. Recently, Benkhettou et al. [11] introduced a conformable
fractional(CF) calculus on an arbitrary time scale, which provides a natural extension of the conformable
fractional calculus. For more results in this line, see [19, 25, 33]. In [31], Sheng et al. studied existence and

multiplicity of positive solutions to the CF dynamic boundary value problem,
T2 [ (T2 (9(1)))] = £ (£,9(t)), t € 0,17, 1 < x <2,
9(0) = 9(0(1)) = T&d(0) = T2 9(o(1)) = 0

by an application of fixed point theorems on cone. In [20], Gulsen et al. derived sufficient conditions for the

existence of a solution to the CF Sturm—Liouville boundary value problem

TE[TEW)] +Ap(D)E (t,9(t) =0, t € [p(a), bz, 0 < a < 1,

Toc (p(9(a))) = 80(b) + BT0(b) =0,

by an application of Schauder’s fixed point theorem. In [10], Bendouma and Hammoudi established the existence

of solutions for the CF dynamic boundary value problem
TAY(t) = £(t, 0(9(t))), t € [a,b]p, 0 < x <1,

B(Y(a),d) =0 or H(W,9(c(b))) =0,

by means of the upper and lower solutions method together with Schauder’s fixed point theorem. In [13],
Bohner and Hatipoglu established the general solutions and stability criteria for the following CF dynamic

cobweb model on time scales,

D(0(t)) = a(t) + b(t)[p(t) + TAp(t)], t € TF, 0 < x < 1,

S(o(t)) = ax(t) + bi(t)p(t),

with initial condition p(t9) = po. Motivated by aforementioned studies, in this paper we consider the CF

dynamic boundary value problem on time scales,

T [Ta (0a(1)] = @(t)fn (Pnsar (1), t € (0, 1), 1 <o, B < 2,}
91(t) = 9gsr(t), t€ (0,1)r, n=1,2,--- ¢,
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satisfying two-point Riemann—Stieltjes integral boundary conditions

U2(0) =0, ¥4(1) = /Olgn(rf)ljg(fc), n=1,2--,0,
(1.2)

(%Aﬂn)(()) =0, (,TﬁAﬁn)(l) - A (%Aﬁn)(’t)ljg(’[% n=12.-- 7‘€a

where T;2 denotes the conformable fractional derivative of order x € {, B} on time scale T, ¢(t) = H;nzl @;(t)

and ¢;(t) € L% [0,1]r(p; > 1) has a singularity in (0,1/2)r, fol Yn(T)0Og(T) denotes Riemann—Stieltjes integral
of ¥,(7) with respect to g, g : [0,1]r — R is a function of bounded variation and Og is a signed measure
and established infinitely many positive solutions by an application of Krasnoselskii’s fixed point theorem on a

Banach space. We assume the following conditions hold throughout the paper:
(H1) £, :[0,400) = [0,400) is continuous for n =1,2,--- ,¢,

(H2)  there exists a sequence {t}72; such that 0 <t <t < 1,

. R T B .
lim ¢, =t <i,tgrﬁwj(t)—+m7k€N7j—1,2,3,-~7m

k—o0

and each ;(t) does not vanish identically on any subinterval of [0, 1]y. Moreover, there exists ¢% > 0

such that
¢; < pj(t) <oo ae. on [0,1]r.

(H3) g be nondecreasing and of bounded variation function such that 0 < g* < 1, where

g = /Olfcljg(fr).

2. Preliminaries and Green’s function

A time scale T is a nonempty closed subset of the real numbers R. T has the topology that it inherits from the
real numbers with the standard topology. It follows that the jump operators o,p : T — T, and the graininess
p: T — [0,+00) are defined by o(t) = inf{r € T : 7 > t}, p(t) = sup{r € T : 7 < ¢}, and u(t) = p(t) — ¢,

respectively.

e The point t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = ¢, p(t) < t, o(t) = ¢,
o(t) > t, respectively.

e If T has a right-scattered minimum m, then Ty = T\{m}; otherwise T} = T.
e If T has a left-scattered maximum m, then T* = T\{m}; otherwise T* = T.

e A function f: T — R is called rd-continuous provided it is continuous at right-dense points in T and its
left-sided limits exist (finite) at left-dense points in T. The set of all rd-continuous functions f : T — R
is denoted by Cpq = Cq(T) = Cy.q(T,R).
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e A function f : T — R is called 1d-continuous provided it is continuous at left-dense points in T and its
right-sided limits exist (finite) at right-dense points in T. The set of all 1d-continuous functions £ : T — R
is denoted by Cjq = Ciq(T) = Ciq(T,R).

e By an interval time scale, we mean the intersection of a real interval with a given time scale. i.e.
[a,b]r = [a,b] N'T other intervals can be defined similarly. Moreover, if I = [a,b]r then we define
In = [a,p(b)]r and Iy = [o(a),b]r. By In we denote one of them, where O means either A or V.
Similarly, we use O as a common notation for the two kinds of derivatives on time scales: one can read
Y either as 2 or as £V.

Let £ be a real valued and bounded function on the interval I. Let us take a partition P = {to,t1,- -+ , ¢}

of I. Denote In; = [tj—1,tj]o, j=1,2,---,n, and

mpo; = inf £(t), Mg; = sup £(¢).
teln; teln;

The upper Darboux—Stieltjes O-sum of £ with respect to the partition P, denoted by Ugn(P, £, g), is defined by

Un (P7 fag) = ZMDjAgjv

j=1

and the lower Darboux—Stieltjes O-sum of £ with respect to the partition P, denoted by Ln(P, £, g), is defined
by

LD (Pv fa g) = Z ijAgjv
j=1
where g is a continuous function on I and Ag; = g(¢;) — g(t;—1). For more details, see [24].

Definition 2.1 [2/] Let I = [a,b|t, where a,b € T and P(I) the set of all partitions of I. The upper Darbouz—
Stieltjes O-integral from a to b with respect to function g is defined by

b
fOg = inf Us(P,f,g).
/a g= dnf o(P,f,g)

Similarly we can define the upper Darbouz—Stieltjes O -integral. If Ef(t)Dg(t) = f;f(t)Dg(t) then we say that £

is O-integrable with respect to g on I, and the common value of the integrals, denoted by f: £(t)0g(t) = f: fOg
is called the Riemann—Stieltjes (or simply Stieltjes) O-integral of f with respect to g on I.

Definition 2.2 [1/] Let uan and pv be the Lebesque A— measure and the Lebesque V— measure on T,
respectively. If A C T satisfies ua(A) = pv(A), then we call A is measurable on T, denoted p(A) and this

value is called the Lebesgue measure of A. Let P denote a proposition with respect to t € T.

(i) If there exists Ex C A with ua(E1) =0 such that P holds on A\E1, then P is said to hold A-a.e. on
A.
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(i) If there exists Eo C A with puy(E2) =0 such that P holds on A\Es, then P is said to hold V —-a.e. on
A.

Definition 2.3 [/] Let E C T be a A-measurable set and p € R = RU{—o00,+oc} be such that p > 1 and let
f:E =R be A-measurable function. We say that f belongs to LR.(E) provided that either

/ IfP(T) At < 0 if peR,
E
or there exists a constant M € R such that
f| <M, A—ae. onE if p=+co.

Lemma 2.4 [12] Let (X,M,un) and (Y,L,va) be two finite-dimensional time scales measure spaces. If
f: X xY =R is a A-integrable function and if we define the functions

o(y) = / £(,y)dua(x) for ye,
X
and

Q(zx) :/Yf(amy)duA(y) for re X,

then ¢ is A-integrable on Y and is A-integrable on X and

/X duna(z) /Y f(z,y)dva(y) = /Y dva(y) /X (2, y)dpa ().

Definition 2.5 [11] Let « € (1,2] and £ : T — R, t € T*. For t > 0, we define T2£(t) to be the number
(provided it exists) with the property that, given any € > 0, there is a &-neighborhood V; C'T of t,6 > 0, such
that

|[£(0(t)) = F(OI** = TLE(D)[o(t) — 1| < elo(t) — 1],

We call ’T(fo(t) the conformable fractional derivative of £ of order « at t, and we define the conformable

fractional derivative at 0 as
TEE(0) = i, TAE(t).
Definition 2.6 [11] Let o € (1,2] and £ be two times delta differentiable at t € T*. Then
ToE(t) = 127 %£(t).

Definition 2.7 [31] Let £ : T — R be a regulated function and o € (1,2]. Then the «-fractional integral of £
1s defined by

1
I*£(t) =17 (t*2£(t)) = / (t — )T %f (1) AT
0
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Lemma 2.8 [31] Let t > 0,« € (1,2] and the function £ : [0,00)7 — R be rd-continuous, then
TAT*E(t) = £(1).

Lemma 2.9 [31] Let oc € (1,2], £ be a oc-differentiable function at t > 0, then T2£(t) =0 for t € [0, 1]y if

and only if £(t) = ag + a1t, where ag and a; are real constants.

Lemma 2.10 [31] Assume that ¥ € C(0,4o00)r with a fractional derivative of order oo € (1,2]. Then
TETAY(t) = I(t) + co + it

where ¢y, c1 are real constants.

Lemma 2.11 Let y € C((0,1)r). Then the boundary value problem

Ta01(t) +y(t) =0, t € (0,1)r, (2.1)
91(0) =0, 91(1) = [ 01(x)g(x), (22)
has a unique solution
1
91(t) = /0 Rg (t, T)y(T)dT, (2.3)

where Np(t,T) is the Green’s function and is given by

Np(t, 1) = Kg(t,T) +

t
T 0s(0),

i 1-1), t<t

— 9

t(l—1)thP=2, t<,

IC@ (t, T) = {
and

1
Gu(v) = [ Kn(ri.m0g(m).
0
Proof From Lemma 2.10, the equivalent integral equation to (2.1) is given by
91 (t) = —IPy(t) + A+ Bt

¢
—— [0y A B
0
for some A, B € R. Using boundary conditions (2.2), we obtain A =0 and
1 1
B :/ 91 (1)0g(7) +/ (1—1)th2y(r)AT.
0 0
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So,
1

V1 (t) = — /t(t — )P 2y (1) AT + t/l(l — )P 2y(1)AT +t/ 91 (t)0g(T)

0 0 0
= /1ICB(t,T)y(T)AT+t/1ﬁl(T)Dg(T). (2.4)
0 0

By simple algebraic calculations, we get

/0191(T)Dg(”c):1 /O/OICB(TMT)Dg(Tl)AT. (2.5)

1
—g
Substituing (2.5) into (2.4), we finally have (2.3). O
Lemma 2.12 The function Kg(t,T) has the following properties:

(i) Kg(t,T) is nonnegative and continuous on [0, 1]t x [0, 1]r,
(it) Kg(t,t) < Kg(t,T) for t,Te€[0,1]r,
(iii) there exists A € (0,1/2)1 such that MNCg(t,7) < Kg(t,T) for te€ A, 1—Ar,Tel0,1]r.

Proof It is easy to establish the result (7). It can be seen that Kg(t,T) is decreasing with respect to t for

T <t and increasing with respect to ¢ for ¢ < s. So, by this monotonicity of Kg(t,T), we have
Kp(t,t) < Kp(t,T) =P (1 —1), t€[0,1]r.

This proves (ii). Now we prove (iii). For T < ¢, we have

and for ¢t < T,

This completes proof. O

Lemma 2.13 Let Gi(t) = Kp(T,7) + ﬁgﬁ(’r). Then the Green’s function Rg(t,T) has the following

properties:
(i) Rg(t,T) is nonnegative and continuous on [0, 1]t x [0, 1],
(i) Np(t,T) < Gj(T) for t,T € [0,1]r,

(iii) there exists A € (0,1/2)r such that AGg(t) < Ng(t,T) for t € A, 1~ Az, 7€ [0,1]r.
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Proof The results (i) and (i) are obvious. To prove (iii), let A € (0,1/2)r and T € [0,1]r. Then from

Lemma 2.12, we have

L Gy(t) > MCp(m,1) + —

Rp(t,7) = K (t,7) + G (1) = AGp (1)

1—g* 1—-g*

This completes proof. O

Lemma 2.14 Let z € C((0,1)1). Then the boundary value problem

T [T8 (9e())] = 2(t), t € (0,1)r, (2.6)

9,(0) =0, 0,(1) = / 9 (1) g (),

. (2.7)
(Tg91)(0) =0, (Tg*01)(1) = / (76 01) () 0g(T),
0
has a unique solution
1 1
91(t) :/ Rg(t,7) [/ N‘x(’us)z(s)As] AT, (2.8)
0 0
where Vg (t,T) is defined in Lemma 2.11 and
N(X(taT) = ICOL(t)T) + 1 7 g* g(x(T)7
(1 —1¢), T<t,
ICCX(ta T) = _
t1l -1t 2% t<rT,
and
1
6u(t) = [ Kale, ()
0
Proof Let y(t) = TﬁAﬁl(t) for 0 <t < 1. Then the boundary value problem
TE[TE(W1(1)] — 2(t) =0, t € [0,1]r,
1
TE0(0) =0, T#0u(1) = [ (T00)(0)0()
0
is equivalent to the problem
TLyi(t) — 2(t) =0, t € [0, 1],
(2.9)

51(0) = 0, (1) = / 1 (1) 0g(0).

By Lemma 2.11, the boundary value problem (2.9) has unique solution y; (t) = — fol Ny (¢, T)z(T)AT. That is
1
’TﬁAﬁl(t) + / Ny (t,T)z(T)AT = 0. (2.10)
0
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Again by Lemma 2.11, the differential equation (2.10) with boundary conditions

9¥1(0) =0 and 191(1):/0 ¥ (T)0g(7)

has a unique solution
1 1
91 (¢) :/ Vg (t,T) [/ Na(T,s)z(s)As] AT.
0 0

This completes the proof. O

Lemma 2.15 The function K4 (t,T) has the following properties:
(i) K«(t,T) is nonnegative and continuous on [0, 1]t x [0, 1]r,
(i) Ku(t,T) < Ku(t,T) for t,T€]0,1]r,

(iii) there exists N € (0,1/2)1 such that MC«(T,T) < Kg(t,T) for t €[N 1—Ap,Te€[0,1]r.

Lemma 2.16 Let Gi(T) = Ku(t,7T) + ﬁga(ﬂ. Then the Green’s function Ny(t,T) has the following
properties:

(i) R(t,T) is nonnegative and continuous on [0, 1]t x [0, 1],

(ii) Ny (t,T) < Gi(7) for t,T € [0, 1],

(iii) there exists N € (0,1/2)1 such that NG%(T) < Ny (t,T) for t € [A,1 — A, T € [0, 1]r.

Note that an ¢—tuple (91,92, ,9) is a solution of (1.1)—(1.2) if and only if

91 (t) = /01Ng(t,’tl)[/olNOL(Tl,Tg)(p(TQ)fl[/01Nﬁ(’tg,’tg)[/olNOL(T3,T4)Q@(T4);E2...
£o1] /O e (rara, )| /O a1 T 01 (120 At Ay - Aty Ay

and
1 1
)= [ 00(09) | [ Mol 0ol (65| Am. m =23,
0 0
19@+1(t) = 191(t), t e (0, 1)11‘.
Denote the Banach space C((0,1)r,R) by B with the norm ||¢J| = max] [9(¢)]. For A € (0,1/2)r, the

te[0,1
cone Ay C B is defined by

= : > i >
M {19 €B:at) >0, min d(r) > ?\||19||},
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For any 91 € A3, define an operator Q : A4y — B by
1 1 1 1
@) = [ Ratr)| [ Ralmmptmna] [ Retw)| [ Ralm et
0 0 0 0

1 1
£ [/ NB(T%—%T%—I){/ R (Tar—1,T20) @ (T20) £ (V1 (T20)) ATog | AT "'AT2}A71-
0 0

Lemma 2.17 For each A € (0,1/2)7, Q(A2) C A and Q: N — N is completely continuous.

Proof Let A € (0,1/2)y. Since £4(¥41(T)) is nonnegative for T € [0, 1]y, 91 € A4. Since Ng(t,T), Ry(t,T)
are nonnegative for all ¢, € [0, 1], it follows that Q(J1(t)) > 0 for all ¢ € [0, 1], 1 € A4 Now, by Lemma
2.13 and 2.16, we have

i Q
te[ir,lllg)\]nr( ﬁl)(t)

= ;\nlm)\ {/01 Ng(t,T1) /1Na(T1,T2)(p(T2)f1|:/Ol NB(TQ,T3)|:/01N0((T3,T4)()0(T4)f2-.,

1 1
fo1 / Rp (Tor—2, Tor— 1)[/ Noc(TQE—hT2€)‘P(T2€)f€(191(T%))ATQE] ATQé—l"'AT2:|AT1}
0 0

1

> 7\/ Gp(T1) [/OlNa (T1,T2) <p(12)f1[/01N[3(12,T3)[/0 N (T3, Ta)p(Ta)E2 - -

1
fz-1[/ N[S(T%—Q’TQ@—I){/ Noc(T%—laT%)(P(T%)fé(ﬁl(TQZ))AT24AT%—l"'ATQ}ATI
0 0

> ?\{ /01 Nﬁ(t,’fl)[/ol No(T1, T2)p(T2)E1 {/01 NB(TQ,Tg)[/Ol N (T3, T1)p(Ta)E2 - -

1 1
fra [/ Ng (Tor—2,T2e—1) {/ N (Toe—1,T20)@(T20) £ (V1 (T20)) ATop | ATop—1 - - - ATz} ATl}
0 0

> A max [Q94(t)].
te[0,1]7

Thus Q(A3) C Aa. Therefore, the operator Q is completely continuous by standard methods and by the
Arzela—Ascoli theorem. O

3. infinitely many positive solutions

In establishing the existence of infinitely many positive solutions for the boundary value problem (1.1)—(1.2),

we utilize following theorems.

Theorem 3.1 [21] Let B be a cone in a Banach space X and Q1, Qo are open sets with 0 € Q1,Q; C Qa. Let
Q:BN(Q\Q1) — B be a completely continuous operator such that

(a) |9 < |9, 9 € BNOQ1, and [|QV] > |9, ¥ € BNIQa, or
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(b) 120] = 9], 9 € BoQ, and |29 < [9]], & € B ORs.

Then Q has a fized point in BN (Qz\Q1).

Theorem 3.2 (Holder’s inequality [4]) Let f € LYV (J) with p; > 1, for j =1,2,--- .n and E] 1 pJ =1

Then []7_,%; € Li(J) and HH;LZI £;

fg € LA(J) and [[fglly < [Ifl1llgllec, where

< [Ty 1€l Further, if f € LA(J) and g € LX(J). Then

/|f\p As , pER,

1fllp =
znf MER/|f|<MAfae onJ} p = 00,

and J = [a,b)r.

For ¢ € L% ([0,1]r), we have three possible cases:

n
1
Firstly, we establish infinitely many positive solutions for the case E — < 1.
— Pj
7j=1

Theorem 3.3 Assume that (Hi) — (Hs) hold, let {Ax}32, be such that ty11 < Ay < tp, k=1,2,3,---. Let
{Ri}2, and {rip}32, be such that Riy1 < Apry < Lry <Ry, k € N, where

—1
1-2

1—A;
L = max Aln@]/ QE(T)AT[/ gi(atl| 1
A

1

Further, assume that £; satisfies

(J1) £e(9(t)) < ARy for all 0 < ¥(t) <Ry, t € [0, 1)1, where Ay < |||G% ||qH Hcpj|| / Gs(T
j=1

(jg) fg(lg(t)) > Lry for all Agrg < ﬁ(t) <ri, te [7\k, 1-— )\k]']l“

The iterative system (1.1)—(1.2) has infinitely many solutions {(ﬁ[lk],ﬁ[gk], . -,19%])};":1 such that ﬁék] (t) >0 on
0,1, £=1,2,---,n and k € N.

Proof Consider the sequences {Qq x}72; and {Q2%}72, of open subsets of B defined by

Qe={0eB: |9 <R}, Qur={9€B:|Y <y}
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Let {Ax}32, be as in the hypothesis and note that t* < tp41 < A <t < %, for all £k € N. For each k € N,
define the cone .44, by

My = {15‘ €B:Y(t)>0 and min I(t) > ?\k||z9||} .
’ tE[AL, 1—Ak]

Let 91 € A4, NOQ1 k. Then, ¥1(t) <Ry = ||¥1]] for all T € [0,1]r. By (J1) and 0 < Tgs—2 < 1, we have

/01 Ng (T2r—2,T2e—1) {/01 ch(’fge—uT%)@(T%)fe(ﬁl(Tze))ATze} ATy
< /01 Gp(T20-1) {/01 Q;(T%W(T%)fz(ﬁl(T%))ATze] ATyp_q

1 1
< Ale/ QE(T22—1)[/ g;(T2e)¢(T2e)AT24 ATyp;.
0 0

1 &1
There exists a q > 1 such that — + E — = 1. By the first part of Theorem 3.2, we have
— Pj
Jj=1

1 1
/ Nﬁ(T2£727T2£71)[/ Noc(Tzzfl,T22)¢(T2£)f£(191(Tze))ATzz} ATy
0 0
1 1
SAle/ QE(TMA)ATMA[/ g;(Tze)sﬁ(Tze)ATzz]
0 0

1 1 n
<k [ Gp(ran) At |Gl < e | G (e ) AT G2 T N,
0 0

j=1
< Ry.

It follows in similar manner (for 0 < Top—4 < 1) that

1 1
/ NB(Tze—47T2£—3){/ Ny (Tor—3, Tar—2)@(Tar—2)
0 0
1 1
X fz-1[/ Nﬁ(Tze—z,Tze—l)[/ Na(’f%—hT2£)<P(T2€)fz(191(Tze))ATzé] AT25—1}AT212—2}AT22—3
0 0
1 1
S/ NB(T24—4,T24—3)[/ ch(T%—BaT2€—2)‘P(T2£—2)f6—1(Rk)AT%—Q}ATQ@—?)
0 0
1 1
< Ale/ QE(T%—s)[/ g;(TQZ—Q)QO(T%—Z)ATQZ—Q}ATQ@—?)
0 0

1 1 n
< tibe [ Gy (ra) Ao |02l < M | G (o) Aacr |5l T s,

j=1
< Rg.
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Continuing with this bootstrapping argument, we get

(Q)(t) = /lNﬁ(thl)[/lNoc(Tl’Tz)@(Tz)fl[/

0 0 0

1 1
Np (T2, T3) {/0 N (T3, T4)p(T4) Lo - -

1 1
fé—l[/ NB(T2€—27T2€—1)[/ R (Toe—1,T20)@(T20) £ (V1 (T20) ) ATop | ATop—1 - - - ATo | ATy < Ry
0 0

Since Ry = ||91]| for ¥4 € A5, N OQyk, we get
Q91| < [[94]]- (3.1)

Let t € Ak, 1 = Aglr. Then, ry = [[01] > 91(t) > mingen, 1-ay]r Y1(8) > Agl[P1]] > Apre. By (J2) and for

Tar—2 € [Ag, 1 — Ag]r, we have
1 1
/ NB(T24—27T24—1)[/ Ny (Tor—1, T2e)p(T2e)Ee(V1(T20) ) ATop | ATor—1
0 0
1 1
> 7\k/ QE(Tze—1)[/ Noc(T%—l)T2l)¢(T2€)f€('§1(726))AT2£:| ATy
0 0

1—Ak 1=Ag
>h [ G [ G p(ran 20 (ra)) e At

k Ak

1—Ag n 1—Ag
S ][ () A AW IS

Jj=1

n 1—A1 1-Aq
> LA H tﬂj/ Gp(T20-1)AT201 [/ g;(”f%)AT%}
A A

j=1 L

> T

Continuing with bootstrapping argument, we get

@0 = [ waltm)] [ atm o] [ Vo] [ e wpm

1 1
fe—1{/ NB(T2Z—27TQZ—1){/ Ry (Tor—1,T20)p(T20)Ee(V1(T20) ) ATop | ATop—1 - - - ATo | ATy > 1y,
0 0

Thus, if V1 € A3, N OQak, then

1901 = [[91]]. (3.2)
It is evident that 0 € Qo .z C Q25 C Q1,x. From (3.1) and (3.2), it follows from Theorem 3.1 that the operator
has a fixed point 19[1k] € M,N (61,1@\Q2,k) such that 19[1k] (t) >0 on (0,1)r, and k € N. Next setting ¥, 11 = 1,

we obtain infinitely many positive solutions {(19[1k], 19[2k], RS 19%])}20:1 of (1.1)—(1.2) given iteratively by

1 1
ﬂg(t) = / Nﬁ(t, T) |:/ N(X(T, S)fg(ﬁg.;_l(s))AS AT, ! = n,n— 1, e ,2, 1.
0 0

The proof is completed. o

For Z?:l p; = 1, we have the following theorem.

350



KHUDDUSH and PRASAD/Turk J Math

Theorem 3.4 Assume that (Hi) — (Hs) hold, let {Ax}32, be such that ty11 < Ay < ty, k=1,2,3,---. Let
{Ri}2, and {rip}32, be such that Riy1 < Apry < Lryp <Ry, k € N, where

-1

l—Al 1_Al

G (1) A gimat| 1

1

n
L = max A%H(pj/

J=1 M

Further, assume that £; satisfies

(T3) £o(0(t)) < ARy for all 0 < Y(t) < Ry, t € [0, 1]y, where

-1

n 1
b < (1920 T LIl [ i
j=1

(Ja) £0(9(t)) > Lrg for all Agrp < I9(t) <rp, t € [7\k, 1-— Ak]’]l‘-

The iterative system (1.1)—(1.2) has infinitely many solutions {(19[1k], 19[2k], cee 19%'])}20:1 such that ﬁgk] (t) >0 on
0,1)y, £=1,2,---,n and k € N.

Proof For a fixed k, let Qi be as in the proof of Theorem 3.3 and let ¥ € A3, N OQ; ;. Again
91(T) <R = ||¢1]], for all T € [0,1]r. By (J3) and for Tor—o € [0, 1], we have
1 1
/ NB(T2€—27T2£—1){/ ch(TQE—lyT%)‘P(T%)fz(ﬁl(T2€))AT24 ATy
0 0
1 1
S/ QE(T22—1)[/ QZ(T%)@(T%)fz(ﬂl(Tze))ATQe] ATy g
0 0
1 1
< Ale/ QE(Tze—O[/ QZ(T2£)<P(T24)AT24AT%—1
0 0
1
< ARy / Gy (ta—1) Ao 1[5 oo Nl
0

1 n
< [ Gy Ara |3l [T Il
0 .
j=1
< Rg.
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It follows in similar manner (for to,—4 € [0, 1]y, ) that
1 1
/ Nﬁ(’fze—zx,’fu—s)[/ Ny (T2r—3, Tar—2)@(Tor—2)
0 0
1 1
X fe—1{/ NB(72€—27T2£—1)[/ ch(T%—hT2e)80(T2e)fe(191(Tze))ATge} ATQ(—l}AT%—Q}AT%—?)
0 0
1 1
S/ NB(T2€—4772Z—3){/ Noc(TQZ—&T2€—2)4p(72l—2)fl—1(R-k)AT2Z—2} ATy 3
0 0
1 1
SAle/ QE(T%—?)){/ g;(T2Z—2)¢(T2Z—2)AT2Z—2}AT2£—3
0 0

1 n
<t | G (ra) A |30 [T sl
0 .
Jj=1
< Rg.

Continuing with this bootstrapping argument, we get

@) = [ Raem)| [ Nammemn] [N [ Sumrm-
fé—1{/0 Nﬁﬁ%—zﬂ%—l){/() R (Tae—1,T2e)@(T20) £ (V1 (T20) ) ATop | ATop—1 - - - ATo | ATy < Ry

Since Ry = ||91]| for 91 € A4, NOQ1 k, We get
1201 < [[91]]. (3.3)

Now define Qo = {9 € B : |9|| < ri}. Let ¥ € A3, NOQ2x and let T € [Ag, 1 — Ag]r. Then, the argument
leading to (3.2) can be done to the present case. This completes the proof. O

Finally, for 3", p; > 1, we have the following theorem.

Theorem 3.5 Assume that (Hi) — (Hs) hold, let {Ar}32, be such that ty11 < Ay < ty, k=1,2,3,---. Let
{Re}pe, and {ry}g2, be such that

Ret1 < Aprp < Lrg <Ry, k €N,

where

-1

l—Al 1_Al

G (1) A grmat| 1

1

n
2 *
L=max{ [A] H ®; /
j=1 A

1

Further, assume that £; satisfies

—1

n 1
(T5) £o(9(t)) < AsRy for all 0 < Y(t) <Ry, t € [0, 1]r, where Az < |[|G%]lco H ||30j\|1/ Gs(T)AT
0

j=1
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(j@) fg(ﬂ(t)) > Lry for all Apry < ’19(t) <rg, te P\k, 1-— 7\k]'ﬂ‘

The iterative system (1.1)—(1.2) has infinitely many solutions {(19[1’“],19[2’“], o -,19@)}20:1 such that 1956] (t) >0 on
0,1, £=1,2,---,n and k € N.

Proof The proof is similar to the proof of Theorem 3.3. So, we omit the details here. O

4. Examples

In this section, we provide two examples to check the validity of our main results.

Example 4.1 Consider the following boundary value problem on T = [0, 1].

7:3/2 (E/Qﬁn(t)) + @(t)fn(’l?n-‘rl(t)) =0,0<t<l,n= 172’} (4 1)
B5(t) = V1(t), 0 < t < 1, '
1911(0) =0, ﬁn(1> = /1 ﬁn(T)dg(T)’ n=1,2
0
(4.2)

1
Ts29a(0) = 0, T a0a(1) = / (D) de(t), n = 1,2,
0

where
o(t) = p1(t)pa(t)

in which

188 x 1074, ¥ € (1074, +00),

51><1100*_<(44’“;—22))—_118087><4i0*4’“ (19 . 10—4k) + 188 x 10—414’
0 e {1()(4’“2), 104’&},

B =800)=1 51x10-0+2 e (% x 10-(4h+2), 10—<4k+2>>,

51x 10~ (4k+2) _188x 10~ (4k+4) 4k (k44
1 X10-(3k+2) _10~ (4hF1) (¥ —10 ( )) + 188 x 10~ ¢ )’

9 (10(4k+4)’% % 10(4k+2)}
0, ¥ =0,
¢, te0,1/2)U[2/3,5/6),
gt) =1 3 t€[1/2,2/3),
g te[5/6,1].
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(oo}
1 1
Since kzﬂ i 79LO and Z =i %, it follows that

1,02 € L5[0,1]y for all 0<p<2, so

n
L =max{ [A? H ©; /
j=1 A

1-Ay 1-Ay

w1l |
j=1 A1 1

1-A

1

= {50,1} = 50.

and

1
15112 ~ 12.08, /0 G (T)d ~ 3.22.

Next, let 0 < a < 1 be fixed. Then 1,2 € L*+2[0,1]. Tt follows that

So, for 0 < a < 1, we have

354

1

491+ 3%} T

a

lorlha = [

3°(1 +2—a)} e

a

lp2llita = [—

n 1
10.825 < |63l [[ el | G oy
j=1

-1

Gi (v)de| /A o G:(v)d |

31 1 1
== _ Ae = = (tp + 1 k=1,2,3,--
64 ;4(T+1)47 k 2(k+ k+1>7 )&y Jdy
151 <15
1732 648 32
1
toe1 < Ap < ti, A > 5
15 1 1
= <= tp—tpa = —— k=1,2.3 .
1 32<27 k k+1 4(k+2)47 y &y dy
2
31 & 1 47 7t
F=limty =y — =
e = 64 ;4(1‘“)4 64 360

Q;;(T)ch[/A Q;(T)d"c] ~ 0.02,
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Taking A; = 189. In addition if we take

R = 107, 1), = 107 (4F+2),

then
1
Ri41 = 107(4k+4) < g X 107(4k+2) < ATk
<rp =107 <R, =107,
Lry = 50 x 10~(*%+2) < 189 x 107 = AR, k = 1,2,3,---, and g; and g, satisfies the following growth
conditions:

£1(0) = f2(9) <ARp = 189 x 1074 9 ¢ [0, 104’€]

1
£1(9) = £2(9) >Lry = 50 x 10~ +2 9 ¢ {5 x 107 @h+2) o= (k+2) |

All the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the boundary value problem
(4.1)~(4.2) has infinitely many positive solutions {9/*1}2° | such that 10~(4*+2) < ||9lkl|| < 107%* for each

k=1,2,3,---.

Example 4.2 Let T = {0}U[1/2,1]U { ‘n € N} . Consider the boundary value problem

2n+1 :

T7/a(Ts/49a(t)) + 0(t)fa(9nt1(t)) =0, £ € (0,1)r, n = 1727}
193(25) = ﬂl(t), te (O, 1)'[[‘,

() =0, 1) = [ da(t)Ag(t) n = 1.2

1
T /a0a(0) = 0, T ja0a(1) = / () A(T), n = 1,2,
0

where

@(t) = @1(t)pa(t)

in which

(4.3)
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0.2 x 1075, 9 € (1073, +00),

110x10~*k+4) _0.2x 10~ (“k+1) (9 — 10—(4k+1)) 40.2 x 10~ “@k+1)

10— (@k+4) _10—(4k+1)
Ve {1044“4), 1o—<4k+1>} ’

f1(0) = £2(0) = | 110 x 10-@k+4), 9 € (% x 10~ (4k+4) 10—<4k+4>),

110x 10~ (4k+4) _( 2% 10~ (4k+5) _(4k+5 (445
T 10— R0 10— (4kT5) (9 — 10~Wk+9)) 0.2 x 10~ 4k+5),

= <10—(4k+5)7% % 10—(4k+4):|’

0, v =0,
0, tel0,1/2),
g(t) =
t, te[l/2,1].
Let tx,Ar be the same as in example 4.1. Then A; = é—g — ﬁ < é—g, tor1 < A < tp, A > £ and
. 4
t1 =122 <1, th—typr = m k=1,2,3,---. Also, t* :hmk_,ootk:%—zzlm =g -I->1

By simple calculations, we obtain g* = 1, o} = 3 =5/3, Gi(1) = K4(7,7) + 3G.(7), = € {, B}, where

Gu(T) = /0 Ku(t1,T)Ag(T1) = /1 Kua(t1, T)AT) = e/ (4 - 1)1 —1)+ 513/4(1 —1)2,

and
1

1
_ _ _ 1 2 b 2
G50 = [ Ko(nast) = [ Kolnmam = gop(e -0 =)+ g(e 1)

So, we get

1-Ay 1—A;
M« / QE(T)dT[ / g;(’t)d’t] ~ 0.009191748427,
A A

1

-1

g:;(T)dT] 1

1—7\1 1_7\1

L =max{ [A} H ©3 / G (T)d’r{/
=1 A1 A1

= {108.793,1} = 108.793,

IG% )12 ~ 0.03517346, [ G5 (T)dT ~ 3.038214786, |01 13 ~ 6.699800077, ||¢2|6 ~ 5.839258384.

-1

n 1
0.2410292729 < HQ;HqHH%Hpj/ Gy (T)dt
j=1 0
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Taking A, = 0.24. In addition, if we take Ry = 10~ #++1) r; = 10~ (#k+4) | then

1
Rjp1 = 10~ (4F+9) < = % 10~ W+ < \pry

<1 = 10" @) <R, = 107 kD),

Lrj, = 108.793 x 10~ %4 < 0.24 x 10~ kD = ARy, k = 1,2,3,---, and g, and gy satisfies the following

growth conditions:
£1(9) = £2(9) <AjR, = 0.24 x 107@F+HD 9 ¢ [0, 10<4’€+1>}
£1(9) = £2(9) >Lry = 108.793 x 10~ W+ 9 ¢ E x 10~ #h+4) 1o—<4k+2>].

All the conditions of Theorem 3.3 are satisfied. Therefore, by Theorem 3.3, the boundary value problem
(4.3)~(4.4) has infinitely many positive solutions {9132 such that 10~(*4*+4) < ||9Fl|| < 10~(**+1) for each
k=1,2,3,---.
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