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Abstract: We study the existence of two nonzero solutions for a class of quasilinear Kirchhoff problems. The approach
is based on the variational methods. Our nonlinerity is contrast to some previous results is that superlinear growth at

infinity.
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1. Introduction and main results

In this paper, we consider the following quasilinear Kirchhoff problem

{— (1 + Jo [VulP) Apu = Af(z,u) inQ, (L1)

u=20 on 01},

where  is an open bounded subset of RY with smooth boundary 9Q, p > N > 3, A, is the p-Laplace
operator defined as A,u = div(|Vu[P~2u), f € C°(Q x R) and A is a positive parameter.

The problem (1.1) is related to the stationary analogue of the equation

s — (1 + /Q |Vu(:v)|pd:r) Apu(z) = g(z,t)

proposed by Kirchhoff as an extension of the classical d’Alembert’s wave equation for free vibrations of elastic
strings. Kirchhoff’s model takes into account the changes in length of the string produced by transverse
vibrations. Similar nonlocal problems also model several physical and biological systems where u describes
a process that depends on the average of itself, for example, the population density. It is worth mentioning
that this problem received much attention after the work of Lions [8], where a functional analysis framework
was proposed for the problem. Recently, the study of the Kirchhoff equation has been considered in the elliptic
case and involving the p-Laplacian operator [1, 4-7, 9].

In this paper we consider the existence of nontrivial weak solutions for the problem (1.1). Precisely, using

a variational approach, under conditions involving the antiderivative of f, that is F(z,s) = fos f(z, t)dt, we will
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obtain a precise interval of the parameter A for which the problem (1.1) admits two nontrivial weak solutions
(see Theorem 1.1).
We consider the space

X == W, P(Q)

1/p
|lull = (/ |Vu|pdm) Yu € X.
Q

The Rellich-Kondrachov theorem ensures that X is compactly embedded in C°(Q2) when p > N and so there

endowed with the norm

exists a positive constant k such that
[ullcoay < Kllull (1.2)

for each u € X. The following estimate of k was obtained by Talenti in [12] when N > 3, 99 is of class C1!

k< b a1+ N/z)]l/N (p -1 )P (meas(§2)) /N -1/,

- Nlrm p—N

where T' denotes the gamma function, p’ is the conjugate exponent of p and meas({2) is the Lebesgue measure
of Q.

Here and in the sequel we denote by D the radius of the greatest ball B(zq, D) with center zy contained
in Q. With a > 0, we put

/maXF x,&)d
Q l§I<a

where F(z,§) = fo x,t)dt and we observe that F'* > 0 for each « > 0.
Finally, we put
mN2(DN — (D/2))

1o = T ke ) [oprr(u+ 82+ w2 (DY — (D/2)Y)].

Theorem 1.1 Assume that

(f1) there exists xg € Q, D >0, §, v € R, with 0 < § < v, such that

F 1 fB(zo,D/Q)F(w’é)dw
krlp  max{l,(26)%r}

(f2) F(xz,t) >0 for every x € Q and for all t € [0,4].

(f3) there exist m > 2p, s > 0 such that
0 <mF(z,t) <tf(z,t)

for each x € Q and |t| > s.

2
Then, for each A € N5y = | 5 ;nax{l’(%)Fglf)dw, pk:’l;"‘f , problem (1.1) admits at least two nonzero solutions.
JB(2g.D/2) )
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Moreover we highlight that it is possible to obtain an existence result for the more general problem

{ (1+ [ IVulP) Apu = Mf (2, u) + pg(z,u)  inQ (13)

u=20 on 0f2.

Precisely, we establish the existence of two precise intervals of the parameters A\ and p for which the problem

(1.3) admits at least two nontrivial weak solutions.

Theorem 1.2 Assume that f verifies conditions (f1)-(f3) of Theorem 1.1. Then, for each X\ € A, =

nlax{1,(25§§£f£dx7 pk;;w , and for each g € C°(Q x R) such that

P B2, 0/2)
(91) G(z,t) >0 for each (z,t) € Q x [0, 7]
(g2) there exist ai, as >0 and 0 < a <p—1 such that
lg(2,t)] < arlt|” + a2
for each © € Q and t € R,

there ewists nx,qg > 0, where

B ’Ypr(g;o,g)F(%fs)de ) A
o =\ Tmax(1, (20)2° i pk? G

such that for each p €]0,mx g[ the problem (1.3) admits at least two nonzero weak solutions.

Slightly modifying the assumptions of Theorem 1.1 it is possible to obtain the following more applicable
result:

Theorem 1.3 Assume that [ verifies condition (f3),

(f1’) F(x,t) >0 for each x €Q, t € {O, (l’;);} ;

(f2’) lim SUP;_y 0+ infwfzipF(mvt) = +00.

Then, put v := k%, where k is defined by (1.2) and

. ~ F'>0
’ +o00 F7=0

for each X €]0,\*[ the problem (1.1) admits at least two nonzero weak solutions.

Last, we present a special case of Theorem 1.3 when f depends only on the second variable:
Theorem 1.4 Let f: R — [0,+00] such that
(H1) limsup,_,q+ tfp(—,t)l = +o0,
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(H2) there exists m > 2p,s > 0 such that 0 < mF(t) < tf(t) for each |t| > s.

Then, put ~ := k(p)% and \* := , for each X\ €]0, \*[ the problem

FMIQl \QI

— (14 [, [VulP) Apu = Af(u) inQ ws)
u=0 on 00 :
admits at least two nonzero weak solutions.

Now, we give an example to one of our theorem.

Example 1.5 Ezample to Theorem 1.1. Let p =6, N =4 and D = 1. By meas(B(0,R)) = %2R4 we have

2

1
I, = 13’572 + 15221’174 = 15.328. By the Talenti’s inequality k < fr75- f21/4 (3)° (%) ¥ = 1.8266 we choose k = 1.

Let F(x,€) = F(§) be an increasing function for &€ > 0,F(0) =0 and F(§) = F(f)%2 Then, the inequality
n (f1) reduces to % < F(6) < F(y), which implies 2.808 = (15.3282°)1/6 < ~. So, we can choose
§=2,7=3F(2) =25 F(3)=3.

Ezample to Theorem 1.4. Let f:R — [0,+o00[ be the function defined as follows:
f() = plt]™ + [t

with £t >0 and 0 <K <2p—1<gq. Putv::k(p)% and

owing to Theorem 1.4, for each p €]0, u*[ the problem

(L4 [ [Vul?) Agu = g+ [t]7 in ©
u=20 on 0N

admits at least two nonzero weak solutions.

The paper is organized as follows. In Section 2 we formulate the main results and the theorem of Bonanno

and D’Agui [3]. In Section 3 we give the proofs of main results.

2. Variational framework
We introduce the functionals ®, ¥ : X — R defined by

1 1
O(u) = = ||lullP + —||u||?®
() pll [ 2pH |

and

U (u) ::/QF(x,u)dx
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for each u € X where F(z,t) := fot f(z,&)d¢ for each (z,t) € Q x R. By standard arguments, & and ¥ are in

C1(X) and their Gateaux derivatives are respectively
(@' (u),v) = [ |VulP"2VuVudz —I—/ |Vu\pdx/ |VuP~2VuVodze
Q Q Q

and
W0} = [ S upds
Q
for each u, v € X . In particular, for each A > 0, the critical points of the functional
I, :=® -\,

are weak solutions for problem (1.1).

In [10], Ricceri obtained a three critical points theorem and in [11] gave a general version of the theorem
to extend the results for a class of more extensive equations. Later Bonanno and D’Agui [3] developed Ricceri’s
result. In order to obtain solutions for the problem (1.1), we use a result obtained by Bonanno and D’Agui in

[3] which combines a local minimum theorem established in [2] with the mountain pass theorem.

Theorem 2.1 Let X be a real Banach space and let @, ¥ : X — R be two continuously Gateaux differentiable
functionals such that infyex ®(x) = ®(0) = ¥(0) = 0. Assume that there exist r > 0 and T € X, with
0 < ®(z) <r, such that:

SUPg(my<r Y(uw) _ W(z) |
() SRzt v,
(ag) for each A € A, ::]igg,m[ the functional Iy : ® — AU satisfies the (PS)-condition and it is

unbounded from below.

Then, for each X\ € A, the functional I admits at least two nonzero critical points ux1, uxz such that

IA(U>\71) <0< IX(U)\VQ) .

3. Proofs of main results
First we prove Theorem 1.1 and show that under Ambrosetti-Rabinowitz condition (£3) the functional Iy satisfies
Palais-Smale (PS) condition.

Lemma 3.1 Assume (f3) satisfies, then functional I satisfies the (PS)-condition and it is unbounded from

below.

Proof Let {u,} is a (PS)-sequence, that is,
{I\(uy)} is bounded in R and I} (u,) — 0 in X*.
Fixed 1 > 0, there exists n; € N, such that Vn > ny

(173 () [l < 1.
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This implies that, Vn > n;
(T3 (), un)| < I3 (un) s ] < Hlunl-

that is
~JJunll < (T3 (un), un) < flunl|-

In particular, Vn > nq, we have

m” | = —m ™I () ).

Now, using the previous inequality, one has

D) =) = (5 = Yl + (55 = ) Bl =3 [ fon — o) o

P m

1 1 1 1
= (G- ) e+ (5= )
p m 20 m

- )\ |un|<s {;f(x’un)un - F(,’L‘, un):| dLI,‘

m

1
- )\/ {f(x,un)un — F(x, un)] dz,
[un|>s
where s is defined in (f3). Due to f is continuous. One has

S\/
Jun|<s

1
< / L (s un)l funldz + / P2, up)|de
Iun\<sm

|un|<s

L un)un — Flo,un)| da

m

‘/un<s [1f(x’u")”" - F(xvun)}dx

m

1
=’ PSS dac+/ max |F(z,§)|dx
m \un\<slélss|f( 2 |un\<s|s|s5| (, )

=A€c|0.+ o

This also implies that

—A< / {1f(a:,un)un - F(x,un)} dr < A.
Jun|<s

m

Furthermore, {I)(u,)} is bounded, there exists M > 0, ny € N, Vn > nq
[Tx(un)| < M.

Let 7 := max{ny,na}. Then by (£3) for all n > 7, it follows

1 1
M - n>I n_ill n)s Yn
+ —lunll 2 In(un) = — (I3 (un), un)

1 1
= (5l (g5 = o ) 12 =3 [ s = Flon)| ds

1 1 1 1
> (52 P+ (g5 - o) Tl =34,
p m 20 m
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So, we get {u,} is bounded on X.

We have the last task to do, that is prove {u,} is convergence in X. Since {u,} is bounded, up to a

subsequence, one has
Up — win X

u, — uin C(Q)

that is ¥’ is compact. We have
/ fz,un)(uy —u)dz — 0 as n — oo.
Q
Finally, we prove ||u, —u| — 0 in X. In fact

(1+ ||un|\p)/ <|Vun|p72Vun - \VUVFZVU, Vu, — Vu> dx
Q

= (I} (un) , up —u) + )\/Qf(x,un)(un —u)dz
— (14 [unl?) /Q VP2 (Vu, Vi — V) da.
In view of u,, — u, we have
/Q |VulP~2 (Vu, Vu, — Vu)dz — 0 asn — oo.
Thus
(1 + |lun|”) /Q <|Vun|p_2 Vu, — |VulP~2Vu, Vu, — Vu> dr —0 asn— oco.
Using the standard inequality given by

(lz[P~22 — [ylP 2y, 2 —y) > Cplz —y|P  ifp>2

or
Cp|x—y|2

xP P — yp—Qy’m_y >
(™ = )2 Tl + T

if2>p>1,
we obtain

C,,/ Vaun — ValP dz < (1 + ||un||p)/ <|Vun|f”*2 Yy — |VulP~2Vu, Vau, — Vu> dz.
Q Q

For p > 2 the strong convergence is clear, that is, |Ju, —ul = 0 in X.
For 1 < p < 2 one can use that
By, = (|Vun P2 |V, | — |VulP~2|Vul|, Vu, — Vu) — 0,

as n — oo and by Hoélder inequality

By > (JualP= = llullP=) (funl = [lull) > 0
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which implies that ||u,| — ||u||, as n — co. Then by uniform convexity of X and wu, — u weakly follows that
Uy, — u strongly in X .

Last, we show the functional ® — AW is unbounded from below. Let
k(t) =t "F(x,tu) — F(z,u), t>1;
then, we get
E'(t) =t~ Y (f(x, tu)tu — mF(z,tu)) >0
for all ¢ > 1 by (f3). Hence, it follows that k(t) > k(1) =0 for all ¢ > 1, that is
F(x,tu) > t"F(x,u)

for all x € RV, |u| > s and ¢ > 1. Thus, by m > 2p we have

1 1
IAtuzftup—i——tqu—/\/Fx,tuda:
(tw) pll | 2pll | A (@, tu)

tP +2p

< Dl + E gz - xem / F(e,u)de
D 2p Q

— —00

as t — +oo for ue X, u#0. O

Proof [Proof of Theorem 1.1] We consider the space X and apply Theorem 2.1 to the functionals ®, ¥ defined
above by choosing r = ;Tpp. Lemma 3.1 implies that, for each A > 0, the functional Iy : ® — AU satisfies the

(PS)-condition and it is unbounded from below. Fix A € As -, and the properties of the functionals ® and ¥

ensure that the functional Iy = ® — AU verifies the regularities requested in Theorem 2.1. We denote by v the
function of X defined by,

if . € Q\ B(zo, D),
(D —|x —xz0|) ifx € B(xg,D)\ B(zo,D/2), (3.1)
if x € B(xg, D/2).

() =

O«oc‘g o

One has

1 1
®(v) =—||v||*> + —||v]|*
(0) pH | 2pll |

:%/Q|V@(x)\pdx+% (/Q|Vv(x)|pdx>2

2
1 25)P 1 25)P
:f/ (29) dr + — / (29) dx
P J B(zo,D)\B(x0,0/2) DP 2p \JB(20,D)\B(z0,D/2) D?

_1(20)P

= Dv

(26)PxN/2(DN — (D/2)N)
2pD?r(T'(1 4+ N/2))?

1o
2p D?p

[meas(B(zg, D)) — meas(B(zg, D/2))] +

[2DTT(1 + N/2) + (26)PN/2 (DN — (D/Z)N)} .
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Therefore, one has
max{1, (26)?P}
—————Ip.

®(v) < (3:2)
Taking into account that o(z) € [0, d] for each x € 2, condition (f2) ensures that
¥(7) = / Flz,5(x))dz > / Pz, 8)dz.
Q B(x0,D/2)
It follows that
U(v) < pr(zo,D/Q) F(x,6)dx (3.3)
®(v) = max{l,(20)%}p ’
For each u € ®71(] — o0, 7]) one has
lul) < (pr)*/®
and so, thanks to (1.2),
ullcoy < k(pr)'/P = 1.
Moreover, we have
W) = / P, u(z))dz < B
Q
for each u € ®71(] — oo, r[). This leads to
1 kP
- sup U(u) < “ Ly (3.4)
T ue®—1(]—oo,r)) P

Now, taking into account condition (f1) one has

KD oy P pwy,p/2F@s)as _ ()
— I < < —=
P Ip max{1, (29)2r} O (v)

and so condition (al) of Theorem 2.1 is verified.

We observe that conditions ¢ <  and (f1) ensure that

AP
max{1, (26)*}p < "

In fact, if max{1,(26)*}ip > z—z, taking into account that max¢j<, F(z,§) > F(z,0) for each z € Q, we

obtain
Ja! FY 1 fB(xO D/2) F(z,8)dx
- > i
P~ kPlpmax{1l,(20)%*} ~ kPlp max{l,(24)?r}

and this is absurd because of (f1). In this way condition ® (%) < r requested in Theorem 2.1 is satisfied.

max{1,(28)*"}ip ~P

Since A € A5y = Fa3)dn phvE

, Theorem 2.1 guarantees the existence of at least two

p.[B(zo,D/2)

nonzero critical points for the functional I, which are nontrivial weak solutions of problem (1.1). O

560



Li and Tersian/Turk J Math

Proof [Proof of Theorem 1.2] In order to obtain this result, fix A € As.,, g € C°(Q x R) verifying (gl) and

(g2) and p €]0, 7 4] and we consider the space X and apply Theorem 2.1 to the functional ®, defined as above
and W) , defined by

Uy (u) = /Q {F(:U,u(as))Jr%G(z,u(z))} dz.

for each u € X .

By arguing as in proof of Theorem 1.1 and by choosing r = 2 we have

pkP
1 kP P
S sup Uy ,(u) < L ZPEGs (3.5)
T wed—1(1—o0,r]) ¥P P A

and

KPP oy @ﬁgv<@pw+@ugw
A’/P 71’ A fyp fyp A
pr(mO,%) F(!L‘,(S)dZE

Ip max{1, (24)?r}

pr(ﬂf“,%) F(x,d)dz o fB(ch,%) G(z,0)dx
lp maX{l,(Zé)Qp} 7 Ip max{l,(26)2p}

S \Ilkvﬂ(ﬁ)

®(v)

where ¥ is the test function introduced in (3.1). Moreover arguing as in Lemma 3.1, conditions (f3) and (g2)
imply that, for each A > 0 and p > 0, the functional

I>\”u =d — )\\IIA,,u

satisfies the (PS)-condition and it is unbounded from below. At this point Theorem 2.1 provides the existence

of at least two nonzero critical points for the functional I, which are weak solutions for problem (1.3). O

S

Proof [Proof of Theorem 1.3] Fix A €]0, \*[, and because of assumption (f2’), there exists § €]0, (%) [ such

that
infreq F(z,0) S Ip
max(1. 207} prm (B (20, 2)) X

(3.6)

We define X, &, ¥ and ¢ as in Theorem 1.1 and apply Theorem 2.1 by choosing » = 1. Taking into account
(3.6), we obtain
1 _Plep) F@d)de g, @)
w€®—1(1—00,1) - A lp max{l, (25)2;0} - (I)(ﬁ)

1
Moreover we observe that condition d €]0, (%) " [ leads to ®(v) < 1.

Since all the assumptions of Theorem 2.1 are verified the functional Iy = ® — AU admits at least two

nonzero critical points which are nontrivial weak solutions of problem (1.1). O
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Proof [Proof of Theorem 1.4] Because of nonnegativity of f the function F' is increasing and so condition
(f1’) of Theorem 1.3 is satisfied for each ¢t > 0. Moreover since F'(t) = f(t), (H1) implies that

mw—lim&

= = —"—OO
t—0+ 1P t—0+ ptP—1

Taking into account the fact that F7 = F(v)|Q|, the conclusion follows from Theorem 1.3. O
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