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Abstract: In our paper [3] we have constructed the first example of simple graded torsion-free sl;(C)-module denoted

by MY . Here we examine tensor product of MY with finite dimensional simple sls(C)-modules.

Key words: Graded Lie algebras, enveloping algebras, simple modules, graded modules

1. Introduction

Let G be a group. A G -grading on a vector space V over a field F is the direct sum decomposition of the form

V=V, (1.1)
geG
The subspaces V, are allowed to be zero. The subset S C G consisting of those g € G for which V, # {0} is
called the support of the grading I' and denoted by SuppIT' or Supp V.

The subspaces V, are called the homogeneous components of I', and the nonzero elements in V, are
called homogeneous of degree g (with respect to I'). An F-subspace U in V is called graded in V' (or in T') if
U=66p gecUNVy.

Now let ' and IV : V = @g/eG, Vg’/ be two gradings on V with supports S and S’, respectively. We
say that T' is a refinement of TV (or IV is a coarsening of '), if for any s € S there exists s’ € S’ such that
Vs C V,. The refinement is proper if this inclusion is strict for at least one s € S. A grading is called fine if it
does not have proper refinements.

A left module M over a G -graded associative algebra A is called graded if M is a G-graded vector space

and
AgMy C Mgy, for all g,h € G.
(Later on, the multiplicative notation for the graded modules will be used, as well).
A left G-graded A-module M is called graded-simple if M has no graded submodules different from {0}
and M. Graded modules and graded-simple modules over a graded Lie algebra L are defined in the same way.
If a Lie algebra L is G-graded then its universal enveloping algebra U(G) is also G-graded. Every

graded L-module is a left U(L)-graded module, and vice versa. The same is true for simple graded L-modules

*Correspondence: bahturin@mun.ca

The first author acknowledges support by NSERC grant # 227060-14.
2010 AMS Mathematics Subject Classification: 17B70, 17B10, 17B20, 17B35

1619

©_0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0003-1986-8347
https://orcid.org/0000-0003-4799-7429

BAHTURIN and SHIHADEH/Turk J Math

and graded-simple L-modules.

An sl(C)-module is called torsion-free if it is torsion-free as an C[h]-module. Every simple module
is either torsion-free or torsion, also called weight module. Torsion-free sly(C)-modules have been studied in
[4, 6, 12-14]. In 1992 Bavula constructed a family of simple torsion-free modules [5]. Simple torsion-free sly(C)-
modules of rank 1 have been classified in [13]. In [14], the author produced torsion-free modules of arbitrary
finite rank.

The gradings on the torsion-free sla(C)-module of rank 1 have been dealt with in [1]; it was shown that

the torsion-free sly(C)-modules of rank 1 cannot be Z- or Z%-graded. In [1] one also considered the gradings

of the family of modules constructed in [5].
In [3], we constructed the first simple torsion-free Z3-graded module of rank 2, which we denoted by

MAC7 where A € C, see its definition in Section 3
M{ :=U(I,)/U(I,)C.

The main result is that the graded module M /\C is simple when A is not an even integer. Otherwise, the module
Mf contains a proper graded-simple torsion-free submodule of rank 2.

It was interesting to see if using tensor products one can produce more graded simple modules. The

main goal in this paper is to study the tensor products of graded-simple sls(C)-modules, in particular, tensor

products of M{ with simple graded finite-dimensional sl5(C)-modules.

2. Group gradings on simple sl3(C)-modules

In this section we restrict our attention to the modules over the Lie algebra of the type Aj, which can be

realized as sl2(C).

2.1. Group gradings of sly(C)

All group gradings on sly(C) are well-known, see e.g., [7]. We will use the canonical bases:
0 1 1 0 0 0
x_{o 0]’ h_{o —1}’ y_{l o]’ (2.1)

P P e O R O »

Up to equivalence, there are precisely two fine gradings on slz(C) (see [7, Theorem 3.55]):

and

o Cartan grading with the universal group Z,

Iy, :sL(C) = Ly@®Lo® Ly
where Ly = (h), L1 =(z), L_1 = (y);

e Pauli grading with the universal group Z3,

3, :5(C) = Lao @ Loy ® Lay
where L(l,O) = <A>, L(O,l) = <B> 5 L(l,l) = <C> .
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Up to isomorphism, any G-grading on sly(C) is a coarsening of one of the two gradings: Cartan or Pauli.
Note that any grading I" of a Lie algebra L uniquely extends to a grading U(I") of its universal enveloping
algebra U(L). The grading U(T') is a grading in the sense of associative algebras but also as L-modules where

U(L) is either a (left) regular L-module or an adjoint L-module.

2.2. Simple finite-dimensional s(;(C)-modules

In this section we recall simple finite-dimensional sly(C)-modules (see e.g., [9, §7.2]).

Let V(n) be a space with the basis {v; | i =0,1,...n}. We set

hw; = (n — 2i)v;;

yv; = (0 + Dvigq; (2.3)
Cv; = (TL — (’L — ].))'Uifl if ) 2 ].;
0 if i=0.

Then the following is true.

Theorem 2.1 Let n € Ny, then
1. The module V(n) is a simple sly(C)-module of dimension n+ 1. Moreover,
Vin) =V, @&V, 2@ - @ V_(_g) ® V.
where V; =<wv; > fori=n,n—2,...,—n.
2. Any simple finite-dimensional sly(C)-module of dimension n+ 1 is isomorphic to the module V(n). O

For the proof of Theorem 2.1, see e.g., [9, §7.2] or [12, Theorem 1.22].

2.3. Gradings on simple finite-dimensional sl;(C)-modules

Every simple finite-dimensional module of sly(C) is a weight module, that is, decomposes as the direct sum
of weight spaces and this decomposition is a grading compatible with the Cartan grading on sly(C). In [§],
the authors gave a complete classification of the highest weights A\ for any graded finite-dimensional simple Lie
algebra L such that the simple highest weight module V(\) admits a grading compatible with the grading of
L. In particular, it was shown that a simple module V(n) for L = sl(C), equipped with the Pauli grading,
can be made a graded module if and only if n is an even number. The proof in [8] does not provide the explicit
form of the grading on V(n). We recall the result from [1] below.

Let V. = V(n) be a simple sl3(C)-module with an even highest weight n and the canonical basis
{vo,v1,...,v,} (see subsection 2.2).

To construct a Z3-grading on V, we first define a new basis of V as follows.

Set e; = vit+v,—;,fori =0,1,...,5,and d; = v;—v,; for i =0,1,..., 5 — 1. Then {eo,el,...,e%,do,dh...,d%,l}

)9
is a basis of V' and the module action is given by:
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h.e; = (n —2i)d;, for i =0,1,...,%;

(n—i+1)e; 1+ (i+1)eyr, ifi=0,1,...,8 -1
2(5 +Den_q, if i = 3;
n—z+1dl y = (4 )i, Fi=0,1,...,%—1;

24 1)dy ifi=1
h.d; = (n —2i)e;, for i =0,1,..., 5 —
B.diz(n—2+1)di_1—|—(2—|—1)di+1,leZO,l,...,%—
C.di:(n—i+1)€i,1—(i+1)€i+1,ifizo,l,...,%—

Let Vig,0) = (ei | i is even), Vig1) = (ei | @ is odd), V(1,9) = (d; | i is even ), and V{y 1) = (d; | i is odd). Then

the following is true.

Proposition 2.2 ([1]) The above formulae provide a Z3-grading I' : V.= @ V, on V compatible with the
gEZ3

Pauli grading on sl3(C). O

2.4. Algebras U(I))
Let ¢ € U(sl2(C)) be the Casimir element for sly(C). With respect to the basis {h, z,y} of slo(C), this element

can be written as
c=(h+1)* +4yx = h* + 1 + 2xy + 2y (2.4)

It is well-known that the center of U(sl2(C)) is the polynomial ring C[c]. Note that ¢ is a homogeneous element
of degree zero, with respect to the Cartan grading of U(sl3(C)). One can write the Casimir element with respect
to the basis {h, B,C} of sl3(C).

Namely,
c = 2xy+2yx+h2+12(B+C> <BC>
2 2
+ 2<B_C) (B+C)+h2+1
2 2
1 1
= §(BQ+CB—BC—02)+§(B2+BC—CB—02)+h2+1,
and so

c=B2—C?+h24+1=A2+B>—-C?+1.

It follows that c¢ is also homogeneous, of degree (0,0), with respect to the Pauli grading of U(sl2(C)). Note
that this graded basis of the center of the universal enveloping algebra is a very particular case of the graded
bases given in [2].

Let R be an associative algebra (or just an associative ring), and V' be a left R-module. The annihilator
of V, denoted by Anng(V), is the set of all elements r in R such that, for all v in V', rv=0:

Amp(V)={reR|rv=0forallveV}.
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Given \ € C, let I, be the two-sided ideal of U(slz(C)), generated by the central element ¢ — (A + 1)2.

Theorem 2.3 [12, Theorem 4.7] For any simple U(sl2(C))-module M , there exists A € C such that I C
Anng (g1, (c)) (M) - m

Clearly, if R be a graded algebra and M be a graded R-module, then Anng(M) is a graded ideal.

Proposition 2.4 ([1]) The ideal I is both Z— and Z3— graded.

Theorem 2.5 [12, Theorem 4.26] For any nonzero left ideal I C U(Iy), the U(Ix)-module U(I))/I has finite
length. O

Now for any A € C, we write U(Iy) := U(sl2(C))/I,. Using Proposition 2.4, it follows that U(I)) has natural
Z- and Z3-gradings induced from sly(C). It is well-known (see e.g., [12]) that the algebra U(I}) is a free C[h]-
module with basis By = {1,z,y,2%,y2,...}, and so it is a vector space over C with basis B = {1,h,h?,...} By.
Note that the basis B is a basis of U(I)) consisting of homogeneous element with respect to the Cartan grading
by Z.

A basis of U(I) over C consisting of homogeneous element with respect to the Pauli grading by 732
can be computed as follows. Set EO = {1,B,C,BC, B? B2C, B3 B3C,...}. Then easy calculations, using
induction by the degree in B and the relation C? = h? + B2 — A2 — 2)\ show that the set B= {1,h,h%, ...} EO
is a Z3-homogeneous basis of U(I}).

Now let p(t) = 1((A% +2X) — 2t — ¢?) € C[t]. Then, inside U(I)) for any g(t) € C[t], we have the

following relations:

2*q(h) = q(h — 2k)a*
q

yq(h) = q(h +25)y’
If k> j then
abyl = p(h— 2k) - p(h — 2(k — j + 1))z~
ylak =p(h+2(j — 1)) - p(h)a*7.
If j >k then

atyl = p(h —2k)---p(h —2)y’~*
y/ak =p(h+2(j — 1)) plh+2(j — k)y’ .

Proposition 2.6 ([3]) Set By = {1, B,C, BC, B2, B2C,B3,B3C,...}. Then B = {1,h,h?,...}- By is a Z2-

homogeneous basis of U(Iy).
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2.5. sl3(C)-modules: torsion-free modules

Definition 2.7 Following [12], an sl3(C)-module M s called torsion if for any m € M there exists nonzero
p(t) € Clt] such that p(h).m = 0. In other words, h has an eigenvector in M. We call M torsion-free if M # 0
and p(h).m #0 for all 0 £ m € M and all nonzero p(t) € C[t]. If M s finite generated as C[h]-module, then
M is a free slo(C)-module. If the rank of this module is n, we say that M is a torsion-free sla(C)-module of

rank n. In many recent papers, torsion-free modules are also called U(H)-free modules.

Theorem 2.8 [12, Theorem 6.3] A simple sl(C)-module is either a weight or a torsion-free module. O

Theorem 2.8 means that if h has at least one eigenvector on M , then M is a weight module.

As a consequence of Theorem 2.3, it is sufficient to describe simple torsion-free U(I)-modules instead
of simple U(sl(C))-modules (see e.g., [12]).

The classification of simple torsion free U(Iy)-module is given in the seminal paper [6]. In [4] the author

uses a localization A of U(I,) to obtain the following.

Theorem 2.9 [/, Proposition 3] Let M be a simple torsion-free U(Iy)-module, then M = U(I)/(U(Ix)NA«),

for some o € U(Iy) which is irreducible as an element of A.

Theorem 2.10 ([1]) Torsion free sla(C)-modules of rank 1 cannot be Z or Z3-graded.

3. Simple ZZ%-graded sl3(C)-modules of rank 2

In [3] the authors study simple torsion-free slo(C)-modules of rank 2. In particular, they construct the first
family of simple Z3-graded torsion-free sly(C)-modules of rank 2.

Given A € C, we consider an U(Iy)-module M{ = U(I,)/U(I,)C. For u,v € U(sly(C)), we say that
u = v and say that v is equivalent to v, if and only if w + U(Iy)C = v+ U(I»)C. All elements of the form
hEB'C' are equivalent to 0. Moreover B? = ju — h? where p = A2 + 2\ . Hence

hk’BQ = hk(/’(‘ _ h2) — /J/hk _ hk+2,

which implies that any element of M f can be written as a linear combination of elements of the form h*B™
where m = 0,1. This means that M{ is a torsion-free sly(C)-module of rank 2, with basis {1, B} as a
C[h]-module, that is, M{ can be written as M{ = C[h] ® C[h]B, which is graded module since U(I,)C is a
graded left ideal. Furthermore,

MY = (M,\C)(O,o) @ (Mf)(o,l) S (M,\C)(l,o) @ (M,\C)(1,1)7 (3.1)

where

R?*t1| k€ N) (3.2)

The following theorems are the main results in [3].
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Theorem 3.1 ([3]) Let A € C\ 2Z, then MS is a simple slz(C)-module .

Theorem 3.2 ([3]) Let A\ € 2Z, then M{ has a unique mazimal (graded) submodule N such that N =
P®Q, where P and Q are simple torsion-free sla(C)-module of rank 1.

4. Tensor products of M{ and V(2)

We start by studying the tensor product of the module M{ and V(2). We chose V(2) because the simple
decomposition M{ ® V(2) could provide us with new simple graded sly(C)-modules, in addition to M{.
Without loss of generality, we will consider the module V(2) as the adjoint module of sl(C). Clearly, this
inherits a Z3-grading from sly(C) itself. Actually, each V(2n) can be endowed by a Zj-grading, as shown in
[8]. In subsection 2.3 we gave an explicit description of these gradings.

Recall that we use the term ”Casimir constants” to refer to the Casimir eigenvalues.

We will use the standard basis {z,h,y} of sl2(C) as the basis of V(2). If A € C, then we define the

module
Ling == M @ V(2). (4.1)
Hence, any element z € L(y 2y, z can be written as

z= fi(h) @ z+fo(h)B@x + f3(h) @ h+ fa(h)B@ h (4.2)
+f5(h) @y + fe(h)B@y.

For simplicity, we will write the element z in (4.2) as
z = ( fl(h)a fZ(h)v fS(h)7 f4(h)a f5(h)7 fﬁ(h) ) :

Occasionally, we will use both notations, as needed.

An important fact which we will be using is the following theorem due to B. Kostant [11, Theorem 5.1].

Theorem 4.1 Let ¢ be the Casimir element of U(sl2(C)), and let M be an sla(C)-module on which ¢ acts as

the scalar p. Then for any finite dimensional module V(n), the element

I1 (c— (Vo +p)?)

ni€{n,n—2,...,—n}

annihilates the module M @ V(n). O
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4.1. Actions on L, o)

The action of the elements h,z,y € sl2(C) on the module L, 9 are given by the following :

(f1(h), f2(R), f3(h), fa(h), f5(h), fe(R)) =

(fith) @z + fo(W)B@x+ f3(h) @ h+ fa(h)B® h

+ fs(h)®@y+ fe(h)B®y)

hfi(h) @z +2fi(h) @ x + hfs(h)B®x

2fa(h)B®x + hfs(h) @ h+ hfs(h)B® h

hfs(h) @y —2fs(h) @y +hfs(h)B@y—2fs(h)B®y

(h+2)fi(h) @z + (h+2) f2(h)B®x + hfs(h) @ h

hfs(h)B®@h+ (h—2)fs(h) @y + (h—2)fs(h)B®y

= ((h+2)fi(h), (h+2)fa(h), hf3(h), hfs(R),
(h—2)f5(h), (h —2)fe(h)).

SEEEES

(
(

nm + +

+

Next,

z. (f1(h), f2(h), f3(h), fa(h), f5(h), fe(h))
. (filh)@x+ fa(h)B®x + f3(h) @ h+ fs(h)B® h
+ fs(h)®@y+ fe(h)B®y)

_ @M h2 + 20) fo(h — 2) — 2f3(h )) z

+ (;flh 2) — 244 ))B@x

. (;u B+ 20) fa(h — 2) + fs(h )) ®h.

N (;M 2) + folh )B@h

+ (;u h2 + 2h) fs(h )>®y+;f5(h—2))3®y
= (;(u—h2+2h)f2(h—2)—2f3(h),;f1(h—2)—2f4(h)»

S (= W2 2)Fulh—2) + Fs(h), 5 folh —2) + folh)

0= 12 Ml = 2). 5 15— 2)).
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Finally,

y. (f1(h), fa(h), f3(h), fa(h), fs(h), fe(h) ) =
z.(fi(h) @z + fa(h)BRx + f3(h) @ h + fa(h)B@ h

+ f5s(h) @y + fe(h)B ®@1y)

:%(u* h? —2h)fa(h+2) @z + %fl(h+2)8®x

FG =12 = 2M) falh 4 2) — ) © A+ (3 fs(h+2) — o(R)B@h

50— B2 = W) fo(h+2) + 2fs() Dy

HGfslh+2) + 2B y

= (=(u—h*=2n) fo(h +2), f1(h+2)7

(= 12— 20) fa(h + 2)  a(h), 3 falh +2) — falh),

N~ N~ N

(4~ ? — 20) fo(h 4 2) + 2 (), 5 fo(h +2) + 2fa(h) ). (4.3)

The action of yx is also needed, which helps us determine the action of the Casimir element c. Using our

previous computations, we have:

dyx. ( f1(h).f2(h), f3(h), fa(h), f5(R), fe(h) )
=((u—h*—=2h) fi(h) = 4(p — h* = 2h) fa(h + 2),
(1 —h? = 2h) fa(h) — 4f3(h +2),
(1t —h?® —2h + 8) f3(h) + 2(un — h? — 2h) fo(h + 2)

—2(u — h? 4 2h) fo(h — 2), (4.4)

(11— 1% = 20+ 8) f5(h) + 4(u — h* + 21) fa(h — 2),

)f3(
) fa(
(10— h2? —2h + 8) fa(h) + 2f5(h + 2) — 2f1(h — 2),
)f5(
(b —h* =2h+8)fe(h) +4fs(h—2)).

Hence

c. ( fi(h),f2(h), f3(h), fa(h), f5(h), fe(h) ) (4.5)
=( (4h+p+9)f1(h) — 4(u — h* — 2h) fa(h + 2),
(4h+p+9)fa(h) —4f3(h +2),

1627



BAHTURIN and SHIHADEH/Turk J Math

(1 +9) fa(h) + 2(p — h* = 2h) fo(h + 2)

—2(u — h* +2h) f2(h — 2),

9+ p) fa(h) +2f5(h + 2) = 2f1(h — 2),

(—4h + 1+ 9) fs(h) + 4(p — h* + 2R) fa(h — 2),
(—4h +p+9)fe(h) +4f3(h —2)).

Let L be a maximal submodule of Ly 2y where c acts as a scalar . Then for any f1(h),...

such that
(f1(h), f2(h), f3(h), fa(h), f5(h), fe(h) ) € L*

we must have

(c—a).( fi(h), fa(h), f3(h), fa(h), f5(h), f6(h) ) = 0.

Using (4.5) and (4.6) we have the following two systems of equations,

(4h+ o +9 = ) fi(h) — 4(p = h* = 2h) fa(h +2) = 0,
(+9—a)falh) +2fs(h+2) = 2fi(h - 2) =0,

(—4h +pu+9 — ) fs(h) +4(pu — h? +2h) fu(h — 2) = 0,
and
(dh+p+9—a)fo(h) —Afs(h+2) =0,

(j1+9 — ) f3(h) + 200 — h? — 21) fo(h + 2) — 2 — h® + 2h) fo(h — 2) = 0,

(—4h+ u+9—a)fe(h) +4f3(h —2) = 0.
By Equation (4.7) we have

(1 — h? + 2h) fa(h)
dh+p+1-a

fih—2) =1

)

and by (4.9) we have

—4(u— h* = 2h) fa(h)

L TR g

Let f4(h) # 0. Applying (4.13) and (4.14) to (4.8) we have
o® — Bu+11)a? + (3u® +6p 4+ 19)a — (u* — 5p +3u+9) =0,

which implies that we have three solution of (4.15)

ar=p+1=(Vu+1+0)%

oy =p+5+4/p+1=(/p+1+2)>%

as=p+5—4y/p+1=(/pu+1-2)>%
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This is in agreement with the values in Theorem 4.1.

In this case, we have

A b2 —2h) fa(h+2)

h) = 4.19
and
—4(u — h? 4 20) fa(h — 2)
h) = . 4.2
f5(h) —dh+p+9 -« (420)
Similarly, solving the second system of equations, we will get the same values of a1, a2, and az. Moreover,
we have
4f3(h +2)
h)= —> 7 4.21
f2(h) dh+p+9—a’ ( )
and
—4fs(h —2)
h) = . 4.22
fo(h) —4dh+p+9—a (4.22)
4.2. The submodule Zo where ¢ acts as a scalar p+ 1
Let p#0, and o = p+ 1 (the Casimir constant related to the weight 0). In this case, we have
(n—h? —2h) fs(h +2)
h) = , 4.23
fi(h) — (423)
—h%+2h)fs(h -2
fo(n) = . )2f4( ), (4.24)
fa(h+2)
h) = ——— 4.25
falh) = 22 (4:25)
fs(h —2)
h) = ——. 4.2
fo(h) W9 (4.26)

Since pu # 0 and f1(h), f2(h), f5(h), fe(h) € C[h], it follows that f3(h) and f4(h) must belong to C[h].h.
Let EO = L**! be the submodule of L2y consisting of all eigenvectors of ¢ with eigenvalue p + 1.

Then any v € Lo must be written as

v=((n—h*=2h)g(h+2),f(h+2),hf(h), (4.27)

hg(h), (n— h* +2h)g(h = 2), f(h — 2) )

for some f(h),g(h) € C[h].

Proposition 4.2 Let yu # 0. Then EO is isomorphic to M/\C
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Proof Define ¢: M/\C — Eo, where

p(f(h) +g(h)B) = ( (= h* = 2h)g(h+2), f(h+ 2), hf(h), (4.28)
hg(h), (n—h* + 2h)g(h = 2), f(h — 2) ).

It easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is a module homomorphism.
Let f(h),g(h) € C[h], we have

Also,

Now

1630

p(x.(f(h) +g(h)B)) = @(%(u —h*+2h)g(h —2) + %f(h —2)B)

(51— 12 = 2h)F(R), (1 — 1> — 2h)g(h), Shisu— K2 + 2R)g(h —2),

%hf(h - 2),%@ — h? +2h)f(h —4), %(u— h* +6h —8)g(h —4) ).

w.p(f(h) +g(h)B) = x. (((n—h* = 2h)g(h +2), f(h+2), hf(h),
hg(h), (= h® +2h)g(h —2), f(h —2) ) )

= (=12~ M) (), & (1 — W — 2h)g(h), ghi— 2 + 2M)g(h —2)

N~ N~

PF(h = 2), 5 (= W+ 2R) F( — 4), 5 (1~ 1 + Gh — 8)g(h —4))

=p(z.(f(h) + g(h)B)).

Py (F(h) + 9(h)B)) = o5 (1 — h* —2h)g(h +2) + 5 f(h +2)B)

= (= W2~ M) f(h+4), 5 (1~ 1 — G — 8)g(h +4),

o — 2 — 2)g(h +2), Shi(h+2).

N = N~ N

(1= 2+ 20) f(R), 5 (e — 2+ 2R)g(h) ).

yp(f(h) +g(h)B) =y (( (1~ h* = 2h)g(h+2), f(h+2), hf(h),
hg(h), (= h? + 2h)g(h = 2), f(h = 2) ) )

(14— B2 — 2h) (B + 4), %(M C B2~ 6h— 8)g(h + 4), %h(u — B2 = 2h)g(h +2),

DN | =

= (
1 1 ) 1 )
5hf(h +2), 5(# — h* +2h) f(h), 5(“ —h* +2h)g(h) )

=p(y.(f(h) + g(h)B)).
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Again,
@(h.(f(h) +g(h)B)) = ¢(hf(h) + hg(h)B)
=((n—h* =2h)(h+2)g(h+2), (h+2)f(h+2),h* f(h),
h2g(h), (n = h* + 2k)(h = 2)g(h — 2), (h — 2) f(h — 2) )
=h.o(f(h) + g(h)B).
Hence Mf = Zo. O

4.3. The submodule L, where ¢ acts as a scalar p+5+4y/p+1
Let « = pp+ 544/ + 1 (the Casimir constant related to the weight 2). Note that

(n=h*+2h) = —(h =1 —=/p+1)(h =1+ /u+1),
and

(p—h*=2h)=—(h+1—+/p+1)(h+14+/pu+1).

Hence, in this case we have

fi(h)=—=(h+14+/p+1)fs(h+2), (4.29)

fs(h) == (h =1 —=+/p+1)fs(h—2), (4.30)
_ f3(h+2)

Fa(h) =377 Tt (4.31)

folty =02 (4.32)

Since p # 0 and fa(h), fs(h) € C[h], it follows that fs(h) must belongs to C[h].(h—1—+/p+ 1)(h+14++/p +1).

Let Ly = LM+5+4ViFT be the submodule of L(x2) consisting of all eigenvectors of ¢ with eigenvalue

uw+5+4y/p+ 1. Then for any v € Eg, v must be written as

—(h+ 14+ Dgh+2),(h+3+/u+1)f(h+2), (4.33)
(h=1=+p+1)(h+14+/p+1)f(h),g(h)
—(h=1—=/p+1)gh—2),(h=3—+/p+1)f(h—2))

for some f(h),g(h) € C[h].
Proposition 4.3 Let u # 0. Then Ly is isomorphic to M/\CH,
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Proof Note that in M>?+2’ the value
W =A+2)%+2\+2)

=2+ 6\ +8

=pn+4/p+1+4.

— Ly, where
o(f(h) +g(h)B)=(— (h+1+/u+1)f(h+2),
h+3+vﬂ17 (h+2),
—(h=1=/u+1)(h+1+/u+1)g(h), f(h)
—(h=1=Vu+1)f(h—2),
~(h=3—/u+1)gh—2)).

It easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is a module homomorphism

Define ¢ : M>\Jr2

Let f(h),g(h) € C[h]. Then

ol () +9(W)B)) = (5 (' — W + 2M)g(h —2) + 5 f(h ~ 2)B)

= (—5(h+ 1+ aF D — 12— 2R)g(h),
(R FRVrEm i)

(=1 VT D+ 1+ Va Df (-
S — 17 4 2m)g(h — 2),

—%(h— 1—+/p+ 1) —h?+6h—8)g(h —4),

_%m_s_vﬂiﬂfm—®>,

and
z.o(f(h)+g(h)B) = —(h+14+p+1)f(h+2),

—(h+ 3+ /u+1)g(h+2),
—(h=1=/u+ )b+ 1+t Dg(h)

f(h),=(h =1 —+/u+1)f(h—2),
—Vu+1)g(h—
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= (g (b4 1 T D)= % =20+ 4+ 43/ T Dg(h)
53 VEE DI ()
5= 1= VEE D+ 1+ D (-
5 (=3 = EE D+ 1+ /i Dglh
g (=5 = T D)~ 12+ 2R)g(h — 4),
53— T D 4)).
Note that, in the first components,

W —h?—=2h = (p+4/p+1+4—h%—2h).

Also,
W —h?+2h=—(h—1— /W +1)(h—1+ /i +1)
—(h=3—=p+1)(h+1+/u+1).
Moreover,

(' — h* +6h —8) =(u+4y/pu+ 1 — h* + 6h — 4)

=—(h=14+/u+1)(h—=5-/u+1)

which make the fifth components in both equations equal. Hence o(x.(f(h + g(h)B))) = z.o(f(h) + g(h)B).

Now

oly (F()+g(W)B)) = p(3 (1 — 1~ 2M)g(h+2) + 3 [(h+2)B)

:(—1(h+1+\/;m)(u’—hQ—Gh—s)g(thzL),
h+3+\/ﬁ (h+4),
—%(h—1—ﬁ (h+1+/u+1)f(h+2),
S0 — B2 = 2h)g( +2),
1

—5(h=1=u+ 1) = h?+2h)g(h),
_%(h—3— Vit 1Df(h)),
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yo(f(W)+g(W)B) =y ( — (h+ 1+ u+1)f(h+2),
—(h+3+ \/F (h+2),
—(h=1=u+1)(h+14/u+1)g(h)
F(),=(h =1 =/p+1)f(h—2),

—(h=3—=+vn+1g(h—2))

= ( —1(h+5 + /1) (= h* —2h)g(h +4),
h+3+ Vi 1) f(h+4),
—%(h—l—\/i (h+ 1+ u+1)f(h+2),
—%(h—i—:% + i+ D)(h— 1+ Dg(h +2),
f%(h —1—/u+1)(p—h*+2h+4+4/u+ 1)g(h),
53— DR,
Again, when we return to the value of p/ = pu+ 4/ +1 + 4, we find that
e(y-(f(h+g(h)B))) = y-p(f(h) + g(h)B).
Finally,
@(h.(f(h) + g(h)B)) =p(hf(h) + hg(h)B)
=(—(h+1+/u+D(h+2)f(h+2),
—(h+3+Vu+1)(h+2)g(h+2),
—hh—1—/u+1)(h+1++/pu+1)g(h)
hf(h),=(h =1 —=~/p+1)(h=2)f(h—2),

~(h—3— /uF D(h—2)g(h—2))
—h.p(f(h) + g(h) B).

C ~ T
Hence M)\+2 > [,

4.4. The submodule L_, where ¢ acts as a scalar w+5—4y/u+1
Let 4 #0 and let o = pu+ 5 — 4y/p + 1 (the Casimir constant related the the weight —2). Since

(p—h*+2h) = —(h—1—/u+1)(h—1+/u+1),
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and

(w—h?=2h)=—(h+1—/pu+1)(h+1+/u+1),

it follows that,

fi(h) = —(h+1—/u+1)fa(h+2), (4.34)
fs(h) = =(h =1+ Vu+1)fa(h—2), (4.35)
fa(h) = m% (4.36)
fo(h) = % (4.37)

Since fa(h), fo(h) € Clh], it follows that
f3(h) € CA(h =1+ /u+1)(h+1—/u+1).
Consider that L_, = LFF5=4ViFT ig the submodule of L2y consisting of all eigenvectors of ¢ with
eigenvalue 1+ 5 — 4/ + 1. Then for any v € L_5, v must be written as
v=_(=(h+1=p+1)gh+2),(h+3—/u+1)f(h+2), (4.38)
(h =1+ u+1)(h+1 =i+ 1)f(h), g(h),
~(h =1+ Dglh—2), (h—3+/u+ Df(h—2))
for some f(h),g(h) € C[h].
Proposition 4.4 L_y is isomorphic to MY .
Proof Note that in Mf,z, the value
=\ —2)*+2(\-2)
=N -2 =p -4+ 144
Define ¢ : M)€2 — E_27 where
p(f(h) +g(h)B) =(~ (h+1—/u+1)f(h+2),
—(h+3—/u+1)g(h+2),
—(h =1+ Vut+ D+ 1= /u+1)g(h), f(h),
—(h =1+ u+1)f(h—2),
—(h—3+urDg(h—2)).
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It is easy to show that ¢ is a linear bijective map, hence it is enough to show that ¢ is a module homomorphism.
Let f(h),g(h) € C[h], we have that

Pl (F(h) + 9(W)B)) =p( 5 (1 — 12+ 2h)g(h—2) + L f(h ~2)B)
:(_;h+1—¢ﬁiﬂuﬂ—ﬁ—2MMm,
(N R )
_%m_1+¢ﬁiﬂw+1—¢ﬁiﬂﬂh—m
S0 — 07+ 2m)g(h — 2),
_%w_1+v@17m/—ﬁ+ﬁh—&ﬂh—®7

_%m—3+¢ﬁibﬂh—®%
and

2.p(f(h)+g(h)B) =a.( = (h+1—=/u+1)f(h+2),
—(h+3—u+1)gh+2),
—(h=1+Vu+1D)(h+1—/u+1)g(h),
Fh),=(h =14/ +1)f(h —2),
—(h=3+u+1)gh—2))
:(_;h+1_v@:ﬁxM—#-ah+4—4vﬂimeh
5 (k3= T 1) F ()
f%(hf T+ Dh+1—/p+1)f(h—2),
_%m_ 3+ Vu+D)(h+1—/u+ D)g(h—2),

_%(h —5+/u+1)(n—h* +2h)g(h — 4),

1
—i(h—?)-i- Vie+1)f(h—4)).
Note that, in the first components,
W —h*—2h = (u—4/p+1+4—h*—2h).
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Also,
W= h? 4+ 2h = (h =1+ +1)(h—1— /i + 1)
=—(h=3+Vp+D(h+1—/ut1),
Moreover,

(W —h* +6h —8) =(u —4\/pu+1—h*+6h —4)
=—(h-1-u+D)(h=5+/u+1)

which make the fifth components in both equations equal. Hence

o(x.(f(h+g(h)B))) = z.0(f(h) + g(h)B).

Now

Py (F(R)+9()B)) = ol (1 — 1 = 2)g(h +2) + 5 f(h +2))

2
_( _%(h +1—/p+ 1)1 — h? — 6h — 8)g(h +4),
—%(h +3—u+1)f(h+4),
_%(h 1+ VD + 1= /u+ D) f(h+2),
S0 — 12— 2h)g(h +2),
—%(h —1+/u+ 1) = h* +2h)g(h),
5 (=34 T DIR),

y(f(R) + g(W)B) =y (= (h+1=VutDf(h+2),=(h+3 = u+1)g(h+2),
—(h=14+Vu+1)f(h—=2),—(h—3++/u+1)gh—2))
= (g (h 45— T 1)~ 1% —2m)g(h+ 4),
f%(th?;f Vi+1)f(h+4),
—%(h— L+ D)(h+1—/ut1)f(h+2),
—%(h+3 Vi D=1+ a+ )glh+2),
—%(h T D= k2 1 2h+ 4 — 4/ Dg(h),

(=3 VT DR,
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Again, when we return to the value of p/ = pu — 4/ + 1+ 4, we find that

¢(y-(f(h+g(h)B))) = y-o(f(h) + g(h)B).

Finally,
p(h.(f(h) + g(h)B)) =p(hf(h) + hg(h)B)
= (—(h+ 1=+ 1) (h+2)f(h+2),
—(h+3—u+1)(h+2)gh+2),
—h(h =1+ /p+1)(h+1—/p+1)g(h),
hf(h), =(h =1+ /u+1)(h—2)f(h - 2),
~(h=3+/u+1)(h—2)g(h—2))
=h.p(f(h) + g(h)B).
Hence MC , = L_,. O

Note another important result due to Kostant [11, Corollary 5.5]):

Lemma 4.5 Let ¢ be the Casimir element of U(sl2(C)), and let M be an slz(C) -module where ¢ acts as the

scalar p. Assume that the values of the Casimir constant
{ai = (\/ﬁ+2i)2 |i= fn,fn+1,...,n717n}

are all distinct. Define

Pi={zeM®V(n)| cz=qaz},

such that if 0 # P;, P; is the mazimal submodule of M ® V(n) in which ¢ acts as the scalar «;. Then

M@V(n)= épi~

O
Note that the values of the Casimir constant are not distinct in the cases when p = —1,0.
The following theorem summarizes all results we had so far in this section.
Theorem 4.6 Let p € C\{—1,0} . Then
Ly =Lo®Lo® Ly = MS,, & M{ & M,
O
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4.5. Particular cases

If w = 0, then all the previous calculations of EO,ZQ, and Z_Q still work. The submodule ZQ is still the
maximal submodule of Ly ) on which ¢ acts as the scalar 1+ 5+ 4y/pu+1 =9, but the difference is that

Eo, and L_, are not maximal with respect to the action of ¢. Our goal now is to find the maximal submodule

on which ¢ acts as the scalar 1. In this case we have

fi(h) = —hfs(h+2), (4.39)

fs(h) = =hfay(h —2), (4.40)
_ f3(h+2)

fa(h) = S}Lﬁ7 (4.41)

fo(h) = % (4.42)

Since f5(h), fe(h) € C[h], it follows that f3(h) must belong to C[h].h. Let L' be the submodule of Lx2
consisting of all eigenvectors of ¢ with eigenvalue 1. Then for any v € I , v must be written as
v=_(—hg(h+2),f(h+2),hf(h), (4.43)
g(h),=hg(h =2), f(h —2))

for some f(h),g(h) € C[h]. It is clear that Ly and L_, are submodules of the module L.
The second particular case is when p = —1 (A = —1). All of the previous calculations for Eo, Eg, and
E,g work also in this case. The submodule Zo is still the maximal submodule of L, 2) on which ¢ acts as the

scalar ©+ 1 = 0. The modules Zg, and E,z have the same Casimir constant equal to 4. Now we will find the

maximal submodule on which ¢ acts as the scalar 4. We have

fi(h) = —(h+1)fa(h +2), (4.44)
f5(h) = —(h —1)fa(h —2), (4.45)
f2(h) = % (4.46)
and
fo(h) = % (4.47)

Since fa(h), fe(h) € C[h], also f5(h) must belong to C[h].(h —1)(h+1). Let L* be the subset of Lz, of all

elements such that ¢ acts as the scalar 1. Then for any v € I , v must be written as
v=_(—(h+1)g(h+2),(h+3+)f(h+2), (4.48)

(h=1=)(h+ 1+ u+1)f(h),g(h),
—(h=1)g(h —2),(h=3)f(h—2))

1639



BAHTURIN and SHIHADEH/Turk J Math

for some f(h),g(h) € C[h]. which means that Li=T,=1L_,.

Indeed, in the case when p = —1, it is easy to find an element v € L( oy such that c(c —4).v # 0 (for
example let v = 1 ® h), which implies that Ly ) cannot be the direct sum of Eo and Zg.

The detailed structure of this module is as follows. Consider the submodule U = c.L(y 2). Then U has
the Casimir constant 4. Now (¢ —4).U # 0. Hence W = c(c — 4).L() ) is a nonzero submodule of U which
also has the Casimir constant 4, that is, (¢ — 4).W = 0. Indeed, the submodule W is just the submodule
I~/2( or f/,g)7 which is a simple submodule. Now consider the submodule T = (¢ — 4).L(y 2). Then T admits
two of the Casimir constants, 0 and 4. The submodules S = (¢ — 4)2.L( a,2) and W are simple submodules of

T, which are isomorphic to Lg, Ly respectively. Moreover, Liyoy=UaS.

Remark 4.7 This example shows that if we have Casimir constants which are not distinct (that is, the
hypotheses of Kostant’s Lemma /.5 are not satisfied), then the module may decompose as a decomposition

of root spaces but not as a decomposition of eigenspaces, see the enclosed picture.

The lattice of submodules of Ly 2) when p = —1 is shown in Figure ?7?.

Lu

T

a
/\/
\/

Figure. Submodules of Ly 2y when p = —1

5. Tensor products of M{ and V(2n)

In this part, we will give a general result about the tensor products of the module Mf and a simple finite
dimensional module whose highest weight is even. First we quote a classical result (see, for example, the proof
n [12, Theorem 1.39]).

Theorem 5.1 Consider simple finite dimensional modules V(n) and V(m), where m < mn. Then

Vin)@V(im) = @V(n +m — 2i).

=0
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Now let us define the module

Lixan = M @ V(2n). (5.1)

Our next theorem is a generalization of Corollary 4.6 to the module Ly ). The proof of this theorem will

follow the steps of [12, Theorem 3.81] and [13, Corollary 18].

Theorem 5.2 Let p € C\{—1,0} . Then

2n
c
Lx2n) = @M)\—&-Qn—%'
i=0

Proof Consider L = Ly 2,) with A € C\ {-2,-1,0}. We will prove our theorem using induction on n. For
n = 1 the result follows directly from Theorem 4.6.

For n > 2, using Theorem 5.1, we have
V2)eaV(@2n-2)=V(2n)eV(2n-2)e V(2n —4). (5.2)
Now using (5.2), we have

M{@V(2)@V(2n—2) =M @ (V(2n) @V (2n —2) @ V(2n — 4)) (5.3)

=M{ @V (2n) ® MY @V (2n —2)
©MS @V (2n —4)

2n—2
(by induction step ) =MS @ V(2n) @ @ Mﬁ_%_z_zi
i=0

2n—4

c
® @ My 9 a2
i=0

=M{ ®V(2n) ® M)?+2n72 ©---D M,\CLGJrz

® M, 204 ® My 2,6 ® -+

c c
& My _9n16 D My_onta-

Now using Theorem 4.6, we have
c ~(AfC c c
=M, @V(2n—2)o M{ @ V(2n - 2)

oM , @V (2n —2)
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2n—2 2n—2
(by induction step) = @ M/\C+2n_2i D @ Mﬁrgn_g_gi
i=0 i=0

2n—2
c
& @ MY on—a—2i
i=0
_asC C C
=M\yop 0@ &My 5,160 My 5,14

c c c
DS Myiono0® O M\_ 5,10 &My 5,10

DM 9y 4@ MY 9, 5 ® MY 5,

By Theorem 2.5, M /\C has a finite length (hence both Artinian and Noetherian). Then, Krull-Schmidt theorem
applies (see e.g., [10]). To complete the proof, it remains to compare (5.3) and (5.4). O
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