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Abstract: Let F' be the free metabelian associative algebra generated by = and y over a field of characteristic zero.

We call a polynomial f € F symmetric, if f(z,y) = f(y,z). The set of all symmetric polynomials coincides with the

algebra F'S? of invariants of the symmetric group Sz. In this paper, we give the full description of the algebra F52.
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1. Introduction

Let K[X,,] be the algebra of polynomials in n commuting variables over a field K of characteristic zero, where

X, ={x1,...,2,}. It is well known that the algebra
K[X,]% = {p € K[X,)] | p(z1,...,2n) =p(Tr(1), -+ Tr(n)), VT E Sy}
of symmetric polynomials is generated by elementary symmetric polynomials o4, ..., o, , where
01 =21+ +Tp, O2=T1T2+ "+ +2T1Tp ++Tp-1Tp ,..., Op = T1 " Ty.

One may consider noncommutative or nonassociative analogues of the above result. As a pioneer, Wolf [12]
in 1936 handled the problem for the algebra K (X, )", where K(X,) is the free associative algebra. One
may also see the work of Bergeron et al. [3] on the invariants and coinvariants of the symmetric groups in
noncommuting variables. For a survey on symmetric polynomials in noncommutative variables, we suggest the
paper by Boumova et al. [4]. In a recent work [1], the algebra of symmetric polynomials of the free algebra of
rank three in the variety of Grassmann algebras was described. One may also see the work [8] on the symmetric
polynomials of the algebra generated by two 2 X 2 generic traceless matrices and of its Lie subalgebra. When
considering the nonassociative case, the recent papers [6, 9], [10], and [7] consider symmetric polynomials of free

metabelian Lie algebras, free metabelian Leibniz algebras, and free metabelian Poisson algebras, respectively.

In the present paper, we describe the algebra F2 of symmetric polynomials in the free metabelian

associative algebra F of rank two, and provide a finite generating set for F2 .
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2. Preliminaries

Let A be the free associative algebra of rank two over a field K of characteristic zero. Then, the algebra
F = A/(A")? is the free metabelian associative algebra of rank two, where A’ = A[A, A]A stands for the
commutator ideal of A generated by all elements of the form [a,b] = ab — ba, when a,b € A. The algebra F'
satisfies the metabelian identity [a, b][c,d] = 0 (see [11]). Assume that F is freely generated by = and y. Let
all commutators be left normed: [a,b,c] = [[a,b],¢]. Then it is well known that (see [2, 5]) the commutator

ideal F’ of F is of a basis consisting of elements of the form

zmyn[xvyaxa--'axay7~'~ay] ) m,n,k,l ZO

However, for the needs of the paper we use another basis of the algebra F' as follows.

a™yt 2"y [zylaty  omon k> 0.
N—— —
basis of F/F’ basis of F’

The metabelian identity implies that zyu = yzru and uxy = uyx for every element v € F'. This yields the
following construction. We consider the action of the commutative polynomial algebra K[z1,y1,x2,y2] on F’
defined as

(efyiasys)u = 2y uay® , we F.
Hence, the vector space F’ is the free left K[z1,y1,x2,ys]-module generated by [x,y] via this action.

Recall that every element of the set

F% ={f(x,y) € F | f(z,y) = f(y,2)}

is called a symmetric polynomial of the free associative algebra F. Note that F'2 coincides with the algebra

of invariants of the symmetric group Sp. In the next section, we give a generating set for the algebra F52.

3. Main results

The next lemma describes the forms of symmetric polynomials in the left K[z1,y1, z2, y2]-module F’.

Lemma 3.1 Let p € K[x1,y1,%2,y2]. Then the followings are equivalent.

(1) p(z1,y1,22,92)[x, 9] € (F)%2.

(2) p(z1,y1,22,y2) = —p(Y1, 21, Y2, 22) .

(3) p(x1,y1,22,y2) = (x1—y1)p1 (21, Y1, T2, Yo) + (22 —y2)p2 (21, Y1, T2, y2) , for some p1,ps € K[w1,y1,22,2]° .

Proof (1) = (2) Let 72 € Sy be the transposition exchanging = and y. Then,

P($17y17$2vy2)[177y] =T12 (p(‘r17y1ax27y2)[x7y])

=p(y1, 21, Y2, 22) [y, x]

= 7p(y17x17y23$2)[xay]'
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Hence, (p(xl,yl,xg,yg) +p(y1,z1,y2,x2))[x,y] = 0. Therefore, p(x1,y1,T2,y2) + p(y1, 21, Y2, 22) = 0 in the
free left K[xz1,y1, 2, y2]-module F’ generated by the single element [z,y].

(2) = (1) and (3) = (2) are clear.

(2) = (3) We may assume that p(z1,y1,z2,y2) = (z1 — y1)p1(x1,y1,22,¥2) + ¢(y1, T2, y2), where ¢ does not
depend on x1. Then,

P(y1, w1, Y2, 2) = (y1 — 21)p1 (Y1, 21, Y2, ¥2) + q(@1, Y2, 72)
- —P($17y1,$2792)

= (y1 - xl)p1($17y1,$27y2) - Q(y1,$2792)-
Substituting x1 = y1, we get that q(y1,y2,z2) = —q(y1, T2, y2). Hence, one may express that
q(y1,72,y2) = (T2 — y2)q1 (Y1, T2, y2) + q2(y1, ¥2),

where g2 does not depend on x1,z5. Then

q(y1, Y2, 22) = (Y2 — ©2)q1 (Y1, Y2, T2) + q2(y1, 22)
= _Q(ylax27y2)

= (yz - 962)(]1(y1, 302,3/2) - Q2(y1,y2).

Now x9 = yo yields that 2¢2(y1,y2) = 0, and hence g2 = 0. O

Remark 3.2 Note that the algebra K[xl,yl,xg,y2]52 is generated by x1 + y1, To + Y2, T1Y1, Toys and
z1Y2 + x2y1 (see [6]). In addition, the following holds.

(192 + 21)” + A(z192 + T201) + B =0,

where A = —(x1 +y1)(x2 +y2) and B = xlyl((xg +y0)? — 2x2y2) + xgyg((xl +y1)? — 2x1y1) . Hence, A and
B depend on x1 +y1, T2 +y2, T1y1, Toyz. Therefore, every polynomial p € K[xy,y1, T2, y2]%? is of the form

p = q(r1 +y1, T2 + Y2, T1Y1, Tay2) + (21 + Y1, T2 + Y2, T1y1, T2y2) (T1Y2 + T2y1)
for some q,r € K[x1 + y1,%2 + Y2, T1Y1, T2Ya2) -
In the next theorem, we give generators of the algebra F'S2 of symmetric polynomials.

Theorem 3.3 Let charK # 2. Then F% is generated by

Ty, TY+Yr, U= (E[QLy] - y[xay]a U2 = [.’E,y]l’ - [l'vy}yv

U3 = TULY + YuiT, U4 = TU2Yy + Yusl.

Proof Initially, it follows from charK # 2 that z + vy and xy + yx generate K[z, y]"> = (F/F’)%. They act
on F’ as the polynomials

1+ Y1, T2+ Y2, 201y1, 202y € K[w1, 91, %2, Y2)-
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If we show that (F')%2 is generated by uy,uo,us, us as a K[x1+y1, T2+ y2, T1y1, T2y2]-module, then the proof

will be completed. We prove the theorem in two steps.
Step 1 Let f = f1 + fo € F52, where f; € K[z,y]%2 and fo € (F')%2. Then f; = p(x + y,2zy) for some
p € K[vy,v2]. Thus, fi — p(z +y,2zy) = 0 (mod (F')%2). This implies that f; — p(z + y, 2xy) € (F')%2, and

for some ¢ € K[x1,y1, T2, y2] we have

[ —plx+y,2xy) = q(x1,y1, 22, ¥2)[2, Y],

i.e. can be presented.

Step 2 Now let p(z1,y1, 72, y2)[z,y] € (F')2. Then

p(x1,y1,22,92) = (21 — y1)p1(21, Y1, T2, Y2) + (22 — y2)p2(1, Y1, T2, Y2),
for some py,ps € K|[x1,y1,2,%2]%2 by Lemma 3.1. Then, we have that
Pi = qi(21 4+ Y1, T2 + Yo, T1y1, Tay2) + i@ + Y1, X2 + Y2, 21y, Tay2) (T1y2 + 22y1) , i =1,2,

for some explicitly given q1,¢o, 71,72 depending on 1 + y1, T2 + Y2, T1Y1, T2y2 by Remark 3.2. This implies
that

(1,91, 22, y2) [, ] Z((ffl —y1) (@ + ri(zry2 + zoy1)) + (22 — y2) (02 + r2(z192 + 99291))) [z, 9]

=q (z[z,y] — ylz,y]) + 1 (zury + yuiz) + ¢ ( [z, 9]z — [2,9]y ) + r2(zuy + yuoz).
—_— —_—

uy U2

The action of g; and r; is a linear combination of composition of multiplications from both sides by = + y and
zytyx O
5
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