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Abstract: In the spirit of Rosset’s proof of the Amitsur-Levitzki theorem, we show how the standard identiy (for
matrices over a commutative base ring) and the addition of external Grassmann variables can be used to derive a certain
Zs-graded polynomial identity of M, (E).
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1. Introduction
An algebra R means a not necessarily commutative unitary algebra over a commutative ring C (or over a field
K), and the notation for the full n x n matrix algebra over R is M, (R).

In case of char(K) = 0, Kemer’s pioneering work (see [9], [10]) on the T'-ideals of associative algebras
(leading to the solution of the Specht problem) revealed the importance of the identities satisfied by M, (FE)
and M, 4(F), where

EFE=K <1}1,1}2, ceey Ugy e | V;Vg + ViU = 0 for all 1 S ) S j> = EO D E1 (11)

is the naturally Zs-graded Grassmann (exterior) algebra generated by the infinite sequence of anticommutative
indeterminates (v;);>1. The K -subspace Ej generated by 1 and the monomials in the v;’s of even length and
F is the K -subspace generated by the monomials in the v;’s of odd length. We note that Ej is a commutative
subalgebra of £ and F is Lie nilpotent of index 2.

Let K (z1,22,...,%,...) denote the free associative K -algebra generated by the infinite sequence
T1,%2,...,Zi,... of noncommuting indeterminates. The prime T'-ideals of this K -algebra are exactly the
T'-ideals of the identities satisfied by M,,(K) for n > 1 (see [2]). The T-prime (or verbally prime) T-ideals are
the prime T-ideals plus the T-ideals of the identities of M, (E) for n > 1 and of M,, 4(E) for 1 <d <n -1,
where M, 4(E) is the K -subalgebra of M,,(E) consisting of the so-called (n,d)-supermatrices with two diago-
nal Ey blocks of sizes d x d and (n —d) x (n —d) and with two E; blocks of sizes d x (n —d) and (n—d) x d.
Another remarkable result is that any 7T-ideal contains the T'-ideal of the identities satisfied by M, (E) for
sufficiently large n (see p. 20 in [10]).
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The above mentioned three classes of T-prime (verbally prime) PI-algebras serve as basic building blocks
in Kemer’s theory, where Zs-graded identities also play an important role. Since the appearance of [9] and
[10] considerable efforts have been concentrated on the study of the various algebraic properties of M, (E) and
M, 4(E), see [1, 4-8, 11, 14-16].

The aim of the present note is to present a certain Z,-graded polynomial identity of the Zs-graded full
matrix algebra M, (E) = M, (Ey) & M, (E4). There is a possibility to derive the mentioned identity by using
the Amitsur-Levitzki standard identity (see [3])

Son (X1, T, ..., xTay) = Z SEN(T)T (1) -+ Tr(2n) = O (1.2)
reSym{1,2,...,.2n}

of degree 2n (for n x n matrices over a commutative base ring). In this case, the addition of external
Grassmann variables to E is essential. The ingenious idea of using (additional) Grassmann variables in an
enviroment without Grassmann algebras first appeared in Rosset’s short proof of the Amitsur-Levitzki theorem
(see [12]). The use of a single additional Grassmann variable (out of E) in the study of M, (F) appears in a
certain companion matrix construction (see [13]) providing a Cayley-Hamilton identity for a matrix A € M, (E)
of degree n? (an entirely different treatment in [14] provided a similar CH identity of the same degree). Our
present work can be considered as a variation on Rosset’s original theme. One of the referees caused a surprise
by providing a different approach to derive the same Zs-graded polynomial identity of M, (E) based on the
use of the x-transform of a Z,-graded polynomial and the so-called Grassmann envelope. The authors decided

to keep their original proof and to present the mentioned short proof of the referee at the end of the paper.

2. A Zy-graded identity of M, (F)

The Grassmann algebra

E = K (1,02, ..., Vi, ... | v;v; +vju; =0 for all 1 <i < j) =K (V) (2.1)
generated by (the countably) infinite set V' = {v1, va,...,v,...} of anticommuting indeterminates can naturally
be extended as

F=KVUW)=K (v1,V2,...,0,...,W,Wa,..., Wt ...) (2.2)

by using a bigger set V U W of anticommuting generators, where
W = {wy,wa,...,we,...} and VNW = @. (2.3)
Now we have v;v; + vjv; = 0, wyw; +wjw; =0 for all 1 <4 <7 and v;w; +wjv; =0 for all 1 <4, 5.
The Grassmann algebra
G = K (w1, wa, ..., w;, ... | wywj +w;w; =0 for all 1 <i < j) = K (W) (2.4)

generated by W is also a sub K -algebra of F'. Since the cardinalities of V', W and VUW are all equal
to No, the K-algebras E, G and F' are isomorphic.

A Zs-graded K-algebra R is a pair (Rg, Ri), where Ry and R; are K -subspaces of R such that
R = Ro® R, isadirect sumand R;R; C R;y; forall ¢, € {0,1}, where i+ is taken modulo 2. A Z,-graded
identity of R = Ry & R; is of the form

h(xlax%'",xmayhy%"wyk):()7 (25)
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where h(x1,29,...,Tm,Y1,Y2,---,Yk) is in the free polynomial K -algebra generated by the noncommut-
ing indeterminates x1, 2, ..., Tm,Y1,Y2,- .., Y. We only require that
h(ri,may ooy Ty 7Ty 7)) =0 (2.6)
for all substitutions such that r,7s,...,7, € Ry and ri,r5,..., 7. € Ry.
Thus, {z1,22,...,2m} and {y1,y2,...,yx} are called the sets of even and odd variables (indeterminates)

in h, respectively.

For a vector 7 = (41,12, ...,1,) with strictly increasing integer coordinates 1 < iy < is < --- < i < 2n
take
%
I(4)={r e Sym{1,2,...,2n} | w(i1),7(i2),...,7(ix) € {1,2,...,k}}
and consider the complementary vector i> = (J1,J2, - s Jon—k) with {j1,7d2,. -, Jon—k} = {1,2,...,2n} ~
{il,ig,...,ik} and 1 <j; < ja < -+ < Jop—k < 2n. Now
%
T(i):<.1 2k ksl k2 0 ) 2.7)
11 12 3% n J2 J2n—k
defines a permutation in Sym{1,2,...,2n}. We need two more permutations
(7)€ Sym{1,2,....k} and () € Sym{k + Lk +2,...,2n} (2.8)
which are determined by = € II( i ) as follows:
— 1 2 k
) = . . e . 2.9
() < w(in) w(iz)  wlix) ) (29)
and
. kE+1 k+2 2n
1) = . SN e . . 2.10
)= (200 *on ) ) (210
For an integer 1 < k < 2n define a Zy-graded polynomial of degree 2n as follows:
— .
fe(X)Y) = ZSgH(T( i)) Z sg(m(_4,))Tr(1) ** Tr(iy—1)Yrm(in) Tr(in+1) "
1<) <<+ <ip <2n rell 7
' e (2.11)
Lo —1)Y7r(i2) L (ia+l) " Lr(ip—1)Ym (i) (i +1) * " 9Cw(2n)> )
where

X ={Tkt1, Thr2,- -, Tont and Y = {y1,y2, ..., Y}

are the sets of even and odd indeterminates (variables).

Theorem 2.1 If 1 < k < 2n, then fi(X,Y) = 0 is a Zz-graded polynomial identity of the Zs-graded full
matriz algebra M, (E) = M, (Ey) ® M, (E1).
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— - -
Proof ( First proof of 2.1). First notice that for a permutation 7 € TI( ¢ i

) we have 7( i )Um(
where
7

(

number of even cycles of 7(

)u 7r(_z>) € Sym{1,2,...,k,k+1,...,2n} is the ”disjoint union” of 7r(—z>) and 7r(1>) Clearly, the
?) U 7r(1>) is the sum of the numbers of the even cycles in w(?) and in W(i})
It follows that

%
sgn (7 ( i

) (2.12)

yum(4d,)) = sgn(m)sgn(r(

whence sgn(w)sgn(ﬁ(?)) = sgn(7(7))sgn(ﬂ'(i’>)) can be derived. In order to show that fi(X,Y) =0 is a

Zs-graded polynomial identity on M, (E) = M,,(Ey) ® M,,(E1) take the substitutions
Tr1 = Apy1, Thpz = Akga, ..o Tan = A2y

and
Y1 :Blvy2 :B27"'ayk :Bkn

where Agi1, Agto, ..., Aan € My, (Ey) and By, Ba,..., B, € M, (E7) and consider the "companion” matrices
w1 By, weBs, ..., wp By € Mn(FO)

(w1, wa, ..., wy are generators in G') over the even part Fy of the extended Grassmann algebra F'= K (V UW).

In view of M, (Ey) C M,,(Fp), the application of the Amitsur-Levitzki theorem on M, (Fp) yields that
SQn(wlBh v 7kak; Ak+1a Ak+27 ceey AQTL) =0. (213)
Any summand in
Sgn(wlBl, N ,U)kBk, Ak+1, Ak+2, ey Agn)

is a signed product of the terms wy By, ..., wx Bk, Ak+1, Agt2, ..., Aoy in a certain order and appears as

sgn(m) Ar(1) -+ Ar(iy—1)Wr(iy) Br(in) An(in+1) - Ar(ia—1)Wr(in) Bre(in) Ar(ia+1) -
" A (i —1)Wn (i) Br(in) An(ir+1) - Ar(2n) =
Sgn(ﬁ)(_1)1+2+...+(k—1)wﬂ(il)wﬂ(iQ) W) Ar)  An(is—1)Br(in) An(in41) - -
o An(in 1) Br(in) An(ia+1) - An(in—1) Br(in) An(in+1) - An(an) = 210
sgn(ﬂ)(—1)1+2+"'+(k_1)sgn(w(?))wlwg e wrAr )y Arin—1)Brin) Arii+1)
“ Ar(ia—1) Br(in) An(ia+1) + An(in—1) Br(in) Ar(in+1) - An(2n),
)

where 1 < iy <ig < -+ <ip <2n and 7 € II( are uniquely determined. In the above calculations we used

Ayw, = w,. Ay, Bow, = —w,Bs, 1 <r,s<k<t<2n,
and
—
i

Wre (i) Wr(ig) = Wa(iy) = sgn(m( 1 ))wiws - - - wy.
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Thus, we can write that

Szn(w1Bl, . ’wk;Bk7Ak+17Ak+27 e ,A2n) =

> (Z Sgn(7) Ar (1)« Ar(iy—1) W) Bre(in) A iy +1) -

1<i1 <2< <1 <2n N
well( i)

o A (ia—1)Wa(iz) Br(in) An(ia+1) " Ar(in—1)Wr (i) Br(in) Arin+1) - A‘n’(Qn)) =

(=)t E =Dy oy Z sgn(r(?))- (2.15)

1<i1 <ia < <1y <2n

( E sg(m(4,)) Ar(1) - An(iy—1) Br(in) An(in+1) -
—‘>
well( i)

Ar(is—1)Br(iz) Ax(ia+1) "+ Ax(ir—1)Br(in) Anin+1) 'Afr(zn)) =

(_1)1+2+~~-+(k71)w1w2 e wkfk(Ak-‘rla Ak+2a cee 7A2n7 Bla ey Bk)?

whence fi(Ak+1, Akto,. .., A2n, B1,...,Br) =0 follows. O

Remark 2.2 The case k = 2n in the above Theorem 2.1 gives Rosset’s key observation that

fon(Y) = > Yr(1) " Yn(2n) =0 (2.16)
m€Sym{1,2,...,2n}

(the multilinearization of y*™ = 0) is a polynomial identity of the odd component M,,(E;). The case k =1 has
already appeared in the proof of Theorem 2.4 of [4].

A Zy-graded polynomial h(zq,2a,...,%m,Y1,Y2,---,Yk) which is linear in each odd variable y; can be
written as

h(z1, 29, . ., Ty Y1, Y2,0 - - yk):Z Z Ao uU1Yo (1) U2Y0 (2)" * “UkYo (k) Uk+15 (2.17)
u c€Sym{1,2,....k}

where a,, € K and the u;’s are words, possibly empty, in the even variables z;, 1 < j < m. The *-transform

of h is defined as

B (21,225« oy Ty Y15 Y25 - 5 Yk :Z Z SEN(0) Ao U1 Yo (1) U2Yor (2)" * Uk Yor () Wk 41 - (2.18)
u c€Sym{1,2,...,k}

Lemma 19.4.10 (in [1]) asserts that h = 0 is a Zy-graded identity of the Zy-graded K-algebra R = Ry ® R; if
and only if h* = 0 is a Zy-graded identity of the Grassmann envelope G(R) = (Ro®@ E)®(R1®F1) = (RQFE)g
(the even part of R® F).

Proof (Second proof of 2.1). Take R = M, (K @ cK) with Ry = M, (K) and R; = ¢M,(K), where
K®cK = K[c]/(c* —1) is the commutative group algebra of the two element group {1,c} with ¢? = 1. Clearly
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M,,(E) can be naturally identified with the Grassmann envelope G(R). Since the Amitsur-Levitzki theorem
trivially ensures that

f(xk—&-l;xk-&-% sy T2n, Y1, Y2, - - 7yk) = S2n(y1vy27 s Yk Th+15 Tht-25 - - - ,$2n) =0 (219)

is a Zo-graded identity of R = Ro® Ry, the application of the above Lemma 19.4.10 gives that M,,(E) satisfies
the Zo-graded identity f*(Tgt1,Trt2,---,Ton, Y1,Y2,-.-,Yk) = 0. In view of

f=520(U1,92, - Yk» Tht 1, Thg 2, - - -, Tom) =

> ( > SE(M)Tr(1)  Ta(iy—1) Y1) Tl )

1<i1 <ip < <in <20 \rery(7) (2.20)

e ‘rﬂ(igfl)yﬂ(7)(2)xﬂ(i2+1) e xﬂ'(ikfl)yﬂ,(7)(k.)x7r(ik+l) T xﬂ(2n)> )

we obtain that

. —
f = Z < Z Sgn(ﬂ-( ¢ ))Sgn(ﬂ-)xﬂ(l) e xw(ilfl)yﬂ(7)(1)xﬂ(i1+1) o
1<iy <ip < <ip <20 \7e1p(7)
(2.21)
T sL'Tr('ig—l)yﬂ.(?)(g)xﬂ'(i;z-l—l) T l'w(ik—l)yw(_i))(k)xw(ik+l) T xﬂ(2n)> .
Now f*=fi(X,Y) is a consequence of sgn(w( i ))sgn(w)=sgn(7( ))sgn(w(g)). O
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