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Abstract: We present recent results about Capelli polynomials with involution or graded involution and their asymp-
totics. In the associative case, the asymptotic equality between the codimensions of the T'-ideal generated by the Capelli
polynomial of rank k% + 1 and the codimensions of the matrix algebra My (F') was proved. This result was extended to
superalgebras. Recently, similar results have been determined by the authors in the case of algebras with involution and

superalgebras with graded involution.
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1. Introduction
The Capelli polynomial plays a central role in the combinatorial PI-theory and in particular in the study
of polynomial identities of the matrix algebra M (F) in fact, a precise relation was determinated between
the growth of the corresponding T-ideal and the growth of the T'-ideal of polynomial identities of the matrix
algebra (see [27]). From Kemer’s theory (see [32]), the polynomial identities of My (F) over a field F of
characteristic zero are among the most intriguing topics in PI-theory. There are a lot of open problems and
conjectures concerning the T'-ideal of polynomial identities of My (F). Similar problems are also considered
for matrix algebras with additional structure as Zs-gradings, group gradings, involution, superinvolution or
graded-involution.

Let us recall that, for any positive integer m, the m-th Capelli polynomial is the element of the free
algebra F'(X) defined as

Capy, = Capp, (1, oyt 1y oo oy Tpe1) =

= Z (sgno)ty(1)T1te(2)  to(m—1)Tm—1to(m)

O'GSm
where S, is the symmetric group on {1,...,m}. It is a polynomial alternating on ti,...,t, and every
polynomial which is alternating on tq,...,t, can be written as a linear combination of Capelli polynomials

obtained by specializing the x;’s. These polynomials were first introduced by Razmyslov (see [34]) in his
construction of central polynomials for k x k& matrices. It is easy to show that if A is a finite dimensional
algebra and dimA = m — 1 then A satisfies Cap,,. Hence, the matrix algebra My (F) satisfies Capy2y1 and
k% + 1 is actually the minimal degree of a Capelli polynomial satisfied by My (F).
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The main purpose of this paper is to present a survey on recent and new results obtained by the authors
in [12] and [13] concerning the Capelli polynomials on algebras with involution and on superalgebras with
graded involution. Specifically, in Section 2, we recall shortly the results about the T'-ideal generated by the
m-th Capelli polynomial Cap,, and the results concerning the 77, -ideal generated by the Zs-graded Capelli
polynomials Cap9, and Capl. We describe their relations with the 7T'-ideal of the polynomial identities
of My(F) and, respectively, with the 7%, -ideals of the Zs-graded identities of the simple finite dimensional
superalgebras My (F), M (F), and My (F @ cF). In Sections 3 and 4, we present analogous results in the
case of algebras with involution and superalgebras with graded involution. In particular in Section 3, we
analyze the involution case by showing that the x-codimensions of a finite dimensional *-simple algebra are
asymptotically equal to the *-codimensions of the T™*-ideal generated by the x-Capelli polynomials Capj\'/l
and Cap; alternanting on M symmetric variables and L skew variables, respectively, for some fixed natural
numbers M and L (see [11, 12]). Finally, the last section, Section 4, is dedicated to the study of *-graded
Capelli polynomials and their relationship with superalgebras with graded-involution. In this section, we show
that the x-graded codimensions of the finite dimensional simple *-superalgebras are asymptotically equal to
the x-graded codimensions of T -ideal generated by the set of the *-graded Capelli polynomials.

2. Associative and Z,-graded cases

Let F be a field of characteristic zero and let F(X) = F(x1,xa,...) be the free associative algebra on a
countable set X over F. Let A be an associative algebra over F', then an element f = f(x1,...,2,) € F(X) isa
polynomial identity for A if f(a1,...,a,) =0 for any ay,...,a, € A. Let Id(A) ={f € F(X)|f=01in A} be
the set of polynomial identities of A. This is a T'-ideal of F/(X) i.e. an ideal invariant under all endomorphisms
of F(X), and every T-ideal of F'(X) is the ideal of identities of some F'-algebra A. When Id(A) # (0), we say
that A is a PI-algebra. For I = Id(A), we denote by var(]) = var(A) the variety of all associative algebras
having the elements of I as polynomial identities.

By the structure theory of T-ideals developed by Kemer in his solution of the Specht problem (see
[31, 32]), the study of an arbitrary T'-ideal can be reduced to the study of the verbally prime T'-ideals. Recall
that a T-ideal I C F(X) is verbally prime if for any T-ideals I, I such Iyl C I we must have I; C I
or Iy C I. A PI-algebra A is called verbally prime if its T-ideal of identities I = Id(A) is verbally prime.
Also, the corresponding variety of associative algebras var(A) is called verbally prime. From the classification
of the verbally prime T'-ideals made by Kemer, it turns out that Id(My(F')) is a verbally prime T'-ideal so to
determine the polynomials identities of the matrix algebra is one of the main objectives of the PI-theory.

It is well known that in characteristic zero every T-ideal, Id(A), is completely determined by its
multilinear elements. Hence, if P, is the space of multilinear polynomials of degree n in the variables x1,...,x,,
we can consider the sequence of spaces {P,/(P, N Id(A))}n>1. The integer ¢,(A) = dim P, /(P, N Id(A)) is
called the n-th codimension of A and gives a quantitative estimate of the polynomial identities satisfied by A.

It is well known that A is a PI-algebra if and only if ¢,(A4) < n! for some n > 1. Regev in [35] showed
that if A is an associative PI-algebra, then ¢, (A) is exponentially bounded, i.e. there exist constants «,
which depend on A such that ¢,(A) < af™ for any n > 1. In the early 1980s, Amitsur conjectured that the
exponential growth of the codimension sequence should be an integer. Giambruno and Zaicev in [25] and [26]

gave a positive answer to this conjecture by proving that for a PI-algebra A
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exp(A) = lim /¢, (A)
n—oo

exists and is an integer; exp(A) is called the PI-exponent of the algebra A. The PI-exponents of the verbally

prime algebras are well known (see [15, 26, 36, 37]). In particular,

exp(M(F)) = k.

In [36], Regev obtained the precise asymptotic behavior of the codimensions of the verbally prime algebra
My (F). It turns out that

Theorem 2.1 [36, Theorem 1]

1\ L(k2-1) L), 1
~ il 190 (k — 1)k2 n
cn(My(F)) ~ <\/%> (2> 120 (B —1)lk= n—z (k%)

For the other verbally prime algebras, there are only some partial results (see [15] and [16]).

In [27], a relation was found between the asymptotics of codimensions of the verbally prime T'-ideals and
the T-ideals generated by Capelli polynomials.

Now, if f € F(X), we denote by (f)r the T-ideal generated by f. Also for V C F(X), we write (V)
to indicate the T-ideal generated by V. Let C,, be the set of 2~ polynomials obtained from the m-th
Capelli polynomial Cap,, by deleting any subset of variables z; (by evaluating the variables x; to 1 in all
possible ways) and let (C,,)7 denote the T-ideal generated by C,,. Also, var(Cy,) is the variety corresponding
to (Cp)r. In case m = k2, it follows from [36] and [33] that

exp(Cio 1) = k2 = exp(Mi(F)).

In [27], Giambruno and Zaicev proved that the codimensions of var(Cy2,1) are asymptotically equal to

the codimensions of the verbally prime algebra My (F).

Theorem 2.2 [27, Theorem 3, Corollary 4] Let m = k?. Then var(Cy,11) = var(My(F) & B) for some finite
dimensional algebra B such that exp(B) < k?. In particular

en(Cr2y1) = cn (M (F)).

This result has been extended to the other verbally prime algebras by the so called Amitsur’s Capelli-type
polynomials introduced in [5] (see [10]).

Kemer in [31] showed that any associative variety is generated by the Grassmann envelope of a suitable
finite dimensional superalgebra (see also Section 3.7 of [28] for a concise treatment); moreover, he established
that an associative variety is verbally prime if and only if it is generated by the Grassmann envelope of a

simple finite dimensional superalgebra. Thus, by Kemer’s theory (see [32]), superalgebras and their Z,-graded
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identities play a basic role in the study of the structure of varieties of associative algebras over a field of
characteristic zero.

Recall that an algebra A is a superalgebra (or Zo-graded algebra) with grading (A, AM) if A =A@ g
AD where A© AM are subspaces of A such that A A©) 4+ AW AM) € AO) apnd A AD 4 AW A0 € AD)
The elements of A® and of A are called homogeneous of degree zero (or even elements) and of degree one
(or odd elements), respectively. If we write X = YU Z as the disjoint union of two countable sets, then the free
associative algebra F(X) = F(Y U Z) = F© @ F1) has a natural structure of free superalgebra with grading
(F O, F (1)) , where F(©) is the subspace generated by the monomials of even degree with respect to Z and F()
is the subspace generated by the monomials having odd degree in Z.

Recall that an element f(y1,...,Yn,21,-..,2m) of F{Y UZ) is a Zy-graded identity or a superidentity
for A if f(ay,...,an,b1,...,bm) = 0, for all ay,...,a, € A® and by,...,b,, € AV . The set Idg,(A) of
all Zy-graded identities of A is a Tyz,-ideal of F(Y U Z), i.e. an ideal invariant under all endomorphisms of
F(Y UZ) preserving the grading. Moreover, every Ty, -ideal ' of F(Y UZ) is the ideal of Zs-graded identities
of some superalgebra A = A© @ A | T = Idy, (A). For a Ty,-ideal T' = Idy,(A) of F(Y UZ), we denote by
varz, (I') the supervariety of superalgebras having the elements of I' as Zy-graded identities.

In the case of algebraically closed field of characteristic zero, the following classification of the simple

finite dimensional superalgebras is well known (see [28], Section 3.5).

Theorem 2.3 If F is an algebraically closed field of characteristic zero, then a simple finite dimensional

superalgebra over F is isomorphic to one of the following algebras:

1. Mp(F) with trivial grading (My(F),0);

2. My (F) with grading (( FS1 FE;Q ),( le Fé2 )), where Fi1, Fio, Fo1, Fag are k x k, k x 1,

I Xk, and | x 1 matrices respectively, k> 1 and [ > 1;
3. My(F @ cF) with grading (My(F),cMy(F)), where ¢* = 1.

An interesting problem in the theory of PI-algebras is to describe the following 77, -ideals: Idy,(My(F)),
Idg, (M (F)), Idz,(Myg(F @ cF)).

In case char F' = 0, it is well known that Idz,(A) is completely determined by its multilinear polynomials
and an approach to the description of the Z,-graded identities of A is based on the study of the Zs-graded
codimensions sequence of this superalgebra. If P22 denotes the space of multilinear polynomials of degree n
in the variables yi1,21,..., Yn,2zn (i.e. y; or z; appears in each monomial at degree 1), then the sequence of
subspaces {PZ2 N Idg,(A)},>1 determines Idz,(A) and

Y/
P2

CZ2 A =dim ——2>——
) P22 N Idg,(A)

n

is called the n-th Zs-graded codimension or supercodimension of A. In 1985, Giambruno and Regev (see
[24]) proved that the sequence {cZ2(A)},>1 is exponentially bounded if and only if A satisfies an ordinary

polynomial identity. In [9], it was proved that if A is a finitely generated superalgebra satisfying a polynomial
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identity, then lim {/c%2(A) exists and is a nonnegative integer. It is called superexponent (or Zj-exponent)
n—oQ

expy, (4) = Tim {/en? (4).

We remark that in [1] the existence of the G-exponent has been proved for an arbitrary PI-algebras A

of A and it is denoted by

graded by a finite group G. Partial results were obtained in [2, 18, 21].

For the simple finite dimensional superalgebras we have that (see [9])

expy, (My(F)) = k2, expy, (Mg (F)) = (k+1)?, expy, (My(F & cF)) = 2k”.

From a result of Karasik and Shpigelman, the asymptotic behavior of the supercodimensions of the simple

finite dimensional superalgebra follows. More precisely

Theorem 2.4 [30, Theorem (A), Theorem (B)]

1—(k2+412)

0%2 (M (F)) ~an™ 2 (k+ l)2”

and

)
L2 (My(F @ cF)) ~ Bn' 7 (2k%)",
for some costants a and 3.

As in the ordinary case, a close relation was found among the asymptotics of the simple finite dimensional

superalgebras and the Z,-graded Capelli polynomials.

Now, if f € F(Y U Z) we denote by (f)r,, the T%,-ideal generated by f. Also for a set of poly-
nomials V' C F(Y U Z), we write (V)z,, to indicate the 7Tz,-ideal generated by V. Let us denote by
Capn Y, X] = Capm (Y1, - s Ym; X1,y Tm—1) and Capp,[Z, X] = Capp(21,-- -, 2Zm; T1, -, Tm—1) the m-th
Zograded Capelli polynomials alternanting in the variables of homogeneous degree zero yi, . .., y,» and of homo-
geneous degree one 21, ...,z , respectively. Then Cap?, indicates the set of 2~ polynomials obtained from
Cap,,[Y, X] by deleting any subset of variables ;. Similarly, we define by Cap), the set of 2™~1 polynomials
obtained from Cap,,[Z, X] by deleting any subset of variables x;. If L and M are two natural numbers, let
T = (Caply, Capy)r,, be the Ty,-ideal generated by Cap{,,Capy . The following relations between the

superexponent of the Zs-graded Capelli polynomials and the superexponent of the simple finite dimensional

superalgebras are well known (see [7, 9])
expy, (Tr211,1) = k? = expy, (My(F))

€XPz, (Chz gz 1,20041) = (b + 5)2 = €XPz, (M (F))

expz, (Cr2g1 k241) = 2k? = expy, (My(F @ cF)).

Moreover, in [8], a relation was found among the asymptotics of the Zs-graded Capelli polynomials and

the simple finite dimensional superalgebras. More precisely, we have the following:
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Theorem 2.5 [8, Theorem 9] Let M = k?>+12 and L = 2kl with k,l € N, k > 1> 0. Then varz,(Tar41.041) =
varg, (Mg (F)®D'), where D' is a finite dimensional superalgebra such that expz,(D') < M+ L. In particular

P (Carsar,41) ~ 2 (M (F)).

Theorem 2.6 [8, Theorem 1] Let M = L = k* with k € N, k > 0. Then varz,(Tari1,041) = varz, (My(F &
cF) @ D), where D" is a finite dimensional superalgebra such that expz,(D") < M + L. In particular,

2 (Caryr,pa1) = 62 (My(F @ cF)).

3. Involution case
Let F(X,*) = F(xy,x%,z2,25,...) denote the free associative algebra with involution * generated by the
countable set of variables X = {x1, ¥, z2,23,...} over a field F of characteristic zero. If (A, *) is any algebra
with involution *, let AT ={a € A|a* =a} and A~ = {a € A|a* = —a} denote the subspaces of symmetric
and skew elements of A, respectively. We can regard the free associative algebra with involution F(X, %) as
generated by symmetric and skew variables. In particular, for i =1,2,..., we let x:' =x;+xf and z; = x;—x],
then we write X = XT U X~ as the disjoint union of the set XT of symmetric variables and the set X~ of
skew variables and F(X,*) = F(XT U X~). A polynomial f = f(z,...,a5, 27,...,2;) € F{(XTUX")
is a *-polynomial identity of A if and only if f(a1,...,am,b1,...,b,) = 0 for all a; € AT, b € A~. We
denote by Id*(A) the set of all *-polynomial identities satisfied by A. Id*(A) is a T*-ideal of F(X, x), i.e.
an ideal invariant under all endomorphisms of F(X, ) commuting with the involution of the free algebra. For
I' = Id*(A) we denote by var*(T") = var*(A) the variety of *-algebras having the elements of I" as x-identities.
Also in the theory of Pl-algebras with involution it is interesting to describe the T™*-ideals of -

polynomial identities of #-simple finite dimensional algebras. Let us recall that

Theorem 3.1 [38, Proposition 2.2.12] If F is an algebraically closed field of characteristic zero, then, up to

isomorphisms, all finite dimensional *-simple algebras are the following ones:
(My(F),t) the algebra of k x k matrices with the transpose involution;
(M2, (F), s) the algebra of 2m x 2m matrices with the symplectic involution;

(Mp(F)® Mp(F)°P, exc) the direct sum of the algebra of h X h matrices and the opposite algebra with the

exchange involution.

Similar to the case of ordinary identities, in characteristic zero Id*(A) is completely determinated by the
multilinear *-polynomials it contains. To the T™*-ideal T' = Id*(A) one associates a numerical sequence called
the sequence of *-codimensions ¢} (I") = ¢} (A) which is the main tool for the quantitative investigation of the
x-polynomial identities of A. Thus, if we denote by P, the space of all multilinear polynomials of degree n in
T1,T], ,&n, T, then

C (A) = dlmm

n
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A celebrated theorem of Amitsur ([3, 4]) states that if an algebra with involution satisfies a *-polynomial
identity then it satisfies an ordinary polynomial identity. In light of this result in [24], it was proved that, as
in the ordinary case, if A satisfies a nontrivial *-polynomial identity then ¢} (A) is exponentially bounded, i.e.
there exist constants a and b such that ¢:(A) < ab™, for all n > 1. Later, an explicit exponential bound for
¢t (A) was exhibited (see [6]).

The asymptotic behavior of the x-codimensions was determined in case of matrices with involution in

[14]. More precisely,

Theorem 3.2

k(k H 1 Liti2s]

G(M(F), ) ~ | VE T k,r(?’)_kﬁr(ugj) (;) ()~

m m (27;+ 1)

1 m ) m24+m+2 m(7m n 1 H 2 n 1 1 (2 )Qn
- 1 - -
Nex mt 11712 m mn

(Mo (F), 5))

12

where T'(x) is the Euler’s gamma function.

Recently, the authors found the asymptotic behavior of the x-codimensions of the x-simple algebra
(My(F) & Mp(F)°P, exc) (see also [22]).

Theorem 3.3 [12, Theorem 6]

h—1 L(h?+1)
en ((Mp(F) @ Mp(F)°P, exc)) ~ (\/12?> (;) 12 (h— 1)'h2

= (2h)".

In [23], for any algebra with involution, the exponential behavior of ¢ (A) was studied, and it was shown
that the x-exponent of A, exp*(A) = lim {/c’(A), exists and is a nonnegative integer. Moreover, an explicit
n—0o0

way to calculate the #-exponent of A was described. As consequences, it follows that if A is a x-simple algebra
then exp*(A) = dimpA and so

exp*((Mp(F),t)) = k%, exp™((Mam(F), s)) = 4m?, exp* (M (F) ® M, (F)°, exc)) = 2h*.

Newly, in [12], we characterized the T*-ideal of x-identities of any x-simple finite dimensional algebra
and as a consequence we found a relation among the asymptotics of their *-codimensions and the T™-ideals
generated by the #-Capelli polynomials alternanting on M + 1 symmetric variables and L 4+ 1 skew variables,
respectively. More precisely, let

Cap;, [ X1, U] = C’apm(xi*'7 e xt iU, Umy)

’ m?

and
Capy, [ X7, U]l = Capm(x1,. .., Ty Uty vy Um—1)
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be the m-th x-Capelli polynomial alternating in the symmetric variables xf, ...,z and in the skew variables

xy,...,x,, respectively, (ug,...,um—_1 are arbitrary variables).

Let Cap;!, be the set of 2™~1 polynomials obtained from Cap,[X T, U] by deleting any subset of variables wu;.
Similarly, we define by Cap,, the set of 2™~ polynomials obtained from Cap},[X ~, U] by deleting any subset

of variables w;. If L and M are two natural numbers, we denote by I'}, ; = <Cap1t[,0apg> the T™*-ideal

generated by the polynomials C’apxj, Cap; . We have the following:
Theorem 3.4 [12, Theorem 4] Let M = k(k+1)/2 and L =k(k —1)/2 with k € N, k> 0. Then

var* (D41 1) = var' (Mg (F) @ D),

where D' is a finite dimensional *-algebra such that exp*(D’) < M + L. In particular,

G Thg1,p41) = G (Mi(F), 1)) =

k(k nq 3 -k k 1 1 k—1 1 ko)
() ) G) |G
k! et 2 2 V2n

where T'(z) is the Euler’s gamma function.

Theorem 3.5 [12, Theorem 5] Let M = m(2m — 1) and L =m(2m + 1) with m € N, m > 0. Then
var® (I 41, p41) = var (Mam (F) & D"),
where D" is a finite dimensional *-algebra such that exp*(D") < M + L. In particular,
C:L(F7W+1,L+1) ~ ¢, ((Mam (F), s)) ~

1 M 2imis m(7m 1 = 1
— ) 277 m — (24 — 2m)?"
( ﬁ2ﬂ> T - 1;[ j+ 1 <2n) (2m)

where T'(z) is the Euler’s gamma function.

Theorem 3.6 [12, Theorem 6] Let M = L = h?> with h € N, h > 0. Then
var® (T 1, 11) = var™ (M (F) © Mu(F)) @ D),
where D" is a finite dimensional *-algebra such that exp*(D"") < M + L. In particular,
G Tg1,41) = G (Ma(F) © My (F), exc)) ~
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h—1 L(h?+1)
(1) (1) i 121 (h— 1)+, 5 (a2,

4. Graded-involution case

Given a superalgebra A = Ag @ A; endowed with an involution *, we say that * is a graded involution if it
preserves the homogeneous components of A, i.e. if A C A;, i =0,1. A superalgebra endowed with a graded
involution is called *-superalgebra. It is clear that a superalgebra A is a x-superalgebra if and only if the

subspaces AT and A~ are graded subspaces. Thus, since char F'= 0, the *-superalgebra A can be written as
A=Al o Ay © A © AT

where, for i = 0,1, A7 ={a € A; | a* = a} and A; = {a € A; | a* = —a} denote the sets of homogeneous
symmetric and skew elements of A;, respectively.

Let A be a x-superalgebra and let I be an ideal of A, we say that I is a x-graded ideal of A if it is
homogeneous in the Z,-grading and invariant under x. Moreover, A is called simple *-superalgebra if A% # {0}
and it has no nonzero x-graded ideals.

Let X = {x1,22,...} be a countable set of noncommutative variables and F(X) the free associative
algebra on X over F'. We write X = Y U Z as the disjoint union of two countable sets of variables
Y ={y1,92,...} and Z = {21, 23,...}, then F(X) = F(Y UZ) = F(y1, 21, Y2, 22, ...) is the free superalgebra
over F'. Moreover, if we write each set as the disjoint union of two other infinite sets of symmetric and skew

elements, respectively, then we obtain the free x-superalgebra
FYUZx) = F<yi‘r7yl_vzf_’zl_7~-'>

where y:r = y; +y; denotes a symmetric variable of even degree, y; = y; — y; a skew variable of even degree,
zj = z; + 2] a symmetric variable of odd degree and z; = z; — z; a skew variable of odd degree.

Anelement f = f(yf ...,y U1 Ums 21 5 s 2121 o025 ) of F(YUZ, %) is a %-graded polynomial
identity for the x-superalgebra A if

+ + - -+ + - -y —
f(aLO, T T TR RN N S PN A PY S PR .,aqjl) =0y

for every afo,...,aio €AS, ajg,...,a,,0 €Ay, afl,...,agl € AT, a1qs--+50q1 € A7 and we write f =0.

The set of all x-graded polynomial identities satisfied by A
Idy (A)={feF{YUZ=x)| f=0onA}

is an ideal of F(Y U Z,*) called the ideal of x-graded identities of A. It is easy to show that Id; (A) is a
17, -ideal of F(Y U Z, ), i.e. a two-sided ideal invariant under all endomorphisms of the free x-superalgebra
that preserve the superstructure and commute with the graded involution *. We denote by vary (T') = vary, (A)
the variety of *-superalgebras having the elements of I' = Id} (A) as x-graded identities.

As in the previuos cases, we want to describe the 77 -ideals of x-graded polynomial identities of finite

dimensional simple x-superalgebras. Recently, for these *-superalgebras, the following classification was proven:

1652



BENANTTI and VALENTI/Turk J Math

Theorem 4.1 [19, Theorem 7.6] If F is an algebraically closed field of characteristic zero, then, up to graded

isomorphisms, the only finite dimensional simple x-superalgebras are the following:
(M (F),0), with k>1>0, k#0;
(My (F) ® My (F)°P, exc), with k >1>0, k#0, and induced grading;
(My(F + cF),*), with involution given by (a + ¢b)* = a® — cb®;
(My(F + cF), 1), with involution given by (a + cb)t = a® + cb®;

(Mi(F + cF) ® M (F + cF)°P, exc), with grading (My(F) ® My(F)°P, c(My(F) ® Mg (F)°P));

where © = t, s denotes the transpose or symplectic involution and exc is the exchange involution. The symplectic

involution can occur only when k =1.

Since char F'= 0, it is well known that Idj (A) is completely determined by its multilinear polynomials.
Now, let

P,SZQ’*) = {Wo(1) -+ Won) | 0 € Sy wi € {yj',yi_,zj,zi_},i: 1,...,n}

be the space of multilinear polynomials of degree n in the variables yfr, Y1 s zf, 2y e Yr L un 2 2

(i.e. y?‘, y; , z; or z; appears in each monomial at degree 1). Then, for all n > 1, one defines the n-th
x-graded codimension anz,*)(A) of the *-superalgebra A as

(Z27*)
cZ2*)(A) = dim i

n

P n1ds (4)

If A satisfies an ordinary polynomial identity, then the sequence {C%ZQ’*) (A)}n>1 is exponentially bounded

(see [19, Lemma 3.1]).
Now it is easy to determine the asymptotic behavior of the *-graded codimension of the finite dimensional
simple *-superalgebras (M ;(F)® My (F)°P, exc) and (My(F+cF)® My(F+cF)°, exc). For the other finite

dimensional simple *x-superalgebras these asymptotic behavior are unknown. We have the following
Theorem 4.2 Let A= Ag P Ay be a finite dimensional simple superalgebra. Then
P29 (A@ AP, exc)) = 2" (A)

Proof. For any k£ = 0,...,n, we denote by PkZ 2 _j the space of multilinear polynomials where the first k

variables are homogeneous of degree zero and the remaning n — k variables are homogeneous of degree one.
Now, for any k and h such that 0 <k <k, 0 <h <n —k, we define

(Za %) . . . - B - X
P iy = (Wo(1)s - Wan) | 0 € Sy wi =y 1<i <k wi =y, k+1<i <k,
w; =2, k+1<i<k+h, andw; =27, k+h+1<i<n}.
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If flyr, -, Yk; 2kt -5 2n) € PkZ";l_k, then we can consider the x-graded polynomial
7 - - - _ Zs, ) o
flyl, ... ,yg,ykﬂ, Y ;z,jH, cey ZILB’ Rl z,) € Pé o k)h (ki) obtained from f by substituting

: : + + - + -
the variables y1,..., Yk, 2k+1, . - ., 2n With y{ ,...,yE,yEH,...,yk ’Zk+17""Zk+ﬁ’zk+ﬁ+1""’zn , respectively.

Notice that if A = Ay ® A; is a superalgebra with graded involution * then the map ¢ : A — A°P such
that ¢(a) = a* is an isomorphism of superalgebras. Hence, Idy,(A) = Idz,(A°) and so it easily follows that

fe Pkanik N Idgz,(A) if and only if f € PkZ]j’*]zhn (kih) NIdy, (A® A°P). In fact, if f € PkZ,ank N Idy,(A)

then f(ai,...,a5;aK41,--.,0,) =0 for all ay,...,ar € Ag and agy1,-..,a, € Ar. Thus,
f(ar,a1), -, (ag, ap), (agpys —agg)s - - (an, —an), (ars, aper), -
= (ak+ﬁa ak+7z)a (ak+7z+1a _ak+7z+1)a vy (an, —ay)) =
(flar,...,ap;apq1, - an) flar, . o, Q= 1y - o =k Qg 1y - s Qg = 15 - - - > — )=
= (0,0).
Viceversa, let f € PISZ;’k)h . (k+h)ﬂld22(A@A°P)_ If there exist aq,...,ax € Ag and agy1,...,0, € Ay

such that f(ay,...,ax;api1,---,a,) # 0, then for any k and h with 0 <k <k, 0 < h <n — k, we obtain

= f((alval)v SR (CLE,CL;’C), (aE+17 _aE+1)7 cees (alw _a'k)v (ak-l-lva'k-i-l)? s
i) (ak+ﬁv ak—&-fz)a (ak+fz+1’ _ak+fz+1)’ ) (an’ _an)) =
(f(ah sy Ok kg1, - - - ,Cl,n),f(al, ey algv_a/}+l7 sy T Ok Ak 41, - - 7ak+ﬁ?_ak+ﬁ+1) o ,—Cln))#
# (0,0)

and this is a contradiction. As a consequence, we obtain that

P2y

7 . n—

Cn-r(A4) = dim PP Nldg,(A)
—k 2

P(ZQa*) B
. k,k—k,h,n—(k+h) (Za,%) .
dim ST - (A@ AP).
(Z2,%) o k,k—k,h,n—(k+h)
Pkkz o hn— (k+h)mIdZQ(A®A p)
Now, since
(Z2,%) B o n (Za,%)
£ _ ,@ (k,k—k,h7(n—k)—h>P(kk k, h, (n—k)—h)
(k, k—k, h, (n—k)—h)
n
where ( Fk— k. b, (n—k) —h ) denotes the multimonomial coefficient, we obtain

n k n—k
Zg % o n (Z2,%) opy —
w4 AT) = Z Z(k: kl%,ﬁ,(nk)h)ck;khn(m)(“‘@f“)—
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n k n—k ! 5 )
= 2 (kz_o — ]%'(k — ];)'B'[TL — (k + h)]') Ck,n—k(A) —
" k n—~k
_ [(n—Fk)+1]---n (n— k) . )
= <kz_() kl(k — k)! }2 Mn — (k+ h)]y) Chm—k(A) =
= ek 1] n = g
> <Z : k'az = 15])! > (n )) ¢, _(A) =
k=0 \k=0 —

So the theorem is proven.
By Theorem 2.4, we obtain immediately

Lemma 4.3
1—(k2+412)

A7) (M1 (F) & My y(F)P exc)) ~an™ 7 (2(k+1)*)"

and
2

Z2 ) (My(F + cF)) & (My(F + ¢F)), exc) = fn' % (2k)",

n

for some costant o and (.

If A is a finite dimensional PI-algebra, Gordienko in [29] proved that

exph, (A) = lim {/ct™)(4)
n—oo
exists and is a nonnegative integer. It is called the x-graded exponent of the x-superalgebra A. Moreover,
he showed that exp; (A) = d where d is the maximal dimension of an admissible subalgebra of A. By the
generalization of the Wedderburn-Malcev Theorem (see [19, Theorem 7.3]), we can write A= A1 ®--- DA, +J,
where Aq,..., A, are simple x-superalgebras and J = J(A) is the Jacobson radical of A which is a *-graded

ideal.
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We say that a subalgebra A;, & --- ¢ A;, of A, where A, ,..., A
admissible if for some permutation (I1,...,lx) of (i1,...,ix) we have that A; J---JA; # 0. Moreover, if
A, @@ A, is an admissible subalgebra of A then A’ = A4, @ --- @ A;, + J is called a reduced algebra. It

follows immediately that

i, are distinct simple components, is

Remark 4.4 If A is a simple *-superalgebra then expy, (A) = dimpA.

By [20, Theorem 5.3], the Gordienko’s result on the existence of the x-graded exponent can be actually
extended to any finitely generated PI-x*-superalgebra since it satisfies the same x-graded polynomial identities

of a finite-dimensional *-superalgebra.
In [27], it was shown that reduced superalgebras are building blocks of any proper variety. We obtained

the analogous result for varieties of *-superalgebras in [13].

Lemma 4.5 Let A and B be x-superalgebras satisfying an ordinary polynomial identity. Then

P2 (A), P2 (B) < P2 (A @ B) < P2 (A) + F2)(B).

If A and B are finitely generated *-superalgebras, then

expz, (A © B) = max{expz, (A), expy, (B)}.

Theorem 4.6 Let A be a finitely generated *-superalgebra satisfying an ordinary polynomial identity. Then
there exists a finite number of reduced x-superalgebras By,...,B, and a finite dimensional *-superalgebra D
such that

vary, (A) = vary (B1 @ --- @& B, ® D)

with expy, (A) = exp%(Bl) = =expy, (By) and expy, (D) < expy, (A).

An application of Theorem 4.6 is given in terms of x-graded codimensions.

Corollary 4.7 Let A be a finitely generated PI-x-superalgebra. Then there exists a finite number of reduced
* -superalgebras By, ..., B, such that

224 (A) ~ L2 (B) @ --- @ B,.).

n

Now we shall recall the construction of the *-superalgebra UTy, (Ai, ..., Ay) given in Section 3 of [17]
and we shall investigate the relation among the asymptotics of the *-supercodimensions of the finite dimensional
simple *-superalgebras and the 77 -ideals generated by the *-graded Capelli polynomials recentely proved by
the authors.

Let (Ai,...,A;) be a m-tuple of finite dimensional simple x-superalgebras. For every r = 1,...,m,

the size of A, is given by
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. k.+1, if A = Mkrglr (F) or A, = Mkr,lr (F) D Mkmlr(F)Op;
T 2k, if A, =My, (F+ cF) or Ay = My, (F + cF) & My, (F + cF)°P

and, set g =0, let n, = X7_;s; and Bl, = {n,—1 +1,...,m:}. Let 4 be the orthogonal involution defined
on the matrix algebra My(F) by sending each a € My(F') into the element a7 € My(F') obtained reflecting a
along its secondary diagonal. In particular for any matrix unit e; ; of My(F'), eZ”J’L = €d—j+1,d—i+1- Then, we
have a monomorphism of x-algebra

m

A 6291 A — (May,, (F),Y20,,)
defined by
ay
(c1y..yCm) = m

where the elements @; and b; are defined as follows:

o if ¢; € (Mk7l(F);<>), then a; = ¢; and Bi = (C?)W“*l;
o if ¢; = (a;,b;) € (My (F)® My (F)°P, exc), then a; = a; and b; = blFH s

1
o if ¢, = a; +cb; € (My(F + ¢F),*), then a; = ( Zl Z’ ) and b; = (@} )’ where < Zj y > =
(5 )
_yo 7° )
a; b = x i
o if ¢, = a; +cb; € (Mp(F + ¢F),1), then a; = ( Lo > and b; = (a; )" where < y Y > =

b; a;
( ° y<> )
y<> x(} b

. . _ . ) Y2k
o if ¢; = (a;+cbi, ujtcv;) € (My(F+cF)®Myg(F+cF)°P, exc), then a; = < ZZ Zl ) and b; = ( Zl Zl ) .

Let denote by D C (May,, (F),72y,,) the x-algebra image of @.", A; by A and set
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0 Vig -+ Vip
0 Vm—lm
0
V= 0 me,1 o le S M277m (F)
0 Va
0

where, for 1 <i,5 <m, i # j, Vij = M, xs,(F) is the vector space of s; x s; matrices of F'. Let define

UT*(A1,...,An) =D @V C My, (F).

It is easy to see that UT*(Ay,...,Ap) is a subalgebra with involution of (Mayy,, (F), Y2y, ) whose
Jacobson radical coincides with V.
Now, for any m-tuple g = (g1,...,9m) € Z5*, we consider the map

: (i =nr-1) + gr 1 <0 < n;
ag :{Ll,....20m} — Zs, T — . .
g { i} 2 { o (20m —i+1—=nr1) + g Mm+1 <0< 20

where r € {1,...,m} is the (unique) integer such that ¢ € Bl, and «,.’s are maps so defined:

-if A, ~ MkJ(F) or A, ~ Mk,l(F) D Mk)l(F)OP, then

0 1<i<k;

ar AL, k+ 1} = Zs, ar(’):{ 1 k+1<i<k+L

<if A ~ Mp(F 4+ cF) or A, ~ Mp(F + cF) & My(F + ¢F)°P, then

0 1<i<k;

ar:{17...,2k‘}—>Z27 ar(l):{]_ E+1<i<2k.

The map «j induces an elementary grading on UT*(A4, ..., A,,) with respect to which ~a,, is a graded

involution. We shall use the symbol

UTy, (A, .. Am)
to indicate the x-superalgebra defined by the m-tuple g.

In the next lemma we establish the link between the degrees of the x-graded Capelli polynomials and
the x-graded polynomial identities of UTy, -(A1,..., An). We write

CGP%Q’*)[Y-’_,X], Cap(Zz’*)[Y_,X}, Cap%"”*)[Z"',X] and Cap%Q’*)[Z_,X]

m

to indicate the m-th x-graded Capelli polynomial alternating in the symmetric variables of degree zero

yi", ..., Y}, in the skew variables of degree zero y; ,...,y,,, in the symmetric variables of degree one zf’ RN
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and in the skew variables of degree one z;,...,z,,, respectively (z1,...,2m—1 are arbitrary variables). Let

Cap®) denote the set of 2m~1 polynomials obtained from Cap>™ )[Y+,X ] by deleting any subset of vari-

(0,-) (1,+)

ables x; (by evaluating the variables z; to 1 in all possible way). In a similar way we define Capy,’’, Capp,

and C’ap(l’ )T M*, M~, LT and L~ are natural numbers, we denote by

F(227*) <Cap(0’+) Oap(ox_) Cap(17+) Cap(lr )>

MiLi_ M+ > M- Zo

the 77 -ideal generated by C’apMJr , C’apM, , Cap(l’ﬂ and C’ap(Llf).
For all i = 1,...,m, let’s write A; = Ai,o ® Ao A;{'l @ A;; and let (dE); = dimFA;f%O and

(dF); = dimFAfl. If we set di := Y7 (df); and dif := 32" (df);, then in [13] we proved the following

Lemma 4.8 Let § = (g1,...,9m) be a fized element of Z5* and A = UTZ*%g(Al,...,Am), with A; finite

dimensional simple x-superalgebra. Let 0 < m < m denote the number of the finite dimensional simple

* -superalgebras with trivial grading.

1 If m=0, Capl " [Y*, X], Cap{™ Y=, X], Cap2[Z*, X] and Cap>™[Z~, X] are in Idj, (A) if
and only if ¢t > df +m, ¢~ >dy +m, kt >df +m and k= >d] +m;

2. If 0 < m < m, let m be the number of blocks of consecutive % -superalgebras with trivial grading that appear
in (A1,...,An). Then C’ap((ﬁz’*)[Y"’,X},C’ap((zzf’*)[Y_,X], C’ap,(czf’*)[Z"‘,X] and Cap,iz,z’*)[Z_,X] are
in Idj_(A) if and only if ¢t > di + (m —m)+ (m — 1)+ 7o, ¢~ > dy + (m —m)+ (m — 1)+ ro,

kt >df +(m—m)+ (m—1)+7r and k= > dy + (m —m) + (m — 1) +ry, where ro, r1 are two non

negative integers depending on the grading g, with ro + 11 =m — m.

The next results give us a characterization of the varieties of x-superalgebras satisfying a Capelli identity.

Lemma 4.9 Let M+, M~—, LT and L~ be natural numbers. If A is a x-superalgebra satisfying the -
graded Capelli polynomials Cap(zir’*)[}/'+ X], Cap(ZQ’*)[Y , X1, Cap(Z2 *)[ZJr X] and Cap(LZf’*)[Z’7X], then
A satisfies the Capelli identity Capy(x1,..., 25 T1,. .., Tp_1), where k=MT + M~ + Lt + L.

Theorem 4.10 Let V;  be a variety of -superalgebras. If V;  satisfies the Capelli identity of some rank, then

V;, = vary, (A), for some finitely generated *-superalgebra A.

Let
A=AaJ

where A is a finite dimensional simple *-superalgebra and J = J(A) is its Jacobson radical. From now on we

put M* = dimp AT and L* = dimpAT. Then
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Lemma 4.11 expj, (I\2%, ., )= M* + M~ + LT+ L™ = M + L = expj, (A).

Moreover we have the following two technical lemmas

Lemma 4.12 The Jacobson radical J can be decomposed into the direct sum of four A-bimodules
J = Joo ® Jo1 ® Jio ® J11

where, for p,q € {0,1}, Joq is a left faithful module or a 0-left module according to p = 1, or p = 0,
respectively. Similarly, Jpq s a right faithful module or a 0-right module according to ¢ = 1 or ¢ = 0,
respectively. Moreover, for p,q,i,1 € {0,1}, JpgJg C Jpi, JpgJi = 0 for ¢ # i and there exists a finite
dimensional nilpotent x-superalgebra N such that N commutes with A and Jy1 = A®p N (isomorphism of

A-bimodules and of *-superalgebras).

Notice that Jop and Jy; are stable under the involution whereas J§; = Jio.

Lemma 4.13 If ngzjzi’:_)l)LiH C Idy, (A), then Jio = Jo1 = (0) and N is commutative.

Now we are able to state the main result of [13].

Theorem 4.14 For suitable natural numbers M, M~, L*, L™ there exists a finite dimensional simple

7

x-superalgebra A such that

U = varg, (DY, L) = var}, (A® D),

where D is a finite dimensional *-superalgebra such that expz, (D) < M + L, with M = MT™ + M~ and
L=L"+L~. In particular

1) If ME = BEED WD g 1 = kil with k> 1> 0, then A = (My(F),t);
2) If M* = k? and L* = k(k¥1), with k> 0, then A= (Mg x(F),s);
3) If M* = k%412 and L* = 2kl, with k > 1> 0, then A= (M ;(F)® My, ;(F)P, exc);

4)If Mt = L* = R e o pF = BEED i ko> 0, then A = (My(F + cF), %), where
(a+cb)* =a' +cbt;

5)If Mt = L* = @, M- = LT = k(kjl), with k > 0, then A = (Mp(F + cF),*), where
(a+cb)* =a® £ cb*;

6) If M* = L* = k%, with k > 0, then A = (Mg(F + cF) ® My(F + cF)°P,exc).
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Sketch of the proof. By Lemma 4.11 we have that expy, (U) = M+ L. Let B be a generating x-superalgebra
of . From Lemma 4.9 and Theorem 4.10, since any finitely generated x-superalgebra satisfies the same -
graded polynomial identities of a finite-dimensional *-superalgebra (see [20]), we can assume that B is finite
dimensional. Thus, by Theorem 4.6, there exists a finite number of reduced *-superalgebras Bi,..., B, and a

finite dimensional *-superalgebra D such that
U = vary, (B) = vary,(B1 @ --- @© B, ® D). (1)

Moreover
expy, (B1) = --- = expy, (B;) = expy,(U) = M + L

and
expyz, (D) < expz,(U) = M + L.

Let’s now analyze the structure of a finite dimensional reduced x-superalgebra R such that expy, (R) =

M+ L =expy,(U) and I'yo ) 1o © Idy (R). We have that

R=Ri @ @Ry + J, (2)
where R; are simple %-graded subalgebras of R, J = J(R) is the Jacobson radical of R and RyJ---JR,, # 0.

By [17, Theorem 4.3] there exists a *-superalgebra R isomorphic to the *-superalgebra Uly, ; (Ri,...,Rm),
for some § = (g1,...,9m) € Z3*, such that Id(R) C Id(R) and

expy, (R) = expy, (R) = expy, (UTy, (R1, ..., Rm)).

It follows that
M + L = expi, (R) = exp3, () =

expy, (UTy, 5(Ry, ..., Ry)) = dimpRy 4 - + dimp Ry, = df +dy +df +dy

where dii =dimp(R1 ®--- @ Rm)é), for i =0,1.

Let 0 < m < m denote the number of the *-superalgebras R; with trivial grading appearing in (2). We
want to prove that m = 0.

Let’s suppose m > 0. By Lemma 4.8, R does not satisfy the x-graded Capelli polynomials

(Za %) + (Za %) _
Cap s ey m—tyrro ¥ XD CaPL ey Y XD

(Za,%) + (Z2 %) _
Capd1++(m—m)+(»ﬂ—1)+n[z , X, Capd;+(m—m)+(m—1)+m[z X,

where rg, r1 are two non negative integers dependent on the grading g with rg +r1 = m —m.
But R satisfies C’apgéi’i)l[Y*‘,X], Capgé'i’:)l [Y—, X], Cap(Lij:i [Z*,X] and C’ap(LZfi:i [Z—, X], then
df +(m—m)+ (m—1)+ro+dy + (m—m)+ (m—1)+re+
di +(m—m)+ (m—1)+r +dy + (m—m)+(m—1)+r <M+ L.
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Since df +dy + df +d; = M + L we obtain that 4(m — m) + 4(m — 1) + 2(ro + 1) = 0 and so
2(m — 1) +m —m = 0 and this implies that m < 2. If m = 2 then we easily obtain a contradiction. Thus
m=m=m=1.

Hence we can assume that R = Ry @ J where Ry ~ (Mp,(F),t) or Ry ~ (Map,(F),s) or Ry =~
(Mp, (F) ® Mp, (F)°P, exc) with hy > 0.

Let consider the case when M* = 2L XD oyq [+ = p with h > 1 > 0.

If R~ (M, (F),t)+ J then expj (R) = hi. Since exp} (R) = M + L = (h+1)* we obtain that hy = h+1.

By hypotesis, R satisfies CapZ2™) [Y+; X] but, since Id}, ,(R) C Id; (UT;,

M++1 7,51, Ry)), R does not satisfy

CULp(Z2 “[Y+; X]. Hence, for h > 1> 0, we have

h(h+1 l(l+1 h2+ 12+ (h+1)+2
(h+1) WD) R P ()

Mt +1= -
+ 2 2 2 =

R4+ (h+0)+2h  (h+1)h+1+1)  hi(ha+1)
2 B 2 B 2

:dar

and this is impossible.

If R~ (Mg, (F),s)+J then exp} (R)=4h3. Since exp; (R) = M + L = (h+1)* we have that 2h; = h+1.

Moreover R satisfies Capgé'i’:)l [Y~; X] but does not satisty Cap;Z,Q’*)[Y*;X] and so we get a contradiction
0
since
h(h—1) I(l-1 R?2+12—(h+1)+2
M*+1:(2)+(2)+1: i ;+)+<

R4+ 12+ (h+1)+2hl  (h+1)*+ (h+1) 4hi+2h
2 B 2 B 2

:2h§+h1:da.

Finally, let R ~ (Mp, (F) ® My, (F)°?,exc) + J, with hy > 0. Then (h+1)*> = M 4+ L = exp; (R) = 2h}, a
contradiction.

In the same way, by analyzing all possible cases as M and L vary, we obtain a contradiction and so we
can assume that m = 0.

Let R = R, @ ---® R,, +J, where R; are simple x-superalgebras with non trivial grading. Let’s
prove that m = 1. By Lemma 4.8, R does not satisfy the *-graded Capelli polynomials Cap ZZ’ ) 1[Y*’,X],

C’ap(Zz’*) YL Xl, C’ap(Zz’*) 2%, X] and Cap ZZ’*) _,[Z27, X] but satisfies C’apgéi’i)l[YJr X}

Lo % (Za % Lg% — _
Cap?) V=, X], Cap27)[Z*,X] and cap(Lz+{[Z X thus df +m —1 < MY, dy +m—1< M~,

df+m—1<L%t and di + m —1 < L~ . Hence we have that
1 1
dif +(m—=1)+dy +(m—-1)+df +(m-1)+d; +(m—-1)<M*+M +L"+L =M+ L.

Since df +dy +di +d; = M + L we obtain that 4(m — 1) =0 and so m = 1.

It follows that R = R; & J where R; is a simple x-superalgebra with non trivial grading. Now let’s
analyze the cases corresponding to the different values of M and L.
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Let M* = MAED  WED onq [* = pi, with h > 1> 0.

If R~ (M, (F),s)+J then (h+1)*> = M + L = exp},_(R) = 4h} so we have 2h; = h + 1. By hypothesis

L—+1

R satisfies Cap'>") [Z7; X] but does not satisfy Capfiz_z’*)[ZJr;X}, where di = hy(hy +1). Since h+1 =2y
1

and h > 1 > 0 we have that h% > hl and so

L™ H+1=hl+1<h+1<hi(n+1)=d

a contradiction.

If R~ (Mhhll (F) @Mhhll(F)OP,exc) + J, with hy > 1y > 0, then (h-‘r l)2 =M+L= exp%z(R) = 2(h1 —|—l1)2

and so we have again a contradiction.

If R~ (My(F+cF),x)+ J, where (a + ¢b)* = a® £+ ¢b® and o = t,s, then we obtain the contradiction

(h+1)? = 2n?.

If R~ (My(F 4+ cF)® M,(F + cF)°, exc) +J with n >0, then (h+1)> = M + L = expj,_(R) = 4n* and so

2n = h + 1. As before we can easily obtain a contradiction. It follows that R ~ (Mj, ;(F'),t) + J.

In the same way by analyzing all other possible cases corresponding to the different values of M and L

we obtain that R ~ A+ J where A is a simple x-superalgebra with non trivial grading satisfying the thesis of

the theorem. Then, from Lemmas 4.12 and 4.13 we obtain that

R (A+J11) @ Joo = (A® N*) @ Joo

where N' is the algebra obtained from N by adjoining a unit element. Since N* is commutative, it follows
that A+ Ji; and A satisfy the same *-graded identities. Thus vary (R) = vary (A @ Joo) with Joo finite

dimensional nilpotent *-superalgebra. Hence, from the decomposition (1), we get

U = vary, (F*Mi+17Li+1) = varz, (A® D),

where D is a finite dimensional *-superalgebra with exp;, (D) < M + L and the theorem is proven.

From Corollary 4.7 and Lemma 4.3, we easily obtain the following:

Corollary 4.15 1) If M* = BEED | WED g 1% — k1 with k> 1> 0, then

AP (e pe 1) = AP (My(F), 1));

2) If M* =k? and L* = k(kF1), with k > 0, then

AP (Chge oy pe) = 727 (My o (F), 5));
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3) If M* = k2 +12 and L* = 2kl, with k > 1> 0, then

1—(k2+12)
P

C;Zmﬂ(rjwiﬂﬁﬂ) ~ L2 (M, 1 (F) ® My, (F)°P, exc)) ~ an (2(k + 1)),

for some costant «;

4) If Mt =% = BEED = = pF = BEED Cith k> 0, then
AP (Chge o 41) = A2 (My(F + cF), %)),

where (a + cb)* = a' + cbt;

5) If M+ = 1 =20 - — 1 F = BEED Dith k> 0, then

C%ZQ’*)(F*MiH,LiH) ~ {72 (Mg (F + cF), %)),

where (a + cb)* = a® £ cb®;

6) If M* = L* = k2, with k > 0, then

cﬁLZ2’*)(FLi+LLi+1) =~ cZ2%) (M (F + cF) @ My(F + cF)P, exc)) ~ Bn%(Qk)Q",

for some costant 3.
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