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Abstract: Let A be an associative algebra endowed with an automorphism or an antiautomorphism φ of order ≤ 2.

One associates to A, in a natural way, a numerical sequence cφn(A), n = 1, 2, . . . , called the sequence of φ -codimensions
of A which is the main tool for the quantitative investigation of the polynomial identities satisfied by A . In [13] it was
proved that such a sequence is eventually nondecreasing in case φ is an antiautomorphism. Here we prove that it still
holds in case φ is an automorphism and present some recent results about the asymptotics of cφn(A) .
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1. Introduction
Let A be an algebra over a field F of characteristic zero. It is well-known that the study of the polynomial
identities satisfied by A is equivalent to the study of the multilinear ones and in this setting an effective way
to measure such identities is through the sequence of codimensions cn(A), n = 1, 2, . . . , of A . Recall that if
Pn is the space of multilinear polynomials in the noncommuting variables x1, . . . , xn and Id(A) is the ideal of
identities of A, then cn(A) = dimPn/(Pn ∩ Id(A)).

In case A is a PI-algebra, i.e. it satisfies a nontrivial polynomial identity, cn(A), n = 1, 2, . . . , is
exponentially bounded [37].

In the 1980’s two main conjectures about the asymptotic behaviour of the codimensions of a PI-algebra
were made: limn→∞

n
√
cn(A) exists and is a nonnegative integer (the Amitsur’s conjecture) and there exist a

constant C, a semi-integer q and an integer d ≥ 0 such that cn(A) ≃ Cnqdn (the Regev’s conjecture). The
first conjecture was proved by Giambruno and Zaicev in [20, 21]. They proved that for any PI-algebra A , there
exist constants C1 > 0, C2, t, s, d such that

C1n
tdn ≤ cn(A) ≤ C2n

sdn,

for all n ≥ 1, and d is an integer called the PI-exponent exp(A) of A . Later Berele and Regev in [8, 10]
solved affirmatively the conjecture of Regev for algebras with 1. Moreover, since the sequence of codimensions
is eventually nondecreasing ([25]) then by [8, 10] it follows that if A is any arbitrary PI-algebra

C1n
texp(A)n ≤ cn(A) ≤ C2n

texp(A)n (1.1)
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holds where C1 > 0, C2, t are constants and t ∈ 1
2Z .

This result gives a second invariant of a T-ideal, after the PI-exponent, namely

t = lim
n→∞

logn
cn(A)

exp(A)n
.

This last invariant was explicitly computed in [3] for the so-called fundamental algebras.
Now we turn our attention to algebras with additional structures.

Let F be a field of characteristic zero, A an associative algebra over F endowed with an automorphism or
antiautomorphism φ of order ≤ 2 and cφn(A), n = 1, 2, . . . , the sequence of φ -codimensions of A . It was proved
that if A satisfies a nontrivial identity then cφn(A), n = 1, 2, . . . , is exponentially bounded ([19]). Moreover,
an explicit bound related to the ordinary identities of the algebra A was found in [6]. Some of the questions
arising in this setting are the following: can one prove the Amitsur and Regev’s conjectures for φ -algebras?
The exponential rate of growth of the φ -codimensions was computed for finite dimensional algebras in [2, 7, 22]
and for general PI-algebras in [1, 12, 18] and it turned out to be a nonnegative integer called the φ -exponent
expφ(A) of the algebra.

The Regev’s conjecture was verified for finite dimensional φ -simple algebras in [9, 16, 26]: If A is a
φ -simple algebra over an algebraically closed field F of characteristic zero then

cφn(A) ≃ Cnt(dimA)n,

for some constant C , where t ∈ 1
2Z is explicitly computed.

Now starting with the well-known inequalities for PI-algebras given in [12, 18]:

C1n
t expφ(A)n ≤ cφn(A) ≤ C2n

s expφ(A)n (1.2)

with C1 > 0, C2, t, s constants, we shall see that, for finite dimensional algebras ([13, 16]) and, as a consequence

for finitely generated algebras, t = s ∈ 1
2Z. In this way we get a second invariant limn→∞ logn

cφn(A)
expφ(A)n of a

Tφ -ideal, after the φ -exponent.
Such result is accomplished by studying a special class of algebras, the so-called φ -fundamental algebras.

These are finite dimensional algebras that can be defined in terms of some multialternating polynomials and for
such algebras the polynomial factor t in (1.2) is related to the structure of the algebra and can be determined
explicitly.

Finally we shall prove that if A is any φ -algebra satisfying a nontrivial polynomial identity, then its
sequence of φ -codimensions is eventually nondecreasing. For φ -algebras endowed with an antiautomorphism
of order 2 the proof was given in [13].

2. On φ-codimensions and φ-fundamental algebras
Throughout this paper we shall denote by F a field of characteristic zero and by A an associative algebra over
F endowed with an automorphism or antiautomorphism φ of order ≤ 2 ; such an algebra A will be called
φ -algebra. Let us write A = Aφ

0 +Aφ
1 , where Aφ

0 = {a ∈ A | φ(a) = a} and Aφ
1 = {a ∈ A | φ(a) = −a}. In case

φ is an involution (antiautomorphism) Aφ
0 = A+ and Aφ

1 = A− denote the subspaces of symmetric and skew
elements, respectively. If φ is an automorphism then A is a Z2 -graded algebra (superalgebra) with grading
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(A0, A1), where A0 = Aφ
0 and A1 = Aφ

1 . Conversely, any Z2 -graded algebra A, can be viewed as an algebra
with φ -action, where φ is an automorphism of A of order ≤ 2 . In fact, if (A0, A1) is the given Z2 -grading,
then φ : A → A such that φ(a0 + a1) = a0 − a1, for all a0 ∈ A0, a1 ∈ A1 is an automorphism of order ≤ 2 .
Recall that the elements of A0 and A1 are called homogeneous of degree zero (or even elements) and degree
one (or odd elements), respectively.

Let X = {x1, x2, . . .} be a countable set and let

F ⟨X,φ⟩ = F ⟨x1, x
φ
1 , x2, x

φ
2 , . . .⟩

be the free associative algebra endowed with an automorphism or antiautomorphism φ of order ≤ 2. In order to
simplify the notation we shall simply write f = f(x1, . . . , xn) to indicate a φ -polynomial of F ⟨X,φ⟩ in which
the variables x1, . . . , xn or their image by φ appear. Recall that f = f(x1, . . . , xn) ∈ F ⟨X,φ⟩ is a φ -identity
of A and we write f ≡ 0 if f(a1, . . . , an) = 0 for all a1, . . . , an ∈ A.

We denote by Idφ(A) = {f ∈ F ⟨X,φ⟩ | f ≡ 0 on A} the Tφ -ideal of φ -identities of A , i.e. Idφ(A) is
an ideal of F ⟨X,φ⟩ invariant under all endomorphisms of the free algebra commuting with the φ -action.

It is well known that in characteristic zero Idφ(A) is completely determined by its multilinear polynomials.
We denote by Pφ

n the space of multilinear φ -polynomials of degree n in x1, . . . , xn, i.e. for every i = 1, . . . , n,

either xi or xφ
i appears in every monomial of Pφ

n at degree 1 (but not both).
There is a natural action of the symmetric group Sn on the left on Pφ

n : if σ ∈ Sn and f = f(x1, . . . , xn) ∈
Pφ
n , then σf = f(xσ(1), . . . , xσ(n)). The outcome is that

Pφ
n (A) =

Pφ
n

Pφ
n ∩ Idφ(A)

has a structure of Sn -module and its dimension, cφn(A), is called the nth φ -codimension of A.

Despite its importance the exact computation of the φ -codimensions of an algebra is extremely difficult,
and it has been done for very few algebras (see [17, 29–31, 33]). That is why one is led to study the asymptotic
behaviour of the sequence of φ -codimensions. Such a sequence is bounded from above by the dimension
of Pφ

n which is 2nn! but, in case A is a PI-algebra, it was proved in [19] that, as in the ordinary case,
cφn(A), n = 1, 2, . . . , is exponentially bounded. Actually, by a well-known theorem of Amitsur ([5]), this is
still true if A satisfies a φ -identity in case φ is an antiautomorphism. The exponential rate of growth of
cφn(A), n = 1, 2, . . . was computed and shown to be an integer (see [1, 2, 7, 12, 18, 22]).

Theorem 2.1 Let A be a φ-algebra over a field of characteristic zero satisfying a nontrivial polynomial identity.
Then there exist constants d ≥ 0, C1 > 0, C2, t1, t2 such that

C1n
t1dn ≤ cφn(A) ≤ C2n

t2dn. (2.1)

Hence limn→∞
n
√

cφn(A) = expφ(A), the φ-exponent of A , exists and is a nonnegative integer.

As a consequence of the above theorem we have that the sequence of φ -codimensions cφn(A), n = 1, 2, . . . , is
either polynomially bounded or grows as an exponential function dn with d ≥ 2.

In case of polynomial growth, if A is an algebra with 1, in [28, 32] it was proved that

1977



LA MATTINA/Turk J Math

cφn(A) = qnk +O(nk−1)

is a polynomial with rational coefficients. Moreover its leading term satisfies the inequalities

1

k!
≤ q ≤

k∑
i=0

2k−i (−1)i

i!
.

Let us write down the inequalities given in (2.1) keeping in mind that d = expφ(A) :

C1n
t1 expφ(A)n ≤ cφn(A) ≤ C2n

t2 expφ(A)n. (2.2)

Now one can ask if the polynomial factor in (2.2) is uniquely determined, i.e. t1 = t2 , giving in this way a
second invariant of a Tφ -ideal, after the φ -exponent. The answer is positive for finite dimensional φ -algebras
([15, 16]) and, as a consequence, by the main result in [4, 34, 35], for finitely generated algebras.

Theorem 2.2 [15, 16] Let A be a finitely generated φ-algebra over a field F of characteristic zero. If A

satisfies a nontrivial polynomial identity then

C1n
texpφ(A)n ≤ cφn(A) ≤ C2n

texpφ(A)n,

where t ∈ 1
2Z, for some constants C1 > 0, C2 . Hence limn→∞ logn

cφn(A)
expφ(A)n exists and is a half integer.

Now, a more concrete question would be the following: can one compute such polynomial factor for a
certain class of algebras relating it to the structure of the algebra itself? The answer is positive for the class of
φ -fundamental algebras defined in [14–16].

Let us recall the definition of φ -fundamental algebra.
We recall that a φ -polynomial f(x1, . . . , xn, Y ) linear in the variables x1, . . . , xn (and in some other set

of variables Y ) is alternating in x1, . . . , xn if f vanishes whenever we identify any two of these variables. This
is equivalent to say that the polynomial changes sign whenever we exchange any two of these variables (here we
exchange the indices of the two variables).

Now assume that A is a finite dimensional φ -algebra over an algebraically closed field F of characteristic
zero.

By the Wedderburn–Malcev theorem [24, Theorem 3.4.4] for φ -algebras we can write

A = Ā⊕ J

where Ā is a semisimple subalgebra of A, J = J(A) is the Jacobson radical and both Ā and J are stable
under the φ -action. Moreover

Ā = A1 ⊕ · · · ⊕Aq, (2.3)

where A1, . . . , Aq are φ -simple algebras.
We recall that the (t, s) -index of A is Indt,s(A) = (dim Ā, s) where s ≥ 0 is the smallest integer such

that Js+1 = 0 .
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We start with the following construction. Let Js ̸= 0, Js+1 = 0 and let n = dim J. Then define

A′ = Ā ∗ F ⟨x1, . . . , xn, φ⟩,

the free product of Ā and the free algebra F ⟨x1, . . . , xn, φ⟩ . If I1 is the φ -ideal generated by {f(A′) | f ∈
Idφ(A)} , then since f(Ā) = 0 , for f ∈ Idφ(A) , we have that I1 ⊆ I , the φ -ideal of A′ generated by x1, . . . , xn .

We define
As = A′/(Is+1 + I1),

a finite dimensional algebra with Idφ(As) = Idφ(A) . Also, if I ′ = I/(Is+1 + I1) , then As
∼= Ā+ I ′ , (I ′)s ̸= 0,

(I ′)s+1 = 0 and Indt,s(As) = (dim Ā, s) = Indt,s(A) .
Then we define

B0 = As/(I
′)s.

Hence Idφ(A) = Idφ(As) ⊆ Idφ(B0), and Indt,s(B0) = (dim Ā, s− 1) .
Now, for any 1 ≤ i ≤ q we denote

Bi = A1 ⊕ · · · Âi · · · ⊕Aq + J,

where the symbol Âi means that the algebra Ai is omitted in the direct sum.

Definition 2.3 The algebra A is φ-fundamental if either A is φ-simple or s > 0 and

Idφ(A) ⊊ ∩q
i=1Idφ(Bi) ∩ Idφ(B0).

We remark that in case s > 0 , the algebras Bi have a lower (t, s) -index. In fact the first index is
lower. Also the algebra B0 has a lower (t, s) -index, since Indt,s(B0) = (dim Ā, s − 1) . The main feature of
these algebras is that any finite dimensional algebras satisfies the same φ -identities as a finite direct sum of
φ -fundamental algebras.

Proposition 2.4 Every finite dimensional φ-algebra satisfies the same φ-identities as a finite direct sum of
φ-fundamental algebras.

Next we define the Kemer φ -index of A . Let Γ ⊆ F ⟨X,φ⟩ be the ideal of φ -identities of A . Then
β(Γ) is defined as the greatest integer t such that for every µ ≥ 1 , there exists a multilinear φ -polynomial
f(X1, . . . , Xµ, Y ) ̸∈ Γ alternating in the µ sets Xi with |Xi| = t . Moreover γ(Γ) is defined as the greatest
integer s for which there exists for all µ ≥ 1 , a multilinear φ -polynomial f(X1, . . . , Xµ, Z1, . . . , Zs, Y ) ̸∈
Γ alternating in the µ sets Xi with |Xi| = β(Γ) and in the s sets Zj with |Zj | = β(Γ) + 1 . Then
IndφK(Γ) = (β(Γ), γ(Γ)) is called the Kemer φ -index of Γ . Since Γ = Idφ(A) , we also say that (β(Γ), γ(Γ)) =

(β(A), γ(A)) = IndφK(A) is the Kemer φ -index of A .
In general we have that IndφK(A) ≤ Indt,s(A) in the left lexicographic order and in case A is φ -

fundamental IndφK(A) = Indt,s(A) by the following.

Theorem 2.5 ([15, 16]) A finite dimensional φ-algebra A is φ-fundamental if and only if IndφK(A) =

Indt,s(A) .
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In the following theorems the polynomial factor in (2.2) is explicitly computed for φ -fundamental
algebras.

Theorem 2.6 [16] Let A = Ā + J be a φ-fundamental algebra over an algebraically closed field F of
characteristic zero, where φ is an antiautomorphism of order 2, and s ≥ 0 the least integer such that Js+1 = 0 .
Write Ā = A1 ⊕ · · ·Ar ⊕ Ar+1 ⊕ · · · ⊕ Aq , a direct sum of φ-simple algebras where A1, . . . , Ar are not simple
algebras, then

C1n
− 1

2 (dim(Ā)−−r)+s(dim Ā)n ≤ cφn(A) ≤ C2n
− 1

2 (dim(Ā)−−r)+s(dim Ā)n,

for some constants C1 > 0, C2 , where (Ā)− = {a ∈ Ā | φ(a) = −a} is the Lie algebra of skew elements of Ā .
Hence

lim
n→∞

logn
cφn(A)

expφ(A)n
= −1

2
(dim(Ā)− − r) + s.

Theorem 2.7 Let A = Ā+J be a φ-fundamental algebra over an algebraically closed field F of characteristic
zero, where φ is an automorphism of order ≤ 2 , and let Ā = A1⊕· · ·⊕Aq be a direct sum of φ-simple algebras,
Js+1 = 0, s ≥ 0. Then

C1n
− 1

2 (dim(Ā)0−q)+s(dim Ā)n ≤ cφn(A) ≤ C2n
− 1

2 (dim(Ā)0−q)+s(dim Ā)n,

for some constants C1 > 0, C2 , where (Ā)0 = {a ∈ Ā | φ(a) = a}. Hence

lim
n→∞

logn
cφn(A)

expφ(A)n
= −1

2
(dim(Ā)0 − q) + s.

In case φ is an automorphism of order 1 we rediscover the result given in [3] in the setting of ordinary
fundamental algebras.

3. Nondecreasing sequences of φ-codimensions

In this section we shall prove that if A is an associative φ -algebra then the sequence of φ -codimensions cφn(A),

n = 1, 2, . . . , is eventually nondecreasing. In case φ is an antiautomorphism of order 2 the result was proved
in [13].

We start by recalling some basic definitions in case φ is an automorphism. Let B = ⊕(g,i)∈Z2×Z2
B(g,i)

be a Z2 × Z2 -graded algebra and write B = B0 ⊕B1 , where B0 = ⊕g∈Z2
B(g,0) and B1 = ⊕g∈Z2

B(g,1).

Let E = ⟨e1, e2, . . . | eiej = −ejei} be the infinite dimensional Grassmann algebra over F and let
E = E0 ⊕ E1 be its standard Z2 -grading. Here E0 (resp E1 ) is the span of all monomials in the ei ’s of even
(resp. odd) length. Then, the Grassmann envelope of B,

E(B) = (B0 ⊗ E0)⊕ (B1 ⊗ E1)

has a natural Z2 -grading (induced from one of the Z2 -gradings of B ) given by E(B) = ⊕g∈Z2E(B)g , where
E(B)0 = (B(0,0) ⊗ E0)⊕ (B(0,1) ⊗ E1) and E(B)1 = (B(1,0) ⊗ E0)⊕ (B(1,1) ⊗ E1).

In order to compute the exponential rate of growth of the φ -codimensions of an algebra one applies
a result, proved independently in [4] and [34], which extends an important theorem of Kemer ([27, Theorem
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2.3]) to the graded case. We state here the result for φ -algebras (superalgebras): let A be a φ -algebra over
a field of characteristic zero satisfying a nontrivial polynomial identity. Then there exists a finite dimensional
Z2 × Z2 -graded algebra B such that Idφ(A) = Idφ(E(B)) .

Now if the field F is algebraically closed by the Wedderburn–Malcev theorem ([11]), we can write

B = C + J

where C is a maximal semisimple subalgebra of B and J = J(B) is its Jacobson radical. It is well-known
that J is a graded ideal, moreover by [36] we assume, as we may, that C is a Z2 ×Z2 -graded subalgebra of B .
Hence we can write

C = C1 ⊕ · · · ⊕ Ck

where C1, . . . , Ck are Z2 × Z2 -graded simple algebras.

In [1, 2, 12] the authors proved that expφ(A) = limn→∞
n
√
cφn(E(B)) coincides with the maximal

dimension of an admissible subalgebra D1⊕· · ·⊕Dh of C, i.e. an algebra such that D1JD2J · · · JDh ̸= 0 with
D1, . . . , Dh ∈ {C1, . . . , Ck} distinct.

In the following theorem we prove that the φ -codimensions cφn(A), n = 1, 2, . . . , are eventually nonde-
creasing.

Theorem 3.1 Let A be a φ-algebra over a field of characteristic zero satisfying a nontrivial polynomial
identity. Then the sequence of φ-codimensions cφn(A), n = 1, 2, . . . , is eventually nondecreasing, that is,
cφn+1(A) ≥ cφn(A) , for n large enough.

Proof If φ is an antiautomorphism the proof was given in [13]. So we assume that φ is an automorphism
and let B = C + J be a finite dimensional Z2 × Z2 -graded algebra with J t = 0, for some t, such that
Idφ(A) = Idφ(E(B)). We shall prove that if n ≥ t, cφn(E(B)) ≤ cφn+1(E(B)).

If B is a nilpotent algebra, i.e. C = 0 , then cφn(E(B)) = 0 for any n ≥ t and we are done.
Now assume that C ̸= 0.

Given n ≥ t let cφn(E(B)) = r and let f1, . . . , fr be φ -polynomials of Pφ
n in the variables x1, x

φ
1 , . . . , xn, x

φ
n

that are linearly independent modulo Pφ
n ∩ Idφ(E(B)). For any 1 ≤ i ≤ r , we construct the following φ -

polynomials:

hi = hi(x1, ..., xn+1) =

n∑
j=1

fi(x1, . . . , xn+1xj + xjxn+1, . . . , xn) ∈ Pφ
n+1,

where for any j = 1, . . . , n, we have substituted in fi the variable xj with xn+1xj + xjxn+1.

We shall prove that h1, . . . , hr are linearly independent modulo Pφ
n+1 ∩ Idφ(E(B)).

Suppose by contradiction that h =
∑

i αihi ≡ 0 is a φ -identity of E(B) with some αi ̸= 0. Since
f1, . . . , fr are linearly independent modulo Pφ

n ∩ Idφ(E(B), we have that f =
∑

i αifi is not a φ - identity of
E(B).

Recall that E(B) = B0 ⊗ E0 + B1 ⊗ E1. Hence we can choose homogeneous elements a1, . . . , an in a
basis B = B(0,0) ∪ B(0,1) ∪ B(1,0) ∪ B(1,1) of B, where B(i,j) ⊆ C(i,j) ∪ J (i,j) and suitable g1, . . . , gn ∈ E0 ∪ E1

such that
f(a1 ⊗ g1, . . . , an ⊗ gn) ̸= 0 (3.1)
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in E(B).

Notice that, for any i = 1, . . . , r, there exists a φ -polynomial pi(x1, . . . , xn) such that

fi(a1 ⊗ g1, . . . , an ⊗ gn) = pi(a1, . . . , an)⊗ g1 · · · gn.

Hence, since the nonzero evaluation of f in (3.1) is equal to

r∑
i=1

αifi(a1 ⊗ g1, . . . , an ⊗ gn) = (

r∑
i=1

αipi(a1, . . . , an))⊗ g1 · · · gn,

we must have that
∑r

i=1 αipi(a1, . . . , an) ̸= 0.

By using left and right multiplication by the unit element e of C we can decompose the Jacobson radical
J of B into the direct sum of graded C -bimodules

J = J00 ⊕ J01 ⊕ J10 ⊕ J11,

where for i ∈ {0, 1}, Jik is a left faithful module or a 0 -left module according as i = 1 or i = 0, respectively.
Similarly, Jik is a right faithful module or a 0 -right module according as k = 1 or k = 0, respectively. Moreover,
for i, k, l,m ∈ {0, 1}, JikJlm ⊆ δklJim where δkl is the Kronecker delta ([23, Lemma 2]).

Now, without loss of generality we may assume that if ai ∈ J then ai ∈ Jkl, for some k, l ∈ {0, 1}. Take
g0 ∈ E0 such that g0g1 · · · gn ̸= 0; then if b ∈ C ∪ J00 ∪ J01 ∪ J10 ∪ J11, g ∈ E we have:

(e⊗ g0)(b⊗ g) + (b⊗ g)(e⊗ g0) =

 2b⊗ g0g, if b ∈ C ∪ J11
b⊗ g0g, if b ∈ J10 ∪ J01,
0, if b ∈ J00.

Hence since n ≥ t, by (3.1) some aj must lie in C and we have:

hi(a1 ⊗ g1, . . . , an ⊗ gn, e⊗ g0) = αpi(a1, . . . , an)⊗ g0g1 · · · gn,

where α is a positive integer.
Thus

r∑
i=1

αihi(a1 ⊗ g1, . . . , an ⊗ gn, e⊗ g0) = α(

r∑
i=1

αipi(a1, . . . , an))⊗ g0g1 · · · gn ̸= 0,

contrary to our assumption. In conclusion the φ -polynomials h1, . . . , hr are linearly independent modulo
Pφ
n+1 ∩ Idφ(E(B)) and the proof is complete. 2
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