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Abstract: In this article, we study word standardization in comparison to Young tableau standardization. We count
the number of words (respectively Young tableau) standardized to a given permutation (respectively to a given standard
Young tableau). We prove that both rectification and standardization applications commute and show that the standard-
ization commutes with the insertion of Robinson—Schensted. We show that the standardizations of Knuth-equivalent two
words are also Knuth equivalent. Finally, using word standardization we establish a proof for the following well-known

equality:

Vie{o,1,...,n—1}, <7>:dn,l:an,,: 3 (1)‘“(”:1)(1“1@".

0<k<I

Key words: RSK the correspondence of Robinson—Schensted—Knuth, Young tableaux, word standardization, Knuth

equivalent of words, Eulerian number

1. Multisets

The notion of multiset is a generalization of the notion of set, in the sense that an element of multiset could
be present more than once (see [3, 5]). This notion is useful in mathematics in general, for example the roots
of a polynomial naturally form a multiset. This notion is particularly used in combinatorics, where it provides

similar enumeration problems, different from those for sets.

Definition 1.1 A multiset, of a set A, is a couple (A,m) where m is a function from A to the set N* of

positive integers, called multiplicite.

The multiset (A, m) could be seen as a set of elements of A where an element can appear several times:
in such case in the multiset (A4, m), the element = appears m(z) times. A finite multiset is denoted by using
double braces {...} which enclose the elements, having a strictly positive multiplicity, and which are repeated
as many times as their multiplicity. Thus {a, b, a,b,b, c}} represents the multiset ({a,b,c},m) where m is the
function such that m(a) =2, m(b) =3, and m(c) = 1.

We call the number of multisets of cardinal &k, with the elements choosen from a finite set of cardinal n,
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the multinomial coefficient ((Z)) , this notation (for example used in [5]) can be given explicitly by

<(Z>> :n(n+1)(”+2k)!...(n+k—1) _ <n+1]§_1> _ (n:ﬁT) 1)

We can define a generalized binomial coefficient

n nn—1)(n-2)---(n—k+1
(1) = B2 ) 12)

in which n is not required to be a positive integer, but may be negative and even a rational (see [2] 5.1). So

the number of multisets of cardinal k choosen from a set of cardinal n is

(@)

nn+1)(n+2)---(n+k—1) :(_1)k—n(—n—1)(—n—2)-~-(—n—k’+1)
k! k!

because

3 ((Z)) ok =1 —z)" (1.5)
Considering that

Z(1)k<k”)zk =(1—2)™ (1.6)

k>0

Lemma 1.2 Given Ri,...,Rn—1 fized order relationships among {<,<}, such that

t=#{ien-1] : R, =<}, (1.7)
The number of sequences c1,...,c, € N with
1<ctRicaRe2 - Rn2Cnoi Ru—1cn <m (1.8)

is equal to

(35 9

Proof We will present a demonstration based on a generalization of the bijection between the set of sequences

1< << <cp<m (1.10)
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and the set of sequences

1<ai<ar<--<a,<m+n-—1, (1.11)

where Vi € [n —1], a;:=¢;+i—1.
For a property P, we will use the following notation [P] which is 1 if this property is true, and 0 if this

property is false. The set of sequences
1 S C1 Rl C2 RQ . 'Rn,Q Cn—1 Rn,1 Cp, S m (112)

is in bijection with the set of sequences

1<di RidoRg -+ Rpy—odp—1 Rn—1dp, <m+n-—1-—t (1.13)
where
i—1
di =c¢ + Z[[’Rk = <], because (1.14)
k=1
if R, =< : Ci<ci+1<:>di<di+1 s
HR;=<:¢< Cit1 <= d; < di+1 and
n—1 n—1
t=> [Re=<]=n-1-> [Rp=<]. (1.15)
k=1 k=1
The cardinal of this set of sequences is
—1—t —t 1
m+n _ (™ _ n+ , (1.16)
n n m—t—1
if n4+m —t > 1, which is true because t <n —1 (all of R; = <). O

2. Word standardization
We denote by [m]™ the set of all words of length n whose letters are in the alphabet [m] := {1,2,...,m}. Let us
provide the set N? with the following four order relations, for each (i, j), (i’, j') € N?, we suppose < € {<,>}:

(i,7) < (@',7)if i <i or (i=1andj <j'); (2.1)
and
(4,7) <e¢ (i/7j/) if j<j or (j= j'andi < i/). (2.2)
Definition 2.1 Let w = wyws - wy, € [M]™, and let ™ = (i1,142,...,1in) be the unique permutation that satisfies
(wiy,i1) <r (Wiy,yi2) <o+ =<y (Wi, n) (2.3)
We define the standardization of w (denoted by st-(w)), for <, as the permutation ™! satisfying
7ri;1 =7.
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Example 2.2 Let w=41214231353¢€Wy([5]), then the unique element (iy,iz,...,i11) € [11]* which

satisfies

(wilvil) =7 (wi27i2) =rcot = (wiuvill) (24)
18

(2,4,8,3,6,7,9,11,1,5,10) if <is <, (2.5)

(8,4,2,6,3,11,9,7,5,1,10) if <is >, (2.6)

then to standardize w, we replace in w

(wg,w4,wg,w3,w6,w7,wg,wn,w1,w5,w10) Zf <18 <, (27)

or
(ws, Wy, Wa, We, W3, W11, Wy, W7, W5, W1, Wig) if < i8>, (2.8)

by (1,2,3,4,5,6,7,8,9,10,11) to have

ste(w)=9142105637118. (2.9)

st>(w)=1035294817116. (2.10)

Corollary 2.3 Let m be a permutation in Sy, then we have st<(w) = 7w if the following two conditions are
satisfied

. wﬂl—l S’wﬂ_;1 <. §w7r;1.
, e 1 -1
e Foreachie€{1,2,...,n—1}, if m <7 , then Wyt < Wt
Proof According to the definition of st~ , we have
sti(w) =71 <= (wﬂl-l,ﬂl_l) <r (wﬂ_2—1,7r2_1) <y =y (U}ﬂ_;l,'ﬂ';l), (2.11)

but according to the definition of the order relation <., the two expressions

(wﬁ;177T;1) =r (U}ﬂ_z—l,ﬂ-gl) < =y (U)ﬂ_;l,ﬂ'gl) (2.12)
and
(wﬂ;1 < W, << wﬂ;1> and (U}ﬂ,;l < Wt if 77;11 =< 771-_1) (2.13)
are equivalent. So
sti(w) =1 = (wﬂl_l < W, << wﬂ_;l) and ('[Uﬂi—l < Wt if 7r;+11 =< 7r;1> . (2.14)
O
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Corollary 2.4 For each permutation € S,,, the number of words w € [m]™ such as st<(w) =7 is equal to

<(m—?—+dl(7r—1)>) if =<is < (2.15)

((meral(Wl))) if = is > (2.16)

Proof We fix a permutation 7 € S,,, and we denote St:,lm(ﬂ') the set of words w of length n in the alphabet

and

[m], where st<(w) = 7. According to Corollary 2.3, this set is equal to the set of words

{wl cowy /1< W1 <o Sw i <m and (U}ﬂ,;l < Wy if 71';_11 =< Tl'i_l)}. (2.17)
By writing ¢; for the letter w_-1, this set is in bijection with that of the sequence cy,...,c, such as
1 S C1 Rl Co RQ N ‘Rn,Q Cn—1 Rn,1 Cn S m, (218)

1

where R; is the relation < if m; ' < 7)Y, and R; is the strict inequality < if 7} < 77 '. So d(7~!)

inequalities are strict if < is <, and if < is > this number will be a(7~!). According to Lemma 1.2, the

<<m—1njdl(7r—1)>> if <is < (2.19)

<<m—fja1(7r—1)>> if < is > (2.20)

cardinal of this set of sequence is

and of cardinal

2.1. Word’s standardization and that of Young tableaux

Let T be any semistandard Young tableau of n cases. Suppose that the distinct entries of T are taken form
i1,%2,...,4;, (which are in increasing order), and that the weight of T' is pu = (u1, io, - - -, ttm), i.¢. that means
i; is repeated p; timesin T', Vj € [m].

We define the standardization of T', denoted by st(T"), in informal way as the unique standard Young
tableau obtained from T by replacing his n boxes with the integers 1,2,...,n according to the following rule.

We start with the smallest entry 4; in 7', we replace the letters i, repeated p; times, by 1,2,..., 1,
by going from left to right in the tableau (these letters are never in the same column), then we replace the i,
repeated o times, by p1+1, 041 4+2, ..., 1 + po, and always starting from left to right, etc. .., until we replace
Im DY 1+ po+ -+ 1+ 1,... 1 + po + - -+ + ty, = n. For example if

2[2]4] 3[4]6]

then st(T) = (2.21)

~

Il
’%M»—l

Nej

’O‘!l\)»—t
\]
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Let T be a Young tableau, we denote the result of inserting the letter « by row (respectively by column)
in T by T < z (resp. * — T), we denote ® the empty tableau. For each word w = wyws---w, it exists
Young tableaux we get by inserting the letters of w (from left to right) by row and by column, which we denote
by

O+ w:=(((O wy) ¢+ wy) < ) + Wy, (2.22)
and
folw) = ©:=w, = (- = (w2 = (w1 — ©))), (2.23)
where  fo(wiws -+ wy) = Wpwp_1 -+ w1

Let S be a skew Young tableau, we denote Rect(.S) for the rectification of S (i.e. Young tableau which

we get from S by "jeu de taquin” (See [1], 1.2)). We define the standardization of a skew Young tableau

similarly to that of a Young tableau. We say that ¢ is a descent of a standard skew Young tableau T if i+ 1
is in a line lower than the line of ¢ in 7', and say ¢ is ascent of T if ¢ is not a descent.

Proposition 2.5 The jeu de taquin on a skew standard Young tableau does not change the descents or ascents
of this tableau.

Proof It suffices to show that a stage of elemental taquin does not change descents or ascents. Let a < b two

positive integers, we have two cases If b = a 4+ 1, we notice that a is a descent for both tableaux

, (2.24)

on the other hand a is an ascent for the two tableaux

, [a]b]. (2.25)

O

Before giving the following Proposition, which shows the switching between standardization and "jeu de

taquin”, we start with a very particular case. Let T' be a skew young tableau such as sh(T') = ’ , we will

verify that st(Rect(T)) = Rect(st(T)).

Suppose that T = ]a Ak with a < ¢,b < c¢. There are two cases:

If a < b, then
’a?’ﬁzb‘i :152‘, (2.26)
’acillg’ﬂféﬂ. (2.27)
If b < a, then
’aj’%i%t ble] ., ; 3] (2.28)
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s_t> 1Rect13‘
273 2|

(2.29)

so we have (in both cases)

o (et ( fB])) = et (s o F21). -

Proposition 2.6 Both rectification and standardization applications commute, i.e.

st(Rect(P)) = Rect(st(P)). (2.31)

Proof Just consider a single sliding: P> P’ and to show st(P) > st(P’) (Because P> ---> Rect(P) gives
st(P)>- - ->st(Rect(P)) which is rectified, so st(Rect(S)) = Rect(st(S)) ). Let T = st(P). It exists f: [n] — A
weakly increasing with P = f(7") (which designates the application of f to all the entries of 7' ) and (P; ; = Py j
and j < j') =T, ; < Ty ;. Let T’ the result of the slip on T to the same box asin P>P’. Then st(P) =TT’
and it is about showing 7" = st(P’). We will prove by recurrence on k € A (the alphabet of P) that

By={(i,5) ) TL; € (k) = {(i.4) / Pl = k} (2.32)

(a horizontal band) and T” is ¢ increasing from left to right” on this band. Let s be the empty box in the
slip P> P’ after the sliding of the values < k. According to the recurrence hypothesis {(i,7) / f(T} ;) < k} =
U< B; so in the slip T'>T7", the empty box after sliding of the boxes have values in f~*([1,k — 1]) is also s.
In P the values k fill a horizontal band By = {(¢,j) / f(T;,;) = k} and T is increasing from left to right on By,

Let s = (i,7), we have two possibilities: st € By or st ¢ By (where (i,j)* = (i +1,j)).
(1) If s € By, then Bj, = (B II{s})\ {s*} .
(2) If st ¢ By then Bj, is obtained from By by sliding to left all the boxes in the line i of s.

In the case (1), Tit1,; < Tij+1 (if it exists) : If f(T;,41) > k it is by “increasing” of f, if not
f(T;j+1) = k (that means (¢,j+1) € Bg) and j < j+ 1 = T;y1; < T;j+1 by the “ increasing from left to
right of T on By ” so the slip operates on T;11 ; which slides to (4,j). In both cases, the values in By in T'
are found in Bj, in 7" and they are always increasing from left to right: in the case (1) no value changes of
column, and in the case (2) the sliding values do not change order between them, nor with the others (because

they do not have common columns before or after, and displacement of each concerns at most one column). O

We denote
wy)
Skew(wy, wa, ..., wy) = , (2.33)

]

that is, the only skew Young tableau with n boxes distributed in n rows and n columns with only one box at

each row and each column, and such as the ¢ -th column contains w;, for all i € [n].
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According to [1] appendix A2 Proposition 1, we have

O—w=w—0,

S0
©® « w = Rect (Skew(wy,wa, ..., wy,))

and
fo(w) = © = Rect (Skew(wy, . .., ws,w1)) .

Lemma 2.7 Let w = wiws---wy, be a word of length n, such as st<(w) = myma... 7y, then

wi] |

st =
] [m]

Lemma 2.8 Let fy be the involution on the set of words of length n, which reverses the words, i.e.

folwr...wp) =wy, ... w1,

then
st> (fo(w)) = fo (st<(w)) ,  st< (fo(w)) = fo(st>(w)).

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Proof We will prove that st (fo(w)) = fo(st<(w)), the other being analogous. Suppose that st~ (fo(w)) =

M ...T,, then according to the Lemma 2.3, we have
fo(w)m—l < fo(w)%_l < < folw),-1 and fo(w)wi_l < fg(w)ﬂ:l siom b < 771]_11,

but fo(w); = wnt1-5,Vj € [n], so

wnJrlfTrfl S (wn+1771'271 S T § wn+177r;1
and
. -1 -1
Wy g1t < wanw;ll if n+1l—-m  >n+1 — T

Then st-(w) = oy ‘o5 ... 0,1, where o is the permutation sending i+ n+1— 7{1

permutation sending i — w414, i.€.

ste(w) =mpmp_1...m = fo(m1...7p).

But

St> (fo(w)) =T1...Tn,

SO

st<(w) = fo(m1...mn) = fo(sts (fo(w))).
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Proposition 2.9 Let w = wyws -+ - w, be a word of length n, such as st<(w) = winy ... .75, for <€ {<,>},

then

1.
SHO 4= Wy 4= Wo 4=+ 4= Wy,) = O 4= T3 4= Ty 4= +++ 4= T (2.46)
or
st(® +— w) = © + st<(w). (2.47)
2.
st(wy, =+ 2wy s wy = O) =7, = =T ST O (2.48)
or
st(fo(w) = ©) = fo(st> (w)) = ©. (2.49)

Proof Let w be a word of length n, we will prove that st(® < w) = ©® <« st-(w). Suppose that

st<(w) = w75 ... m, then according to the two previous lemmas, we have

st(® < w) = st (Rect (skew(wy, wa, ..., wy)))
= Rect (st (skew (w1, wa, ..., wy,)))
= Rect (skew(ny, 75 ,...,my)) (2.50)
= QT Ty e T

=0  st<(w).

On the other hand, we have

st(fo(w) = ©) = st(® + fo(w)) = © « st fo(w) (251)
= O« fo (st>(w)) = fo (sts(w)) = ©. '

O

Proposition 2.10 We have a bijection *, called Schensted correspondence, between the set of words of length n
with letters in [m], and the set of pairs of tables (P, Q), of the same form with n boxes, where P is semistandard

with entries in [m], and @ is standard.

According to Propositions 2.10 and 2.9, we have the following Corollary.

Corollary 2.11 If the word w corresponds by RSK to the pair of tableaux (P,Q), then the word st.(w)
corresponds the pair of standard tableauz (st(P),Q).

If the word w' corresponds (by Schensted correspondence with insertions by columns) to the pair of
tableauz (P',Q’) , so the word sts(w') corresponds to the standard pair of tableauz (st(P’'),Q’).

*This bijection is actually older than RSK; it was described by Schensted [4].
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Definition 2.12 (The descents of a permutation or Young tableau)
1. We say that i € [n — 1] is a descent of the permutation © if 7; > miy1.

2. We say that i is a descent of a standard Young tables T if i + 1 is in a line lower than the line of i
in T.
We denote des(m) (respectively des(T') ) the set of descents of ® (respectively T ).

Proposition 2.13 Let P be a skew standard Young tableau with n cases, and let (desP ) be the set of descents
of P (cf 2.12), we denote its cardinal by d(P). Then the number of semistandard skew Young tableau (with

entries in [m] ) whose standardization is P, is

()] o5

Proof Let P be a skew standard Young tableau with n cases, and suppose that

Py, ;. = k,Vk € [n], (2.53)

k:Jk

and

des(P) ={P;; / (i,j) € D}. (2.54)

Let T be a skew Young tableau with n cases and entries in [m], then according to the definition of the
standardization of a Young tableau, we have st(T) = P iff

1<T; <T,. Sgﬂn’]ngm,wltth <T;

it Ty s if (ig,jr) € D, Vk € [n —1]. So the number
of semistandard skew Young tableaux with n cases and entries in [m], whose standardization is P, is equal to

ksJk k+1,Jk+1

the number of preceding sequences (with d(P) lower strict fixed positions), and according to Lemma 1.2, this

()] 259

O

number is equal to

Definition 2.14 If two words w,w’ correspond (by RSK) to the couple of Young tableau (P,Q),(P',Q")

respectively, then we will say that w,w’ are Knuth equivalent if P = P'.

Corollary 2.15 If two words are Knuth equivalent, then their standardization, for <, are also Knuth equivalent.

Proof
Suppose that the two words w,w’ are Knuth equivalents, then the insertion by line (resp. Column) of

these two words gives the same tableau, that means

O+w=0+w (resp. w—=O=uw =0 ), (2.56)

st(® + w) = st(® < w')  (resp. st(w — ©) =st(w' = ©) ), (2.57)

which gives us according to Proposition 2.9
© ¢+ ste(w) =0« st-(w') (resp. sts(w) - O =sts(w') —> O ); (2.58)

in other words, the two words st (w), st<(w') (resp. sts(w),sts(w’) ) are Knuth equivalent.
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3. An application of word standardization

In this section, we will establish a proof of the following equality which is well known (cf.[2], 6.38 given without

a proof), using the notion of standardization of words.
Vie{0,1,...,n—1} <">—d — = > (~1)F R I (3.1)
s Ly ’ I n,l n,l 5 k ) .

where d,,; (respectively a, ;) denote the number of permutations in S, with I descents (respectively [ ascents),

and this number is called <7> the Eulerian number.

For each permutation m € S,, we denote stZ', (w7 ... m,) for the set of words w € [m]", of length n
in the alphabet [m], whose standard, for <, is the word mymy... 7.

So, as each word has a unique standardization (for < as for >)

[m]™ = H st (mmy . my) = H stSh, (mima .. my) (3.2)
TES, TESy

where [] refers to the disjointed union. As

st=h (mymy . ) = <<m B f_*dl(ﬂ_l))) , (3.3)

and

#st;}m(wm...wn)z( ntl )) (3.4)

m—1—a(r1)

SO

n __ n __ —1 _ n —|— 1
m" = #[m|" = Z #sto p(mmy. .. mp) = Z ((m 1 d(w)))
TESh TESR
(3.5)
_ 1 _ n+1
= Z #stS p(mima .. ) = Z ((m 11— a(w))) ,
TES, TESH
Then if we take the generating function of the sequence (m™),,>1, we will have
Z mi' X" = Z #St;}m(ﬂ'lﬂ'g cT) X = Z #St;}m(ﬂ'lﬂ'g T X
m>1 m>1 m>1
- TESH TESn
n+1 n+1
— Xm — X’nl
2 ((m —1- dm)) 2 ((m —1- a<w>)) (3.6)
TESn wE€Sn
X X
- - @ @ Xd(‘“') - = Xa(7r).
=x & X = a4
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By writing this result in the form

n—1 n—1
Q=X m X =Y " d i X =Y ana X (3.7)
=0 =0

m>1

SO

k=0 m>1 i=0

then by taking the coefficient of X*:

l
n n+1
<l>:§:(—1)k( i )(z+1—k)", (3.9)
which is the searched formula.
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