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Abstract: We show how to compute the explicit expansion of the plethysm pz[si] of the power symmetric function ps
and the Schur function sy, where A has either two rows or two columns, via the well known Littlewood—Richardson

coefficients which occur in the decomposition of s3 .
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1. Introduction

Schur functions are symmetric polynomials introduced by Schur [15] as characters for irreducible polynomial
representations of the general linear group of invertible matrices and form a basis for the ring of symmetric
functions. Given two Schur functions s, (z) and sx(z), where x = (z1,22,...) is an infinite sequence of
variables, p and A are partitions of weight m and n, respectively, the plethysm s,[sx(z)] is the symmetric
function obtained by substituting the monomials of s(x) by the variables of s, (). Littlewood [10] introduced
this operation in the context of the representations of the general linear group and showed that for any partition
w of m,

sulsa(z)] = Z QZ,ASW(@")

yEmn
where the sum runs over all partitions v of mn and gl , are nonnegative integers.
The problem of computing the coefficients gz, y is one of the fundamental open problems in the theory

of symmetric functions and has proved to be very difficult. Essentially there are explicit formulas for gZ \ ina

few special cases.

We say that the plethysm s,[s(z)] is multiplicity-free if every coefficient in the resulting Schur function
expansion is 0,+1.

A well known example of multiplicity-free plethysm was given by Littlewood in [11], where he proved the

following remarkably simple formulas:

solsml= Y. s

y=(k,l)F2n
k,l even
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3(12)[8(71)} = Z Sy

~y=(k,l)F2n
kil odd

Later on, Carbonara, Remmel and Yang (see [2, 3]) generalized Littlewood’s formulas by replacing the
Schur function of a one row shape (n) by a Schur function of an arbitrary hook shape s(ja ;) and derived ex-
plicit formulas for the Schur function expansion of the multiplicity-free plethysms s(9)[s(1a )] and s(12)[s(1a5)]-
Other examples of multiplicity-free plethysms are s(9)[sx] and s(12)[sx] where sy is the Schur function indexed
by a rectangular partition. In fact, in case A\ = (n¥) is a rectangle, surprisingly simple formulas for the Schur
function expansion of the plethysms s()[sx] and s(;2y[sx] were shown in [5]. Also explicit formulas for the
expansion of the plethysms sy[sx] and s(2)[sx], where X has either two rows or two columns, have been
derived in [5] and subsequently reformulated in [8]. In 2020 Bessenrodt, Bowman and Paget [1] have classified
all multiplicity-free plethysms of Schur functions. In particular they have proved that s(s)[sx] and s(12)[ss] are
multiplicity-free if and only if A is the partition (a®), (a®*~1,a+ 1), (1,a%), (a —1,a*~1) or a hook. Their ap-
proach is based on Carré-Leclerc’s "domino-Littlewood—Richardson tableaux” algorithm [6] for calculating the
decomposition of the products s(9)[sx] and s(12)[sx]. A different approach for computing the expansion s)[sx]
and s(12)[sy] makes use of the plethysm sy[pa] = p2[sa] of the Schur function sy with the power symmetric
function pe(z) = >, 2? and involve multiplication of Schur functions.
More precisely, the approach we use to calculate s(9)[sx] and s(12)[s)] is the following. First we expand s(s)
and s(j2) in terms of the power symmetric function: sy = 3(pf + p2) and s(2) = £(pf — p2). However,

p1[sa] = sa so that p?[sy] = si

Thus,

selsal = (53 + palsa])

1

8(12)[3A] = §(S§ — p2[sa))-

If X\ is a partition of n, then pa[sy] = Z,Hn ¢] 5, where the sum runs over all partitions v of 2n and

the coefficients ¢ are integers (see [7]). We say that the plethysm ps[sy] of the power symmetric function po

and the Schur function sy is multiplicity-free if every coefficient in the resulting Schur function expansion is
0,41, —1. The multiplicity-free plethysms ps[sy] have been studied in [4]. We would like to point out that,
for those partitions A such that sg)[s)] and s(i2)[s)] are multiplicity-free, i.e. (a’), (a®~',a+1), (1,a%),

=1) or a hook, also pa[sy] is multiplicity-free and s3 has maximal multiplicity 2.

(a—1,a
Here we will show how to compute the explicit expansion of the plethysm ps[sy] of the power symmetric function
p2 and the Schur function sy, where A has either two rows or two columns, directly from the expansion of s3
which can be done without too much difficulty via one of the existing versions of the Littlewood—Richardson

rule [12]. For the history of the rule, we refer the reader to [16, pp. 438].
2. Preliminaries
Throughout this paper, by partition A of a positive integer n, denoted by A F n, we mean a sequence of

nonnegative integers A = (A1, Ag, ..., Ax) such that
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e M < A< <
o AN+ A+ ...+ =n.

Each ); is called a part of A. The length of A, denoted by I(\) = k is the number of parts of A and |A|, the
sum of entries, is called the weight of \. We will also use the notation A = (1™ 2™2 ... n™n) to mean that
A has mq parts of size 1, my parts of size 2 and so on. The conjugate partition, )\, is the partition obtained
by interchanging the rows and columns of A. Going forward, we require the following terminology. We call the
partition A of n linear if A = (n) or A = (1™), a rectangle if A is of the form A\ = (a") for some a,7 > 1. A
hook (or proper hook) is a partition of the form (1"~% a). By a near rectangle we mean a partition A\ obtained
from a rectangle by adding a single row or column.

Given a partition A = (A1, Ag, ..., A.), the diagram of X is the collection of left-justified boxes (called cells) such
that there are A; boxes in the ith row from the top. This is known as the English convention for the diagram
of a partition. The French convention places \; left-justified boxes in the ith row from the bottom. In this
paper we will follow the French convention and we will interchangeably use greek letters to denote partitions or
diagrams.

Let A™ denote the space of homogeneous symmetric functions of degree n, sx(z) the Schur function and
pa(x), the power symmetric function where A Fn and = = (21, x2,...) is an infinite sequence of variables. For
u(z) € A" and v F n, we use (u(x),s,(x)) to denote the coefficient of s,(x) in the expansion of u(x). From
now on, we will write u instead of u(x), for any u(xz) € A™. Let u,v and w be symmetric functions. We will
make frequent use of the following properties for plethysm (see [9] or [13] ).

Distributivity:

o (u+ o)) = ulw] + ofw] and (uo)u] = uwlofu];
commutativity with the power symmetric function:

o ulpi] = prlul;
conjugation:

o (sulsa]) = sulsx] if |A] is even

o (sulsa]) = swlsa] if |A| is odd
where for any sum Y ¢,s,, (3 cys,) denotes the sum Y ¢, s, and v/ is the conjugate partition of v.

3. The computation of p;[s(,p)]

Let A and p partitions of weight n and m, respectively.

The famous Littlewood-Richardson rule [12] gives a combinatorial interpretation for computing ¢ u where

— %
SAS, = g Cx 1S

yEn+m

where the sum runs over all partitions v of n+m and ¢ ,, are nonnegative integers.
;
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Let 0<a<b,n=a+band \=p=(a,b) Fn, then

2 v
Sta) = D la,b)Sv
yH2n

where (a,b) C v and cz’a b = 0 if v has more than four parts.

The coefficients c'(ya’b) have been explicitly computed in [5]. Given a partition v = (y1,72,73,74) F 2n
with four parts and 0 < 7 < 79 < 3 < 4, we say that 71,72, 73,74 have the same parity if either ~1,v2, 73, V4

are all even or 71,72, 73,74 are all odd otherwise we say that 1, 72,73,74 have different parity. For example,
in the partition v = (0,2,2,6) F 10, 73 = 0, 72 = 2, 73 = 2, 74 = 6 have the same parity and also in the
partition v = (1,3,3,3) - 10, 71 = 1, 72 = 3 = 74 = 3 are all odd so they have the same parity. Instead the
four parts of u = (0,1,2,7) F 10, have different parity.

We can derive the expansion pa[s(, )] directly from the expansion of s?a b) according to the following result:

Theorem 3.1 Let A = (a,b) Fn and sf, ;) =30 1o, ¢, )57
Assume that P is the set of all the partitions v = (y1,72,73,74) b 2n such that cza b) is odd, A is the set

of partitions v € P where v1,72,73,74 have the same parity and B is the set of partitions v € P where
Y1,Y2, V3, V4 have different parity.

Then
P2[s(a)] = Z Sy~ Z Sy
vEA v€EB
Proof. Let s()[sp)] = Z,y,_% gZa b5 where the g(Va p) are nonnegative integers. By [4], p2[s(ap)] is

multiplicity free, i.e. every coefficient in the resulting Schur function expansion is 0,1,—1. Therefore, it

follows from the formula so)[s(a,1)] = %(s%mb) + p2[s(ap)]) that if, for a given ~, C?a,b) = (s%mb),s.Y) is even,

then the coefficient (pa[s(4,1)], 5,) must be zero and (s(2)[S(a,)]; 54) = % If CE’GJ)) = <s%a,b),57> is odd then
C’Y C’Y —

the coefficient (pa[s(a,p)], sy) is either 1 or —1 and (s(2)[s(ap)],sy) is either equal to (“%)H or to (“#)1

Thus if c?a b) is odd, in order to compute the coefficient (s(2)[s(a,p)],5+), we only need to determine the sign of

D2[Sca.ty], Sv)- This sign has been computed in [5] via the SXP-algorithm by Chen, Garsia, and Remmel [7].
(a,b)]> 5y

Let P be the set of all the partitions v = (y1,72,v3,74) F 2n such that c?a b) is odd, A the set of partitions

v € P where 71,72,73,7v4 have the same parity and B the set of partitions v € P where 71, 72,73,74 have
different parity, then by Theorem 5 of [5], it follows that:

P2[5(a,p)] = Z Sy — Z Sn.

YEA yEB
Example 3.2 Let A= (1,2) 3. Then
8%1,2) = 8(2,4) T S(1,1,4) T 83,3) T 28(1,2,3) + 8(1,1,1,3) T S(2,2,2) + $(1,1,2,2)-
P2(s1,2)] = 5(2,4) — S(1,1,4) — 5(3,3) T 5(1,1,1,3) T S(2,2,2) — 5(1,1,2,2)-
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Example 3.3 Let A =(2,4) 6. Then
5%2,4) = 54,8) T 5(1,38) T 82,2,8) T 55,7 + 28(1,4,7) + 252,37 + 8(1,1,3,7) + S(1,2,2,7) T

+5(6,6) T 25(1,5,6) T 35(2,4,6) T 5(1,1,4,6) + 5(3,3,6) T 25(1,2,3,6) T 5(2,2,2,6) T 5(2,5,5)F

+5(1,1,5,5) T 28(3,4,5) T 28(1,2,4,5,) + 8(1,3,3,5) T 5(2,2,3,5) T S(4,4,4) + 25(1,3,4,4) T 5(2,2,4,4)-

P2[5(2,4)] = 5(4,8) = 5(1,3,8) T 5(2,2,8) — 5(5,7) + 5(1,1,3,7) — 5(1,2,2,7) T 5(6,6) T 5(2,4,6)

—5(1,1,4,6) — 5(3,3,6) T 5(2,2,2,6) — 5(2,5,5) T 5(1,1,5,5) T 5(1,3,3,5) — 5(2,2,3,5) T S(4,4,4) T 5(2,2,4,4)-
Example 3.4 Let A =(2,5) 7. Then
5%2,5) = 5(4,10) T 8(1,3,10) T 5(2,2,10) T 5(5,9) T 28(1,4,9) + 25(2,3,9) + 5(1,1,3,9) + 5(1,2,2,9) T
+5(6,8) T 25(1,5.8) +3S2,4,8) T 5(1,1,4,8) T 53.38) +251,2,38) T 52,228 + Szt

+25(1,6,7) T 38(2,5,7) T 81,1,5,7) T 283,47 T2501,2,47) T 51,337 +52,2,3,7) T 5(2,6,6)T

+5(1,1,6,6) T 25(3,5,6) T 25(1,2,5,6) T S(4,4,6) T 5(1,3,4,6) + 5(2,2,4,6) T 5(4,5,5) + 5(1,3,5,5) T 5(2,2,5,5)-

P2(5(2,5)] = 5(4,10) = 5(1,3,10) T 5(2,2,10) — 5(5,9) + 5(1,1,3,9) — 5(1,2,2,9) + 5(6,8) T 5(2,4,8)
—5(1,1,4,8) — 5(3,3,8) T 5(2,2,2,8) — S(7,7) — 8(2,5,7) T S(1,1,5,7) +5(1,3,3,7) — 5(2,2,3,71) T

+5(2,6,6) — 5(1,1,6,6) T 5(4,4,6) — 5(1,3,4,6) T 5(2,2,4,6) — S(4,5,5) T 5(1,3,5,5) — 5(2,2,5,5)
Example 3.5 Let A = (3,5)F 8. Then
5%3,5) = $(6,10) T S(1,5,10) + S(2,4,10) T 5(3,3,10) T S(7,9) T 25(1,6,9) T 25(2,5,9) + $(1,1,5,9)

+25(3,4,9) T 5(1,2,4,9) T 5(1,3,3,9) T S(8,8) T 251,7,8) +352,6,8) T 5(1,1,6,8) T 35(3,5.8)
+25(1,2,5,8) T S(4,4.8) + 251,348 T 52,248 T 52338 T 5277 +S1,17.7) + 25367
+25(12,6,7) T 2857 + 351,357 + 52257 T 81447 T 282347 + 53,337 + 5466
+5(1,3,6,6) T 5(2,2,6,6) T 5(5,5.6) T 25(1,4,5.6) T 25(2,3,5,6) T S(2,4,4,6) + 5(3,3.4,6) T 5(1,5,5,5)
+5(2,4,5,5) T 5(3,3,5,5)-
P2[5(3,5)] = 5(6,10) = 5(1,5,10) T 5(2,4,10) — 5(3,3,10) — 5(7,9) T 5(1,1,5,9) — 5(1,2.4,9) T 5(1,3,3,9)
+5(8,8) T 5(2,6,8) — 5(1,1,6,8) — 5(3,5,8) T 5(4,4,8) T 5(2,2,4,8) — 5(2,3,3,8) — 5(2,7,7)
+81,1,7,7) T 5(1,3,5,7) — 5(2,2,5,7) — 5(1,4,4,7) T 5(3,3,3,7) T 5(4,6,6) — 5(1,3,6,6) T 5(2,2,6,6) — 5(5,5,6)

15(2,4,4,6) — 5(3,3,4,6) T 5(1,5,5,5) — 5(2.4,5,5) T 5(3,3,5,5)
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Conjecture

The previous examples show that the products 5?2, 4 5(22,5) and 5%375) have maximal multiplicity 3. By

some computer calculation it looks like that the only partitions A such that the products s3 have maximal
multiplicity 3 are: (2,b) where b > 4, (b — 2,b) where b > 5 and their conjugates (2,b) = (1°72,22) and
(b—2,b)" = (12,2=2). In fact, it follows from Theorem 2 of [5], that if either A = (2,b) or A = (b—2,b) , then

s3 has maximal multiplicity 3. Also, if we consider

2
S(ap) = Z Clab) Sy

yH2n

by the conjugation symmetry of the Littlewood—Richardson coefficients [17], it follows that

2 _ v’
Stasy = D a0y 7'
~'F2n

where c’(y(; by = c’(ya p- Therefore s3 has maximal multiplicity 3 also in the case A = (2,b)" or A= (b—2,b)'. 1

claim that there are no other partitons A such that s3 has maximal multiplicity 3.

Corollary 3.6 Let A= (n)Fn. Then s%n) =0 S(n—imn+i) and

solsml= D s

y=(k,l)F2n
k,l even

5(12ﬂ5(nﬂ = ZE: Sy

~=(k,l)F2n
k,l odd

Proof.
As a consequence of Theorem 3.1, we get the classical formulas of Littlewood for the Schur function

expansions of the plethysms s(2)[s(,)] and s(12)[s(,)]. In fact, in the special case A = (a,b) = (n), then a =0,
b =n and by Pieri’s rule [14] it follows that

Stab) = Z Clap)S = Sty = Z S(n—inti)-
yH2n =0

Therefore the set P in Theorem 3.1 of all the partitions v = (1, y2,¥3,74) of 2n such that cE’a’b) is odd
reduces to the set of partitions v = (0,0,73,74) F 2n such that C?a,b) is 1. If we denote k = 73 and [ = 4,

then, by Pieri’s rule, P reduces to the set of all the partitions (k,l) - 2n where either k,l are even or k,l are
odd. By Theorem 3.1 it follows

p2[s(n)] = Z Sy — Z Sy

yEA yeEB

and
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Sy = D_ 51+ D_ 5

YEA yEB

where A is the set of partitions (k,l) € P where k,l are even and B is the set of partitions (k,l) € P
where k,[ are odd.
Thus, by

1
s@ 5] = 550w + P2lsm))

1
sa2)[smy)] = 5(8?71) — p2[s(n)))

we get Littlewood’s formulas:

solsml=D_sv= D, 5

~vEA ~y=(k,l)F2n
k,l even
sanlsml =Y sv= D sy
~EB y=(k,1)F2n
k,l odd

Example 3.7 Let n =3. Then

Siz) = 5(6) T 5(1,5) T 5(2,4) + 5(3,3)
P2[53)] = 5(6) + S(2,4) — 5(1,5) — 5(3,3)
$2)[83)] = 5(6) T 5(2.9)

sa2)[s@)] = sa,5) + 533 -

Example 3.8 Let n=4. Then

sty =) 507 + 526 T 535 + 54
P2[s(a)] = 5(8) + S(2,6) + 5(4,4) — 5(3,5) — S(1,7)
s@[8@] = s8) + 52,6) T 5(49)

saz)ls@] = sa7 + 535 -

Corollary 3.9 If Ak n and X is (1,a), (a—1,a), (a,a), s3 = > ian €Sy and P the set of all the partitions
v = (71,72,73,74) I 2n such that ¢} is 1, then

paAsa =D s = sy

YEA yeEB

where A is the set of partitions v € P where ~y1,%2,73,74 have the same parity and B the set of partitions
v € P where v1,72,73,74 have different parity.

Proof. In [1], it has been shown that, in case A is either (1,a) or (a —1,a), s3 has maximal multiplicity 2.

Also by [17], if X is (a,a), s3 is multiplicity-free. Therefore, by Theorem 3.1, the set P of all the partitions
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v = (71,72, 73,74) of 2n such that ¢} is odd reduces to the set of partitions v = (y1,72,73,71) of 2n such that

¢} is 1 and now the corollary follows.
Example 3.10 Let A= (2,3) 5. Then
Sta) = S(a.6) T 5(1,3.6) T S22.6) T 5(5,5) T 25(1.4.5) + 252,35 T 51,135 T 5(1,2.2,9)

+5(2,4,4) T 51,1,4,2) T 5(3,3,4) +2501,2,3,4) +52,2,2,4) T51,3,3,3) T 52,2,3,3)

3Ly %y

p2(s2,3)] = 5(1,6) = 5(1,3,6) T 5(2,2,6) — 5(5,5) T S(1,1,3,5) — 5(1,2,2,5)

TS(2,4,4) —S(1,1,4,4) ~ 5(3,3,4) T 5(2,2,2,4) T 5(1,3,3,3) ~ 5(2,2,3,3)-

4. The computation of py[s(ir o))

In this section we derive formulas for the Schur function expansion of the plethysm ps[sy] when A has two

columns.
Proposition 4.1 Let At n, X the conjugate partition of X and pa[sy\] = Z%% c38~y. Then
o p2sn] =3 o, Cxy if [A] ds even
o palsn] =30 o, (—X)sy if [A] s odd.
Proof. Since s()[sa] = (53 + pa2[sa]) and sq2)[si] = 4(s3 — p2[sa]), then
p2[sa] = s@2)[sa] — s(12)[81]

and
pQ[S)\/] = 8(2) [S)\/] — 8(12)[8)\/].

Let s2)[s:] = 22,10, aXsy and sqz)[sa] =30 15, b1s,. Then, by the conjugation property:
o (sulsa]) = sulsx] if || is even

it follows that if, [A| is even, (s(2)[sa])" = 22 10, aX8y = s)[sn] and (sqz)[sa])" = D2 10, UA8y = s(12)[sn]

Since

p2(sa] = s@)[sa] — saz)lsa] = Z ajsy — Z bYsy = Z c3 Sy

yH2n v¥'H2n vy'H2n

in case |A| is even we get

p2(sn] = s(2)[sx] — s(12)[sx] = Z ay sy — Z blsy = Z SEVE

~'F2n ¥'F2n ¥'F2n

In case |A| is odd we have to consider the conjugation property:

o (sulsal) = swlsn] if |A| is odd
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Therefore, in case p =2 and |)| is odd,
(s2)[sa])" = s12)[s3]

(5(12)[5A])/ = 35(2) [sx]

and consequently

palsn] = s)[sn] = saz)lsn] = sazlsn] —selsn] = D Blsy = Y alsy = Y (=cl)sy
vy'H2n v¥'F2n v¥'F2n

Corollary 4.2 Let A = (a,b) = n, X' the conjugate partition of X, pa[s(a,p)] = van ¢sy. Then

© P2ls(r-a20)] =3 n0n 8y df [A] ds even
o p2[S(1v-a,2a)] =szn(—01)8w if |\l is odd.

Proof. In case A\ = (a,b) - n, the conjugate partition )\ is equal to (1°~%,2%) and now the Corollary follows

from Proposition 4.1.

Corollary 4.3 Let A = (a,b) Fn, X the conjugate partition of X, s%a’b) =2 ron c?a)b)sv. Then

2 _ v
Su-agn) = D QS
vy'-2n

Proof.

Since s(2)[sx] = 3(s3 + p2(sx]) and s(i2)[sa] = $(s3 — pa[sa]), then
Si = 5(2) [S)\] + 3(12)[S>\].

Similarly as in Proposition 4.1 we can get the conjugation symmetry of the Littlewood—Richardson coefficients
which implies that if s3 =37, cls then s3, =3 /9, c}isvl where c}\i = ¢] . Therefore in case A = (a,b),

the conjugate partition )\’ is equal to (1°7%,2%) and

2 _ Y
S(1b—a ga) = Z Cla,b)57'
v'F2n

Example 4.4 In case A = (2,3) 5, then || is odd. By Ezxample 3.10, Corollaries 4.2 and 4.3 we get:

8%1,22) = 3?2,3)/ = S(4,6) T 5(1.3,6) T 5(2,2,6) T 55,57 + 281,45 + 28(2,3,5) + 5(1,1,3,5) + 8(1,2,2,5)

+5(2,4,4) + 5(1,1,4,0) + 83,34y T 251,234y + 5(2,2,2,4y + 51,333 T 5(2,2,33) =
= 5(12,24) T 5(13,22,3) T 5(14,32) + 5(25) +25(1,23,3) + 28(12,2,32) T 5(12,22.4) + 5(13,3,4)

+8(22,32) + 5(23,4) T 5(1,33) + 28(1,2,3,4) T 5(12,42) T 5(32,4) + 5(2,42)-
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p2[s(,22)] = p2(s23y] = —S@e)y + S(1,3.6) — 52.2,6) T 55,57 — S(1,1,35) T 512,257 — S2,4,4yF

+5(1,1,4,4) T 5(3,3,4) — 5(2,2,2,4) — 5(1,3,3,3) 1 5(2,2,3,3) =
= —5(12,24) T 8(12,22.3) — S(14,32) T S(25) — S(12,22,4) T 5(13,3,9)

—5(22,32) T S(23,4) T 5(1,3%) — S(12,42) — 5(32,4) T S(2,42)-
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