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Abstract: The goal of the paper is twofold: it aims to give an extensive set of tools and bibliography towards Nowicki’s
conjecture both in for polynomial algebras and in an associative setting; it establishes a new result about Nowicki’s

conjecture for the free metabelian Poisson algebra.
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1. Introduction

In this paper we will handle Nowicki’s conjecture from its classical formulation to some related problems. Our
intent is producing a survey toward this theme and adding a new brick concerning Nowicki’s conjecture in a
Poisson algebra setting.

Our first aim is introducing the so-called Weitzenbdck derivations. We start considering a field K of
characteristic zero and a finite set of variables X,, = {z1,...,2mn}; we denote by KX, the vector space over
K with basis X,,, and we shall denote by K[X,,] the (commutative) unitary polynomial algebra generated by
X, . Every map § : X,,, — K[X,,] can be extended to a derivation of K[X,,]. When § is a nonzero linear map
of KX,,, then ¢ is called Weitzenbéck. This name is due to the classical result of Weitzenbock [23], dating
back to 1932, which states that the algebra K[X,,]° = ker(d) of constants of the derivation & in the algebra
K[X,,] is finitely generated. If ¢ is a Weitzenbock derivation, then it is locally nilpotent and the linear map
exp(d) acting on the vector space K X, is unipotent. Hence the algebra K[X,,]? of constants of § is equal to
the algebra of invariants

KX = {2 € K[X,,] | exp(6)(x) = x}.

The algebra of invariants of exp(§) is equal to the algebra of invariants K|[X,,], where the group G consists
of all elements exp(cd), ¢ € K. As an abstract group, the group G is isomorphic to the unitriangular group
consisting of all 2 x 2 upper triangular matrices with 1’s on the diagonal. The group G can be embedded into
the general linear group GL,,(K) via the representation corresponding to the Jordan normal form of §. Thus

we are allowed to study the algebra of constants K[X,,]° with the methods of the classical invariant theory.
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The computational aspects of algebras of constants and invariant theory are depicted in part in the books by
Nowicki [20], Derksen and Kemper [7], and Sturmfels [22].

We can say more about Weitzenbock derivations. For instance, take a Weitzenbock derivation, then its
Jordan normal form consists of Jordan cells with zero diagonals. Certainly, Weitzenbdck derivations are in
one-to-one correspondence with the partitions of m, up to a linear change of variables. This means there are
essentially finite number of Weitzenbock derivations for a fixed dimension m. In particular, let m = 2d, d > 1,

and assume that the Jordan form of ¢ contains the Jordan cells of size 2 x 2 only, i.e.

o1 -+ 00
0O 0 --- 00
J(5) = o
0 0 0 1
0 0 0 0

We assume that 0(z2;) = x2j_1, 6(x2;—1) =0, j = 1,...,d. Nowicki conjectured in his book [20] (Section
6.9, page 76) that in this case the algebra K[Xo4]® is generated by x1,x3....,224_1, and Toi—1T25 — T2 T2j—1,
1 <i < j <d. The last conjecture will be called throughout the text classical Nowicki’s conjecture.

Nowicki’s conjecture was proved by several authors with different techniques. The first published proof
appeared in 2004 by Khoury [15] in his PhD thesis, followed by his paper [16], where he makes use of a
computational approach involving Grobner basis techniques. Derksen and Panyushev applied ideas of classical
invariant theory in order to prove the Nowicki conjecture but their proof remained unpublished. Later in 2009,
Drensky and Makar—Limanov [14] confirmed the conjecture by an elementary proof from undergraduate algebra,
without involving invariant theory. In this paper we shall highlight the key points of the proof given by Drensky
and Makar-Limanov. Moreover, another simple short proof was given by Kuroda [18] in 2009, too. Bedratyuk
[3] proved the Nowicki conjecture by reducing it to a well known problem of classical invariant theory. We were
able to find three more proofs of Nowicki’s conjecture: two of them are cited in the paper by Kuroda [18], and
the latest proof was given by Drensky in [11].

In this paper we would like to attempt to give a complete account on the state of the art of Nowicki’s
conjecture presenting a sketch of the proof obtained by Drensky and Makar—Limanov. We will also treat a
bit a generalization of Nowicki’s conjecture (see Sections 3 and 4 in the text). We will also focus on recent
developments of the following problem, strictly related to the classical Nowicki’s conjecture, but with a scent
of theory of algebras with polynomial identities (PI-algebras). Let us explain briefly our framework: let § be
a Weitzenbock derivation of the free algebra F, () of rank m in a given variety of algebras U (or relatively

free algebra of rank m of ), then

give an explicit set of generators of the algebra of constants Fgl(%).

In [13] Drensky and Gupta studied Weitzenbock derivations 0 acting on F, (%) proving that if the algebra
UT>(K) of 2 x 2 upper triangular matrices over a field K of characteristic zero belongs to a variety 2, then
F? () is not finitely generated whereas if UT,(K) does not belong to 2, then F? () is finitely generated by
a result of Drensky in [9]. Recently, Dangovski et al. [5, 6] gave some new results in this direction. They showed
that if 9 is the variety of metabelian Lie or associative algebras then the algebra of constants (F}(0))° in the

commutator ideal Fj(0) of F;() is a finitely generated module of K[X,]° and K[Uq, V4)°, respectively. Here
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0 acts on Uy and Vy in the same way as on Xg. When ¢ is as in the Nowicki conjecture, in [4] the authors
give an explicit set of generators of the algebra of constants in the case of the variety generated by the infinite
dimensional Grassmann algebra and by the free metabelian associative algebra. A good part of those result is
presented explicitly in the text (Sections 5 and 6).

In the second part of the paper (Section 7) we will show a substantially new result. We consider the
free metabelian Poisson algebra Ps, of rank 2n over the field K and we give out an explicit set of generators
of its algebra of constants under the action of the Weitzenbock derivation 0 as in the Nowicki conjecture (see
Theorems 7.2 and 7.3 in the text) as a vector space.

We would like to stress the fact that in the study of varieties of (not necessarily associative) algebras
over a field of characteristic zero, the metabelian identities play a crucial role. It is well known the identities
of UT»(K) follow from the metabelian identity of order 4, so every variety U contains UT5(K) or satisfies the
Engel identity [z2,21,...,21] =0.

2. Preliminaries

Let K be a field of characteristic 0. We consider the commutative and unitary polynomial algebra K[X,,]
with generating set X,, = {z1,...,Zm}, m > 2 over K. Of course, K[X,,] is the free algebra of rank m
in the variety of unitary commutative algebras over K. Now we consider the general linear group GL,,(K)
and H < GL,,(K) a subgroup. Usually in invariant theory GL,,(K) acts on the m-dimensional vector space
K™ and one considers polynomials as functions K™ — K. For our purposes it is more convenient to assume
that GL,,(K) acts on KX, and extend this action diagonally on K[X,,]. We say a polynomial p € K[X,,]
is H-invariant if it is preserved under the action of each element of H. The vector space K[X,,|% of all
H -invariants turns out to be an algebra that is called the algebra of H -invariants.

The question whether the algebra K[X,] of invariants is finitely generated for every subgroup H of
GL,,(K) is a special case of the Hilbert’s fourteenth problem suggested by the German mathematician David
Hilbert in 1900 at the International Congress of Mathematicians in Paris.

Although the answer to Hilbert’s question turned out to be negative in general, as showed by Nagata
in 1958, some remarkable affirmative cases have been handled as well. Among them is the approach of
Weitzenbock, where he considered the locally nilpotent linear derivations § of the algebra K[X,,]. Then
the kernel ker(§) = K[X,,]° of the derivation  is an algebra called the algebra of constants of K[X,,]. He
showed that the algebra K[X,,]° is finitely generated as an algebra and is equal to the algebra K[X,,]V"2(%)

of invariants of the unitriangular group
UT,(K) = {exp(cd) | c € K},

as already said in the introduction.

The next question is
What is the explicit form of the generators of K[X,]° ?
Nowicki conjectured in his book that the algebra K[X,,,Y,,]® is generated by

iy Ty and w5 = 23y — 2y, 1 <i<j<m,
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assuming that 6(y;) = x;, 6(x;) = 0, ¢ = 1,...,m, where K[X,,,Y,,] denotes the commutative algebra
generated by the set X,, UY,,.

This is what we shall call Nowicki’s conjecture until the end of the paper.

Let us introduce now the noncommutative setting in which we shall generalize Nowicki’s conjecture.
Let X = {x1,x2,...} be an infinite set of variables and let C denote a special class of algebras (for instance,
associative algebras, Lie algebras, commutative algebras, etc.). We can counsider the free C-algebra C{X}
generated by X over K and we shall call its elements C-polynomials or simply polynomials. A polynomial
f=f(z1,...,x,) is said to be a polynomial identity for the algebra A € C if f(ai,...,a,) =0 for any a; € A.

The set of all polynomial identities of a given algebra A is denoted by T¢(A) (or Ide(A)) and is invariant
under all C-endomorphisms of C{X}, i.e. it is a T¢-ideal called the T¢-ideal of A. The algebra C{X}/Idc(A)
is called relatively free C-algebra of A.

We can generalize Nowicki’s conjecture to relatively free algebras in the following way: let us consider
the free algebra C{X,,,Y:} endowed with the derivation ¢ such that d(z;) = 0 and 0(y;) = x; for any .
Chosen A € C, Id(A) is, of course, d-invariant, then § induces a derivation § on the relatively free algebra

Com(A) :=C{Xp, Y }/Id(A).
Is the algebra of constants of Cn(A) finitely generated?

Are the generators uniformly looking?

Let A € C and consider the class
Y(A) ={B e C|Id(A) C Id(B)}
that is called variety of C-algebras generated by A. Here is the answer to the first question:

Theorem 2.1 (Drensky [9], Drensky and Gupta [13]) Let U :=U(A) be a variety of associative or Lie
algebras, where A is endowed with the derivation 6. Then the algebra of constants of Co(A) is not finitely

generated if and only if B contains UTZ(K), the algebra of upper triangular 2 x 2 matrices with entries from
K .

3. Drensky and Makar—Limanov’s approach
Herein we shall depict sketches of the proof of Nowicki’s conjecture as showed by Drensky and Makar—Limanov
in [14].

Let X,, = {z1,...,2m}, Y = {y1,...,ym} be two disjoint sets of commutative variables. Let
X ={z1,...;x;m}, Y ={y1,. .., Um-1}, U ={u; ;|1 <i,5 <m—1} (where u; j = 295 —2y:), X = X,
Y =Y, and consider a constant f = f(X', Y, Zm,ym). Of course f can be taken to be homogeneous in

(X,Y) and we carry on by induction on m and on the total degree in @, ym -

Remark 3.1 For a monomial v € K[X,Y] of degree (dy,ds) with respect to (X,Y), 6(v) is of degree
(d1 +1,ds — 1) with respect to (X,Y).

If m =1, then by the previous remark, we get K[z;,41]® = K[z1] and we are done because in this case
uy1 = 0.
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We consider m > 1 and we may suppose deg, . f>0. We write

f=(apyh, + ap_rzmyt ' + -+ ar2h Yy, + a2k, )zl

where a; € K[ X', Y'], ap, #0.
Remark 3.2 Since both f and x4, are constants, the same holds for f/x% . Hence we may assume q =0.

Remark 3.3 Because
0=4(f)

= (ap)yh, + (pap + 8(ap-1))zmyh, ' + -+ + (a1 + 6(ao))z,

we have ap is a constant and, by induction, has the form

szl- g, bs(U").

It is easy to note that degy (f) > p + degy/(ap), then, by the last remark, we may write f as

f szl' xs Cs X/ ym+zaz X/ ﬁzlil/:n

Remark 3.4 This is very important:
Ls;Ym = (‘rsj-ym - xmij) + TmYs; = Usy,m + TmYs; -

Then we get
P
f = Z Cs(Xla U/) H Us;,m + xmfl(le Y/a Ty ym)
j=1
and deg, . (fi) <deg,, ., (f) but f, @, cs(X',U) [} us;m are all constants, then fi is a constant

and we are done by induction.

4. Generalized Nowicki’s conjecture

Let us take an integral domain D over K, a set of variables Yy, := {y1,...,ym} and the algebra A := D[Y,,].
A derivation A on A is said elementary if A(D) =0 and A(y;) € D for any i. We consider also the following

objects

e ‘ Ayi)
M Aly) v

They are called determinants and they belong to D[y,,]*

Question [Generalized Nowicki’s conjecture]: Is the D-algebra D[Y;,]® generated by the determinants?
Of course the previous question is precisely the Nowicki’s conjecture when A is such that A(D) =0 and

A(y;) = x; for any 4. In the first proof of Nowicki’s conjecture by Khoury, the author considered an elementary

derivation A sending A(y;) = ;. Then the algebra of constants K[X,,, Y,,]2 is generated by X,, and the

u;,;’s. The more general result in this direction is due to Kuroda:
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Theorem 4.1 Let A be an elementary derivation of D[Y,,] such that A(y;) = fi, for any i. Suppose further
the f;’s are algebraically independent over K. Then D[Y,,]* is generated by the determinants if D is flat over

K[fla"'afm]'

Notice that this result is deeply different from the original version of Nowicki’s conjecture. Nowicki’s
conjecture can be restated in the language of classical invariant theory but Kuroda’s result in case the f;’s are
not linear.

Anyway, using Kuroda’s result, Drensky [10] proved the next:

Theorem 4.2 Let A be an elementary derivation of D[Yy,] such that A(y;) = fi = fi(z:), for any i, where

the f;’s are nonconstant polynomials. Then D[Y;,]* is generated by X,, and the determinants.

Notice also that in all of the result above, the determinants generating the algebra of constants are not

free generators. A prominent part of those works deals with finding a free set of generators.

5. The free metabelian associative algebras
We will focus on another generalization of Nowicki’s conjecture. The environment now is that of relatively free
algebras. The complete proofs of the results presented in the next two section can be found in the paper [4].

We start off our investigation with the relatively free algebra of the associative metabelian algebra.
Let K be a field of characteristic zero, P»y be the free unitary associative algebra of rank 2d over K,

P, = P2q[Pag, Pog)Paq be its commutator ideal generated by all elements of the form
[‘T7y]:xy_yz7 xayGPQd-

Let us consider the quotient algebra Foy = Paq/(Pj;)*. The algebra Fy, is the free algebra of rank 2d in
the variety of all associative algebras satisfying the polynomial identity [z,y][z,t] = 0. Let the free associative
metabelian algebra Fbg be generated by Xaog = {21,...,224}. We assume that all Lie commutators are left
normed; i.e.

[1'7y,Z] = [[(ﬁ,y],Z], T,Y,z € F2d'

The commutator ideal F}; of Fyq has the following basis (see e.g., [2, 8])

x§1 ---a:gff[a:i,mj,le,...,xjm], >0, i>7<j<---<jn<2d.

As a consequence of the metabelian identity in Fj,; we have the following identity:
Lie@y " Lin(m) [, 5, Lioayr - 7xjo(n)] =Ty Ty [T TG, T -5 T,

for any permutation = € S,, and o € S,,. Thus the commutator ideal Fj,; can be “seen” as a module of
polynomial algebra from both sides via the associative (left side) and Lie (right side) multiplication.

We recall now some of the results and constructions given in [6]. Let Usg = {ug,...,usq} and Voy =
{v1,...,v2q4} be two sets of commuting variables and let K[Uszq, V4] be the polynomial algebra acting on Fj,
as follows. If f € Fj,, then

fui=zif, fuo,=[f,z], i=1,...,2d.
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This action defines a K[Usq, Va4]-module structure on the vector space Fj;.

We are going to construct a wreath product which is the same as the one used in [6]. It is a particular
case of the construction of Lewin [19] given in [13] and is similar to the construction of Shmel’kin [21] in the
case of free metabelian Lie algebras as appeared in [5].

Let Yoq = {y1,...,%24} and V5, = {v},...,v5,;} be sets of commuting variables and let Ayq =
{a1,...,a2q4} in 2d variables. Now let Ms; be the free K[Usq, Vs ]-module generated by Asq equipped with
with trivial multiplication Mag - Mog = 0. We endow Mo, with a structure of a free K[Y24]-bimodule structure
via the action

/ .
yja; = ajuj,  a;y; = a;v;, 4,75 =1,...,2d.

The wreath product Woy = K[Ya4] X My is an algebra satisfying the metabelian identity. As well as in [19]
F54 can be embedded into Ws,. In fact we have the following result.

Proposition 5.1 The mapping € : x; = y; +a;, j=1,...,2d, extends to an embedding € of Foq into Waq.
We identify v; = v} —u;, i =1,...,2d, and get
e(wiy -+ T, [Ti, Tj, @505 w5,]) = (aivj — ajvi)vg, - vj, u - U, (5.1)

Thus we may assume that Msy is a free K[Usq, Vag]-module. Clearly the commutator ideal Fj; is embedded
into Masgq, too. An element Y a;f(Uszg, Vaq) € Mag is an image of some element from Fj, if and only if
> v f(Uzq, Vag) = 0, as a consequence of (5.1).

Let § be the Weitzenbock derivation of Fyy acting on the variables Usg, Vogq, as well as explained in
Introduction on Xs4. By [6] we know that the vector space Mgd of the constants of § in the K[Usg, Vaq]-

module My is a K[Usg, Vag)?-module. The following results are particular cases of [9] (Proposition 3) and
[6].

Theorem 5.2 The vector spaces (Fyy)° and M3, are finitely generated K[Usg, Vaa]® -modules.

In the sequel we shall write down an explicit set of generators for the algebra of constants K[Usg, ng]‘s
as a consequence of the Nowicki conjecture [20] (proved in [3, 14-16, 18]), and one of the results by Drensky
and Makar-Limanov [14]. Let the Weitzenbock derivation § act on Xag4, A2g, U24, Voq by the rule

5($2z‘) = 3521'71,5(2521‘71) =0, 5(a2i) = a2i7175(a2i71) =0,

O(u2i) = ugi—1,0(u2i—1) =0, 06(v2;) = v2i—1,0(v2i—1) =0,

for i = 1,...,d. Then the algebra of constants K[Usg, Vag]® is generated by

UL, Uy - - -, U2d—1, V1, V3, . - -, V2d—1
and the determinants
U2p—1 U2p
Qpq = U2p—1U2q — U2pU2g—1 = , 1<p<qg<d,
U2qg—1 U2q
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V2p—1 V2p
= U2p—1V2q — V2pV2¢—1 = 1<p<q<d
qu P q pU2qg Uago1  Uzg s p<q )
U2p—1 U2p
=Uu 1 — U v 1= = ]_ “ e d
Vpq 2p—1V2¢ 2pU2¢—1 Vago1 Vagl|’ 2K ) )y @,

with the following defining relations

Ui— 10k — Uj—1Q4% + Ugp—10; =0, 1 <i<j<k<d, (5.2)
Ui —17Vjk — U2j—17Vik + V2k—1045 = 0, 1 <1< 53 <d, 1 <k <d, (5.3)
U218k — Vo 1Vik + V2175 = 0, 1 <i <d, 1 < j <k <d, (5.4)
v2i—10jk — Vo —1Bik +vak—18i; =0, 1<i<j<k<d, (5.5)
Qo — o+ ooy =0, 1 <i<j<k<l<d, (5.6)
QYR — kY + Yacr =0, 1 <i<j <k <d,1<1<d, (5.7)
i B — Yir Vi e =0, 1<i<j <d, 1 <k <l <d, (5.8)
ViiBri — YirBjt FvaBir = 0,1 <i<d, 1 <j <k <l <d, (5.9)
BijBri — BikBj + BubBj =0, 1<i<j<k<l<d. (5.10)
The vector space K[Usq, ng]5 has a canonical linear basis consisting of the elements of the form
V2iy—1 V2 —1Bprar = Bprar Vlal = Volal Opliayl " Ol U2, —1 * * * U2, —1 (5.11)

such that among the generators f,,, 7Vpq, and oyrg there is no intersection, and no one covers wvy;, —1 or
U2, —1 -

Note that each Bpq, Vpq', and ayprgr is identified with the open interval (p+d,q+d), (p',¢ +d), and
(p”,q"), respectively, on the real line. The generators intersect each other if the corresponding open intervals
have a nonempty intersection and are not contained in each other. On the other hand, the generators vg;_1
and ugj—1 are identified with the points 7 4+ d and j, respectively. We say also that a generator among By,
Yp'q' s OF Quprrgrr COVErs Vg;—1 Or Upj_1 if the corresponding open interval covers the corresponding point.

The pairs of indices are ordered in the following way: p; < --- < p, and if pg = pey1, then g < geqr;
p1 < - < ploand if pj, = pq, then g, < g, 45 p{ < -+ < pi and if p) = pj ., then g7 < ¢7,;; and
i1 <<y, J1 S < e

In order to detect the constants in the commutator ideal Fj, it is sufficient to work in the K [Usg, ng]‘5—

submodule CF, of MJ,, which is generated by

ai, ag,...,02q—1
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and the determinants

A2p—1  Q2q
V2p—1 V2q

Wpq = A2p—1V2q — A2¢V2p—1 =
and spanned as a vector space on the elements of the form

A25—1V24;—1 " * 'vzim—lﬂplql e '6Pr(1r,yp'1q/1 U Yplal Oplrgl  Qplrglr Uy —1 0 U245, —1

WpoqoV2iy—1 " * V20, —1Bprgr ‘6prqr7p'1q’1 S Yphal Opyay c Opy gy W25, —1 0 U2, —1

for each ig,po,q0=1...,d.

We also have the following relations in the algebra ng as a consequence of [14].

a2i—18jk — Wikv2j—1 + wiv2—1 =0, 1<4i<d, 1 <7<k <d,

Wi Bkt — wik B +waBi =0, 1<i<d, 1<j<k<i<d
We denote by L the K[Usg, Vaq]®-submodule of CJ, generated by the following elements
Wi, 1<i<d,
wi; +wj, 1<1<j<d,
a2i—1V2j—1 — G2j—1V2i—1, 1<i<j<d,
a2i—18pq — Wpqv2i—1, 1 <i < d, 1 <p < g <d,
WijPpg — Wpefij, 1 <1< j<d, 1 <p<q<d,
a2i—1Bjk — G2j—1Bik + a2k—18i5, 1<i<j<k<d,
WriYij — WirYik + wikya, 1 <i<d, 1 <j <k <l <d.

WikU2i—1 — G2j—1Yik + G2k—17Yi5, 1 L1 <d, 1 <j <k <d.

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

One can observe that the generating elements (5.16)—(5.23) of L are the images of some elements in the

commutator ideal Fj, of the free associative algebra Fg.

Theorem 5.3 The K[Usq, Vag)® -submodule L of C’gd consists of all commutator elements in C’gd ; i.e. the

images in (Fy,)° C Fy,.

As a consequence of the previous result it is possible to get the full list of generators of (Fj,)° as a

K[Uszg, Va4]-module.
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Corollary 5.4 The K[Uzq, Vaa)® -module (F3,)° is generated by the following polynomials:
g1(1) = [T2i-1, 224], 1<i<d,

g2(1,7) = [T2i-1,®25-1], 1<i<j<d,

93(1,7) = [T2i—1, ®2j] + [2j_1, 2], 1<i<j<d,
94(1,D,q) = [X2i—1, T2p—1, Tag] — [T2i—1, Tap, Tag—1], 1 <i<d, 1 <p<q<d,
g5(i,j, /f) = [1'2i7171'2j717x2k] - [962171796%717%2;'] + [$2j717x2k71>x2i]7
1<i<ji<k<d,

96(%%1% Q) = [I2i—1ax2p—1,z2j7x2q] + [I217I2p7172j—1, $2q—1]
_[in—17x2p7332j7x2q—1] - [inapr—lyij—laqu]v
1<i<j<d 1<p<gqg<d,
g7(1, 4, k, 1) = xai[xej_1, Tok—1, Ta1] + T2i—1[T2j, Tok, Tai—1]

—L2; (T2 —1, Tok, Ta—1] — T2i—1[T2j, Tap—1, T
1<i<d, 1<j<k<l<d,
gs8(i, 5, k) = m21’[$2j71,$2k71] - $2i71[$2j7x2k71]7
1<i<d, 1<j<k<d

We have to add for the generating set of the whole algebra (ng)5 the constants x9;—1 and ;122 —
Z2T25-1, 1 <4 < j < d, which are needed for the generation of the factor algebra of (ng)‘s modulo the
commutator ideal of Fy;. These generators are the ones lifted from the algebra K [ng]5 of constants of the

polynomial algebra to the algebra (Fbgq)® by the fact stated in Corollary 4.3 of the paper [13] by Drensky and
Gupta.

The following result gives an infinite generating set of the subalgebra of constants (Fhq)° of the free

metabelian associative algebra Fb; as an algebra.

Corollary 5.5 The algebra (Fpyq)® of the constants is generated by
T1, X3y, T2d1,
T2i—-1T25 — L2iL25—1,
g1f1,-- -5 98fs,

where 1 <i<j<d, fi,...,fs € K[Usq, V24]®, and g; s are as in Corollary 5..
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6. The variety G generated by the Grassmann algebra

In this section we shall show results concerning Nowicki’s conjecture of the relatively free algebra of the infinite
dimensional Grassmann algebra.

The variety G consists of all associative unitary algebras satisfying the polynomial identity [21, 22, 23] = 0.
We shall set Fy; := Fy(G) for 0 <1 < d. As noted in Introduction, G is the variety generated by the infinite
dimensional Grassmann algebra G and Fby coincides with the 2d-generated relatively free algebra in the variety
G. The identities of G and related topics have been studied by several authors. See for example the paper [17]
by Krakovski and Regev about the ideal of polynomial identities of G.

Let X = {x1,22,...,24}, Y ={y1,¥y2,...,y4} be two disjoint sets of variables. Of course the relatively
free algebra of & of rank 2d in the variables from U := X UY is isomorphic to F5; and we consider the

following order inside U':
T <y <z << 2xg <Yq.

Moreover we say a polynomial f is homogeneous in the set of variables S = {uy,...,us} if for each
monomial m appearing in f we have > ., deg,. m is the same.

It is well known (see for example Theorem 5.1.2 of [8]) Fy4 has a basis consisting of all

x(ll1 yll)1 o 'xgzdyflm [uil ) uiz] e [ui2c—l ’ uizc]’

ai,ijO, ,UiZGU, ui1<ui2<~-~<ui2c,020.
We recall the identity [21, 22, 23] = 0 implies the identity
[21, 22][23, 24] = —[21, 23] [22, 24] (6.1)

in ng.

Consider the following Weitzenbock derivation & of Fyy acting on U such that
Let @ = (a1, - ,aq-1) € K1 and consider the algebra endomorphism ¢, of Fby such that

Vo) =2, 0alyi) =y, 1=1,...,d—1,

d-1 d—1
Palta) = D iri, alya) =D s
i=1 i=1
Notice that ¢, commutes with §. Hence if f € F{,, then ¢, (f) € F2, , too. Moreover, if f € Fyy is

homogeneous with respect to the set {z4,yq} and . (f) = 0 for some nonzero o € K91 then f is in the left

ideal generated by

d—1 d—1
Wo 1= (Z Oéiﬂ?i) Ya — <Z O‘i?ﬁ) Ld, [wO“u]’ uc U’
i=1 i=1

d—1 d—1
Mo = [xdyzaiwi] y Vo i= [ydvzaiyi] .
i=1 i=1
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We define the following objects inside Fhy:
Uij = J}iyj — yi.’L‘j, 1 S i,j S d,

Wijk = yi[xjymk}_xi[yjamk‘]) 1SZ7jak§d7
Zijht = YilTg, veg) — Talys, veal, 1 <4, 5,k < d,

Notice that the v;;’s, the w;;;’s and the z;;,;’s are constants of Fyg and starting from these objects we

shall construct three subsets of elements of F5;. We set
V.= {’Uij|1 S i,j S d},

Wo = {wii|1 <i,j <k <d}

and
Zy =A{zijul <i<j<k<I<d}

Suppose s > 0 and we set
VVS = {y[sz] - x[va”w S Ws—la S Xa Yy e Y}a

Zy = {yle.2] —aly. 2z € Zor € X, y € Y}

As above, both the Wy’s and the Z;’s are subsets of constants. Moreover it can be easily seen for s > d
both Vi and Wy are 0. We shall denote by C the algebra generated by the nonzero X,V,W;, Z;. Here we
have the main result. We recall the proof of the following follows the main steps of the proof of the classical
Nowicki’s conjecture presented in Section 3. We also point out this proof cannot be adapted to algebras having

a non-T-prime ideal of their polynomial identities.

Theorem 6.1 The algebra of constants ng is finitely generated as an algebra, and its generators are:

X; (6.2)
v, (6.3)
Wi, 1<d—1; (6.4)
Z, l<d—1. (6.5)

Proof Tt is easy to see that the elements from (6.2)—(6.5) are constants of Faq.
Let f = f(X',Y',z4,y4) € F2,, then we may assume f being homogeneous in U and in {xg,yq}. We

shall prove the theorem by induction on d and on the total degree with respect to the set {z4,yq}. Suppose
d =1, then

n n—1
F= apa®y"F 4> By ).
k=0 j=1
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This means

n—1
0=0(f) =) ar(n — k)zt+ty =+

k=0

n—2
N—k L 1 p_p n—k—
+[x,y]k2_:1(n—k—1) (ak 5 gy TRy Bk 2>.

The previous relation gives us aj =0 for k <n —1, then 8; =0 for 1 < j <n — 2. Thus the only possibility
is f=apz" + Br_12" %[z,y] and we are done.

Assume now d > 1 and the result true for Fhg_9. Weset U' = X' UY’. If v € Fz‘sd_2 is homogeneous
in U, then we shall study only the case deg,, . (f) > 0.

Remark we can write f in the following way:

f=apyy Y w0 valyl " +aparzayy '+ D Jap_y o futzalyl

Uo u%

1 2 p72 11 p72 p / p71
+ Z Gp1 2 (w1, yalrayl =+ ap_l[l"d, yalyy, ~ 4+ aoxh + Z aglup, rall ",
2

uy Up

. . 1" "
where the u}’s are in U whereas the a;’s, the a’r ui S the a_ . and the a, .
b ] 9 ] k] ]

’s all belong to Fyy_o. Deriving

f we get d(ap) =0, hence:

a, € F,. (6.6)

"

We also have @ap +6(a,_1) = 0, then by (6.6) we get 6(a;/71) = 0. This means:

1" 6
ap71 - F2d' (67)
Suppose now ug = ys, s < d—1, then a’p’uO = 0. So we can assume ug = r5, s < d— 1. In this case we get

day,,.) =0, ie:

ap7zs S F2d' (68)

By (6.6), (6.7) and (6.8), using induction, we get
ap = Zbl(X/,V/,W/,Z/),
a, ) = sz(X',V’,W’,Z’),
a . = bsi (X, VW', 7).

If oo(f) =0 for all « = (a1,...,4-1), then we get d =2 and f is in the left ideal generated by wv1a
and [vig,u], u € U. Hence f = gvia + ), cy Gulviz, u] and we apply inductive arguments to g and g, ’s and

we are done. Now we consider the case @, (f) # 0 for some non-zero a € K"~1. The next two remarks are

crucial. First we have
degx (f) = degx/(¢a(f)) = degy (pa(f)) = degy (f).
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Hence
degx (f) = degx/(ap) > degy (f) = p + degy (ayp)
SO

ap =Y (X VW', Z g, -,

We can argue analogously and obtain

ay =3 (X VW, Z )y, -,

’ PR P
Opz; = E by (X', VI W', 2Nz, Ty
. 1’ _2 _1
Now we rewrite a,y?, ap_1[$d7yd]ys and a;,xi (25, yaly, " and we get

d—1

f=c+gza+ Z Mp,iYalTi; Ta],
i=1

where ¢ € C. We can rewrite the last summand as g1zq + Z?:_ll hi[zi, xq], where deg, h; = 0 and we get
finally

d—1
f=c+g'vat Zhi[%,xd]~
i=1
Hence ¢’ and the h;’s are constants too because x4 and [x;,z4] are. Now we are allowed to apply induction
on ¢' and the h;’s because their degrees with respect to the set {x4,yq} are strictly smaller than the one of f

and we conclude the proof. O

7. The Nowicki conjecture for the free metabelian Poisson algebras

This section presents a new result and is devoted to the study of Nowicki’s conjecture in a nonassociative setting.
In particular, we will handle the case of a free metabelian Poisson algebra and we shall give an explicit set of

basis elements of the vector space of its constants.
Let K be a field of characteristic zero. Let (P,-) and (P,[, ]) be a commutative associative algebra and

a Lie algebra structure on the K -vector space P, respectively, over K such that the identity
[a,b-c] =1a,b]-c+b-[a,c] =][a,b]-c+ [a,c]-b

holds in P. Then (P,-,[, ]) is called a Poisson algebra.

We will consider throughout the section only left normed commutators, i.e. [a,b,c] := [[a,b],c]. If
a-b=[a,b] =0 holds in P, then the Poisson algebra P is called abelian and any extension of P by an abelian
Poisson algebra is called metabelian (see e.g., [1]).

Let us consider the free metabelian Poisson algebra Ps, over K of rank 2n generated by the set
ZZn = {Zla"'azQH} = {xla"'vwiyla"'vyn} = Xn UYn
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It is well known (see e.g., [24]) that the following identities hold in P, :
0O=a-b-c-d=[a-bc-d =][a,b],c-d
— [0t c-d=[a,b]- [c,d) = [[a,b], e, ],
which imply the following ones:
[a,b,c] = [a,c,b] — [b, ¢, al
[a,b,c]-d=[d,b,c]-a—][e,b,d]-a
[a,b] +[b,a] =0, [a,b,c,d] = [a,b,d, ]
[a,b,c]-d = —[a,b,d]-c, [a,b,c]-c=0.
We put an order ”<” in the generating set so that
2 < e < 2oy

or
T < < Ty <Y < < Yne

It is well known (see [24]) By UByUB3UB, forms a K -basis for the free metabelian Poisson algebra P, , where
By = Zop U{[2ys . 20 | i1 > < iz < - < i, 2 < k),
Bo={z-2z, zi-zj -2 |1 <i<j<k<2n},
Bs = {[zi,2i] -z |1 <j<i<2n,1<k<2n}
By =A{lzi,zj,26) -z |1 <j<i<l<2n,1<j<k<l<2n}

Now consider the linear nilpotent derivation ¢ : y; — z; — 0, ¢ = 1,...,n. Clearly the spaces KB;,
i=1,2,3,4, are J-invariant, i.e. (KB;)° C KB;, then

Py, = (KB1)’ ® (KB2)* & (KBs)* @ (KBa)°.

Note that KB = Lg, is the free metabelian Lie algebra; moreover, by [12], we know the generators of the
algebra (L5,)° as a K[X,,Y,]°-module:
Theorem 7.1 The K[X,,Y,]°-module (L},,)° is generated by the following elements

(%4, yi], 1<i<n,

[z, 25], 1<i<j<n,

[z, yj] + [z, 0], 1<i<j<n,
[Tis Xps Yg| — 25, Yp, 2g), 1 <<, 1 <p<g<m,

[xiuxjayk] - [xivxknyj] + [mj7xk7yi]7 1 S 1< .7 <k S n,

and

[mhxp?yj?yq] + [yiaypaxj7xq] - [:Ci»ypvyj7xq] - [yi7xp>$jayq]a

where 1 <i1<j<n, 1<p<qg<n.
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By Nowicki’s conjecture we get (K 82)5 is spanned by the elements of the form
Ui =T Y; — &5 Y, 1 <1 <j<k<n

and
Uij T, 1<i<j<k<n,1<k<n

with the following relations:

Ti Uk —Tj Uik +TE-U; =0, 1<i<j<k<n.

We want to highlight the fact that once again some ”determinants” (the u; ; above) appear as generators

of the algebra of constants as in the classical Nowicki’s conjecture and its generalization.
In the sequel we are going to show an explicit basis of K Bg and KBS as vector spaces. Then the explicit

basis of P, will be an obvious corollary.

Theorem 7.2 The K -vector space (KB3)? is of a basis consisting of elements of the form
[z, 25) -2, § <,
[yi, ] ST, 1,7,
(s, 23]y + (g, 2] 2w, §<i<k,
i 5] ok + [yj, 2] e, G <i<k
Proof Let us set
A ={[zp, 5] | 1<j<i<n, 1<k<n}
Ay ={[yiys] - ur [1<j<i<n, 1<k <n},
Az ={[zi, x| -y |1 <j<i<n, 1<k<n},
Ay ={[yi,yj] x| 1<j<i<n, 1<k<n},
As ={lyi, 7;] -y | 1 < 0,5,k <},

As ={[yi, x5] - xx | 1 <i,5,k < n}.
Indeed KB3 = KA1 ® KA @ KA3 & KAy & KAs & KAg, while (KAl)‘S — KA,
(KA2)° C KA @ KAs , (KA3)’ € KA,

(KAL)’ C KAg , (KA5)® € KAs ® KAg , (KAg)® C KA,.

Thus
(KB3)P = KA, @ (KAy)° @ (KAs ® K Ag)’ @ (KA, & K As)°.

Now let

b2 = Zaijk[yia Yil vk
Jj<i
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be an element in (K A3)°, then §(py) =0 and

0= aijn([zi,y;] - yn + Wi 23] - vk + [wi, 3] - )
Jj<i
:Zaijk(—[yj,xi} Yk + [y 5] - ye) + Zaijk[yi:yj] " Tk

j<i §<i

Notice that Zj<i iklYi, yj] - Tx belongs to KAy, then
0= Zaijk[yi7yj] - T
j<i
We immediately get any o;;x is 0 and ps turns out to be 0, too. This proves that there is no nonzero constant
in KAQ .
Suppose now psz + ps € (K A3 @ K Ag)° for some p3 € KAz and ps € K Ag. First observe that elements

of the form [y;, z;] - 21 are constants in K Ag. Then we may assume

ps =Y cijrlri,z;] -y € KAz and ps =Y Bijlyix;] - r € KAs.
j<i i#j
Hence

d(p3+ps) =0 ZZ k(i x5 - on + Zﬁijk[xhxj] -~ + Zﬂijk[xiaxj] Tk

j<i j<i i<y
:Z(aijk + Bijk — Bjir) @i, ;] - xp
i<t

and Bjix = agjk + Bijk for j <i. This gives us (K A3 & K Ag)° is spanned on the elements of the form
(i, 2] -y + [yj, il o and [yi, 5] - 2+ [yg, @] - o
for j < i.
We simply need to show (K A4 @ KAs5)? = {0}. Let py + ps € (KAy @ KA5)? such that
Pa = Zaijk[yivyj] " Tk
j<i
and

ps =Y Biklyi ] ye = Y (Bigklyir 5] - vk + Biiklys xi] - yi) + Y Biilyi 2] - vk

7<i
We have
8(pa) = cii[wi, yj] - ok + i, 5] - ),

j<i

8(ps) =D (Bigk (i 2] - yk + [yis ] - ) = Byin [, @] - o + [y, @] - )

7<i

+ Zﬂuk[yuxi] " T
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Then §(ps + p5) = 0 gives that

0="> (cvijk + Biji)Wi> 5] - ok + (=i + Bjin)yj, v:] - vx € K Ag
j<i

0="> Biklyi, x| -ax € KA, 0= (Bij — Bjix)[wi x5] -y € KAy
j<i
that is
ijk + Bijk =0, =ik + Bjik =0, Biik =0, Bijie — Bji = 0;
hence
aijx = Bijk = Bjik = Biik =0
for j < i. Therefore, py = p5 = 0. Now the proof follows by direct computations showing that the constants

found are linearly independent. O

Theorem 7.3 The K -vector space (KB4)? is of a basis consisting of elements of the form
(@i, zj, 2] -2, j<i<l, j<k<lI,
[wixj, 5]y (o xg, @il i s (o @y, el - ys + w25, 050 -9 5 5 <4
[T, @g, k] yn s [Tn, Ty, @]y [ g, w] -y + [T wg ]y, § <<,
(@i, xj, 2] - Yk + (e, iy i) - Y5, [Tos Ty, Tx] - Y5 — [Th, @, @) -y, 7 <i <k,
(i x5, ek - ys + [wo, xg, 23] - ye s (o @5, o] - vy + low, o, 23] - wi, § <@ <K,
[hy g, 2] - yi + [Tk, g, il - yp s [Tk, o8] -y — [Tk, i o] -y, §<i <Kk,
[Tk, zj, 2] - yi + [Tz, 2] -y — [T, i, 1) -y, §<i<k<l,
[Tk, zj, 23] -y — [Tis 2] -y + [T, 2, 1) -y, §<i<k<l,
(@1, zi, ] -y + [Tis zj, 2] -y — [T, 2, ) -y, §<i<k<l,
(@i, xj, @] -y + [Tz, @] -y, [ 2y, @)y + [Tk, T, m] -y, J<i< k<l
[z, @] -y — [Tk, xi, ] -y, J<i<k<l,
[Wi> Tis il - Yi s (Y555, i) - Yi s [y, Tiszi] - i + [Yis T, i) -y 5 J <,
i xgo il -y + [y g w5] - vis [gs vl - gy = 2lws @559 - v + s 2, 5] w0, § <4,
Wi g, o] -y + (@i, 25, vi] - ye + (@, @0, y5] - vi + [y, 2o @il - ye s J <i <k,
[Wjs @i, o] v — (@i, 25, vi] - gk — (ks 0, y5) - vi + [yis 25, @] -y, J <i <k,
[Ths T yi] - Y + [Tk, Ty v5] - Y — (Y5 T, k) - Yi — [Yrs T, 2] - yn , § <i <K,
Wi, Ty o] - Yk + (Y5 o, k] - yr 5 (Y525 2k] -y + [yg, 25, 2] -y, < <k,
(i, 25, Y5] - vk + [Ths T, Y] - Y — [Yi, 05, 5] yke — [Ys, v on] -y 5 J <@ <k,
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(€1, Tr, Y] - ye + [Ta, 25, u6] - v+ Y5, o, o] -y + o, o, ] -y, J < <k <,
[Wis Tro 1) - Yi + ks 5, i) -y — [T, 20, y5] -y — [, 25, 98] -, § <i <k <,
(Wi o, 1] - yr + Yo, g, 2] - v+ gz xe] -y + i xj, ] -y, §<i<k<l,

(21, 25, vil - Yk + [Tk, T, Y5 - v — (W, @i o] -y — (Wi 2, @] -y — [0, 20, Y5] - Y6 — (o8, 25, vil - wi-

Proof It is easy to see
KBy=KB,® KBy ® KBs® KBy ® KBy ® K Bg,

where
By ={[zi,zj,mp] x| 1<j<i<l<n,1<j<k<l<n}

By ={lyi v ur] w1 <j<i<l<n,1<j<k<l<n},
By ={[zi,zj,ap] -y [1<j<i<n, 1<j<k<n}
By ={[zi,zj,un] -y |1 <j<i<n, 1<k<l<n},
Bs ={[yi,zj,xx] -y |1 <i<1<n, 1<j<k<n},
Bs ={[yi,xj,ye) -y |1 <i<l<n,1<k<l<n}
We have (KB;)° = KBy,
(KBy)’ ¢ KBg , (KBs)’ ¢ KBy,
(KB,)° C KBs , (KBs)° € KBs , (KBg)° C KB, ® KBs

and we get

(KBy)° = KB, @ (KBy)° @ (KB3)° ® (KB, ® KBs)° @ (KBg)°.
We divide the proof in four cases: we study separately (K Bs)®, (KB3)?, (KB, @ KBs)?, and finally (K Bg)°.

Case 1 Let py € (K Bs)® be of the form

b2 = Z gt [Yis Yjs Ykl Y-
J<i<l,j<k<l

Note that the condition 7 <7 <1, j <k <[ can be divided into six parts:
j=k<i=1,j<k<i<l, j<i<k<l
ji<i=k<l,j<k<i=l,j=k<i<l

Hence

P2 = ijilyi vyl v+ Y malyn Vvl u > iralyi vis vk w
j<t J<k<i<l J<i<k<l

+ Z ijitlYis Vs, Yi) -y + Z ijkilYi, Yjo Y] - vi + Z ijitlyi, vi, yil - i
j<i<l j<k<i j<i<l

=3 iy vyl v+ Y (owgalye Ui vl - v+ gralyis vis ys] v
j<i j<i<k<l

+ Z (vijin[yi, s vil - Yr + owgin[ye, Y5, vil - Yk + ijielyi, Y5, v5] - )
j<i<k
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Let us rewrite po as
D2 = P22 + P23 + P24,
where
Pa2 =Y igjiltin Ui ui) - vi s paa = D (ugia[yes 5o il v+ cgralyi v vk - ),
Jj<i j<i<k<l
Pas = > (ijiklyir Ui Vil - Uk + Qginlyns Ui vil - Uk + iginlvi v v - uk)-
j<i<k
Let Van, m = 2,3,4, be the subspace of KBg spanned on monomials [y;, x;,yx] - yi with |{4,7,k,{}| = m.
Then Voa N Va3 = {0}, Vaa N Vay = {0}, Vaz N Vay = {0}, and (pa2) € Vaa, d(p23) € Vaz, d(p2s) € Vau.
Therefore d(p2) = 0 implies that d(p22) = d(pa3) = I(p2a) = 0.
Remark that §([y;,y;,y;] - i) can be written as a linear combination of basis elements as follows:
0(Yir yi y5] - vi) =i yjs vl - vi + Wi 25, y5) - i + Wiy v5s 5] - v + Y, Y5, 93] - @
=— [y i yi] i + Wi x5, 95 - i — Wi 250 vi) - v + [Yi, 25, 95] - i
+ [0y, 93] - vi — Y5, 950 7] v
= —2[yj, zi, y;] - yi + 2[Yi, 75, Y5] - Yi-
Thus
8(p22) = 0 =2 avijji(—[ys, xi 5] - vi + Wi 25, y3] - vi)
j<i
and consequently
Zaijji[yjyxiyyj] Y =0= Z%jji[%%ﬂj] “Yi
j<i J<i
since the basis elements belong to different multilinear components for j < ¢. We get a;;;; = 0 if j < i that
means pgo = 0.
Similarly, because §(p23) = 0 we have the sum
i (=2[y5, o yil - ye + (Yo x5, va] -y + Wi T, y5] - vk + (i 2k, w5 - i)
S Fowgin ez, vl - ve + e v u] - v = W5 0o 3] - v — i 2 y5] - w1)
j<i<k \ Huijin i 25, y5] - vk — Wi T yi] - ye — Y5 255 vil - Yk — Y5, Tk, v5] - vi)
is zero, from which we deduce that each summand is zero; moreover,
0= Z QijiklYj, Ti, yil - Yk = Z Okjik[Yr, Tj, Ya) Yk = Z ijinlYi, Tj, Ys] - Yk
j<i<k j<i<k j<i<k
because the basis elements belong to different multilinear components. As above, we get 0 = ayjix = arjir =
ik for j < i < k implying that ps3 = 0.
Again, writing §(ps24) as a linear combination of basis elements, we get

Y5, Tk, Yi] * + s Ly Yil * — X, .
0= Z akju(_i_{y] ARV VN RN Vil (RN Y yz>

P Yk, Tir Ys] - Y1 — [Wis T, Y] - Uk

- iy Lis : + iy Ljy : - iy LkyYi] -
s %kl< 4% el -y + (i, ye] - e — (5, s il yz)

S Yir Th Y] - Ut — Wi T Y5] - Uk + Wi o0, vl - e
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and we get agji; = oyjr = 0 for j <i <k <. Thus pay = 0, from which we get p, = 0.
Case 2 We study (KBs)°. Let
p3 = Z Qg [T, T, k] - Y1 = P32 + P33 + P3a
Jj<i, j<k
be a constant, where

D32 = Zaijii[xi;xjaxi] Y+ qugiglT, g, ]y augilee g, ] v+ ouggilee, g, 5] -y,
j<i

Qijik[Tiy Tj, T3] - Yr + Qijir[Ti, 5, 5] - Yk + Qigik[Ts, 25, 245 - Yk
Pas = Z Fijrk[Ti, T, Tk] - Yk + diji[Ti, T3, Tr] - Y+ g, T, 2] -y,
FOkjik [Ths Ty T - Yk + Qrjii|Tr, T4, T4 - Vi + ongig[Tr, T4, 2] - yj

]
)
s +ajinlTi, i, 5] Yk + ggilTr, T, k] - Yi + Qiig[Tr, T, T4 - Y5

Qigki[Tiy T, Tk] - Y1+ QijielTi, T4, 1] - Yk + akgiilTr, 25, 0] -y
P34 = Z Fagi[Th, Tiy 1) - Y5+ i e, 5, w6 yn + gk, g, w6 - e
j<i<k<l \ Foujrilri, @5, Tk - Yi + qirg [T, i, k) - y;
As well as in the previous case, 0(ps2) = 0(ps3) = 0(psa) = 0. Let us study the case J(ps2) = 0. An easy
computation shows the elements
(i, 5, @) - yi s (i xg,25] -y, §<id
are constants, then we get

0= (~aijij + aijji)lei, 25, 2] - i

i<t
and consequently o;ji; = ;5. Moreover, we get the elements of the form
(@i, 25, 23] - yj + [, 25, 25] - ys , § <

are constants, too.
Notice also

[l'ivl'j7xk] *Yk [karjvl'i] “Yi o, ]<7’<k

are constants, then 0(ps3) = 0 may be rewritten as

(aijik — Oijki — Oékiij)[xhxja l’z] * Tk
0= E (—Qkjki — Qrikj + 0jir) [Tk, 5, T3] - Tk
j<i<k \ (=ujkj = Qjij + Qg + Qijji) [T, x5, 5] - o

Hence we get the following system of equations for j <1i < k:

Qijik = Qijki T Qiij
Akjki = Okjik — Olkikj
Qijkj = —Qhkjij + Qijjk + Qhjji

1729



CENTRONE et al./Turk J Math

By the previous system, we get the next polynomials are constants, too.
(i, x5, 2] - yp + [0, 25, 206) - yi s [T 25, 2] -y + [Tk, 2, 70] - Y5
[Tr, 25, k] - yi + [0, 25, ]y s [0, 25, k] - yi — [0, 26, 0] -y
(i, 2y, wk] -y — ek, v @] -y 5 [, @, 2] - gy + [ 25, 25] - i
[z, 2, xk] -y + [T, x5, 25] -y, §<i<Ek.
Let us rewrite now the relation 0 = d(p34) as a linear combination of the basis elements.

Qijri| T, Ty, k) - T+ k[T, T, 1) - T+ oggi[Tr, 5, T - T
0= Z +agiy[Tr, T, 1) - 5 + anga [T, T4, T - 1+ oqgirlan, Ty, @) - x
j<i<k<t \ Foujiler, 5, o] - T + ikl T, Tk - 15

_ Z (Qijri — Qijik + ity — Qujik + Qujna) [Ti, T4, T - 2
H(=arjti — ity + it + Qjik — Qujki — Qikj) [Tk, T4, T - 2

j<i<k<l
Hence we get
Qjkl — Qi + Qily — ik + Qs = 0
—Qkjli — Qkily + Qkjil + Qujik — Qjki — Qikg = 0
for j <i < k <[, from which we have the following relations:
Qijkl = Qjik + Qgjls — Qgjal + Qikj
Qkilj = Qjik — Qjki — Qkjli T Qjil — Qikj-
Substituting the relations above in the expression of ps4, we get the following constants:
[z, 25, 1] - yr + [0, 24, 2k] - Y1,
(@1, 25, 23] - Y + [Tk, 20y 1] - Yy,
[CEz,l‘j,xk] i — [Th, T4, ) R
[T, x5, 1] -y + [0, 5, k] -y — [Tr, 6, 1] - Y5,
[Tr, Tj, 23] - yr — [T, 05, 2] -y + [Tk, T3, T1] - 5,

Ty, Tiy Tk| - Yj LiyLjy, L) Yl — |Tky Tiy L)~ Yj-
[ ]y +1 J [ J

Case 3 We study (KB4 @ KBs)°. Let

pa= Y ymlrizi,yl -y €KBy,ps= Y Bukilyi s, ak] -y € KBs
j<i, k<l i<l, j<k

such that d(ps + ps) = 0. We point out [y;, z:, 2] - ¥ , [yj, 2, ] - vi € (KBy ® KBs)®, 1< j <i<n, since
O([is i, ] - yi) = [T, @4, 4] - yi + [y, wi, 4] - 2 = 0,

o(lyj, g, 2] - yi) = [zg, 25, i) -y + yj, x5, 2] - 2 = 0.
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Thus we may assume p4 + ps = pase + pas3 + pasa, then
0(pa +ps) = 6(pas2) + 6(pas3) + 6(pasa) = 0,

where
ijgil@is T Ys] - yi + Bigislyi w5, @il - yi + Bijgilye, @5, 5] - yi
pas2 = Y | +B555ilYs wis w5) - vi + Bigiglyss wg @) - ys + Byaaalyss i@l - yi |
i<i \ +Bjiiiy;, i, @) -y

Qijik[Tis 5, Yi) - Yk + QrijilTh, T Y5 - Yi + QajiklTi, 5, v5] - yk

FarjjilTr, T, Y5 - Yi + Qrijr[Tr, T, Vi) Yk + Qrgie[Tr, 5, vi) - Yk
Dass = Z +BijiklYi, Tj, @] - Yk + Bijril¥i, T, okl - i + Bjiwily, i, or] - yi

+Bjiinlyis Tir ] - Yk + Bijielyi 5, 5] - Yk + Bijin vy, x5 il - yr
+Bjiki(Yjs 5> Th) - Yi + Bjikj[Yss Tir i) - Y5 + Bijk Vi, T, Th] - Y
+Brjie[Yrs Tj, i) - yr + Bjirk Vs> Ti, Tr] - Yk + Bjirki (Y5> Th, Th] - yi

j<i<k

ikt [Tis T, Uk - Y1+ gaTrs 5, vi) -y cagirl@n 25, vi) - Yk
Dast = Z +oiji[Tr, i, yj) - v+ o[, T, ys) - Yk + qukgaen e, v - v

+Bijkt Wi Ty k) - Y1 + Brjit ks T, i) - i + Bijie i, T4, 1) - Y
+Bjint[Ys, Tis k] - yi + Baklyss i, w1) - yr + Biwiilyy, Tr, 1] - vi

j<i<k<l
Rewriting 0(p4s2) € K Bs as a linear combination of basis elements, we have

0= < (ijgi + 2Bijji) i, wj, 5] - yi + (—vijzi — 2Bjii5) [wi, 5, wi] - v )
= (Bijis — Bjisa) i g, 23] - yi + (Bjj56 — Bijig) [Ta, x5, 25] - y; ’
then Qg5 = *Qﬂjiija ﬁijji = 5jiij, B”” = 53'1'“‘, ﬁjjji = 6jjij . Thus, for ] < i, the next are constants:
(W, i ) - gy — 2[@i, 25,95 - ye + [is 25, 25] - v,
WisTo, 2] - ya + [y g, 2] -y s w5, 2] -y + g, 25, 5] - i
A careful check of the coefficients of [z;, z;, ;] Yk, [Tis @5, Tkl Vi [T, 5, Ti] - Yiy [Tk, Tis i) Y55 [Tk, T4, T4 - Y
[xkaxja'rk] *Yi, [xiaxjaxk] * Yk, [xkaxiaxk] “Yi, [xlax_ﬂxj] Yk [xi7xjaxk] “Yi, [xk7xja'rj] *Yi, [xkvxjyxi] “Yi,

respectively, in the expression of §(p4s3) = 0, gives us the following homogeneous system of equation:

0 = ayjir + Bijir — Bjiik 0 = —awijr + Bijkk — Bjikk — Brjik
0 = —ajix — akiji — Bijik + 28ijki — Bjiki 0 = —rijx — Bjkki

0 = ariji + Bijik — Bijki 0 = ayjjk + Bijjk

0 = —awiji — Bjiki + Bjiik 0 = —aijjk — Bjjik + Bjjki — Bjik;
0 = agjix + Aijr + 2Brjik 0 = agjji + Bijjk

0= —agjix — Bjkki 0 = —aujji + Bjjik — Bjjki — Bjik;

We have the next relations:
Qijik = Qkijq = 5ijki - 53‘1‘1“' , Bijik = 53‘1'1“' » Bjiik = 51']‘1“'
Okjik = Qrijk = —Bjkki = —Brjik > Bijkk = Bjikk
Qijik = Okjji = *5ijjk = *@'ikj s Bjjki = 5jjz‘k~
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Now substituting Bijri, Bjiki, Okjik, Bijkk, Bjjki» Mijjk, respectively, in the expression of pss3, we obtain the

following constants for j < ¢ < k:
[is @ k] - yi + (2025, 9]y + [0, 20, 93] - vi + (Y50 0 2] - Yo
[yj,xi,xk} “Yi — [%ﬂplﬁ] "YUk — [$k733i7yj] “Yi + [yi7$j7$i] "YUk
[l?k,l’j,yi] “Yk + [wk,l‘z"yﬂ Yk — [yj,wk,xk] “Yi — [yk,zj,wi] " Yk
i,z k] - ye + [y, @i, 2] -y s W5, 25,2k - vi + (Y5, 25, ] - Y
(2o, @i, 5] -y + [ows @5, 93] - v — [yis @5, 23] -y — [ys, o, ] -y
Similar arguments for d(pss4) = 0 give out the following relations:
Qijkl = Qukji s Okijl = Qujik 5 Bijkt = Bjik > Brjit = Bjkii
Bjikl = Bk + oukji — ujik = Bijik > Otijk = —Bjkli — Qujik = Okjil
and substituting oyji, Bjkii, Bjik, oujik, in the expression of pas4,
(@1, i, y5) - v + (2o, 25, i) - v + [y, @, @] -+ [vi, 2, @] -y
s T, 1] - yi + [Yro g, 2] - — (e s, 5] vk — (225,05 -
[y i, 2] -y + (i 250 2] - v+ [y, 2o, 2] -y + [yis 25, 2] - yw
[xz,iﬂjvyi] CYk T+ [fk,xi,yj] Y= [yj,»’ﬂi,xk] Y — [yi,l’j,fﬂz] Yk — [ﬂvz,fﬂi,yj] “Yk — [xk,xj,yi] U

are constants, where j <1i < k <.

Case 4 Finally we have to show (K Bg)° = {0}. Let

Pe = Z aijkl[yivxjayk] "Y1
i<l, k<l

be a constant of K Bg. We have pg = pg2 + pe3 + pea, where

Pe2 = Zaiiji[yiaxiayj] Y+ igiilyi T, Yi] - v gy Y] v+ gy g, il v
j<i

Qikjil¥is Tho Vi) - Yi + Qhigike[Ys Tis Y5] - Uk + Qhjite [Yhs T55 Uil - Yk
B Z FairikYir Thy Y5l - Yk + iijrlYi, o, yi) - Yk + agielyi 5, 95] -y
P63 = FoniilYis T Yi) - i + ik lY T y5] - v + jiklyi, 2, i) -
j<i<k Jkji yg, kayj Yi Jijk yj» z»y] Yk ijik Yi, J7yz Yk
ik Vi, T il - Yk + iV, T Vil - Uk + @GgiklYi, €50 il - Uk
itk [Yis T, Y] - Yk + Qi [Vis Trs 5] - v+ it [Yes a5 5] - i
Pea= Y iV T, Y] v+ kY, o, Yl - vk + agralys, T vl w
g<i<k<t \ ikt [Yj, To, yr) - Yt + iy, T3, Yk] - v

Arguing as in the previous cases, we get all coefficients are 0 and we are done with the spanning elements. The
final step proving that these spanning elements, all written as linear combinations of basis elements of the free

metabelian Poisson algebra, is straightforward. O

1732



CENTRONE et al./Turk J Math

References
Agore AL, Militaru G. The global extension problem, crossed products and co-flag non-commutative Poisson
algebras. Journal of Algebra 2015; 426: 1-31. doi: 10.1016/j.jalgebra.2014.12.007

Bahturin Yu A. Identical Relations in Lie Algebras (Russian). Moscow: Nauka, 1985. Translation: Utrecht: VNU
Science Press, 1987.

Bedratyuk L. A note about the Nowicki conjecture on Weitzenbock derivations. Serdica Mathematical Journal 2009;
35: 311-316.

Centrone L, Findik S. The Nowicki conjecture for relatively free algebras. Journal of Algebra 2020; 552: 68-85. doi:
10.1016/j.jalgebra.2020.01.017

Dangovski R, Drensky V, Findik S. Weitzenbock derivations of free metabelian Lie algebras. Linear Algebra and
its Applications 2013; 439 (10): 3279-3296. doi: 10.1016/j.1aa.2013.05.004

Dangovski R, Drensky V, Findik §. Weitzenbock derivations of free metabelian associative algebras. Journal of
Algebra and Its Applications 2017; 16 (03): 1750041. doi: 10.1142/S0219498817500414

Derksen H, Kemper G. Computational Invariant Theory, Encyclopaedia of Mathematical Sciences, Invariant Theory
and Algebraic Transformation Groups. Berlin: Springer-Verlag, 2002.

Drensky V. Free Algebras and PI-Algebras. Singapore: Springer, 1999.

Drensky V. Invariants of unipotent transformations acting on noetherian relatively free algebras. Serdica Mathe-
matical Journal 2004; 30: 395-404.

Drensky V. Generalized Nowicki conjecture. Proceedings of the American Mathematical Society 2020; 148 (9):
3705-3711. doi: 10.1090/proc/15068

Drensky V. Another proof of the Nowicki conjecture. Tokyo Journal of Mathematics 2020; 43 (2): 537-542. doi:
10.3836/tjm /1502179320

Drensky V, Findik S. The Nowicki conjecture for free metabelian Lie algebras. International Journal of Algebra and
Computation 2020; 19 (5): Article ID 2050095. doi: 10.1142/S0219498820500954

Drensky V, Gupta CK. Constants of Weitzenbock derivations and invariants of unipotent transformations acting
on relatively free algebras. Journal of Algebra 2005; 292 (2): 393-428. doi: 10.1016/j.jalgebra.2005.07.004

Drensky V, Makar-Limanov L. The conjecture of Nowicki on Weitzenbock derivations of polynomial algebras.
Journal of Algebra and Its Applications 2009; 8: 41-51. doi: 10.1142/50219498809003217

Khoury J. Locally Nilpotent Derivations and Their Rings of Constants. Ph.D. Thesis: Univ. Ottawa, 2004.

Khoury J. A Groebner basis approach to solve a conjecture of Nowicki. Journal of Symbolic Computation 2008; 43:
908-922. doi: 10.1016/j.jsc.2008.05.004

Krakowski D, Regev A. The polynomial identities of the Grassmann algebra. Transactions of the American Math-
ematical Society 1973; 181: 429-438. doi: 10.2307/1996643

Kuroda S. A simple proof of Nowicki’s conjecture on the kernel of an elementary derivation. Tokyo Journal of
Mathematics 2009; 32 (1): 247-251. doi: 10.3836/tjm/1249648420

Lewin J. A matrix representation for associative algebras I. Transactions of the American Mathematical Society
1974; 188: 293-308. doi: 10.1090/50002-9947-1974-0338081-5

Nowicki A. Polynomial Derivations and Their Rings of Constants. Torun: Uniwersytet Mikolaja Kopernika, 1994.

Shmel’kin AL. Wreath products of Lie algebras and their application in the theory of groups (Russian). Trudy
Moskovskogo Matematicheskogo Obshchestva 1973; 29: 247-260. Translation: Transactions of the Moscow Mathe-
matical Society 1973; 29: 239-252.

1733



CENTRONE et al./Turk J Math

[22] Sturmfels B. Algorithms in Invariant Theory. Texts and Monographs in Symbolic Computation. Wien: Springer-
Verlag, 2008.

[23] Weitzenbéck R. Uber die Invarianten von linearen Gruppen. Acta Mathematica 1932; 58: 231-293. doi:
10.1007/BF02547779

[24] Zhang ZZ, Chen Y, Bokut LA. Word problem for finitely presented metabelian Poisson algebras. (2019)
arXiv:1907.05953.

1734



	Introduction
	Preliminaries
	Drensky and Makar–Limanov's approach
	Generalized Nowicki's conjecture
	The free metabelian associative algebras
	The variety G generated by the Grassmann algebra
	The Nowicki conjecture for the free metabelian Poisson algebras

