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Abstract: In this paper, we state and prove theorems related to the existence and multiplicity for positive solutions
of a system of first order differential equations with multipoint and integral boundary conditions. The main tool is the

fixed point theory. In order to illustrate the main results, we present some examples.
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1. Introduction

In this paper, we consider the following nonlinear system

{u’(t) =
V(t) =

asscociated with multipoint and integral boundary conditions as follows:
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'LL(O) = Uo,
w(0) = 3 Bpu(Ty) + [T H(tyo(t)dt, (1:2)
j=1

where f, g:[0,T] x R* x R - R™, H :[0,T] — 9M,, are given continuous functions, in which 9, is the set

of square matrices of order n, and wo € R*, B; e M, (j=1,N), 0<Th <Tp <--- < Ty =T are given
constants.
Multipoint boundary value problems for ordinary differential equations play an important role in several

branches of physics and applied mathematics, see [1] - [6], [8] - [20], [22] and the references given therein.
Many authors have studied various aspects of boundary value problems, by using different methods and various
techniques, such as the Leray-Schauder continuation theorem, nonlinear alternatives of Leray-Schauder, the
fixed point theory (the fixed point theorems of Banach or Krasnoselskii, or Schaefer, the fixed point theorem in

cones, etc.), the coincidence degree theory, monotone iterative techniques.
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In [3], Bolojan et al. proved the existence results of solutions to the following problem for a nonlinear
first order differential system subject to nonlinear nonlocal initial conditions of the form
'(t) = f1(t,2(t), y(t)),

'(t) = fa(t, z(t), y(t)), a.e. on [0,1],

(0) = afz,y],
(0) = Bz, yl,

where fi, fa:[0,1]x R? — R were L!- Carathéodory functions, o, 8 : C([0,1]) x C(]0,1]) — R were nonlinear

continuous functionals, and the solution (z,y) was sought in W11(0,1; R?). That problem was studied by

8y

(1.3)

Y

using the fixed point principles by Perov, Schauder and Leray-Schauder, together with the technique that used
convergent matrices and vector norms.

In [15], by applying the Banach fixed point theorem and the Schaefer fixed point theorem, Mardanov
et al. proved the existence and uniqueness theorems for the system of ordinary differential equations with

three-point boundary conditions as follows:

y/:f(tay)v tE(O’T)’ (1.4)
Ay(0) + By(t1) + Cy(T) =d, '

where A, B, C were constant square matrices of order n such that det(A+ B+ C) #0, f:[0,T] xR" - R"
was a given function, d € R™ was a given vector, t; satisfied the condition of 0 < t; < T, and y: [0,T] — R"

was unknown.
In [16], Mardanov et al. considered the following nonlinear differential system with multipoint and integral

boundary conditions
' = f(t,z(t)), t €[0,T],

f) lLiz(t;) + fOT h(t)z(t)dt = o, (1.5)
1=0

where l;, i = 1,m, are n-order constant matrices with det N # 0, N = Z l; —|—f0 t)ydt; f:[0,T] xR"* — R™,

h:[0,T] — R™ ™ were given functions; the points tg, ¢1,--, t, were arbitrarely chosen in the finite interval
0=ty <t1 < - <tpm_1 <tm=T. At first, a suitable Green function was constructed in order to reduce the
problem into a corresponding integral equation. Next, by using the Banach contraction mapping principle and
Schaefer fixed point theorem on the integral equation, the authors proved that the solution of the multipoint
problem exists and it is unique.

In [10], Han considered the second-order three-point boundary value problem in the form

#(t) = f(t,2(1)), t € (0,1), o)
SC/(O) =0, I(U) = I(l), ’
with 7 € (0,1). By means of the fixed point theorem in cones, the existence and multiplicity of positive solutions
were proved.
In [5], Boucherif applied the fixed point theorem in a cone to study the existence of positive solutions for
the problem given by
2"(t) = f(t x( ), t € (0,1),
) —cz'( fo go(s x(s) (1.7)
x(1) — dac' fo g1(s)z(s)d
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where f:[0,1] x R — R was continuous, go, g1 : [0,1] — [0, +00) were continuous and positive, ¢ and d were

nonnegative real parameters.

In [20], Truong et al. studied the following m-point boundary value problem

a’(t) = f(t,x(t)), t € (0,1),
L0 20 o) 2 eyt 49
where m >3, n; € (0,1) and «; > 0, for all j = 1,m — 2 such that Z;":_f a;j < 1. By applying well-known
Guo-Krasnoselskii fixed point theorem and applying the monotone iterative technique, the results obtained in
[20] were the existence and multiplicity of positive solutions. Furthermore, the compactness of the set of positive
solutions was proved.

In [1], Agarwal et al. formulated existence results for solutions to discrete equations which approximate
three-point boundary value problems for second-order ordinary differential equations. The proofs of these results
were finished based on extending the notion of discrete compatibility, which was a degree-based relationship
between the given boundary conditions and the lower or upper solutions chosen, to three-point boundary
conditions. On the other hand, the invariance of the degree under the homotopy of the degree theory was also
applied in the above proofs.

In [12], Henderson and Luca investigated the following multipoint boundary value problem for the system

of nonlinear higher-order ordinary differential equations of the type

vlm(t) = g(t,u(t)), te(0,T), meN, m>2, '
with the multipoint boundary conditions
p—2
u(0) =/ (0) =---=u"2(0) =0, w(T)= Y aw(&), peN, p>3,
= (1.10)
v(0) =" (0) =---=0™2(0) =0, o(T)= 3 biv(n), ¢€N, ¢>3.
i=1

Under sufficient assumptions on f and g, the authors proved the existence and multiplicity of positive
solutions of the above problem by applying the fixed point index theory.

Inspired and motivated by the idea of the above mentioned works, we continue to investigate the more
general boundary problem of the form (1.1) - (1.2) with multipoint and integral boundary conditions. This paper
consists of six sections. Section 1 is the introduction. In Section 2, we present some preliminaries. Here, the
Green function is established for Problems (1.1)—(1.2) such that this problem is reduced to the equivalent integral
system. Section 3 is devoted to the existence and uniqueness of solutions based on the fixed point theorems of
Banach and Krasnoselskii. In Sections 4 and 5, by using the Guo-Krasnoselskii’s fixed point theorem in a cone,
we prove sufficient conditions for the existence and multiplicity of positive solutions. Finally, a remark is given
in Section 6 for a system of multiple differential equations. In order to demonstrate the validity of the main

results, three examples (Examples 3.1, 3.2, 4.1) are given.

2. Preliminaries

Let us start this section with some definitions and remarks which are used in next sections.
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First, let C([0,T];R™) and C'([0,7];R™) be the Banach spaces with normal norms, respectively, as
follows:

||UHC([07T];Rn) = ogltang lu(®)]y ,

llles o,z = Nulloqo,rmny + 1o rrimny »
where |z|, = |z1|+ - + |z,|, with z = (21, ,2,)T € R™.
Next, we define the norm of square matrices of order n, for all A = (a;;) € M, by

A
|All; = sup Al = max Z la;j|, for all A= (a;;) € My,.

ofzeRrn [T 1Sisni

We also define a cone in R™ and a cone in 9, , respectively, as follows:

RY

{z = (21, ,2,)T €R":2; >0, Vi =1,n},

i)ﬁfl = {A = (aij) emMm, : Q5 >0, VZ,] = 1,7’)7/}

We recall that, let X be a Banach space, a cone K C X is a closed convex set such that AK C K, for
all A > 0 and K N (—K) = {0}. Of course, we shall always assume implicitly that K # {0}. Given a cone
K C X, we can define a partial ordering < (or >) with respect to K by <y (or y > z) iff y— 2 € K, and
we can check which properties of the usual < for the reals, i.e. < with respect to R, remain valid for < with
respect to any K due to the properties of a cone, (see [7]).

Therefore, we can define here that, Vx,y € R*, = <y (or y > z) iff y — 2 € R}; and VA, B € M,
A< B (or B> A)iff B—A € M. For each x € R, we can write z > 0 to indicate that z > 0 and
x # 0; and for each A € 9M,,, we also write A > 0 iff A > 0 and A # 0. It is clear to see that many properties
of the usual < for the reals remain valid for < with respect to the cones R , zm,t

We also recall here the well-known fixed point theorems in order to use in next sections as follows.

Theorem 2.1 (Krasnosellskii) [21]. Let M be a nonempty bounded closed convex subset of a Banach

space X . Suppose that U : M — X 1is a contraction and C : M — X is a compact operator such that
U(z)+ C(y) € M, Vz,y € M.

Then, U + C' has a fized point in M .

Theorem 2.2 (Guo-Krasnoselskii) [9]. Let (X, ||-||) be a Banach space and let K C X be a cone. Assume
that Q1, Qo are two open bounded subsets of X with 0 € Qy, Q; C Qs and let P: KN ((TQ\Ql) — K be a

completely continuous operator satisfying one of the following conditions

(i) [[Pu|l < |lu|l, v € KNOQy and ||Pu| > ||u|, u € K NONs;
or
(i) ||Pul > ||lul|, v € KNy and ||Pu| < ||lu||, v € K NONs.

Then, the operator P has a fized point in K N (Q2\ Q7).

Now, we construct an equivalent integral system for Problems (1.1)—(1.2), with f, g € C([0,T] x R™ x
R™R™), H € C([0,T];7M,,) and By, ---,By € M,,. Here, we note more that, in order to get the existence of
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solutions in Section 3, furthermore, the solutions are positive with the conditions (Hy), (Hs) as in Sections 4
and 5 below, we shall use the following functions fu(¢,u,v) = f(t,u,v) + au, and gg(t, u,v) = g(¢,u,v) + Bv,
for a, 5> 0.

Put o5 =1— fOT e PTH(T)dT — Z;VZI e PTiB;.
Lemma 2.3. Assume that detog # 0. The pair of functions (u,v) € C([0,T];R™) x C([0,T];R™) is a

solution of Problems (1.1)—(1.2) if and only if (u,v) is a solution of the following integral equations system

u(t) = e;“tuo + fg e~ t=9) £ (s,u(s),v(s))ds,
v(t) = fo e P9 g5(s,u(s), v(s))ds
+€_Bt0'5_1 fOT (fsT 6_5(T_S)H(T)d7'> gs(s,u(s),v(s))ds (2.1)

N
+6_6tagl ‘21 B; fOTj e‘B(TJ’_S)gg(&u(s)m(s))ds.
J:

Proof of Lemma 2.3. Let (u,v) € C([0,T];R™) x C([0,T];R™) be a solution of Problems (1.1)—(1.2). It
is obviously that (u,v) € C*([0,T];R™) x C1([0,T];R"™) and (u,v) satisfies Problems (1.1)—(1.2). For each «,

B >0, the system (1.1) can be transformed into an equivalent form as

W+ ou= foltiu), te(0.T), 0
v+ Buv = ga(t,u,v), te(0,T). ’

Multiplying the equations in (2.2) by e®* and e, respectively, and integrating from 0 to ¢, we obtain

u(t) = e ug + /0 e =9 1 (s,u(s),v(s))ds, t € (0,T), (2.3)

o(#) = e=PLu(0) + /0 B0 g (s, u(s), v(s))ds, t € (0,T). (2.4)

It follows from (2.4) that

T

H(t)v(r)dr = wv(0) /0 ! H(r)e Pmdr + /0 TH(T)dT ( /O ’ eﬁ(TS)gg(s,u(s),v(s))dS>

0

T T T
U(O)/O H(T)e_ﬁTdT—f—/O </ e_ﬁ(T_S)H(T)dT> ga(s,u(s),v(s))ds,

S

and
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It implies that

v(0) = ZBU /H

- ZBe ﬁmZB [ gt ot

T T T
0)/0 H(T)efﬁfdw/o (/ eB(TS)H(T)d7'>gﬁ(s,u(s),v(s))ds.

Therefore,

and thus,

Combining (2.3), (2.4), and (2.5), we infer that (u(t),v(t)) satisfies the system (2.1), therefore (u,v) is

a solution of the nonlinear integral system (2.1).
Otherwise, let (u,v) € C([0,T];R™) x C([0, T]; R™) is a solution of the nonlinear integral equations (2.1).
It is not difficult to prove that (u,v) € C1([0,T];R™) x C1([0,T];R"™) and (u,v) satisfies Problems (1.1)—(1.2).
Lemma 2.3 is proved. O

We note that, the integral equation (2.4) can be written in form

T
v(t) :/0 G(t,s)gs(s,u(s),v(s))ds, (2.6)
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where the Green function G(t, s) is defined as follows:

b= 0<s<t<T T
G(t,s) = N ’ =8=v=4, +e_5(t_s)aﬁ_l/ €_BTH(T)CZT
0, 0<t<s<T .

j=1
(2.7)
—B(t—s) ;-1 N
e JB Z e_ﬁerjy Tp1<s< Tk7
j=k
e #T By, Ty_1<s<T.

The next Lemma will propose a property of the Green function G(t,s).

Lemma 2.4. Suppose that H(t) > 0, V¢t € [0,T], and B; > 0, Vj = 1,N —1, By > 0, such that

detog # 0, 051 >0 and angN = (¢ij), with ¢;; >0, Vi,j =1,n. Then
e_BTangNe_ﬁ(t_s) < G(t,s) < 0‘516_’8(75_3), Vs, t € [0,T]. (2.8)
On the other hand, there exist positive matrices Go, G1 such that
Go < G(t,s) <Gy, Y(t,s) € [0,T] x [0,T]. (2.9)
Moreover, there exists a constant v € (0,1) such that

~ (I+ 051) P < G(t,s) < (I + agl) ePs, Vs, t € [0, 7). (2.10)

Remark 2.1. If A > 0 and A is invertible then it does not imply that A~! > 0. Indeed, we can give an

10 4 [1 o0
A_[l 1}>o,,4 _[1 1],

obviously, we do not have A= > 0.
Remark 2.2. Let A = (a;;), C = (¢;5) € M,,. Assume that ¢;; > 0, Vi,j = 1,n. Then, there exists a
constant y € (0,1) such that C —~vA > 0.

example as follows:

Indeed, we have C' —vA = (¢;j — yai;) € M,,.

By choosing 0 < v < (mlgl {%, 1}, we get C —vA = (¢;; — va;j) > 0.
7,9 *J

Proof of Lemma 2.4. By direct computations, we have

G(t,s) > e "To ' Bye P79, (2.11)
T N
G(t,s) < |I+o5" /0 e PTH(r)dr +3 e PTiB; | | e U
j=1
- [I +opt (I~ aﬁ)] e P=9) = gl Bl=9), (2.12)
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Because e AT < e #lt=9) < BT for all t, s € [0,T], we obtain (2.9) with
Gy = e_QBTUngN, G, = eBTogl.
On the other hand,

G(t,s) > e_BTangNe_ﬁ(t_s) > e_QBTJEIBN,

G(t,s)

IN

nge*'@(t*s) < (I—}—JEl) e Bt—s) < (I—i—agl) ePs.

By the fact that e*mTaB_lBN = (e72T¢;;), with e 2T¢;; > 0, Vi,j = T,n, in a similar way as in

Remark 2.2, there exists a constant v € (0,1) such that
eiQﬁTUﬁ_lBN -y (I + O'ﬂ_l> > 0.
Hence
Glt;s) = e o7 Bye =y (T+07") ™.

Lemma 2.4 is proved. [

We note more that if the sign of B; and H(t) cannot be determined, we have
_Gmaa: < G(t,S) < Gmaza V(t,S) € [OvT} X [OvT]v (213)
with

Gmax =

T N
I+o0;" / “PTIH(T)| dr + Bjile PTi | | T, 2.14
o5 (O e "T|H(r)|dr Zj:1| il e e (2.14)

where we denote the matrix |A| = (Jai;|), if A= (a;;) € M,.

3. Existence and uniqueness

Based on the preliminaries, in this section, we prove two existence results of solutions for Problems (1.1)—(1.2),
in which f, g € C([0,T] x R" x R";R"), H € C([0,T);9,,), B; € M,, (j =1,N). The first result (Theorem
3.1) is the unique existence of a solution by applying the Banach fixed point theorem. Under weaker conditions,
we obtain the second result (Theorem 3.5) by using the Krasnoselskii fixed point theorem.

We first consider the Banach space X = C([0,T];R™) x C([0,T];R") equipped with the norm
[[(w, v)[| x = HUHC([O,T];R") + ||UHC([0,T];R”) : (3.1)
Next, based on Lemma 2.3 with respect to a = 0, 8 = 0, we define an operator P : X — X as follows:

P X — X
(u,v) —  (Pi(u,v), Pa(u,v)),
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in which
t
Pl(uav)(t) =ug + f(S,’U,(S),’U(S))dS,
0
T
Palu0)(t) = [ Glt.s)gls, u(s),o(s))ds.
0
where
I, o<s<t<T, _, [*
G(t,s) = +o H(r)dr
, 0<t<s< s
N
Z Bj, 0<s< Tl,
j=1
) (3.2)
-1 N
T EBJ7 Tk—1<S§Tk7
j=k
By, Tno1<s<T,
and
T N
o :I—/ H(r)dr — Y B;
0 =
We make the following assumptions.
N
(Hi) HeC(0,T;Mm,); B; € M, (j =1,N) such that 0 < fOT | H(t)], dt + ‘21 | B;ll, <1;
j=
(Hs) There exists a positive function Ly € L*(0,T) such that
\f(t,uw) - f(t,ﬂ71_})|1 < Lf(t) (|u - 'L_L|1 + |1} - T)|1) ’ (33)
for all (t,u,v), (t,@,v) € [0,T] x R™ x R™;
(Hs) There exists a positive function L, € L'(0,T) such that
lg(t,u,v) — g(t,,0)|; < Lg(t) (Ju —al; + |v—10y), (3.4)

for all (t,u,v), (¢t,a,0) € [0,T] x R™ x R™.
Remark 3.1. The assumption (H;) leads to

T N T N
| @B < [l a3 1B, <1
0 i—1 0 =1
j L j
— T N o .
so o =1~ [; H(r)dr —>2;_, B; is invertible and

1 1

o=l < S —
L | E@a LB T T e a- 3 1B,
j=1
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Theorem 3.1. Suppose that (Hy)—(Hs) are satisfied. Additionally, assume that
L=\Lllpsor + 1 Lol HU_1H1 <1 (3.5)

Then, Problems (1.1)—(1.2) has a unique solution.
Proof of Theorem 3.1.
First, we put fr = OléltaSXT |f(t,0,0)],, g7 = ogl%XT lg(t,0,0)|,; and choose R > 0 large enough such that

S luol, + T (fT +gr ||U_1H1)

R T I (3.6)
Next, we will finish the proof of this theorem through a process with two steps as follows.
Step 1. Let B = {(u,v) € X : ||(u,v)| yx < R}. We show that P(Bgr) C Br.
Indeed, for (u,v) € Br and for all ¢ € [0,T], we have the following estimates
t t
[P1(u, v)(#)]; < [uoly +/ |/ (s, u(s),v(s)) = f(s,0,0)[; d5+/ |f(s,0,0)|, ds (3.7)
0 0
< |u0|1 + RHLf”Ll(o,T) +Tfr,
and
T T
Pata )@ < ol | [ lats.uts).009) = 5. 0.0) s+ [ lo(s.0.0)1, ds (38)

<=, |:R||L9||L1(O,T) +T9T} :

Combining (3.7)—(3.8) and the choice of R as in (3.6), we infer that P(Bgr) C Bg, it means that the
operator P : Bgr — Bpg is defined.
Step 2. We prove that the operator P is a contraction mapping.

Indeed, let (u,v) and (@,v) be arbitrary elements in Br. We have

[P (u, 0)(t) = Pr(u, 0)(t); < /0 [f(s,u(s), v(s)) — f(s,uls), v(s))], ds (3.9)

and

Pa(u,v)(t) — Pa(a, 0)(1)], (3.10)
T

<o, / 195, u(s), v(s)) — g(s, a(s), 5(s))], ds

< [lo="], I Lgll 1 0,7y 1y v) = (@, 9)| -

It follows from (3.9)—(3.10) and the assumption in Theorem 3.1 that P : B — Bpg is a contraction
mapping. Applying the Banach fixed point theorem, we verify that the problem (1.1)—(1.2) has a unique

solution (u,v). Theorem 3.1 is completely proved. O
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Next, under weaker conditions, the second result is given without the Lipschitzian condition on ¢ as in

(Hs3). We make the assumption (H3) as below.

(H3) g:[0,T] x R*® x R" is a continuous function and there exist
two positive functions g1, go € L(0,T) such that

lg(t,u,v)]; < g1(t) (July + |v]y) + g2(8), V(t,u,v) € [0,T] x R" x R". (3.11)

We now define two operators U, C : X — X as follows:

) (Pr,0,0) (342
with
Py (u,v)(t) = uo + /Ot f(s,u(s),v(s))ds, (3.13)
and
() 3 0Pt (344
where
T
= /0 G(t,s)g(s,u(s),v(s))ds. (3.15)
Obviously, P =U +C.
Lemma 3.2. Let (Hy), (Hs) and (Hs3) hold. In addition, assume that
Ly = ||LfHL1(o,T) + ||‘771||1 ||91||L1(0,T) <L (3.16)
Then, there exists a positive constant R > 0 such that
U(u,v) +C(u,v) € Bp, (3.17)
for all (u,v), (@,v) € Bp = {(u,v) € X : [|(u,v)||yx < R}.
Proof of Lemma 3.2. Let (u,v), (4,0) € Bgr. We have the following estimate
PaCs )0 < ool + [ 115 u(s) 006D s (3.15)
< Juoly + Tfr + Rl a0,
We also have an estimate for Py(@,v) as follows:
Po@ o)), < |lo]), / 3(s))l, ds (3.19)

<Jlo™, [Rnglnmo,m + 1195011 0,1 | -
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Choosing R > 0 large enough such that

R> luoly + T fr + |||, g2l £ 0,1
= 1- L, ’

(3.20)

Combining (3.18)—(3.20) and doing some direct calculations, we obtain an estimate as in (3.17). Lemma

3.2 is proved. O

Lemma 3.3. If the conditions in the Lemma 3.2 are satisfied, then the operator U : X — X is a
contraction.
Proof of Lemma 3.3. Let (u,v) and (@,?) be arbitrary elements in X . We have

[P, 0) (1) — P (@, 0)(1)], < / (s, u(s),0(s)) — £(s,a(s), o(s))], ds (3.21)
<Ll 0.y 0 0) = (@,0) -

Since [|Lgllpi ) < L1 < 1, we infer that Py : X — C([0,T];R") is a contraction mapping, so is the
operator U = (P1,0) : X — X . Lemma 3.3 is proved. O

Lemma 3.4. If the conditions in the Lemma 3.2 are satisfied, then the operator C : B — X is
continuous and compact.

Proof of Lemma 3.4.

Step 1: Py is continuous. Let {(wm,vm)} C Br and (u,v) € B such that

| (W, V) — (w,v)|| x — 0, as m — 4o0. (3.22)

By the continuity of g and the Lebesgue’s dominated convergence theorem, we get

T
/0 lg(t, um (1), vm (t)) — g(t, u(t), v(t))|; dt = 0, as m — +o0. (3.23)

Using (3.23), we infer that

sup |P2(tm, vm)(t) — Pa(u,v)(t)| (3.24)
0<t<T

T
< Hfflﬂl/o |9t tm (£), v () — g(t, u(t), v(t))]; dt — 0, as m — +o0.

Step 2: Py(Br) is relatively compact. Tt follows from the continuity of ¢ that there exists mg > 0 such
that [g(t,u(t),v(t))]; < mpg forall (u,v) € B, Vt € [0,T]. Hence, the set P2(Br) is bounded in C([0,T];R").
Taking arbitrary (u,v) € Br and t1, t2 € [0,T], t2 < t1, we obtain

/ 1 g(s,u(s),v(s))ds| <mpglt; —taf, (3.25)
to 1

[P (u,v)(t1) — Pa(u,v)(t2)]; =

it leads to P2(Bpr) is equicontinuous. Therefore, the set P2(Bpg) is relatively compact in C([0,T]; R™) due to

the Arzela-Ascoli’s theorem. Lemma 3.4 is proved. O
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Theorem 3.5. Suppose that the conditions in Lemma 3.2 are satisfied. Then, Problems (1.1)—(1.2) have
a solution.

Proof of Theorem 3.5. Combining Lemmas 3.2, 3.3, 3.4 and applying Theorem 2.1 (Krasnoselskii), it is
clear to see that P = U + C has a fixed point.

Theorem 3.5 is completely proved. [

Remark 3.2. The result obtained in Theorem 3.5 leads that the set of solutions of Problems (1.1)—(1.2)

is compact in X, it means that the set

S ={(u,v) € Bg : (u,v) = U(u,v) + C(u,v)}
is compact in X . Indeed, by the fact that & : X — X is a contraction, (I —U) : X — X is invertible and
(I —U)~': X — X is continuous, and therefore, S can be written as follows:

S = {(u,v) € Br: (u,v) = (I —U)"*C(u,v)} = (I —U)"*C(S).

By C: Bg — X is continuous and compact, and by (I —U)~!: X — X is continuous, it implies that
(I -U)~'C: Bp — X is continuous and compact. Hence, S = (I —U)~1C(S) is relatively compact in X , since
S is bounded. In order to prove the compactness of S, it remains to check that S is closed in X.

Suppose that {(tm,vm)} C S, [|(wm,vm) — (u,v)||x — 0. By the continuity of (I —U)~'C, we have

H(u,v) — (I =U)"'C(u,v HX
< (w, ) = (U, vm) | x + ||(I —U) " C (U, vn) — (I —U) " C(uy v ||X — 0.
Thus (u,v) = (I —U)"'C(u,v), so (u,v) € S. We verify that S is compact in X .

Remark 3.3. Using Lemma 2.3, with respect to a > 0, 8 > 0, we also obtain similar results. It is proved

that Theorems 3.1 and 3.5 remain valid for this case, where L and L, respectively, are defined as follows:

L=aT + [ Lsllpsor + (87 + 12l e o)

Ly = aT + | Lgll i oy + <5T + ||91||L1<07T>) HeﬁT”?Hl '

Example 3.1. We consider the following problem

ui(t) = e [cos(|u, (t)],) + sin®(ju(t)] )], t € (0,1),

’ o
ué(f) = dze (LSC0|S(l )(‘ )y )+Sin2(\u( ], te(0,1),

o _ 1u(®)]y

1O @, O

i _ 2 [Vl

2(t) e2t + |’U/(t)‘1 + ‘U(t)h’ te (07 1)7 (326)

(ul(O),ui(O))T = ug f R?, )
v1(0) = Zvi1(1/2) + v (1) + - fol e~y (t)dt,

116 1 1
v2(0) = 811(1/2) Ew(l/l?) + 8111(1) + @112(1)
—|—§ fol e~ tuy (t)dt + 3 fo e~ tug(t)dt,
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2e(31 4 203e)
(4+ 9¢)(4 + 25¢)

Problem (3.26) has the form Problems (1.1)—(1.2) with respect to n = 2, f(t,u,v) = (f1(t, u,v), fo(t,u,v))"

where (|61 +1]02) (1—e) [1+ (1+e7h) <1.

g(t,u,v) = (gl(t7u,v),gg(t,u,v))T, where

filt,u,0) = S1e”" [cos(|u(t)],) + sin?(ju(8)],)] ,

folt,u,v) = dret [cos(|v(t)\1) + sin2(|u(t)|1)} ,
_ & \u(t)|1

nbeD) = Sl + O]

otuy) = d2 [v(t)];

e +[u(®)]y + [o(t)ly’

1
and ]\7:27 T1:§, TQZT:L

H{t)=e™ [ %g 198 } » B = [ %S 1/016 ] ) B2 = [ 11//186 1/032 } '

It is easy to see that the assumptions (H;) are satisfied, since

13 3

1
H(t)|, dt B Bsl, = — —
@ e+ 1Bl 1Bl = g6 - o

On the other hand, the assumptions (Hz), (Hs) are satisfied with Ly(¢) = (|01] + |62]) e, Ly(t) =
216 + |Fa)e.

Moreover, we have

1
o = I*/ H(t)dt*Bl*BQ
0

R AR AR N

o Jg11 0
021 022 |’

where

on = e T T e T 0
l—e ! 1 1 1 25

2 = T T Ty TR T

l—et 1 1 1 3
T TR TE T8 s sV

16e

0_1 = |: —00%21’1 i ] = |: _(Tél i ] = [ ze%gegfl) ?Se > 0.

011022 022 011022 022 (44+9e)(4+25¢e)  4+25¢
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Hence
o, = max 16e 2e(3e — 1) 32e
L 449 (44 9¢)(4 + 25¢)" 4 + 25¢
_ 2e(31+4203e)
(44 9¢)(4 + 25¢)

Moreover
1Ll ay = (8u]+102]) (1 =€),
ILolpon = (61 4+ 18]) (1 —e2),

we have
L = ”LfHLl(o,l) + ||L9||L1(0,1) H071||1

2e(31 4 203e)

(18] +182D) (L= e™) + (1011 +102D) (1 = €7%) a5 550)

2e(31 + 203e)

(J01] +1d2)) (L —e ) |1+ (1+e7) (4 + 9¢)(4 + 25e)

Then, the conditions of Theorem 3.1 are satisfied. Thus, we deduce that Problem (3.26) has a unique

solution.
Example 3.2. Let us consider the following system

oy bl
=gy ]+ PO re o,
o _ 2 |V 1
0= T, + oy,
V() = 8ret (v1 () + us(t) sin( ¢ UQ(t))) e (0,1),
vh(t) = Sae " (wa(t) + wr () cos( /() ), £ € (0,1),

(u1(0), u2(0))" = uo € R?,

0(0) = i(1/2) + 7 (1) + 1 fo (et
v9(0) = §v1(1/2) + %U2(1/2) + évl(l) + %vz(l)

1 1
+g fol ety (t)dt + 3 fol e tuy(t)dt,

where 2 (1 —e™!) [(|§1| + |02]) + % max{ |61

)

52|}} <1.

(3.27)

Problem (3.27) has the form Problems (1.1)~(1.2) with n = 2, f(t,u,v) = (fi(t, u,v), fo(t,u,0))",
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g(ta u, 1)) = (gl (t7 u, ’U)a QQ(t, u, v))T ) in which

_ o1 |u(®)y
New) = TR, + o,
_ 92 [v(®)]y
RO = G o, + o,
g(t,u,v) = et (vl (t) + ua(t) sin(y Ug(t))) ,
go(t,u,v) = dpet (vg(t) + uq () cos(v/v1 (t))) )

1
and NZQ, Tl:i’ T2:T:1,

H(t)=e™ [ %g 138 } » B = [ %Z 1/016 ] ) B2 = [ 11//186 1/032 } '

Obviously, (Hz) and (Hs) are satisfied with Ly(t) = 2(|d1] + [62]) e™", g1(t) = max{|d:],

52 ‘ }e_t,

592¢? max{|01|, |d2|}
(9e + 4)(25¢ + 4)

We note that, with (1 —e™!) <2 (|61] + |02]) + ) < 1, we have
Ly = ||Lf||L1(o,1) + HU_1H1 ||91HL1(0,1)

2e(31 + 203e)
(4 +9¢e)(4 + 25¢)

e(31 4+ 203e)
(4+9¢)(4 + 25¢

—2(1—e ) (6] + 162]) + (1—e ) max{|5,], |5}

~2(1- ) [+ e + (] 5] <1

Applying Theorem 3.5, we verify that Problem (3.27) has a solution.

4. Positive solutions

The main purpose of this section is to prove the existence of positive solutions for Problems (1.1)—(1.2), in
which f,g € C([0,T] x R® x R R"), and H € C([0,T};9M,,), B; € M,, (j = 1, N). The main tool is the
Guo-Krasnoselskii’s fixed point theorem in a cone and applying Lemmas 2.3 and 2.4 with « > 0,5 > 0. For

the sake of simplicity, we consider the case uy = 0.

First, based on Lemma 2.3 with a > 0,3 > 0, the integral system (2.1) can be written as follows:

u(t) = ft e~ =) f (s,u(s),v(s))ds,
{ v(t) :f? G(t,8)gs(s,u(s),v(s))ds. (4.1)

Next, based on Lemma 2.4, we make here the assumptions as follows.

There exist positive constants «, 8 such that the following conditions are fulfilled:

(Hy) HeC(0,T);M,), Bj €M, (j=1,N) such that the assumptions of Lemma 2.4 are satisfied;
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(H2) f:]0,T] x R™ x R®™ — R™ is a continuous function such that

f(t,u,v) > —au, for all (t,u,v) € [0,T] x R} x RY;

(H3) ¢:[0,T] x R" x R® — R" is a continuous function such that

g(t,u,v) > =P, for all (t,u,v) € [0,T] x R} x R.

We have the following simple lemma.

Lemma 4.1. Suppose that (Hy)—(Hs) are satisfied. Then, for each (u,v) € X such that u(t), v(t) >0,
vt € [0,T], we have P1(u,v)(t), Pa(u,v)(t) >0, for all t €[0,7]. O

We next define the cone K in X as follows:
K ={(u,v) € X tu(t) >0, v(t) >0, |[vt)]; >7|(u,v)|x, ¥Vt €[0,T]}, (4.2)

where v is defined as in (2.10) of Lemma 2.4.
Lemma 4.2. Suppose that the following conditions are fulfilled

(i) a<p
(17) falt,u,v) < gg(t,u,v) for all (t,u,v) € [0,T] x Ry x R4.

Then, P: K — K.
Proof of Lemma 4.2. Let (u,v) be an arbitrary element in K. We have

[P(u,v)l[x = sup [Pi(u,v)(#)]; + sup [Pa(u,v)(t), (4.3)
0<t<T 0<t<T
t
= sup / e_a(t_s)fa(s,u(s),v(s)) s —|— sup / G(t,s)ga(s,u(s),v(s))ds
o<t<T |Jo 0<t<T

sup /Oe_a(t_s)lfa(sw(S)av( s))lyds + sup /0 |G(t,5)g5(s, uls), v(s))], ds

0<t<T 0<t<T

S/OT e | £o(s,u(s),v ))1ds+/T‘gﬁleﬂsgﬁ(s,u(s),v(s))‘ ds

T

<[ " e s u(s), o(s)), ds + | e

Uglgg(s, u(s), v(s))’l ds

—/OTeBs “gﬁ(s,u(s),v(s))h + ‘nggg(s,u(s),v(s))‘ }ds

T
:/ 65
0

1

s (IJro[;l) gg(s,u(s),v(s))‘lds.
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On the other hand, we also have

|Pa(u, 0)(t), = (4.4)

/0 G(t, s)gs(s,u(s),v(s))ds

1

T
= [ 16 9)as(s. ) o), s
= (105" st uts)oe))] ds =1 1PGw. 0l

It follows from (4.3), (4.4) that |[P2(u,v)(t)]; > v ||P(u,v)||x,so P: K — K. Lemma 4.2 is proved. O
Theorem 4.3. Suppose that (Hy) - (Hs) and the conditions in Lemma 4.2 are satisfied. Furthermore,

the following assertions are fulfilled
(i) There is a constant 6 € (0,1/2T] such that

faltyu,)ly < 0(ul, + Jol,) . Y(tuv) € [0,7] x B” x R (4.5)

(ii) There exist two positive constants r, R, r < R, such that

‘Glgg(t,u,v)‘l < %, V(t,u,v) € [0,T] x R} xR, |u|; <7, yr < |o]y <7, (4.6)
~ R n n
‘Gogg(t,u,v)‘l > T V(t,u,v) € [0,T] x R} xR, |ul; <R, yR < |v|; <R,
or
|éogﬁ(t,u,v)’1 > %, V(t,u,v) € [0,T] x R} xR, |u|; <7, yr < Jofy <, (4.7)
2 R n n
’Glgﬂ(t,u,v)’1 < o7 V(t,u,v) € [0,T] x R xRY, |ul; <R, yR < |v]; < R.

Then, Problems (1.1)—(1.2) have a solution (u,v) with u(t) >0, v(t) >0, for all t € [0,T].
Proof of Theorem 4.3. Using similar calculations as in Lemma 3.4, we obtain that the operator P is

completely continuous. Let us consider two bounded sets as follows:

Q= {(u,v) € X : [[(w, )| x <7}, (4.8)
Qr ={(v,v) € X : ||(u,v)| x < R}.

It is easy to see that €2, and Qg are open subsets of X with 0 € Q, and Q, C Q. We shall consider

two cases.
Case 1. The (4.6) is true.

Take an arbitrary element (u,v) € K with ||(u,v)||y = . We have the following estimates
¢
[P1(u, v)(B)]; < 9/0 (lu(s)] + [v(s)]) ds < TO|(u, )] x , (4.9)
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and

T
Palu o) = [ 16 s (s u(s). o)), ds (4.10)
T
< [ Gigsts.uts). (o)) ds < Tz = 5 w0l

It follows from (4.6) 1y, (4.9) and (4.10) that
[P (u, )l x < l(w,0)lx, Y(u,v) € KNOQ,. (4.11)

On the other hand, for each (u,v) € K N 9Qg, we have

T
[P(u, 0)][ x = [Pa(u, v)(#)], = |/O G(t,5)gs(s, u(s), v(s))ds (4.12)

1

T
= [ 1609950 u5). ), s
> [ [Gogs (s u(s). (o)) ds = T = w0y

Combining (4.11), (4.12) and applying the first part of Theorem 2.3 (Guo-Krasnoselskii), we deduce that
there exists (u*,v*) € KN (Qr \ Q) such that P(u*,v*) = (u*,v*). It means that Problems (1.1)—(1.2), with
ug = 0, have positive solutions.

Case 2. The (4.7) is true.

Using the same method as in Case 1, by applying the second part of Theorem 2.3, we obtain the similar

result.
Theorem 4.3 is completely proved. [

Remark 4.1. In order to show the existence of positive solutions of Problems (1.1)-(1.2) with ug > 0,

we put @(t) = u(t) — ug. Then, the pair of functions (@, v) is the solution of the following problem

a = f(t,u,v), t €(0,T),
v = g(t, a,v), t EA([O,T), (4.13)
a(0) = 0, v(0) = ; Bjv(T +f0 t,

where f(t,@,v) = f(t,a + uo,v), g(t,a,v) = g(t, @+ ug,v).

Applying results in Theorem 4.3 for the system (4.13), we can obtain the existence of a solution (u,v)
such that u(t) > ug, v(t) >0 for all t € [0,7]. O

We will provide an example for Theorem 4.3 below.

Example 4.1. Let us consider the nonlinear first order ordinary differential system as follows:

"(t) = flu(t),v(t), t € (0,T),
v'(t) = g(u(t), v(t)), t € (0,T), (4.14)
w(0) = ug, v(0) = Byv(T1) + Bov(T3) + fo Jo(t)dt,
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where N =2, Ty = —, To =T,
41 1/4 0 18 o0 | 1/16 1/16
H(t) =e [ 1/8 1/8 |’ By = 1/8 1/16 |’ B = 1/8 1/32 |’
and f(u,v),g(u,v) are given as in (4.15) below.
We first choose v € (0,1) as in Lemma 2.4. We have
T
og = I—/ e PtH(t)dt — e PT/2B, — e TP B,
0
_ o e 0 ] e[ 18 0 ) g [ 1/161/16
1+0 1/8 1/8 1/8 1/16 1/8 1/32
_ 011 012
021 022 |’
where
—(1+8)T
011 = Lot —le_ﬁT/Q Th >0
41+ 5) 8 16 ’
—(1+8)T
Ooy = 1—e (49 _ ie—ﬂT/z _ ie—Tﬂ >0
8(1+p) 16 32 ’
_ 1 1
012 = 166 <0,
1_ e~ +HBT 1 1
= - 8(61 B — gefﬁT/Q - gefTﬁ < 0, with 8 > 0 small enough,

021 =
detag = 0110922 — 0120921 = A\ > 0,
1 022  —012 022 —012
= =z _ > 0.
011 —021 011

—1
g =
B A | —021

(

_6'12 :| = d—U)

_ 14+ 099
I b= _ !
+05 |: —0921 1+0o1n1
—28T _—1 B —28T 0922 —012 1/16 1/16
€ % By = e [—0'21 011 ][ 1/8 1/32
opr | TR = _n .
Cij > 0, Vi,j =1,2
By choosing ~ € (0,1) such that
6,,
0<~vy< min {1, —2% },
7 i,j1,2{ 14 dy;
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then
eiQﬁTUﬂ_lBN -y (I + O'ﬁ_l> > 0.

We next choose two positive constants r, R such that r < R and r < yR.
We note more that it is easy to compute two positive matrices Gy, G as in Lemma 2.4.

Now, we give the functions f, g as follows:

F(1,0) + au = & [g(u,v) + Bu+a (jor|sin® (§53), [vz] sin( )],

2
ol Jul}
L+ [ul}

2
a(vly —vR) rlufy -
reaR Ll
e2(u+v), u,v ER?, o], > 4R,

u,v € R?, lv|; <,

g(u,v) - ﬂ’l}

1 . "
cy > — and d:(dl,dg)ERi, d> 0.

for 0 < ci(dy + dg) + 28 <
~T

2T HG1||1

In what follows, we verify that (Hs), (Hs) are satisfied.
It is clear to see that g € C(R? x R*R?) and for all (u,v) € R2 x R%, we have

2
|U|1|“‘1 7

(i) (u,v) e R xR, |v|; <7 :glu,v) — fo=c 5
1+ |uly

> 0;

(ii) (u,v) € RE xR2, r < |u|; <AR:

a(jvl, =vR) rluf; - CQ(|U|1_T)< |v]y )
u,v) — fv = d+ U+ —=v
9(u,v) r—aR 14 \uﬁ YR —7r YR

v|1—r) CIT|U|? v, —r ( vl )

=(1- d+ c | u+—=v

( YR—71) 14 uf  AR-7 ? YR

—(1-\) C”||”||1d+xc <u+]% )zo, with A =
1

(iii) (u,v) € RE x RZ, |v|; > vR : g(u,v) — Bv = ca(u +v) > 0.

lvl, =7

Eh=% o, 1;
’YR—TG[7 I

Thus g(u,v) + Bv = g(u,v) — Bv +2Bv > 0, V(u,v) € R2 x R2. Tt implies that (H3) holds.

On the other hand, f satisfies (Hs). Indeed, by

ft,u,v) = —au+9 [g(u,v) + fv+« (|v1|sin2(\3/@), \v2|sin2({’/ﬂ))] ,

we have f € C(R? x R%;R?) and for all (u,v) € RZ x R%,

Flu) tau = 8 [gluv) + Bo+a (jor] sin? (YT3), [oa] sin®(9/D))]
> 0 (g(u,v) + pv) > 0.

Next, the conditions in Lemma 4.2 are satisfied. We need prove that if o < 3, then

flu,v) + au < g(u,v) + Bo, Y(u,v) € Rﬁ_ X Rf_.

(4.15)
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‘We have

faluw) = 6 [g(u,v) + Bo-+ o (ol sin®(92), [val sin®(/om))] < 8 [glou,v) + Bo + ]
) [g(u,v) + (1 + ﬂ) ﬂv} <9 (1 + ﬁ) 95(u,v)

< gg(u,v), \V/(U,’U) € Ri X Ri—v

with 6 > 0 small enough, such that 0 < ¢ <1 + g) <1.

It is clear that the function f satisfies the condition (4.5), i.e.
1
30 € (0, ﬁ] N fa(usv)| = [f(uv) + aul, <0 (Jul, + |v],), Vu,v € R2.

Indeed, for all (u,v) € R?, we have

(i) (u,v) € R? x R?, ||, <r:

2
v u
| ‘1' |§(d1+d2)
1+ [uly

<eci(dy +dz2) vl < er(dy +dz) ([ul, + |v]));

l9(u,v) = Buf; = e

(ii) (u,v) € R* x R?, r < |o|; < yR: with A = WJ%;T € [0, 1], we get
YR —r

2
Cc1T |Uu — v
lg(u,v) = Bul, = (1= \) — | |12d+)\cz <U+ ||1v>

1—i_|u|1 PYR 1
2
7 |uly vl
<(l1-Xc dy + do +>\02<u + —|v
( ) 11+|U|§( 1 ) |uly 7R| 1

<ci(dy + dz2) |v|; + e (|uly + |v])
< [e1(dr +da) + 2] (Jul; + [v]y);
(ifi) (u,v) € R? x R?, [v]; > vR : |g(u,v) — Bo|; = [ea(u+0)|; < e (|ul; +[vl;).

It implies from (i)—(iii) that
lg(u,v) — Bu|, < [e1(dy + d2) + 2] (|ul, + |v],), Y(u,v) € R* x R?.

Hence

8 |g(u, v) + B + o (Jor| sin(/vz), Jva] sin® (o1)) |

3 [lg(u, v) = Bof, + (26 + @) Jol, ]

3 [(er(dr +da) +c2) (July +[v],) + (28 + @) ([ul, +[v],) ]
§ler(dy + da) + c2 + 28+ a ] (fuly + [vl,)

0 (luly + [v],), Y(u,v) € R? x R?,

|/ (u, 0) + aul,y

ININ A

1
where 0 =6 [c1(d1 +da) + 2o+ 28+ a ] < o7 with 6 > 0 small enough.

Finally, the function gg satisfies the condition (4.6), because

(i) (u,v) € RZ x RZ, |u|; <7 yr < o]y <7

2
vl u
lg(u,v) — o], = Cll1 L ‘;(dl +da) < ci(dy +d2) vy ;
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hence,

IN

l9(u,v) = Bv|, +28]v[;
[Cl(dl + d2) + 25 } |’U|1 < [Cl(dl + dg) + 2ﬁ ]’l”.

Igﬁ(uv U)‘l

N

It implies that

IN

[Crgs(wv)]y < [|Gally lgs(w,0)ly < [[Gally lea(dy +d) +28 ]

~ r r
||G1H1 QTuélHl T or”

(ii) (u,v) € RE xR2, |u|, <R, yR < |v|, < R:
98(u,v) = g(u,v) — fv +2Bv > g(u,v) — Bv = cz (u+v) = cav;

therefore,
_ R
|Gogg(u,v)’1 >cov); > 7R > T

We deduce that the assumptions and the conditions in Theorem 4.3 are satisfied; hence, we verify that

the system (4.14) has a positive solution. [J

5. Multiplicity of positive solutions
In this section, we will show that Problems (1.1)—(1.2) can have two distinct solutions or even finitely many
distinct solutions. The multiplicity of positive solutions depends strongly on the nonlinear term in (1.1). For
the sake of simplicity, we just consider the case ug = 0.

First, in order to prove the multiplicity result, we assume that there exists R; < vRy < v2Rj3 such that
for j=1,2

(G1) |Grgs(t,u,v)|, < éijj‘ for all (t,u,v) € [0,T] x R} x RY,
luly < Rj, vR; < |v]; < R;,
(Gy1) |Gogs(t,u, v)|1 > R?‘TH for all (¢,u,v) € [0,T] x R} x R,
luly € Rjs1, vRj11 < vfy < Ry,

where v is defined as in (2.10) of Lemma 2.4.

Theorem 5.1. Assume that (H,)—(Hs), (4.5) and (G1)—(G,) are satisfied. Then, Problems (1.1)~(1.2)

have two solutions (uy,v1) and (ug,ve) such that

Ry < l(us, o) x < Re, (5.1)

Ry < |[[(uz, v2)llx < Rs.
Proof of Theorem 5.1. We denote the sets
Q; ={(w,v) € Xt [|(u,v)llx <R;}, j=1,3. (5.2)

For (u,v) € K N9oQy, we have
[u@®)]; < l(u,v)llx = R, (5.3)

YR =7 [(u,0)llx < @)y <l(w,0)]x = B
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It follows from (5.3) and (G;) that

|Grgs(t,u(t), ()], < o (5-4)

Combining (4.5) and (5.4), we obtain the following estimate

t T
1P 0)llx = moas. | Ifa(s,u(S),v(S)llds+Org%xT/o |Gt 5)g5 (s, u(s), v(s))|, ds (5.5)
1 R
<5 o)y + 5 = 1w v)x-

If (u,v) € KNOQy, we have
lu®); < [l(u,v)llx = Ra, (5.6)

TRz = 7l[(w, 0)|[x < fo(@)ly < [(u,v)[| = Ra.
It follows from (5.6) and the assumption (G;) that
1P (u, )l x = [ (w; 0)lx - (5.7)

Applying the Guo-Krasnoselskii’s fixed point theorem, we verify that there exists a pair of functions
(u1,v1) € KN (Qz\ Q1) such that P(uy,vi) = (ug,v1).

By using the similar calculations as the previous part, we also deduce that there exists a pair of functions
(u2,v2) € K N (Q3\ Q2) which is a fixed point of the operator P.

Theorem 5.1 is completely proved. [

Next, we shall generalize results obtained in Theorem 5.1 to have the existence of finitely many distinct
solutions. For this purpose, we assume that there exists {R; }57:1 such that R;_; < yR;. We make the following

assumptions

_ _ R
(Gp) |Grgs(t,u,v)|, < ﬁ for all (t,u,v) € [0,7] x R} x R,
R |U|1§Rj, ’YRj§|v|1§Rj7j:]-7p_1a
— for all (t,u,v) € [0,T) x R} x R,
lul; < Rjt1, vRjv1 <|vly S Rjj1, i =1,p— 1

(Qp) |Gogﬂ (ta u, U) | 1

Y

or
(Gy) |Gogs(t,u,v)|, > % for all (t,u,v) € [0,T] x R? x R,
lul, < Rj, vR; <|oly < Rj, j=1,p—1,
(G;) |Grgs(t,u,v)|, < Rg;l for all (t,u,v) € [0,T] x R} x R,
uly < Rja, YRjp1 < vl S Rjpa, j=T,p— 1.

Then, by the method and calculations as in the proof of Theorem 5.1, we obtain the following theorem.
Theorem 5.2. Assume that (Hy)—(Hs), (4.5) and (Gp)—(G,) (or (G;)—(Gy)) are satisfied. Then,
Problems (1.1)-(1.2) have at least p — 1 solutions (uj,v;), 1 < j <p—1 such that

Rj <|l(w,v)llx < Rjp1, j=1,p— 1 (5.8)
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R,
Finally, assume that we have a positive sequence {R;} such that J_ < ~ < 1 such that for each

Jj+1
JeN,
@ e Rj n n
(G) |Grgs(t,u, v)|1 < oT for all (t,u,v) € [0,T] x R} x R%,
(G) |Gogs(t,u, v)|1 > JTH for all (t,u,v) € [0,T] x R} x R,
luly € Rjp1, 7Rt < |vly < Rjgas
or

_ R
(G%) |Gogg(t,u, v)|1 > ?j for all (t,u,v) € [0,T] x R} x R,
|U|1 S R]afij S |U|1 S R]7
for all (t,u,v) € [0,7] x R x R},
luly € Rjp1, 7Rt < |vly < Rjqa.

_ _ R,
(GZO) ‘Glgb’(t’u7 U)|1 At

IN

Then, we also obtain the following theorem.

Theorem 5.3. Assume that (Hy)—(Hs), (4.5) and (Gso)—(G..) (or (GZ)~(G%.)) are satisfied. Then,
Problems (1.1)—(1.2) have infinitely many solutions {(u;,v;)}, j € N such that

R; < H(U7U)HX < Rjq1, VjeN. (59)

6. A remark

We remark that the methods used in the above sections can be applied again to obtain the same results as
above for the following problem

w(t) = fre(tur, - Uy Umt1, s Uman), t € (0,T), k=1,m+n, (6.1)

associated with the initial and multipoint conditions

ug(0) = uo, k=1,m,

Ny, T _— (6'2)
up(0) = > prjun(Tij) + [y hr()ur(t)dt, k =m+1,m +n,
j=1

where fi : [0,T] x R™™™ — R, hy : [0,T] - R (k = 1,m +n) are given functions and uox (k = 1,m),
T

0 < Tp1 < Tho < -+ < Ty, = (k= m+1m+n), pyj (j = 1,Ni) are given constants, with

Ny T
max > gl + Jo The(®)ldt | < 1.

m+1<k<m+4n j=1
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