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Abstract: In this work, complete Lyapunov functionals (LFs) are constructed and used for the established conditions
on the nonlinear functions appearing in the main equation, to guarantee stochastically asymptotically stable (SAS),
uniformly stochastically bounded (USB) and uniformly exponentially asymptotically stable (UEAS) in probability of

solutions to the nonautonomous third-order stochastic differential equation (SDE) with a constant delay as
@(t) + a(t) f(2(t), (1) 2(t) + b(t)p(2(8))E(t) + c(t)P(z(t — 7))
+ gt 2)w(t) = p(t, x(t), &(t), £(t)).
In Section 4, we give two numerical examples as an application to illustrate the results.
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1. Introduction

Stochastic differential equation (SDE) is typically a dynamical system endowing random components that
models the evolution over time of particular phenomena that is subject to uncertainty. For instance the evolution
of a financial asset, risk assessment in insurance policy, etc.

To the best of our knowledge, SDE of the third-order with or without time-varying delays naturally
appears in multiple applications, where deterministic models are perturbed by the white noise or its generaliza-
tions [13, 23, 27, 28]. In most cases, SDEs are understood as a continuous time limit of the corresponding SDEs.
This understanding of SDEs is ambiguous and must be complemented by a proper mathematical definition of
the corresponding integral. Such a mathematical definition was first proposed by Kiyosi It 0, leading to what is
known today as the It6 formula (IF). Mathematically, stochastic delay differential equations (SDDEs) were first
introduced by It6 and Nisio [15], in which the existence and uniqueness of the solutions have been investigated.

More than one hundred years ago, Lyapunov introduced the concept of stability of a dynamical system
and created a very powerful tool known as the Lyapunov’s second method (LSM) in the study of stability and
boundedness. A manifest advantage of this method is that it does not require the knowledge of solutions for
equations and thus has exhibited a great power in applications. In general, many results have been obtained
on uniformly stochastically stable (USS) and USB of solutions for delay differential equations (DDEs) by using
LSM. See, for example [1, 2, 9, 10, 14, 20, 29-32, 34-41], and the references cited in therein.
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In the last decades, SDDEs have attracted a great interest in the literature because of their applications
in characterizing many problems in physics, mechanics, electrical engineering, biology, ecology and so on. See
[17, 24-26]. Some related papers will be presented on the kind of SDDEs. See, for example [3-8, 11, 12, 16, 19,
21, 22, 42].

Recently, Mahmoud and Tung [22] investigated new criteria for USB and UEAS for a certain third-order
SDDE as

T(t)+ O(x,2)t + G(a(t —r))+ Fz(t —r)) + ox(t — h(t))w(t) = P(t,x, &, L).

The purpose of this paper is to establish the sufficient conditions for SAS of the zero solution, USB and
UESA of all solution to third-order SDE with a constant delay as

(1) + a(t) f(2(2),2(2))E(t) + b(E)p(x(t)2(t) + () (2(t — 1))

+ g(t,a:)dz(t) = p(t,x(t),a’c(t),i(t)),

(1.1)

where a(t), b(t) and ¢(t) are positive and continuously differentiable functions on [0, o), also f(z,y), ¢(z), g(t, ),

. . . o - n s . . .  dw

and 1 (x) are continuous functions with ¢(0) = 9(0) =0, w(t) € R" is standard Brownian motion, w(t) = %7.

In this study we will consider the derivatives a'(t) = d‘zg), b(t) = %(tt),c’ (t) = dil(tt), P o= % and
Of (x,

fo(w,y) = 2530

Remark 1.1 We will give the following remarks:

(1) In [37], Sadek investigated the asymptotic stability of DDE. Comparing his equation to (1.1), we find
flz(),2(t)) =1 and o(x(t)) =1 with p = 0, then (1.1) can be reduced to Sadek’s equation without the

stochastic term.

(2) The obtained results in [3, 6, 7, 12, 42] are on second-order SDDE.

(8) In (1.1), if we let a(t) =a, b(t) =b, f(z(t),z(t)) =1, (x(t)) =1, c(t) =1 and g(t,z) = oz(t), we note
that the equation studied by Ademola [8] represents a special case from (1.1) in this study.

(4) In 2015, Abou El-Ela and his students have begun studding the behaviour of SDDE, see [3-6] and then
Mahmoud et al. continued the studding of the SDDE, see [19, 21, 22]. Our paper represents a generalization
of all the above studding. For example, in (1.1), let a(t) = b(t) = c(t) =1, o(x(t))z(t) = G(&(t —7r)) and
g(t,x) = ox(t — h(t)), it tends to the SDDE studied in [22].

2. Stability result

Let B(t) = (Bi(t),...,Bm(t)) be an m-dimensional Brownian motion defined on the probability space.

Consider a nonautonomous n-dimensional SDDE
dx(t) = M(t,x(t), z(t —r))dt + N (¢, z(t), z(t — r))dB(t), YVt >0, (2.1)

with initial data {z(0) : —r < 6 < 0},29 € C([-r,0;R"). Suppose that M : Rt x R>® — R" and
N : Rt x R2®" — R™™ gatisfy the local Lipschitz condition and the linear growth condition. Hence, for any

given initial value z(0) = o € R™, it is therefore known that Equation (2.1) has a unique continuous solution on
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t > 0, which is known as z(t; z¢) in this section. Suppose that M (¢,0,0) =0 and N(¢,0,0) =0, for allt > 0.
Hence, the SDDE admits the zero solution x(t;0) = 0 for any given initial value z¢ € C([—r,0]; R™).
Let C12(R* x R™;R*) denote the family of nonnegative functions W (¢, z;) defined on Rt x R™, which

are once continuously differentiable in ¢ and twice continuously differentiable in x.
By IF we have
dW(t, xt) = £W(t, xt)dt + WI(t, l‘t)N(t, J}t)dB(t),

where

ﬁW(t, xt) = Wt(t, (Et) + Wm(t, .’Et)M(t, xt)

1 (2.2)
+ itrace[NT(t, ) Wae (6, )N (8, 21)],

where Wy, = (Wa,,..., Wy, ) and Wop = (Waiz, )nxn, 4, j =0,1,2,...,n. Moreover, let K denote the family of
all continuous nondecreasing functions p : Rt — RT such that p(0) = 0 and p(r) > 0, if r > 0. Here, we will

use the diffusion operator LW (¢, z;) defined in (2.2) to replace W'(t,x:) = %W(t,xt).

Theorem 2.1 [8, 13] Assume that there exist W € CL2(RT x R";R*) and p1,pa, p3 € K such that

prllzl]) < Wt ze) < pa(l]]),

and
LW (t,xe) < —ps(||z]]), V(t,x¢) € Rt x R™.

Then, the zero solution of the SDDE (2.1) is SAS.

Now, we can give the following main theorem.

Theorem 2.2 In addition to the basic fundamental assumptions imposed on the functions f, ¢ and ¥ appearing
in Equation (1.1), suppose that there exist the positive constants ai, as, by, ba, fi Lo, L, ¢1,p2,a,0 and g,

and the negative constant ag such that the following conditions are satisfied:
(2) a1 <a(t) <ag, by <b(t) <by <1, and ¢y <c(t) <1, forallt > 0.
(ii) d'(t) <ag, —o <V (t) < (t)<d(t)<0,t>0.

(#55) 1< f(z,y) < f1, with fo(z,y) <0 forall z,y, 1< ¢(z) < o,
@ > Lo, x#0, and |¢'(z)| < L, such that ¢(x)signz > 0, sup {|¢'(x)|} = % with a1by — g > 0.

(v ) |2’ (2)y] < A, for all (x,y,z) € D where D is a domain in xyz-space containing the origin.
(v) {uby —¢'(x)} > A= pub — %, for some A >0, with p= alil%%.
(vi) g(t,x) < ax, such that o < 2c1Lo—ay — by — 2.

(vit) A >3+b1+ pagfi and 2A > by.
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Therefore, the zero solution of (1.1) is SAS, provided that

201L07(117b17270&2 A*,uaoflfblf3 2A7b1
2L T Aw+ DL 2y [

r<min{

Proof of Theorem 2.2.
By considering p = 0, (1.1) is equivalent to the following

'CL‘ = y?
y’ = Z’
t (2.3)
= —alt)f(@.9)z = W)plaly = e(t)0la) +olt) [ o/ (al)us)ds
— g(t, x)w(t).
Define LF W = Wi (4,44, 2¢) of the system (2.3) as the following
Wi (e, ye, 2¢) =pc(t) /x Y(€)dE + c(t)y(x)y + pa(t) /yf(x, nmndn + pyz
’ ’ (2.4)

2

2 0 gt
+ ozt b(t)go(x)yf + 2?4+ /\/ / y*(0)dods,
2 2 —r Ji+s

where A is a positive constant to be determined later in the proof.
Differentiating (2.4) and applying IF, then the time derivative of the function Wi (¢, ¢, ys, 2¢), along the

system (2.3), becomes

LW (0,0, 20) = (1) / " (O)dE 1 ¢ (B (@)y + (1) / " e myndn

+ pa(t)y /O ’ fo(@, m)ndn + () (x)y® + pz® — pb(t)e(x)y?
—a(t) f(z,9)2* +yz — a(t) f(z,y)zz — b(t)p(x)zy — c(t)p(2)x

2y etz o) [ s)ds + V000 Y

3 t
1
FUOS @)+ x? =X [ s + 5P k)
t—r

From the assumptions (i) — (44¢) and (vi), we have

x 2
EWi (o) <0 (1) [ 0OdE +COv @+ ¥ (p(w) Y + s + 20+ 92

1 . 1
— (Mb1 — @Z)’(:c))y2 + 562@’(x)y5 + §uaof1y2 —a12® — a1z

t
— by — c1Lox® + (py + 2 + x) ¥ (2(s))y(s)ds

t—r

¢
1
+ Ary? — )\/ y*(s)ds + 5042352.
t—r
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Using the assumptions (iv) and (v), we have {ub; —¢'(x)} > A and |b¢'(2)y| < A. Therefore, the

above equation becomes

LW (24, ye, 2t) SuC’(t)/o Y(&)dE + () (x)y + %b’(t)so(:r)y2 + p2® + 22y + yz

2 2

1
—a1xz — by — clLoxz + =a’z

1 1
- §Ay2 + iﬂaofly2 — a1z 5

Fuy ) [0 (als)yls)ds + Ary? — A / s,

t—r

Now, let the function R(¢,x,y) be known as

R= ) [ 0O +¢ vy + 59 D@ (2.5)
0
1. If ¢/(t) = 0, then Equation (2.5) becomes
R=— %b’(t)ap(x)yQ <0, by (ii). (2.6)

2. If ¢(t) <0, then R(t,z,y) can be written as

R= /J:C,(t)Rl (ta z, y)?

where

z 1
Ry — /0 VIOE + (o) +

The function Rj(t,x,y) can be represented as follows:

v(t)e(r) (t) ’ d(t) o
= [ vione+ IR 0+ o) - mmmre

By using assumption (i7), we have 0 < Z,Et)

<1, and also from (i), we get

Nt

B> /0 T Yy e,

Since p = ’“IETT”’O, and by assumption (ii7), we obtain
1— wl(g) > l albl +'¢}0 7@ _ albl +w0(1—2b1)
oo 4bl 2 4Mb1

Since b; < 1, it follows that

alb1 z/JO/
T Y(€
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From the condition (#i¢), we have a1by — 19 > 0; therefore, we conclude that Ry > 0,
and since ¢(t) < 0, then the function R(¢,z,y) becomes
R = pd(t)Ry < 0.

Hence, from the two cases (1) and (2) it can be concluded that R <0 for all z, y and t > 0.

Thus, we have

1 1
LWy (4, e, 2¢) <pz® + 2ay + yz — iAyQ + §Ma0f1y2 —a2® — aywz

t
—bizy — e Loz + (py + 2 + ) / ' (x(s))y(s)ds
t—r
K 1
+ Ary? — )\/ y*(s)ds + 5(12332.
t—r

By applying the inequality 2|pg| < p? + ¢*, and using the assumption |¢’(z)| < L, we obtain

2c1Lg—a1—b1—2—0a? L
LWy (¢, yt, 2t) S{ S - T}ZE2
2 2
A—3— _
B { 3—pagfr —b1 qu/\r}yQ
2 2
2.7)
D K R S (
2 T3
t
+ {QL(,u +2)— )x}/ y*(s)ds
t—r
Take A = $L(p+2), and since p = %;1'%7 so G —p= % = % >0, by (4), then we get
2c1Lg—2—a; — by —a? L
LWy (2, Y, 2t) < — el a1 - 0277“ z?
2 2
A—3— —b
_{ /;aofl 1 L+ 1)r}y2
2A—b, L) ,
%, 57 (%
Therefore, suppose that
. 201L0—a1—b1—2—a2 A—,U,aofl—bl—?) 2A—b1
r < min , , .
oL Au+ 1)L 2b,
Then, for positive constant d;, we can write
LWt e, ye, 2) < 01(2% +y° + 22). (2.8)
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Since f j; L ¥2(0)dbds is positive, we have

Wi, 0) 2pctt) " (e + etyp(a)y + palt) / " f(emyndn

52 y?
+ pyz + 5 +xz+ b(t)ga(x)? + 2%
From the assumptions (i) — (iii), we get
2 2

T P 2
Wi(xe, ye, 2¢) > per | (§)dE + crp(x)y + ,ual% + pyz + 5 +az+ bl% + 22,
0

Now, we can write the above equation as

Wi(ze, ye, 2) > {b1y+clw } + (py + 2) + B(al —2)? + (z + %)2

2

¢
2b1y*

# g [1 [ w©{ G - crvr©yman fae].

Since pby — 19 (€) = @1b1+(14_2°'1)¢° > ‘“bfd’o > 0, by (4); therefore, we conclude
{bly +cy(x } + (uy + 2) + g(al — 2u)y2

b _ xT
+(x+§)2+61(a1411 ¢0)/0 W(€)de

Since a1 —2u = % > 0, by (i), we get
Wi (e, ye, 2) > 62(2? + 9% + 22) for some 53 > 0. (2.10)

By applying the assumptions (i) — (4i7), we have

1 1 22
Wiz, ye, 2t) §§NL~T2 + Lay + §N02f1y2 +pyz+ = +az+a”

2
1 2
+ —booy” + A 0)dods.
2 t+9

Since

0 t ) ) t T2 )
[ wesas <ty [ @+ rs ="yl (.11
—r Jt+s t—r

Therefore, from the inequality pg < %(p2 + ¢?), we obtain

1

1
Witonanozn) < { e D2+ 3f ol + 3{ 2+ taati +1

(2.12)
1
+b2<P2+)\7”2}||y||2 (1 + 2|11
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Then, we get
Wi (2, ye, 2) < 63(2? + 9% + 22) for some 3 > 0. (2.13)

Hence, from the results (2.8), (2.10) and (2.13), we find that all conditions of Theorem 2.1 are satisfied.
The proof of Theorem 2.2 is now complete.

3. Boundedness result

Assuming Equation (2.1) and the function W (¢, ;) chosen from C12(R* x R";R*) satisfies the following.

Assumption 3.1 [18, 33] We assume that for any solution x(t) of (2.1) and for any fired 0 < ;o < T < oo,
the following condition hold:

T
E’”O{ w2 (t,xt))ka(t,xt)dt} <00, 1<i<n,1<k<m. (3.1)
to

Theorem 3.1 [18, 33] Suppose that there exists a function W (t,x;) in CL2(RT xR™; RT) satisfying Assumption
3.1, such that for all (t,z;) € R* x R":

@] < W < lz[|%,
(@) LW < —v(t)[l«]" + B(2),

(11))W — W92 < 5,

where v, € C(RT;RT), q1, g2, n are positive constants, g1 > 1 and v is a nonnegative constant. Then all

solutions of (2.1) satisfy
t t + 1/‘11
B lattsto,n)l < {Wtan)e™ o O 4 [ (ot + e SO
to
for all t > tg.

Definition 3.1 [18, 33] Let M(¢,0,0) = 0 and N(¢,0,0) = 0. We say that the zero solution of (2.1) is v-
UEAS in probability, if there exists a positive continuous function v(t) such that j;to v(s)ds — o0 as t — o0

and constants T, C € RT such that any solution x(t;tg,z0) of (2.1) satisfies the following
Bt to, o) || < C(|moll, to) (e~ o @) for ali t > 1o,

where the constant C' may depend on ty and xo. The zero solution of (2.1) is said to be v-UEAS in probability,
if C' is independent of tg.

Corollary 3.1 [18, 33] Suppose that the hypotheses of Theorem 3.1 hold. In addition
t t
/ {yv(u)+ Bu)}e” Jav®)ds gy, < M, for all t > tg > 0, (3.2)
to
for some positive constant M, then all solutions of (2.1) are USB.
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Corollary 3.2 [18, 33] Suppose M (t,0,0) =0 and N(¢,0,0) =0. Assume

t
/ {w(u) + ﬁ(u)}efto Y9 Gy < M, for all t >ty > 0, (3.3)
to
for some positive constant M and
t
/ v(s)ds = 0o, as t — oo. (3.4)
to

If the hypotheses of Theorem 3.1 hold, then the zero solution of (2.1) is v-UEAS in probability with

Theorem 3.2 If the conditions (i) — (vii) of Theorem 2.2 hold. In addition, we assume that the following
conditions are satisfied:

2c1 L by — 1)—a;—b1—2
(’UZZ’L) a2 < ci1Lo(aibi—tpo+1)—ai—by ]
ai1+1

(iz) |p(t,x(t),x(t),Z(t))] <m, m>O0.
Then,
(1) All solutions of Equation (1.1) are USB, provided that

201L0(a1b1 — ’(/}0 + 1) — (a1 + bl + 2) — (a1 + 1)@2
2(a1b1 - ’lﬁo + I)L ’

A+ a1t — pag fr — (b1 + 3) 2A — by }
2L(2a% ‘a1 +pu+2+ arb; — ’(ﬂo)L’ 2Lb1(a1 + 1) '

r<min{

(2) The zero solution of (1.1) is v— UEAS in probability.

Proof of Theorem 3.2.
In this case, we have p # 0 and the equivalent system is

T =y,

i=z,
5= —a(t)f (. 9)z — b(t)p(x)y — c(t)() + c(t) / W als)yls)ds

- g(tv x)w(t) + p(t, z,Y, Z)
Consider the function
W (e, ye, 2e) = Wi@e, Ye, 2¢) + Wale, Y, 2¢),

where W is defined as (2.4) and we can define Lyapunov functional W5 as the following

Walwe, e, 1) =cl(t)a? / " H(©)dE + alt)a? / " f e mindn + are(typ(@)y

+ %(albl — 1/)0)x2 + (a1b1 — 1/)0)36(2 + aly) (35)

Yo

2
tayz+ 5

c(t)y? + %zQ.
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Differentiating (3.5) by applying IF (2.2) and using the assumptions of Theorem 2.2, we get

EWalar ) <00 [ 9Qde +and (Ouialy + P00 - “07
0

v a
+ a%a/(t)/ F(@,m)ndn — (a1by — vo)er Loz® + —g2(t, )
0

2
¥ {<a1b1 o)+ ady+ } / tr ¥ (2(s))y(s)ds

n {(m o)+ aly + alz}p@,z(w,a's(t),f(t)).

Now, let the function Ra(t,z,y) take the form

Ra =c/()a? [ w(€de + anc @ty + 2002
0 , (3.6)
+aia'(t) / £ (@, m)ndn.
0
We have here two cases:
Case 1. If ¢(t) =0 and from (4i), then Equation (3.6) becomes
2 Y 2 Y
R = ala’(t)/ [, mndn < alao/ [z, mndn < 0.
0 0
Case 2. If ¢(t) <0, then Ra(t,z,y) can be written as
Ry = (t)Rs(t, @, y), (3.7)
where
x w / t Yy
Ry = a?/ Y(E)dE + arp(a)y + Sy” + a @) / f(@,m)ndn.
0 2 (t) Jo
It follows that
2/ Y
_aa (t)/ L
Ry = 70 (@, mndn + 21!) (Yoy + ar9(x))*

" S { [ v dﬁ{ /wao—d/(ﬁ)}ndn}

By using the condition (i), we have 0 < ‘Z,/g) <1, and since g —¢'(§) > %, by (#ii), we find

N

Ra > o= (Vo + e ) + 9 [Cuigae 2o

Then, we conclude

Ry = (t)Rs(t,x,y) < 0.
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Therefore, on combining the two cases for ¢/(t), we obtain Ry(t,z,y) <0, for all =, y, and ¢t > 0.
Thus, we get

LWo(ze,ye, 2) < — alTwaZ — (a1br — vo)c1 Loz® + %92(757@
t
b et dyraz] [ oG
t—r
+ {(albl - wO)x + a?il/ + alz}p(t7 x,Y, Z)

Now, from the assumptions of Theorem 3.2 and by applying the fact that |pq| < %(p2 +¢?), we conclude

2 2

iL 1
_ {a12¢0 _ a12r}y2+ §a1Lr22

n {(a1b1 ; o)L n (af +2a1)L} /t; y2(s)ds

N {<a1b1 o)l + a2lyl + a1|z|}m-

2(a1b; — c1Lg — aja? a1by — L
ﬁWQ(lEt,yt,Zt)S{ (1 L 1/)0) 150 1 (1 1 7/)0) }1’2

Now, from Equation (1.1), Lyapunov functional W in (2.4), and by using Equation (2.7), we conclude

2e1Lg—a1 —by—2—0? L
£W1(tal’t7yt,zt)§—{ A~ m 5 ! a —27“}:102

(3.9)

+ (|| + plyl + |2])m.

By combining Equations (3.8) and (3.9), we obtain

21 Lo(aby — o + 1) — (a1 + by +2) — (a1 + 1)a?
/.:W(t,xt,yt,zt)g—{ c1lo(arby — 4o +1) (2al+ 1+2) — (a1 + 1o

(@b — 9o + 1)Lr}m2 _ {(111/)0 + A — paogfi — (b1 +3)
2 2

2
_ay . 2 2A—b1_(a1+1)L 9
5 Lr )\r}y { %, 5 Tz

+ {(albl — o)L+ (af 4+ a1) L+ (n+2)L _)\} /t

5 y*(s)ds

—r

+ {(aby — o + D)|z| + (af + p)|y| + (a1 + 1)|2| }m.
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2
Choose \ = {(albl_w°)+gl+al+“+2}L; therefore, the above equation becomes

2c1Lo(a1b; — +1_a+b+2—a—|—1a2
‘CW(taxtayt,Zt)S{ ! O( 171 7/}0 ) (21 1 ) (1 )

B (a1b1 — o + 1)Lr}m2 B {a1¢() + A — pagfi — (by +3)
2 2

B (2&% +a1by — Po+a1 +p+ Z)L’r‘}yQ
2

. {2A—b1 (a1 +1)L7‘}22

201 2
+ {(arby — vo + V|| + (af + p)|y| + (a1 + 1)|z|}m.

If

r < min

2¢1Lo(a1by — Yo +1) — (a1 + b1 +2) — (a1 + 1)a?
2(a1b1 - 1/10 + 1)L ’
A+ aypg — pagfr — (by + 3) 2A — by }
2L(2a% + ay + ,lL + 2 + a1b1 — w())L7 2Lb1 (CLl + ].)

Thus, we have the following

LW < —H(2? + 12 + 2%) + kH(|z| + |y| + |2])

H H 3H
= Ay a2 - 07 G- 02+ e
H H
< —E(ﬁ +y2 + 24+ %kQ, for some k, H > 0,

where

k = mmax{aib; — o + 1,0@ + p,a1 + 1}
By the conditions (i) — (ii4) of Theorem 2.2, we have

a%cl

Wo (e, Y, 2¢) 20%01/0 Y(§)dE + 2¢ (¢oy+a1w( )) - o () + %(24‘@13})2

b ¢ (ab -
n (a1 ;bl wo){blx—i—(z%—aly)} _w(z+a1y)2.

Therefore, we get

Walar, . 20) 25 [ / e df{/oy (1/10¢’(§))}ndn]+w(¢oy+a1¢( )2

2
4 W{blx + (2 + aly)} + ;/)T(z +ary)”.
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From the condition (ii7), we obtain

2 xT
Walxe, Y, 2¢) 2%/ P(&) 54‘?(1/102/"'@11/}( ))
( Z " (3.10)
+(11;T{b x+ (z+ ary } +%(Z+a1y)

Therefore, by both Equations (2.9) and (3.10), we conclude

z
(a1 = 2p)y° + (2 + 5)?

W(xtaytazt) 2)

2
! {b1y+c1w( )} +(my+3)"+5

by — o + 2a7) [7 2
01(a1 1 41/JO+ al)/o w( d£+w<woy+a1¢( ))

2b

2
+ W{blz + (2 + aly)} + ;%(Z +ary)?.

Therefore, for positive constant 4, we have
W (s, ye, 2) > 0a(2? + % + 22). (3.11)
From (3.5) and using the conditions (i) — (#i¢) of Theorem 2.2, we find
Wa(ze, yr, ) <aiLa® + azal fry® + ay Ly + %(albl — o)a?

a
+ (a1by — o)z (2 + ary) + atyz + @yQ + 21 22,

By using the fact that 2pq < (p? + ¢2), then the last inequality becomes

{ (a3 + a1)L + (a1by — o) (ar + by + 1) }

Wo (e, ye, 2¢) < ]|

atasfi + a1 L + o + a? + a1 (arby — o) 2
¥ : Iy

2

(3.12)

(a1by — o) + a1 + af
+{ Jratalpe

Hence, by combining the two inequalities (2.12) and (3.12), we obtain

=]

(u+1+a%+a1)L+(a1b1—wo)(a1+b1+1)+3}
2

W (e, ye, 2¢) S{

n {a%a2f1 + (a1 + 1)L + o + p(az f1 + 1)
2

a3 + baps + ar(arby — tho) + Ar?
4+ ‘ b

+ { (albl - wO) + (a21 + al) + (:u + 2) }HZHZ
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Consequently, for positive constant 5, we conclude
W < 85([lz]” + llyll* + 1I2]1%) (3.13)

Thus, the assumptions (ii) of Theorem 3.1 is satisfied by taking v(t) = H/2, B(t) = (3H/2)k? and
n = 2. From inequalities (3.11) and (3.13), we see that the LF W (xy, y, z¢) also satisfies the condition (i) of

Theorem 3.1. As well as we can test that the condition (i#4) of Theorem 3.1 is satisfied with ¢; = ¢ = n =2
with v = 0. Then, all conditions of Theorem 3.1 hold.

Therefore, with v(t) = H/2,8(t) = (3H/2)k* and n = 2, with v =0, we find that
/t t {yw(u) + B(u)ye™ Juv (s gy = (3H/2)k? /t L Sy < 3k2,
for all ¢ > to > 0. Thus, condition (3.2) holds. Now, since
= (00 —g(t,2)),
We = (Wi)e + (Wa)s
= elt)0(z) + 20 + 2+ (O @)y + b (@) + (Bt
+ alc(t)z//(x)y + b1 (a1br — o)z + (a1br — o) (2 + ary),
= (W)y + (Wa)y
= c(t)y (@) + pa(t) f(z,y)y + pz + b()p(2)y + afa(t) f (=, y)y
+ arc(t)(x) + (arby — o)arx + a3z + Yoc(t)y,
=(W1)s+ (Wa), = py + 2+ + (a1by — ¥o)z + aiy + a1 2.

Then, we have

34 2(a1by — 2 2
|th(f,$)Nm(t,$)| Sa|:{:u’+ + (a’l 12 ¢0)+a1+al }.'1,'2+ (lu’—;al)yQ

+ (‘“;1)%] — ().

Therefore, condition (3.1) is satisfied. Hence, by Corollary 3.1 all solutions of (1.1) are USB and satisfy

E®0||x(t, to, z0)|| < {Ca2 + 3k2}/2, for all t >ty > 0,
where C is a constant. Next,

! “ L
{yv(u) + B(u)}elo " du = (3H/2)k? / ¥ I Ao gy

to tO

=3k (7 —1) < M,

for all t > tg > 0, where M is a positive constant. Hence condition (3.3) is satisfied. We can see that condition

(3.4) is also satisfied. By Corollary 3.2, we find that the zero solution of (1.1) is ¥-UEAS in probability with
r=1/2.
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4. Examples
Example 4.1 With p =0, consider the following SDDE of third-order

. . 1 1 ..
(4.1)
+(1- L) QOx%(t —7r)+ 1 sinz(t—r)p + 1az:e_tu')(t) =0
8 —t2 4 4 -
The equivalent system of (4.1) is
=1y,
Y=z,
> = —(—2sint + 13.5)(1 + ’ )
z = ( Sin . )( m z
1 1 . 1 11 4.2

1 -4

+(1- m) /tt (4905(8) + icosx(s))y(s)ds

—r

— ~we i (t).

If we compare system 2.3 with system /.2, we get the following
a(t) = —2sint + 13.5,
we notice that
11.5 < —2sint + 13.5 < 15.5, then a; = 11.5, ag = 15.5.
And also
a'(t) = —2cost, it follows that —2 < a'(t) < —1,s0 ag = —1.
Figures 1 and 2 show the bounds of a(t) with t € [-8m,87] and a'(t) with t € [0, 5].
The function

3 . 3 3
since 0 < ———— < 5

:]_ —
@) +5—|—2x5—|—y4 T 54225 -yt

therefore, we find

and

—302*

fo(z,y) = m <0.
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-1
a'(t
151
!
14
-14
13 -16
1.8
121
2 T
. - - & =m 3% m Sz 3x 7x om 9% 5w
-8n -6n -4m -2m O 2r  4m  6m  8m 32 16 32 8 32 16 32 4 32 16
£ 2

Figure 1. Trajectory of a(t).

Figure 3. Trajectory of f(z,y). Figure 4. Trajectory of f(z,y).

f(xy) <0

Figure 5. Trajectory of f.(z,y).
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Figures 3 and j illustrate the path of the function f(x,y), with x € [—-1,1] and y € [—5.5] and also Figure 5
shows the behaviour of the function f,(z,y) with x € [-1,1] and y € [-5.5].
The function

b(t) =1 , then % <b(t) <1 and b; =0.9.

10—t
The derivative of b(t) in terms to t is

, —4¢3
=" _<0.
b(t) o < 0

Now, the function

1 - 1
Y(x) = 2025 4+ —sinz, so we get ¥(z) =202 + — sina.
4 4z
We know that
1 < 1 . < 1
1S psine s,
thus, we get
Y@ S 831 =1,
x
And also

1
v’ (z)] :|4:n*% + 1 cosx| < 4.25 = L; therefore, we find

sup {|¢'(z)|} = 4.25 = %, then 1y = 8.5.

Now, Figures 6 and 7 show the path of the functions ¢'(x) and @ with = € [1,3].

We have also the function

1 7 7 . —2t
C(t) =1- m S0, g S C(t) S 1, Cc1 = g, with Cl(t) = m § 0.

The paths of b(t) and c(t) for t € [—10,10] are depicted in Figure 8.
The function

g(t,x) = Zwe*t, then g*(t,x) = 176:17267275 < T6x2'

Figures 9 and 10 show the trajectory of g*(t,z) for all t and x,t € [—4.4].

First, we get
1 2
261L0—Q1—b1—220.14>T6:a.
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w(x)
i hetide it S i i i i i S i s Dt e | i e e
4+ 1921\ W
i 18:
35 e 172 8 3<20x" (4/5)sin(x)/4x<20 02
4x T +1/4 cos(x)<4.25 ]
161
1 152
¥ 14:
251 132
12]
" 112
lﬂ:
92
154
T T T T T T T T 8.4 4 : I '
1 A2 ¥4 16 1% 2 22 24 26 2% 3 1 15 2 25
Figure 6. The path of ¥’'(z). Figure 7. The path of @
2_
Ti8<e(t)<1 9/10<b(t)<1
1514
1 =l
05 A
-10 B 0 5 10
£
[—b®) — i)
Figure 8. Trajectory of b(t) and c(¢).
Second, with p = ‘“bTII:w—O = 5.24, then we obtain
a1by —
34+ by + pagfi = —4.48, and A = HT% =0.46 > 0,

it follows that

A>3+b +,ua0f1.
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gty £

g =1-3=3 4

' ’ 1

Figure 9. Trajectory of the function g*(t,x). Figure 10. Trajectory of the function g*(t,z).

Finally, we conclude
L
LW (t, x4, ys, 24) < — (0.04 — 2.137)22 — {2.47 — (“7 +A)rhy?
1 t
—{0.01 —2.63r}2% + {iL(u +2)— )\} / y*(s)ds.
t—r

Take A = %(,u +2) = 15.39 > 0; therefore, we get
LW1(t, e, yr, z) < —(0.04 — 2.13r) 2% — (2.47 — 29.15r)y” + {0.01 — 2.63r}2°.

Provided that

r < min{0.01,0.04,0.002} = 0.002.

Hence, all conditions of Theorem 2.2 are satisfied, then the zero solution of (4.1) is SAS.

Example 4.2 Consider here p # 0, then the SDDE (4.1) becomes

. 3 . 1 1 ..
x (t) + (—2 sint + 135) (1 + m)!E(t) + (1 — m) (]_ + ge )x(t)
(4.3)
1 1 1 . 1 —t - . .
+ (1 iR 252) 20x5(t—1) + 1 sinz(t —7) s + 7%e w(t) = p(t,x, (), £(t)).
We have
2¢1Lo(a1by — Yo+ 1) —ag — 2 943> i .2
a1 +1 16
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Thus, we obtain
LW < — (13.58 — 6.067) x>
—{51.35 — (24.4 + \)r}y? — {0.01 — 26.567}2°

+ { (a1by =o)L + (“%; a)LF(utL A} /ti y2(s)ds

+ {(a1by — v + 1)|z| + (af + )|yl + (a1 + 1)|z[}m.

Take \ = Habhi=voltaitarut b _ 394 79 5 and let m = 0.01, then we find

LW < — (13.58 — 6.06r)2”
— (51.35 — 349.23r)y* — (0.01 — 26.567) 2>

+ 0.03|x| + 1.37]y| + 0.13|z|,
with
r < min {1.12,0.07,0.0002}.
If we take H = 0.3 and m = 0.01, then we obtain
k = 0.01 max{2.58,137.49,12.5} = 1.37.
Now, we can satisfy the condition (ii) of Theorem 3.1 by taking
v =0.15 and B(t) = 0.84, with n =2.

Then, since q1 = g2 = n = 2, we get all assumptions of Theorem 3.1 are satisfied.

It follows from the above estimates, the following inequality holds

t
/ {yw(u) + ﬂ(u)}efto 99 g, < 5.63, for all t >ty > 0.
to
Furthermore,

2 (&) N (T, )| < .80z 4 68.75y" 4 6.2527 | = U(f).
W, N, 77.852% 4 68.75y* + 6.2527 9

N

Neuxt,
E®||x(t, to, z0)|| < {22 +5.63}1/2, for allt >ty > 0. (4.4)

Hence condition (3.3) is satisfied. By Corollary 3.2, we conclude that the zero solution of (4.3) is v-UEAS in
probability with T'=1/2.
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Simulation of the solutions: Here, by the numerical methods we will simulate the solutions of (4.1)
and (4.3). Consequently, Figures 11 and 12 show the behaviour of the stochastic stability of the solution for
(4.1) with the noise o = 0.25 and a = 10, respectively. Furthermore, Figures 13-15 illustrate the behaviour of
the boundedness of the solutions for (4.3), with the noise o = 0.25, « = 10, and o = 100, respectively. Hence,

we get from our figures, the simulated solutions are SAS and USB which justifies our given results.

2 T T T T T T T T T

A [xt)—yt) —=zt)] |

(1), y(t), z(t)

_4 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10
t(time)

Figure 11. The behaviour for the stability of the solutions for (4.1), with o = 0.25..

2 T T T T T T T T T
[x® —yt) —2)] |

(1), y(t), z(t)

t(time)

Figure 12. The behaviour for the stability of the solutions for (4.1), with « = 10..

[xt)—vt—z@)] |

x(t), y(0), z(t)

_4 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

t(time)

Figure 13. The path of the bonundedness for the solutions for (4.3), with o = 0.25..
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2 L} T T T T L} L) Ll L)
: [—xt) —y() —=(]
=
s N\_,
N 0 b"\.!\H ”
s | /M7
S
> 1
=
= 2f .
-3 -
_4 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

t(time)

Figure 14. The path for the bonundedness of the solutions for (4.3), with o = 10..

y(t)

[ x(®) z(t)|

x{t), y(t), z{t)

t(time)
Figure 15. The path of the bonundedness of the solutions for (4.3), with a = 100..

5. Conclusion

The main results of the paper have discussed the following objects:

First: with p = 0, sufficiency criteria were established to study the SAS of the zero solution for (1.1).

Next: with p #£ 0, we established the sufficient conditions of the USB and UEAS in probability of solutions for
(1.1).

Finally: two examples were given to illustrate feasibility of the established results and correctness of the main

results. Lyapunove direct method was employed to set up the results.

The results obtained in this investigation extend many existing and exciting results on nonlinear nonau-
tonomous third-order SDDE.
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