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Abstract: With the aid of regular integral operators, we will be able to generalize statistical limit-cluster points and
statistical limit inferior-superior ideas on time scales in this work. These two topics, which have previously been researched
separately from one another sometimes only in the discrete case and other times in the continuous case, will be studied
at in a single study. We will investigate the relations of these concepts with each other and come to a number of new

conclusions. On some well-known time scales, we shall analyze these ideas using examples.
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1. Introduction
In nature, researchers must deal with variables that contain both discrete and continuous situations. In some
real-world problems, a variable may be continuous for some time before becoming discrete or vice versa. For
instance, while modelling an insect population, we can need a continuous variable while in the season but this
variable may become discrete in winter (see [9, 10]). As a result, the necessity to establish a new variable
that encompasses both discrete and continuous cases as well as those in between them has arisen. In fact, the
idea of combining discrete and continuous cases is quite old and may even be dated back to the origins of the
Riemann-Stieltjes integral, which combines sums and integrals. Finally, Stefan Hilger filled this fundamental
gap in the literature in 1988 in his PhD thesis [26] by introducing measure chains, which would later be called
time scale calculus. Since any discipline that needs simultaneous modeling of discrete and continuous data can
benefit from the use of time scale calculus, it has received intense attention from researchers from many different
fields, from ecology to economics to control theory to population models (see, i.e.[1, 5-8, 27, 31, 37]). By 2012,
the first use of time scales in summability theory was presented in [38]. Thus, the first convergence method,
which is called statistical convergence on time scales was defined. Since then, many researchers have attempted
to answer the question, "Is it possible to transfer the convergence methods studied in discrete analysis, i.e. in
natural numbers, to any time scale?” Many studies have been inspired by this question (see [39-42]).

One of the important convergence methods in summability theory is the concept of statistical convergence
which was introduced by Fast [19]. A nonnegative regular summability matrix A can be used to generalize the

concept of statistical convergence for number sequences in the classical case. This idea was first mentioned by

*Correspondence: cyalcin@thk.edu.tr
2010 AMS Mathematics Subject Classification: Primary 40G05, 40G15; Secondary 26E70, 44A05

405

0 This work is licensed under a Creative Commons Attribution 4.0 International License.



https://orcid.org/0000-0003-0989-6280

YALCIN/Turk J Math

Buck [12] and further studied by different authors [14, 15, 17, 18, 33]. This generalized limit is then referred
to as A-statistical convergence. In our most recent study, inspired by the previously mentioned generalization
of natural numbers, we extended the concept of statistical convergence to functions defined on time scales
with the help of some regular integral transformations instead of a matrix [42]. Our main purpose in [42] is
to extend the concept of A-statistical convergence known for number sequences to functions defined on time
scales. As a result, we are able to combine discrete and continuous cases that are known from the literature in
[12, 14, 15, 20, 30, 33] as well as derive new convergence methods in our examples with the selection of suitable

transformations and time scales.
The ideas of statistical limit points and statistical cluster points of a number sequence were first discussed

by Fridy using the nonthin concept in [21]. If (z,(;)) is a subsequence of the number sequence z = (z,) and
for the set K = {n(j) : j € N} does not have density zero, then (xn(j)) is a nonthin subsequence of z. Using
this nonthin concept, Fridy defined statistical limit points and statistical cluster points of the number sequence
x = (z,) as follows:

A real number A is called a statistical limit point of the number sequence x, if there exists a nonthin
subsequence of x that converges to .

A real number -y is called a statistical cluster point of the number sequence x, if for every € > 0 the set
{n e N: |z, — 7| < e} does not have natural density zero.

These two point types have been established and investigated in various ways by many researchers by
modifying the density function (For more works one can examine [29, 32]). The concept of a statistical limit
and cluster point of a number sequence was further expanded by Connor and Kline to A-statistical limit and
A—statistical cluster points in [16]. In light of the traces in the classical case, we, therefore, came to the
conclusion that we can derive a generalization for statistical limits and cluster points on time which are already
defined in [34]. In the second part of this article, we will give general definitions for k—statistical limit and
k— statistical cluster points on a time scale using kernel functions and regular integral operators and the results
will be illustrated with examples. Furthermore, the connections between these points will be investigated, and
some significant conclusions will be discovered for each point type.

After defining and analyzing the statistical limit and cluster points in natural numbers, researchers
moved on to the ideas of statistical limit inferior and superior notions in several papers (for instance [23]).
This topic is still of considerable interest to researchers [28]. Our motivation in the third section is to unify
the statistical limit-cluster point and statistical limit inferior-superior studies, which were done independently
for the classical case, in a single study by acquiring their more general form. In the third part of this paper,
we focused on the concepts of statistical limit inferior and statistical limit superior which is introduced by
Fridy and Orhan in [23]. For a real sequence z, they defined following sets B, = {b€R:6{n:z, > b}} and
Ay ={aeR:5{n:z, <a}}. With the help of these sets, they construct the statistical limit inferior and the

statistical limit superior concepts for a number sequence z as follows:

sup B, if B, # 9

st—hmsupx:{ oo, if B, =@

and

inf A,, if A, #0

st—hmlnfx:{ o, if A, — @

In [18], Demirci extended these concepts to A-statistical convergence using a nonnegative regular summability
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matrix A in place of Cy.This generalization for A-statistical convergence inspired us in the third part, as it did
in the second. With the use of kernel function and regular integral operators, an analogous generalization for
the statistical limit inferior and superior notions, which have already been developed on time scales in paper
[35], will be established as k—statistical limit inferior and superior. The relationships of these concepts with
each other and with k—statistical convergence will be investigated and the relationships of these concepts with
cluster points will be demonstrated using a theorem.

To be able to discuss the main results in greater depth, we believe it is necessary to first introduce the
following basic definitions and facilities for a reader unfamiliar with time scale calculus.

A time scale denoted by T, which inherits the standard topology on R, is a nonempty closed subset of
real numbers (see [10] for details). Throughout the paper time scale is assumed to be unbounded above and
bounded below, i.e.

inf T =ty (top >0) and supT = co. (1.1)

The definitions of two important operators that are frequently used when classifying time scales are given as

follows: The forward jump operator ¢ on T is defined by
c:T—=T,o():=inf{seT:s>t}.
Similarly, the backward jump operator p on T is given by
p:T—=T, p(t):=sup{seT:s<t}.
Another frequently used function on time scales is the graininess function p given by
p:T —1[0,00), u(t) =0c(t)—t.

A point ¢ € T is called right-dense o (t) = ¢ which also implies p (¢) = 0; otherwise, it is called right-scattered.
Similarly, the backward jump operator is used to define left-dense and left-scattered point.
With the help of forward jump and backward jump operators, we can summarize the type of points of

time scales as follows:
o if t <o (t), then t is right-scattered
o if t =0(t), then t is right dense
o if p(t) <t, then ¢ is ¢ left-scattered
o if p(t) =t, then t is left dense
o if p(t) <t <o (t), then ¢ is isolated
o if p(t) =t =0 (t), then t is dense.

By the notation [a,b]; we denote an interval entirely in T such that [a, b]; := [a,b] N T. Obviously, the
other type intervals such as [a,b)r and (a,b]r can be defined similarly.

In this paper, like in our earlier ones (see [38-41]), we should use the Lebesgue A-measure pa that
Guseinov presented in [24] (see also [4]). Additionally, Guseinov estimated the Lebesgue A-measure for all
forms of the intervals on T in these articles, as shown below:

Let a,b € T and a <b. Then
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e pa(la.b)y) =b—a,
o pa((a,b)) =b—0(a),
o pa((ably) = o (b) o (a),
o i (fably) = (b) —a.

Now let us review the essential concepts of density and convergence methods on time scales.

Let ©Q be a A-measurable subset of T and consider the following set:
Q(z) ={y € [to,z]r: y € Q} .

Then, the density of 2 is given by

= 2206
6T (Q) T zl_w)o ma ([th x]ﬂ')

provided that the above limit exists. Let f: T — R be a A-measurable function. We say that f is statistically

convergent on T to a number L if, for every € > 0,
or({z€T:|f(x)—L|=2¢e})=0 (1.2)
holds (see [38] for details). We denote this statistical limit on a time scale T by
str —lim f = L.
Then, it is not hard to see that (1.2) is equivalent to the following limit:

i oy € [to,zlr : [f(y) — L] > €})

ot i (o, 7l) =0

Let £: T xT — R be a A x A-measurable function on the product time scale T x T. Throughout this
paper we also assume that, for every y € T, k(z,y) is a Lebesgue A-integrable function on T (see [13, 24] for
details about the Lebesgue A-integration on time scales). By ¥ we denote the family of all nonnegative kernel

functions k satisfying the following three conditions:

o lim [ |k(z,y)| Ay =0 for every finite Y € T.

T—r00 [tO,Y]T

o lim [k(z,y)Ay=1.

T—00 T

o sup [ |k(z,y)| Ay < oc.
zeT T
Actually, these given conditions are Silverman-Toeplitz type conditions (see [11, 25, 36]) but give only
sufficient conditions for the regularity of a kernel function on time scales. In this case, if & € ¥, then k is
regular for bounded functions on T. Then, the k-density of A-measurable subset 2 on T, which is denoted
by dk_1 (), is defined by
Op—1 () := lim [ k(2,y) Ay

T—r00
yeN
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provided that the above limit exists. Let f : T — R be a A-measurable function on T. We say that f is

k-statistically convergent to a number L if, for every € > 0,

Sk-t({yeT:|f(y) - L >¢})=0

holds. Then, this limit is denoted by
stg_r — lim f = L.

Then using k— density definition one can observe that sty_t —lim f = L if and only if

lim / k(z,y) Ay =0

T—r00
yeT : |f(y)—L|>e

which is time scale analogues of A—statistical convergence. More details see [42].
It is assumed that the function k (z,y) will be one of the set ¥’s elements in all definitions that will be
made throughout this article. Also, it has been verified that the k (z,y) functions used in the examples satisfy

the ¥ family’s requirements.

2. Generalization of statistical limit and cluster points by using integral transformations on time
scales
In classical summability theory, sets with zero density are crucial. The first thing that came to mind when
considering how to generalize the ordinary limit concept was to use zero density sets to generalize it. As a result,
a variety of convergence methods, such as statistical convergence in [19] and lacunary statistical convergence
n [22], have been developed with the help of zero density sets. In this present chapter, firstly using a kernel
function and integral transformation zero density sets will be defined. It should be noted here that if a suitable
kernel function is selected, all the definitions in the literature on a fixed time scale will become examples for

our definition.
Let f: T — R be a A-measurable function and Q is a nonempty subset of T. We say that Q is

k-nonthin if

Tr—r0o0
yeN

Op—1(Q) = lim /k(z,y)Ay (2.1)

£ 0.

It should be noted that € is k-nonthin subset of T either limit in (2.1) does not exist or the result of this limit
is a positive number.
Using the concept of k-nonthin subsets we will define k—statistical limit points and k—statistical cluster

points as follows:

Definition 2.1 Let f: T — R be a A-measurable function. A real number L is called k— statistical limit

point of the function f provided that there is a set Q@ C T which is k— nonthin and

Jim )= L
teQ

By Ak_y we denote the set of all k— statistical limit points of function f.
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To clarify this definition let us examine the following example.

Example 2.2 Let T = [a,00), a > 0 which is the continuous case. In this time scale, consider the following

kernel function:

k(w,y) ={ ey Yvelaa:

(2.2)
0, otherwise.

Actually, this kernel function is familiar to us and it comes from the definition of statistical convergence on time

scales in [42]. Using this kernel function, one can calculate the following function’s k— statistical limit points:

f(t):{ 1, ift €N

0, otherwise.

Without loosing generality, we can assume a < 1,

Sux () = Jim [ k() Ay

Tr—r o0
yeN

1
= lim ——— / dy
T—=00 A ([av J?D
y€la,z]NN

(ha ({1,2, ., [=]}))

= lim
T—=o00 I — @

=0

where |x| denotes the greatest integer function. From the property of k-density x—1 (T \ N) =1 which implies
T\ N is k—nonthin and so 0 is only k— statistical limit point of function f which means 0 € Ax_j .
Let Ly denotes the limit points of function f(t), then it is clear that Ly = {0,1}.

It is clear that for any given A-measurable f function Aj_y C Ly.

As another example, let T = N which is a discrete case. Using kernel function defined in (2.2) for natural

numbers, one can find the k—statistical limit points of

1, ift=n?forn=1,2,3,...
Ft) = { 0, otherwise

which is given in [21] as an Example 1. For this given f, it is obvious that Ay_; = {0} and L; = {0,1} as
stated in [21].

Definition 2.3 Let f: T — R be a A-measurable function. A real number L is called k— statistical cluster

point of the function f provided that for every € > 0, the set
{teT:|f(t)-L| <e}
is a k— mnonthin set which means
Sp—r({t € T:[f(t) - L| <e}) #0.

By I',_y we denote the set of all k— statistical cluster points of function f.
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Proposition 2.4 If f: T — R be a A-measurable function, then Ap_y C I'y_y.

Proof Suppose that L € Aj_y, then there exists a k-nonthin subset of T, say €, such that dz_r (£2) # 0
and

Jim f (1) = L. (2.3)

teQ

From the definition of k— density

lim sup / k(z,y) Ay =d > 0.

Tr—00
yeN

For each & > 0,using the (2.3) we know that A ={t € £ :|f(t) — L| > €} is a finite subset of Q. So we have
MNAC{teT:|f(t)—L|<e}.

Using monotonicity of k— density and knowledge of k—density of finite sets, we finally get

lim sup k(z,y) Ay >d >0
e ye{teT:|f(t)—L|<e}

which means dp_1 ({t € T:|f (t) — L| <e}) # 0.Hence, L € T'j_¢. O

Our experience with ordinary limit points in real numbers gives us the illusion that sets Ap_; and I'y_f
are equal. However, this is not true. The inclusion given in Proposition 2.4 is proper. One can check the counter

example in [21] which is obtained by choosing suitable time scales and kernel function on time scales.

Proposition 2.5 Let f: T — R be a A-measurable function. The set of all k— statistical cluster point of the
function f, that is I'y_¢ is closed.

Proof Let (L,) be a real number sequence in I'y_; such that

lim L, = L.

n—oo

We need to show that L € T'y,_;. For agiven € > 0, thereexistsa v € (L, )in the interval (L — e, L 4 ¢).Choose
¢ such that
(7—8/,’}/+€,) C(L—¢,L+e)

and
{te’ﬂ‘:|f(t)—7\<5/}C{t6’]l‘:|f(t)—L|<5}.

Since v € (L) implies v € T'y_¢,

6k_qy({t611‘:|f(t)—7|<e’}> £ 0.

So we have
Spr ({t€T:|f(t) — Ll < }) £0
and L € Fk_f. O

The next example will show us that unlike set I';,— 7, set Ap_y is not closed.
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Example 2.6 Let ¢ > 1 and consider T =q¢~. We should note that this time scale known as the quantum
scale takes great attention from different fields such as fluid mechanics, combinatorics (for instance see [3] and

references therein). In this time scale, we use the following kernel function:

1 aem N
k(qn,qm) = “A([an]q[\!)’ qu € [Lq }qN
0, otherwise

and choose the following function:

f(q")—{ 1, ifn=2s+1

L ifn=2s

57

where p—1 is the number of factors of 2 in prime factorization of n. Now let us show that 1 is a k— statistical

limit point of f :

g ({a" €V F@) =1}) = big {0.6% 0% })
1

7Aqm,
1,q" )
qm€{q,q%,¢%,...} Ha ([ y q ]qN

= lim
n— oo

Without loosing generality we can assume that n is odd and continue to calculate as follows:

. 1 .
gt ({0:4%, 0% }) = Jim e ({a.4*,¢° - d"})
i (-1 (g+¢*+...+q")
T nSoo q”+1 —1

1 1

1+q [2]

where [2] shows the q—integer. This result, obtained here with a specially chosen kernel function, is proven as

Lemma 13 in [2]. Now let us show that for each p number, % is an element of set Ap_y. Firstly we assume
that

o=y
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where m is an odd number, then

Spoegt ({q” €q': f(¢") = ;})

= Spg ({qQ“’"”@S“) L s=0,1,2, }) (2.4)

— 3 1 m
- / N ([Lq”]qN) .

qme{qz(p—l) ,qz.z(pfl) 7q5_2(p71) ,}

. . 1 21 (2541) | . _ n —2@-1
= nh—>rgoq”+1 — 1NA ({q :5=0,1,..., o

_ 2(p—1)
(-1 (qQ(p Vg’ +...+q”)
- nh—{rolo q"""1 —1
H*QZ)(I’;_” (p—1)
(q _ 1) Z q2 (2s+1)
L k=0
= T
i (a2 = 1)
= (¢—1) lim = -
n—00 qn+1 -1
(p—1) _
_ @-1e¢”’ J20701) ¢!
¢ =1 (27)

It is obvious that for each p > 2 natural number, k— density defined in (2.4) is not zero. At this point, it is
worth emphasizing that the results obtained in this part are q—like of Example 3 in [21]. Now we assert see

0€T'x_y. To see this, we need to show

Opgn <{q" €ed":0<f(¢")< ;}) # 0.

Then by induction for each p > 2, we have

which implies 0 € I'y,_¢. We have that

1
I'v—y={0}U { ip= 1,2,...} .
p
In our last step, we will see 0 ¢ Ap_y. To see this, we can choose a A-measurable subset Q0 C G~ such that

lim f(¢™) =0
m— o0
qmEeQ
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and we need to show that dy,_gn () = 0. For each p,

6k_qN (Q) = (Sk_q]\' ({qm S [1,qn]qN : qm S Q})

— e ({qm €1,q" |yt f(q™) > ;})

+0p— g ({qm €L q"lg:0<F (™) < 117})

< O() + 8 g ({qm €ai0<fla") < zla})

< o

Since p is arbitrary this implies dy,_gn () = 0. Then we can conclude Ag_y is not a closed set.

In the next theorem, we will show that changing the nonthin subset does not affect the k—statistical
limit points and k—statistical cluster points as stated before in [21] by choosing a special kernel function for

discrete case.

Theorem 2.7 If f: T =R and g: T — R are two A-measurable functions such that f (t) = g(t) for almost
all t € T, then
Ap—y =DMy (2.5)

and
Fk_f = Fk—g- (26)

Proof Firstly, using the hypothesis, we immediately get

A={teT:f()+g 1} (2.7)

and
Sp—1 (A) = 0. (2.8)

To obtain (2.5), let L € Ai_¢. In this case, we have a nonthin  C T such that

dk—1 (2) # 0 and tlim f() =L
— 00
teQ

Since we have (2.8),it follows that
o ({t € Q: f(t) =g(t)}) # 0.

This means the set Q = {t € Q: f(t) =g (t)} is a nonthin set we try to obtain for k—statistical limit point
of g. So,
lim f(t) = limg(¢t) =L

t—o0 t—o0
teqQ/ teQ’

which implies L € A, _ . Then we have A,y C A, . Using the same technique, the opposite side of inclusion

can be simply proved from symmetry and it completes the proof of (2.5).
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To obtain (2.6), let v € I'y_; and we have

Seor ({tET: |f () =l <)) #0.

Using the set A defined in (2.7),

Se-r({teT:lg(t) =1l <e}) = ohr({teT\A:|g()—1]<e})
o ({teh:lg)—ql <))
= Ot ({teT\A:|f(t) =9l <e})
# 0.
We finally get v € I'y,_y which means I'y_y C I';—,. Using the same technique, the opposite side of inclusion
can be simply proved from symmetry and it completes the proof of (2.6). O

In order to prove the following theorem, we need to extend the additive property for sets of zero natural
density (APO) that was already introduced by Freedman and Sember [20] for natural numbers. Further, they
extended it for the sets of zero A-density. From this point of view, we believe that by altering the definition of
the density function, this property may be used on various sets. Here we will introduce additive property for

sets of zero k-density.

Definition 2.8 The k— density is said to satisfy condition additive property for sets of zero k-density (APkO)
if any given countable collection of mutually disjoint sets {Q;},cy in T with o1 (§2;) =0 for all i, then there
exists a collection of sets {®;},cy in T such that Q;A®;, where A is a symmetric difference of two sets is

finite for each i and

Ok—T <U(I)Z:q)) =0.
iEN

The following theorem indicates a meaningful connection between limit points and k— statistical cluster
points.

Theorem 2.9 If f: T — R is a A-measurable function, then there exists a g : T — R A -measurable function
such that

and f(t) =g (t) for almost all t € T.

Proof We already have
Fk_f - Lf.

So, for each L € Ly\I'y—y choose € > 0 and define an open interval in R
In=(L—-¢e,L+e¢)

such that it is obvious
ST ({t €T: f(t) €I})=0.

The collection of all such I;,’s for each L is a open cover for the set L\I'y—; which means

Lf\Fk_f C U Iy,
LELN\Tk_;
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by the Lindel6f property there exists a countable set such that
L \TIg_r= Ulp,.
sNFr—p = UL,
For every i € N, let
Ai={teT:f()els}

with dx_1 (A4;) = 0. Since k-density has the property APkO, there exists a collection of sets {®;},.y in T such
that

6k_T(U(I>i=q>> =0
ieN

and A; \ @ is a finite set for each i. Let T\ ® := {s: s € T} and define the following function:

o f, @), ifte®
9(®) '_{ fl(t\),ifte’]r\cb.

Obviously dx—1({t € T: f(t) #¢(t)}) =0 and from Theorem 2.7 we have
]-—‘kff = Fk,g.

Now we need to see that I'y,_y = L,. We already have I'y,_, C L,. To see the other side inclusion, suppose

that there exists a [ number such that { € Ly \ T'y_,. Then there exists a subset B C T such that

e =
teB

and for the set B, we have d,_r (B) = 0. However, g, has no limit point. Therefore, no such [ can exist which

completes the proof. O

3. Generalization of limit inferior and limit superior concepts by using integral transformations
on time scales
In this section, we define the concept of k—statistical limit superior and k—statistical limit inferior of A-

measurable functions defined on time scales and demonstrate through an example how to compute these points.

Definition 3.1 Let f: T — R be a A-measurable function and define the following sets
Bf:{bGRZ(Sk_T({tETZf(t)>b})7£0} (31)

and likewise
Ar={aecR:6_r({t€T: f(t) <a})#0} (3.2)

then k— statistical limit superior of function f is given by

stp—t — limsupf (t) =

t—o00

sup By, if By #@

and also k— statistical limit inferior of function f is given by

. infAy, if A I}
stp—r — liminf [ (1) :{ . zj{ AJ; :f; (3.4)
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We should note the special case of Definition 3.1 was examined in [35] when the kernel function has been

chosen especially as indicated below:

k(z,y) = { #A([tlov“"]v)’ ify € lto,zly (3.5)

0, otherwise.

Definition 3.2 The f: T — R be a A-measurable function it is said to be k— statistically bounded if there
exists a M real number such that

(5k,T({t€Tlf(t) >M}):0

The next example can help the reader to clarify the ideas that were just defined.

Example 3.3 Let us take T =Py 1 = U5, [2n,2n+ 1]. This is an interesting example of time scales since
each interval’s right endpoint scatters to the left endpoint of the following interval. In fact, the reason we pick
this time scale, in particular, is that it includes both dense and scattered points. For this time scale, let us use

the kernel function defined in (3.5) and the function as follows:

2n, ift=2n forn=1,23,... (for left-scattered points)

1, ift=2n+1 forn=1,23,... (for right-scattered points)

%, ift € (2n,2n + %] forn=1,2,3,...(for some of dense points)

0, if t € (2n+ 3,2n+1) for n =1,2,3,...(for some of dense points).

ft) =

In this case f(t) is unbounded above, but it is k— statistically bounded since the set of {2n:n =0,1,...} has

zero denstiy on Pj 1. Let us show it:

5/6—131,1 ({t € P171 : f (t) > 1}) = 5k—P1,1 ({2a4767 })
= lim / k(z,y) Ay
z—00
ye{2,4,6,..}
Tr—r 00

ye[O,a:]plvl ﬂ{2)476)“'} MA <[07 x]Pl’l)

1
= Jlim s ([o,x]m N {2,4,6,...}). (3.6)

rT—00 0

For sufficiently large x, without losing generality we can assume that |x| is an even number where |x| denotes
the greatest integer function. Even if |x| is not an even number, |x| —1 will be an even number and it does

not affect limit calculation in (3.6). Then, we have

o (€ P FO> 1) = lm —pis (24, 2]})
= 0.
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Furthermore,

6k*P1,1 ({t eT: f(t) > 0}) = 576*131,1 <P1’1\ UZO:O <2TL + %,2% + 1))

1
= 1- 5k,p1,1 (UZO_O (Qn + 5 2n + 1))

£ 0

1

1
sty_p,, — limsupf (t) = sup By = 3

t—o0

which implies

and

Similarly one can see

Ay = (0,00)

and
stp_p,, — litrgiogff (t) =inf Ay = 0.
Also we can even find k— statistical cluster points of f. For every € >0,

by {LET: | <e}) = lm — Ay

xr—r00
pa ([O’x]%) yelteT | (hi<einoalp, |
<t<zx: =
Fa(0 St <0 (@) =0)
xTr—r00
na (1015, )

and
1 . 1
Ok—py 4 teT: f(t)—§ <e = ll)m ey Ay
xr o0 O
Ha ([ 7QC]PU)ye{te'ﬂ'z|f(t)—§|<e}m[0,m}PL1

x—>00 KA <[07x]P1,1)

which means

1
Fk_f == {072} .

At this time, we would like to call your attention to the fact that this set also includes k— statistical limit inferior
and k— statistical limit superior points. This fact gives us the main idea of the following theorem. However, let

us first establish the two lemmas that will be needed in the theorem that results from this idea.
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Lemma 3.4 Let f: T — R be a A-measurable function. stp_t — limsupf (t) = B is a finite real number if

and only if for every € >0

Sp-r({t €T: f(t)>B—¢e})#0 (3.7)
and

Op—r({t€T: f(t)>p+e})=0. (3.8)

Proof Suppose that sty_7 — limsupf () = f is a finite real number. By Definition 3.1, By # @ and

t—o00

sup By = 3. Using properties of supremum in real numbers, for every ¢ > 0 there exists a N € By such that
N > B —e. With the help of this last inequality obtained, we have

{teT:f{t)>Nyc{teT: f(t)>p—¢}
and we immediately get (3.7). Now assume that (3.8) does not hold which means

op-r({t €T: f(t) > B +e}) #0.

Then S+ ¢ € By and this contradicts with sup By = 8. We also have (3.8).
Conversely suppose that (3.7) and (3.8) hold. From (3.7), § is an upper bound for the set By. If there
is another upper bound for By, it must be greater than or equal to 8. However using (3.8) we have sup By = 3

and
stp—r — limsupf (t) = .

t—o0
O
We may formulate a parallel lemma for k—statistical limit inferior using the same reasoning. Since the
proof for the upcoming lemma may be produced just as simple as for the prior lemma, it will be given without
proof.

Lemma 3.5 Let f: T — R be a A-measurable function. stp_1 — litm inff (t) = « is a finite real number if
—00

and only if for every € >0
Ok—T ({tGT: f(t) < Oé+6}) 7£O (39)

and
Op_T ({t eT: f (t) <o— 8}) =0. (310)

The theorem we just mentioned is ready to be presented now. In the following theorem, we will give the
relationship observed in Example 3.3 between set of k—statistical cluster points and the concepts of k— statistical

limit superior and k—statistical limit inferior.
Theorem 3.6 Let f: T — R be a A-measurable function, then
(i) sty_r —limsupf (t) =suply_s
t—o0
(i) stg_1 — ligg}ff (t) =infTy_y
where I'y_y denotes k— statistical cluster points of function f.
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Proof (i) In the first part of the proof, we will indicate that
sup By =supl'y_¢

where By defined in (3.1). Let take supI'y_y = Ly and sty_t — limsupf (t) = sup By = Ly. By Lemma 3.4,
t—o0

we have
Op_T ({t eT: f (t) > Lo — 6}) 75 0 (311)

and
Op—T ({t eT: f(t) > Lo+ E}) = 0. (312)

We firstly see that Lo € I',_f. To see this, we will use following idea:
{teT:|f({t)— L] <€}
= {teT:f{t)>La—e\{teT: f(t)>Ls+¢}
and using (3.12)
Sr-r({t €T:[f(t) — Lo| <e}) = bpr({t€T:f(t)>Lr—e})
# 0
which implies Ly € I'y,—¢. Since supI'y_y = L1, we have

Ly< Ly (3.13)

Now assume that L; > Ly. Since I'y_¢ is closed and supI'y_f = Ly, we know that L; € I';,_; and this
implies for every € > 0,
Ser ({t€ T+ £ (£) = La] < 2}) £ 0. (3.14)

Let us choose 1 as

Ly — Ly
g1 = B) .

For this choosen ¢;, we know that
{teT:|f(t)—Li|<er}C{teT:f(t)>Ls+er1}.

Using (3.12), we get
Op_T ({t eT: |f<t) — L1| < 51}) =0

which contradicts with (3.14). This means Ly < L; and finally we obtain our desired result
Ly = Lo.

(#4) This part of the proof can be demonstrated in the same way as the above. O

Theorem 3.7 Let f: T — R be a A-measurable function, then

stp—r — liminf f (¢) < stp_7 — limsupf ().
t—oo t—00
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Proof
o The case of sty_r —limsupf () = co is obvious.
t—o0
o In the case of sty_t —limsupf (t) = —oo, we have By = @ and it means for each b € R,
t—o0

dp—r({t € T: f(t) >b})=0.
In other words,

Seor({teT: f(t)<b})=1.
So for every a € R

St ({teT: f(t) <a})#O0.

From last part, we get

Stg—1 — llggff (t) = —o0.

o We can assume that 8 := sti_1 — limsupf (¢) is finite. Let « := sty_r — liminff (¢). For every £ > 0,
t—o0 t—o0

from Lemma 3.4
5k_qr<{t€']r:f(t)>ﬁ+g}) =0
and we have
6k,1r<{t€'l[‘:f(t)§/3+%}) =1
which implies
op—r({teT: f(t)<pB+e})=1.

So we get 8+¢€ € Ay. Since st — litminff (t) =inf Ay = o, we know for every ¢ > 0
— 00

a<fB+e

which means
a<p.

O
As in [18, 23], combining the notion of k-statistical limit inferior-superior on time scales with the previous

theorem yields the following conclusion:

litm inff(t) < stp_r — litm inff(t) < stg—r — limsupf (¢) < limsupf (¢).
— 00 — 00

t—o0 t—o0

The following theorem demonstrates that a fundamental property known for convergent sequences in

classical analysis is also applicable to k-statistical convergence on any time scale.

Theorem 3.8 Let f: T — R be a k— statistically bounded function. Then

Stk_'[[‘ — tllglof (t) =1L (315)
if and only if
st — liminf f (t) = sty_1 — limsupf (t) = L. (3.16)
t—oo t—o0
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Proof Firstly assume that stp_r — tlim f(t) = L. Then for every € >0,
— 00

Se_r ({t €T :|f(t)—L| >¢e}) =0. (3.17)
Using last equality, one can observe

Ser ({teT:f(t)>L+e})=0 (3.18)
and

Sp—r({teT: f(t)<L—e})=0. (3.19)

Let = stp—r — limsupf (t) and « = sty_r — liminff (¢). From (3.18), we have
t— o0 t—o0

B<L. (3.20)

Also from (3.19), we have
L<a. (3.21)

Now we combine (3.20) and (3.21) with Theorem 3.7, we can obtain (3.16).
Next assume that (3.16) holds. If we choose € > 0 and using (3.8) and (3.10), we have

Op—1({teT:f({t)>L+e})=0

and
(sk,qr({tGTIf(t) <L—€}) =0

which implies

Stk,'ﬂ‘ — tll}l’glof (t) =L.

4. Concluding remarks

The study of summability theory concepts on time scales is a recent development. Some of the concepts in
summability theory have already been studied. However, using regular transformations on time scales instead
of matrices in classical case is a new approach. This idea can be generalized for other convergence methods. We
will have the opportunity to receive the most general version of the results that have previously been presented
in other independent research, similar to the results given in this study. Consequently, depending on the time
scale and kernel function used, all prior studies will come to be seen as examples of our study. If possible, we
believe it would be fascinating to transfer other A-statistical convergence on natural number notions to time

scales in upcoming work.
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