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Abstract: We prove that Bergman projections on weighted mixed norm spaces on smoothly bounded domains in R™
are bounded for a certain range of parameters of such spaces and assuming certain conditions on weights. The proof
relies on estimates of integral means of M,(P,f,r) in terms of integral means of f. This result complements earlier

result on boundedness of P, on a closely related space L%9(Q).
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1. Introduction and preliminary notations

The boundedness of Bergman projection was investigated in [1] using equivalence of certain norms on weighted
mixed norm space of harmonic functions. This result on the boundedness of the Bergman projection was applied
to describe the dual space of harmonic mixed norm space, for a certain range of its parameters. In this paper, we
consider the boundedness of Bergman projections on weighted mixed norm space without using this equivalence.
We use a similar approach to that in [5] and [4]. Notice that these papers considered Bergman projections on
mixed norm spaces in the unit ball of R™. In this paper, we consider more general domains, actually bounded
domains with smooth boundaries and we need estimates of the Bergman kernels on this type of domains which
are formulated in Proposition 2.3 of [6] as a special case of delicate estimates obtained by Englis in [2]. We use
these estimates to obtain estimates of integral means of the Bergman projections in terms of integral means of
functions.

We are going to use terminology and notation from [1]. Namely, throughout the paper,  denotes a
bounded domain in R™ (i.e. open and connected) with C° boundary, and h(2) denotes the vector space of
all real-valued harmonic functions in Q. Let p(z) be a defining function for Q. This means p is a real-
valued continuous function on R™ which is C*° in a neighborhood of the boundary 0 of £ such that
Q= {z € R" : p(x) > 0} is bounded and |[Vp(z)| # 0 on 9Q. Throughout this paper such a domain §2
is fixed. It is convenient to work with a particular defining function, namely the distance function r(z) defined
by r(z) = d(z,09Q) for x € Q and r(z) = —d(x,09) for z ¢ Q. Indeed, there is an ¢ > 0 such that for all
0 <r <etheset Q. ={z € R”:r(xr) >r} is a smoothly bounded subdomain of 2 with defining function
r(xz) —r. We fix such € > 0. We denote, for 0 < r < ¢, by I, the boundary 99, = {x € R" : r(z) = r}. For
x,y € 2, we introduce a quasi distance D(z,y) = r(x) + r(y) + |z — y| on Q, which is useful in estimates of

the Bergman kernel.
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We denote by do,. the induced surface measure on 9€),.. dm denotes the Lebesgue volume measure on R™.
We also work with weighted measures dm.(x) = r(x)Ydm(x) on 2, where v € R and set L} (Q) = LP(2,dm.,).
The exponent conjugate to 1 < p < 400 is denoted by p’.

The weighted Bergman spaces are b5 () = LP(2,dm.) N h(Q2) where 0 < p < 400 and v > —1.

For 0 <p<ooand 0 <r <e, we set

=1 [ 7_f<<>|pdor<<>}’1’ , (L1)

with obvious modification for the case p = +o00. Now let 0 < p < 400, 0 < g < o0 and « > 0. We define a
mixed norm space B2(Q) as the space of all f € h(€2) such that the (quasi) norm

€ 1/q
1 fll g = { [ r)dr} (1.2

is finite, again with obvious modification to include the case ¢ = 400. The space BP4(Q) is a Banach space for

1 <p<+oo and 1< ¢ < +oo. This scale of spaces includes weighted Bergman spaces: b5 (€2) = Bfﬁrl)/p(Q),
¥>-1,0<p<o0.
Also, we define a mixed norm space ig’q(ﬂ) as the space of all Lebesgue measurable functions on 2,

which vanish on ., such that the integral in (1.2) is finite i.e. we have a (quasi) norm on this space

€ 1/q
[ fllzpa = {/0 r* M f, r)dr} . (1.3)

This space does not include B27(2), therefore we will consider a direct sum of that space with another one.
For 0 < s < +00, we denote by L* (Q) a space of Lebesgue measurable functions on © which vanish on Q\ €.,
such that [, [f(x)[*dm(z) < 40c0. We set Lp9s(Q) = LP9(Q) @ L*(Q) which means that for every function
IS f/ﬁ’q’s(Q% we have ||f||ig=w = HfXQ\QE

For v > —1, let R,(x,y) be the reproducing kernel of the harmonic Bergman space b2(Q2). For every

;.- Now we have B24(Q) C LE%5(Q).

e+l xa.l

function f € b3 () we have a reproducing formula

f(a) = /Q Ry(e.9)f(n)dmy(y),  z€Q

The kernel R, (z,y) is symmetric and real-valued. The (weighted) Bergman projection P, is the orthogonal

projection from L2(£2) onto its subspace b2(Q); it is given by the following integral formula

P f(x) = /Q Ry(2,0)f(n)dms (y), @ €Q. (1.4)

We will see in Section 3 that the Bergman projection is a bounded operator from LZ4(Q) to BE4(Q), under
certain conditions on parameters, and also it is a compact operator from L*(Q) to BE4(Q).
Throughout this paper, we will use the convention of using C' to denote any positive constant which may

change from one occurrence to the next. Given two positive quantities A and B, we write A < B if there are
constants 0 < ¢ < C < +oo such that cA < B < CA.
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2. Auxilary results

We begin with a proposition from [6] which is in fact a result from [2], adapted for our situation.

Proposition 2.1 Let v > —1. There is a positive constant C = C o such that |R(z,y)| < CW and

OR, (y,x) 1
| 5, | < CD(m)y)n+’Y+1' Moreover, for some constant ¢ > 0 we have

1

|Ry (@, )] ch-

We also need the next lemma which essentially comes from [3].

Lemma 2.2 For any s > n — 1, there exists some C (depending on s) such that for all z € Q and 0 <r < e

dor(y)
r, D(z,y)* = (r(z) 4+ r)s—(=1

The next lemma gives an estimate for the integral means of P, f in terms of integral means of f.

Lemma 2.3 Let v > —1, and 1 <p < oo Then, for f € qu(Q) we have

€ 7,')1
MP(P’Yfap)SC/O WMp(f,T)dh 0<p<e

Proof For x € T', and y € I', we have r(x) = p and r(y) = r. Using definition of the Bergman projection

P, and the estimate of the Bergman kernel R, stated in Proposition 2.1, we obtain

P, f(z) < C / 6 / IR, ()| (9)|do (y)rdr

<C/ r"’dr/ 11 (v)ldo- (1) C/ fr,z)rdr (2.1)

xy"+7

where f(r,x) = I, D(xlz;’,f LWldor@) 1f 1 < < 0o using Holder’s inequality with conjugate exponents p and p’ and

Lemma 2.2 for s = n + v, we obtain

1
Y

o< ([ siie) (U, D)
< s (L, Do) 22
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Integral Minkowski’s inequality, above inequality, and Lemma 2.2 give us

My(P,f.p) < C ( / p ( [ s xwdry dop@);
( [ dtrayas, m) b

([, (e e )
or® </ i [ S r(y)>1/pdr
<ot U MO i)

€ rY
= O/O WMp(f,r)dr

If p=1 or p= 00, the lemma follows from inequality (2.1) and Lemma 2.2. O

<C

IN
Q

S—

=C

S

The following lemma is elementary, therefore the proof is omitted.

Lemma 2.4 Let s1, so >0 and 0 <7 <e. Then

e 1 C, So < S1
p*tdp
[ =iomure, n=s
0 (7“—|—p)2 C
P S2 > 81

3. Main results

Theorem 3.1 Let « >0, 1<p<oo, 1 <g<oo. If y=pla— %) > o — 1 then the Bergman projection P,
is a bounded operator from L2:4(Q) to BP4(Q).

Proof Let 71,792,735 and 4 be positive numbers such that v+ 1=+ =73+ 74, a+71 > 73 > 71 and
~2 > «. For example, taking a sufficiently small 1 > 0, and assuming 71 = v+1—a(l+7), 2 = (14+n)a, 73 =

Y+1—=(1—n)a and 74 = (1 —n)a, we see that v1,72,v3 and 4 satisfy the above conditions. Let 1 < p < oo

and 1 < ¢ < oo. First, we will prove

C € pqr2—1 %
M(Po.p) < ( / (TJFP)Q%M,‘,’(J",T)dr) .

Namely, using Lemma 2.3, Holder’s inequality with conjugate exponents ¢ and ¢’ and with respect to measure
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% and Lemma 2.4 with s; = v1¢’ and ss = v3¢’, we obtain

ry1tY2
va / ! ’ P(far)%

fr —+ p 'YS+'Y4

€ g dr v ¢« gmd gy
- q _ -
([ o ppateenT) (A w+m%qr>

1

1
1 rd € r24 dr\ @
- .\ -
¢ (p('ys—ﬂa)q’) (/0 (r+ p)’qup (fir) r )

Thus, using above inequality, properties of numbers 1, 72,73 and 74 , Fubini theorem and Lemma 2.4 with

U=

IN

IN

s =qvs and $1 =q(a—vy3+71) , when 1 <p < oo and 1 < g < co, we have

12 f I .0 —/ p T M(Py £ p)dp
aq—l € ’I“q’y2_1 .
< C/ pq(Vs Y1) (/ (7,.+p)q,y4 Mp(f)r>> dp

a(a=y3+m)-1q
—C/ / R r2 NI (F ) dr
o \Jo (r+p) b

€ rdv2—1 .
SC/O i aaarn My (Fr)dr

= C/O TQ(72—74)+q(71—'ya)raq—1Mg(ﬁ r)dr

ZCAT“”MﬂﬁWHZWMW-

When ¢ = 1, the result follows directly from Lemma 2.3 and Lemma 2.4. O

Notice that in previous theorem operator P, is not a projection of space ig»q(Q) to BP1(Q), since the space

BP:4(Q) is not a subspace of L2:4(Q). Namely, harmonic functions which vanish on open subset €, of Q, would
vanish on 2, according to the uniqueness theorem for harmonic functions. On the other hand, as we noticed
in the introduction, the space BE4(2) is a subspace of E’O’;q’s(Q), and our goal is to obtain projection operator

to B21(Q). Intending to produce that result, we formulate the next proposition.

Proposition 3.2 Let a > 0, 1 < p,s < 400, 1 < g < 4o0. If v = pla — %) then the Bergman projection

P, : L*(Q) — B29(Q) is a compact linear operator.
Proof First, we will prove that P, : L*(Q) — C(Q) N h(Q) is a compact operator. Let f € L1(Q) such that
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I fllLr) <1 and u(x) = P, f(x). Then we have

fu()| =|P, ()] = \ [ Benrwan

< sup Ry (,y)|r(y) m(S2)
(z,y)EQX Qe

<C, sup |Ry(z,y)
(:C,y)GQXQE

We have that R, (z,y) € C®(Q x Q\ {(¢,¢) : ¢ € 99Q}) (see [2]) and Q x Q. C @ x Q\ {(¢, ) : ¢ € 90}, so

SUP(, ,)eqxa. 1ty (2, y)| is a constant depending on € and we denote it by C.. Hence, we obtain |u(z)| < C,C.
i.c. the set K = P,(B) is a bounded subset of C(Q), where B ={f € L'(Q) : || fl|l1 (o) < 1}

Let us prove that the family K C C(2) is equicontinuous. For the gradient of the Bergman projection
of function f we have

|Vu(x)| < C’y sup ‘Vle(xvy)‘
(z,y)EQXQ

Again, using that R, (z,y) € C®(Q2 x Q\ {(¢,() : ¢ € 90}), we obtain the desired equicontinuity.

Hence, by the Arzela-Ascoli theorem, P, is compact operator from L*(Q) to C(Q) NA(f2). Since s > 1,
the space L*(Q) is continuously embedded into L'(). Beside that, C'(Q) N h(Q) is continuously embedded
into B24(Q), so P, : L*(Q) — B29(Q) is a compact operator. O

Remark 3.3 Note that P, : L'(Q2) — C*(Q) N h(Q) is compact, for any k € N, since VETIR, (z,y) €
C>(Q x Q). We need only the case k = 0.

We obtain the desired result by combining Theorem 3.1 and Proposition 3.2, which we formulate in the

next theorem.

Theorem 3.4 Let « >0, 1 <p,s<oo, 1 <g<oo. If y=pla-— %) > « — 1 then the Bergman projection

P, is a bounded projection from LE:4*(Q) to B2I(S).
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