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Abstract: In this paper, first we define Clairaut Riemannian map between Riemannian manifolds by using a geodesic
curve on the base space and find necessary and sufficient conditions for a Riemannian map to be Clairaut with a nontrivial
example. We also obtain necessary and sufficient condition for a Clairaut Riemannian map to be harmonic. Thereafter,
we study Clairaut Riemannian map from Riemannian manifold to Ricci soliton with a nontrivial example. We obtain
scalar curvatures of rangeF. and (rangeF*)J‘ by using Ricci soliton. Further, we obtain necessary conditions for the
leaves of rangeF. to be almost Ricci soliton and Einstein. We also obtain necessary condition for the vector field 8 to
be conformal on rangeF. and necessary and sufficient condition for the vector field ﬁ to be Killing on (rangeF*)L,
where [ is a geodesic curve on the base space of Clairaut Riemannian map. Also, we obtain necessary condition for
the mean curvature vector field of rangeF. to be constant. Finally, we introduce Clairaut antiinvariant Riemannian
map from Riemannian manifold to Kéhler manifold, and obtain necessary and sufficient condition for an antiinvariant
Riemannian map to be Clairaut with a nontrivial example. Further, we find necessary condition for rangeF. to be
minimal and totally geodesic. We also obtain necessary and sufficient condition for Clairaut antiinvariant Riemannian

maps to be harmonic.

Key words: Riemannian manifold, Kdhler manifold, Riemannian map, Clairaut Riemannian map, antiinvariant Rie-
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1. Introduction

The geometry of Riemannian submersions has been discussed widely in [8]. In 1992, Fischer introduced
Riemannian map between Riemannian manifolds as a generalization of an isometric immersion and Riemannian
submersion that satisfies the well-known generalized eikonal equation || F||? = rankF , which is a bridge between
geometric optics and physical optics [9]. Further, the geometry of Riemannian maps was investigated in [2, 3, 20—
26).

An important Clairaut’s relation states that 7sinf is constant, where 0 is the angle between the velocity
vector of a geodesic and a meridian, and 7 is the distance to the axis of a surface of revolution. In 1972, Bishop
defined Clairaut Riemannian submersion with connected fibers and gave a necessary and sufficient condition
for a Riemannian submersion to be Clairaut Riemannian submersion [5]. Further, Clairaut submersions were
studied in [1, 12, 14]. In [25], Sahin introduced Clairaut Riemannian map by using a geodesic curve on the total

space and obtained necessary and sufficient conditions for Riemannian map to be Clairaut Riemannian map.
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Further, Sahin gave an open problem to find characterizations for Clairaut Riemannian maps (see [26], page
165, open problem 2). In Section 3, we introduce a new type of Clairaut Riemannian map by using a geodesic
curve on the base space and obtain necessary and sufficient conditions for a Riemannian map to be Clairaut
Riemannian map.

A Riemannian manifold (NV,g2) is called a Ricci soliton [11] if there exists a smooth vector field Z;
(called potential vector field) on N such that 3(Lz,g2)(X1,Y1) +Ric(X1,Y1) + Aga(X1,Y1) = 0, where Ly,
is the Lie derivative of the metric tensor of g, with respect to Z;, Ric is the Ricci tensor of (N,g2), A is a
constant function and X7, Y7 are arbitrary vector fields on V. We shall denote a Ricci soliton by (N, g2, Z1, A).
The Ricci soliton (N, ga, Z1,A) is said to be shrinking, steady or expanding accordingly as A < 0, A = 0 or
A > 0, respectively. It is obvious that a trivial Ricci soliton is an Einstein manifold [4] with Z; zero or Killing
(Lie derivative of metric tensor go with respect to Z; is vanishes). Ricci soliton can be used to solve the
Poincaré conjecture [17]. A Ricci soliton (N, g2, Z1,\) becomes an almost Ricci soliton [18] if the function A is
a variable. The Ricci soliton (N, g2, Z1, A) is said to be a gradient Ricci soliton if the potential vector field Z;
is the gradient of some smooth function f on N, which is denoted by (N, g, f,A). Moreover, a non-Killing
tangent vector field Z; on a Riemannian manifold (N, gs) is called conformal [7] if it satisfies Lz, g2 = 2fga,
where f is called the potential function of Z;. The submersions and Riemannian maps from a Ricci soliton
to a Riemannian manifold were studied in [10, 13, 15, 29, 30]. In [32], present authors introduced Riemannian
map from a Riemannian manifold to a Ricci soliton. In Section 4, we introduce Clairaut Riemannian map from
a Riemannian manifold to a Ricci soliton.

In [28], Watson studied almost Hermitian submersions. In [23], Sahin introduced holomorphic Riemannian
map as generalization of holomorphic submersion and holomorphic submanifold. In [2, 3, 20, 22] invariant,
antiinvariant and semiinvariant Riemannian maps were studied from a Riemannian manifold to a Ké&hler
manifold. Recently, present authors introduced Clairaut invariant Riemannian map from a Riemannian manifold
to a Kahler manifold in [31]. In Section 5, we introduce Clairaut antiinvariant Riemannian map from a

Riemannian manifold to a Kdhler manifold.

2. Preliminaries
In this section, we recall the notion of Riemannian map between Riemannian manifolds and give a brief review
of basic facts.

Let F: (M™,g1) — (N™,g2) be a smooth map between Riemannian manifolds such that 0 < rankF <
min{m,n}, where dim(M) = m and dim(N) = n. We denote the kernel space of F, by v, = kerF,, at pe M
and consider the orthogonal complementary space H, = (kerF.,)* to kerF,, in T, M . Then the tangent space
T,M of M at p has the decomposition T,M = (kerF,,) ® (kerF.,)* = v, ® H,. We denote the range of F.
by rangeF, at p € M and consider the orthogonal complementary space (rangeF.,)* to rangeF., in the
tangent space Tr(,)N of N at F(p) € N. Since rankF < min{m,n}, we have (rangeF,)* # {0}. Thus the
tangent space Tr(, N of N at F(p) € N has the decomposition Tp N = (rangeF,,) ® (rangeF,,)*". Then
F is called Riemannian map at p € M if the horizontal restriction F[ : (kerF.,)* — (rangeF.,,) is a linear
isometry between the spaces ((keTF*p)J—,gl(p)|(ke7.F*p)L) and (rangeF*p,gg(pl)|(mngep*p)), where F(p) = p1.

In other words, F, satisfies

gQ(F*X;F*Y) :gl(XaY)a (21)
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for all X,Y vector field tangent to I'(kerF.,)*. It follows that isometric immersions and Riemannian submer-
sions are particular Riemannian maps with kerF, = {0} and (rangeF.)*
map F, of F can be viewed as a section of bundle Hom(TM, F~'TN) — M, where F~'TN is the pullback

bundle whose fibers at p € M is (F~'TN), = Tp)N, p € M. The bundle Hom(TM,F~*TN) has a con-

N
nection V induced from the Levi-Civita connection V* and the pullback connection V. Then the second

= {0}, respectively. The differential

fundamental form of F is given by [16]

(VE)(X,Y) = VN§F*Y — F.(V¥Y), (2.2)

for all XY € I'(T'M), where V]V§F*Y oF = V%XF*Y. It is known that the second fundamental form is
symmetric. In [20] Sahin proved that (VF,)(X,Y) has no component in rangeF,, for all X,Y € T'(kerF,)*.
More precisely, we have

(VF,)(X,Y) € T(rangeF,)™*. (2.3)

The tension field of F is defined to be the trace of the second fundamental form of F',i.e. 7(F) = trace(VF,) =
Yt (VF)(ei,e;), where m = dim(M) and {eq,ea, ..., e} is the orthonormal frame on M. Moreover, a map
F: (M™,g1) — (N™ g2) between Riemannian manifolds is harmonic if and only if the tension field of F'
vanishes at each point p € M.

Lemma 2.1 [21] Let F : (M™,¢1) — (N™,g2) be a Riemannian map between Riemannian manifolds. Then
the tension field of F is given by 7(F) = —rF.(H) + (m — r)Hz, where r = dim(kerFy), (m —r) = rankF,

H and Hy are the mean curvature vector fields of the distribution kerF, and rangeF, , respectively.

Lemma 2.2 [22] Let F : (M, g1) — (N, g2) be a Riemannian map between Riemannian manifolds. Then F is

umbilical Riemannian map if and only if
(VF)(X,Y) =91 (X,Y)H,,

for X,Y € T'(kerF.)* and Hy is the mean curvature vector field of rangeF, .

For any vector field X on M and any section V of (rangeF,)t, we have V1V which is the orthogonal

projection of VXV on (rangeF.)*, where V¥ is linear connection on (rangeF,)* such that V¥ +g, = 0.

Now, for a Riemannian map F we define Sy as ([24], p. 188)
VYV =-SyF.X + VY, (2.4)

where V¥ is Levi-Civita connection on N, Sy F,X is the tangential component (a vector field along F') of
VY xV. Thus at p € M, we have VY V(p) € T,y N, Sy F.X € Fp,(T,M) and V5V (p) € (Fop(T,M))*.
It is easy to see that Sy F. X is bilinear in V', and F,. X at p depends only on V,, and F,,X,. Hence from (2.2)
and (2.4), we obtain

92(Sv F. X, F.Y) = g2(V, (VF,)(X,Y)), (2.5)

for X,Y € I'(kerF,)* and V € I'(rangeF,)*, where Sy is self-adjoint operator.
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3. Clairaut Riemannian map between Riemannian manifolds

In this section, we define Clairaut Riemannian map between Riemannian manifolds by using a geodesic curve
[6] on the base space and investigate geometry.

The notion of Clairaut Riemannian map was defined by Sahin in [25]. According to the definition, a
Riemannian map F : (M, g;) — (IV, g2) between Riemannian manifolds is called Clairaut Riemannian map if
there is a function 7 : M — R* such that for every geodesic @ on M, the function (7 o a)sinf is constant,
where, for all ¢, 6(t) is the angle between &(t) and the horizontal space at «(t).

Thus, the notion of Clairaut Riemannian map comes from a geodesic curve on a surface of revolution.

Therefore, we are going to give a definition of Clairaut Riemannian map by using geodesic curve on the base
space.

Definition 3.1 A Riemannian map F : (M,g1) — (N, g2) between Riemannian manifolds is called Clairaut
Riemannian map if there is a function § : N — R such that for every geodesic 8 on N, the function
(508)sinw(t) is constant, where, F, X € T'(rangeF,) for X € T'(kerF,)* and V € I'(rangeF,)* are components
of B(t), and w(t) is the angle between B(t) and V for all t.

Note: For all U,V € I'(rangeF,)* we define
VYV = R(VEV) + VELY,

where R(VY V) and V51V denote rangeF, and (rangeF,)* part of VYV, respectively. Therefore (rangeF,)*:
is totally geodesic if and only if

VNV =VvEtv.

Note that from now, throughout the paper, we are assuming (rangeF.)" is totally geodesic.

Lemma 3.2 Let F: (M,g1) = (N, g2) be a Riemannian map between Riemannian manifolds and o : I — M

be a geodesic curve on M . Then the curve 8 = F o« is geodesic curve on N if and only if

(VE)(X, X))+ VvV +VvELv =0, (3.1)

~SyF.X + F.(V¥X)+VIF.X =0, (3.2)

where F,X € T'(rangeF.),V € T'(rangeF.,)*: are components of f(t) and VN is Levi-Civita connection on N

and VL is a linear connection on (rangeF,)= .

Proof Let a: 1 — M be a geodesic on M with U(t) = va(t) and X(t) = Ha(t). Let 8 = Foa be a
geodesic on N with F,X € I'(rangeF,) and V € I'(rangeF,) are components of 3(t).

Now,

VB = Vi xv(BX +V),

which implies

VY=V xFX + VYV + VYEX + VIV,
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Using (2.4) in above equation, we get

N
VB =VEFXoF + (~SyF.X + VX'V) + Vi F.X + V{V.
Using (2.2) in above equation, we get
VB =(VE)(X,X)+ F.(V¥X) = Sy F.X + VX'V + VI E.X + VT V. (3.3)
)J_

Since (rangeF, )~ is totally geodesic, (3.3) can be written as

VYB = (VE)(X,X) + F (VY X) = Sy F.X + VKV + VI F.X + ViV (3.4)

Now S is geodesic on N if and only if V]BVB = 0. Then (3.4) implies (VF,)(X,X) + F.(VMX) - Sy F.X +
VELV + VI F.X + VELV =0, which completes the proof. O

Theorem 3.3 Let F : (M,g1) — (N,g2) be a Riemannian map between Riemannian manifolds such that
rangeF, is connected and o, B = F o« are geodesic curves on M and N, respectively. Then F is Clairaut

Riemannian map with s = €9 if and only if any one of the following conditions holds:
(i) SyF.X = -V (9)F.X , where F,X € I'(rangeF,),V € T'(rangeF,): are components of 3(t).

(ii) F is umbilical map, and has Ho = —VNg, where g is a smooth function on N and Hy is the mean

curvature vector field of rangeF .

Proof First we prove F is a Clairaut Riemannian map with § = e9 if and only if for any geodesic f: I — N

with tangential components F, X € I'(rangeF,) and V € I'(rangeF,)*, t € I the equation
251y (FL X (1), F.X (£))g2(B(1), (VN ) + g2 (Sv F. X (1), F.X (¢)) = 0, (3.5)

is satisfied. To prove this, let 3 be a geodesic on N with 3(t) = F,X(t)+ V(t) and let w(t) € [0, 7] denote the
angle between A(t) and V (¢). If A(t) € D(rangeF, )", then we have F, X (to) =0 (i.e. (3.5) is satisfied), which
implies sinw(t) = 0 at point B(tg). Thus for any function § =e? on M, (3(5(¢)))sinw(t) identically vanishes.
Therefore, the statement holds trivially in this case. Now, we consider the case sinw(t) # 0, i.e. 5(t) does not

belongs only in T'(rangeF,)*. Since § is geodesic, its speed is constant b = ||3||> (say). Then

928(1)(V, V) = beosw(t), (3.6)
G250ty (Fu X, F. X) = bsinw(t). (3.7)
Now differentiating (3.7) along 3, we get
d ) dw
%92(F*X, F.X)= 2b5mwcoswa. (3.8)

On the other hand,

d
%QQ(F*X, F.X) = 2gQ(VJBVF*X, F.X).
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By putting 5 = F,X +V in above equation, we get

d
7 02(FX, F.X) = 29o(VH F.X + VY F.X, F.X),

which implies

d N
%QQ(F*X, F.X)=2¢(VEF.X o F+ VY F.X,F.X). (3.9)

Using (2.2) and (3.2) in (3.9), we get

d
2 92(PX F.X) = 25((VE)(X, X) + F(VYX) + Sy F.X — F.(VY X), F.X).

Using (2.3) in above equation, we get

d
2P X, F.X) = 202(Sy F. X, F.X). (3.10)

Now from (3.8) and (3.10), we get
, dw
92(Sy F. X, F.X) = bsmwcoswa. (3.11)

Moreover, F' is a Clairaut Riemannian map with § = e9 if and only if %(eg"ﬁsinw) =0, that is, egoﬁsinw%—f—

dw

e9°B cosw 7’ = 0. By multiplying this with nonzero factor bsinw and using (3.7), we get

d(gop) ) dw
g2(F.X, F.X) s bsmwcoswﬁ. (3.12)
Now from (3.11) and (3.12), we get
d
§2(SyF X, F.X) = —go(F. X, F. X) (gd? 8,
which means
92(SvF.X, F.X) = —g5(F.X, F.X)g2(V"g, B). (3.13)

Indeed assuming (3.5) and considering any geodesic 8 on N with initial tangent vector which belongs in
['(rangeF,), then by using V(t;) = 0 in (3.13), we get ¢ is constant on rangeF, and since rangeF is
connected, V¥g € T'(rangeF,)*. Then by (3.13), we get

92(SyF. X, F,X) = —go(F. X, F.X)g2(VNg, V). (3.14)

Thus Sy F.X = =V (g)F. X, where V(g) is a smooth function on N, which implies the proof of (i). Now, by
using (2.5) in (3.14), we get

gZ(Va (VF*)(XvX)) = 792(F*X, F*X)QZ(VNQ’ V)> (315)
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for F,.X € I'(rangeF,) and V € I'(rangeF.)*. Now using (2.2) in (3.15), we get

N
92(V,.VXF.X) = —g2(VNg,V)ga(F. X, F. X).

Thus by comparing, we get

N
VEEX = —(VVg)g2(F. X, F.X). (3.16)
Taking trace of (3.16), we get
m N
> VR X =—(VNg)(m—r), (3.17)
j=r+1

where {X, 11, X192, ..., Xpn} and {F. X, 41, Fu X, 40, ..., Fu X, } are orthonormal bases of (kerF,)* and rangeF,,

respectively.

Moreover, the mean curvature vector field of rangeF, is defined by ([21], [24] page 199)

1

m—r

Hy =

m N
> VR X, (3.18)
Jj=r+1

where {X;},11<j<m is an orthonormal basis of (kerF,)*. Then from (3.17) and (3.18), we get
Hy = -VNyg. (3.19)

Also, by (3.15), we get
(VE)(X,X) = —g2(F. X, F.X)(VVNg). (3.20)

Since F' is Riemannian map, using (2.1) in (3.20), we get
(VE)(X, X) = —g1 (X, X)(V™g). (3:21)

From (3.19) and (3.21), we get
(VF*)(XvX) - gl(XaX)H2~

Thus by Lemma 2.2 F' is umbilical map, which completes the proof. O

Remark 3.4 In [25], Sahin considered geodesic curve on the total manifold of a Riemannian map F, then by
using Clairaut relation fibers of F are totally umbilical. On the other hand, in Definition 3.1, we considered

geodesic curve on the base manifold of I, then by using Clairaut’s relation F becomes totally umbilical.

Theorem 3.5 Let F: (M™, g1) — (N",g2) be a Clairaut Riemannian map with § = e9 between Riemannian

manifolds such that kerF, is minimal. Then F is harmonic if and only if g is constant function on N .

Proof Since H =0, then by Lemma 2.1 F is harmonic if and only if Hy = 0 if and only if Vg = 0, which
completes the proof. O

Theorem 3.6 Let F: (M™, g1) — (N",g2) be a Clairaut Riemannian map with § = e9 between Riemannian

manifolds. Then N = N(qnger.)t Xf Nranger, 15 a twisted product manifold.
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N
Proof By (3.20), (3.21) and Theorem 3.3, we have VEF.Y = ¢1(X,Y)H, for X,Y € T'(kerF,)*, which
implies rangeF, is totally umbilical. Then proof follows by [19]. O

Example 3.7 Let M = {(z1,22) € R? : 11 # 0,22 # 0} be a Riemannian manifold with Riemannian metric
g1 = e*®2dx? + da3 on M. Let N = {(y1,92) € R?} be a Riemannian manifold with Riemannian metric
g2 = e**2dy? + dy3 on N. Consider a map F : (M, g1) — (N, g2) defined by

F(l‘l,l’g) = (331,0).

Then, we get
kerF, = span{U = ey} and (kerF.)* = span{X = e},

where {61 = 67125\%1,‘32 = ,9%-2} and {6/1 = 6712%@’2 = 6%2} are bases on TyM and Tp,) N, respectively,
for all p € M. By easy computations, we see that Fu(X) = €| and ¢1(X,X) = ¢g(F. X, F.X) for X €
['(kerF,)*. Thus F is Riemannian map with rangeF, = span{F.(X) = €|} and (rangeF.,)* = span{e}}.
Now to show F is Clairaut Riemannian map we will verify Theorem 3.3, for this we will verify (3.14). Since
V and (VF,)(X,X) € T'(rangeF.)* ,e here we can write V = aey and (VF,)(X,X) = bely for some a,b € R.
Then we get
92(V,(VF.)(X, X)) = go(aeh, beb) = ab, (3.22)
and
g2 (F.X,F.X) = ga(e},e)) = 1. (3.23)

2 .
Since VNg = _Zlg;] f?zi 6%1, Therefore for the function g = —bys
W=

92(VNg,V) = —ab. (3.24)

Thus by using (2.5), (3.22), (5.23) and (3.24) we see that (5.14) holds. Thus F is a Clairaut Riemannian map.

4. Clairaut Riemannian map from Riemannian manifold to Ricci soliton

In this section, we study Clairaut Riemannian map F : (M, g1) — (N, g2) from a Riemannian manifold to a

Ricci soliton and give some characterizations.

Lemma 4.1 [32] Let F : (M™,g1) — (N™,g2) be a Riemannian map between Riemannian manifolds. Then
the Ricci tensor on (N, g2) given by

ni

Ric(F.X,F.Y) = Ric""9*F(F,X,F,Y)~ 3 {gQ(SVMekF*X, E.Y)
Kk

k=1

(4.1)
— g2 (VY S, Fu X, FLY) + 92(Se, Fu X, Sep FLY) + g2(VY FLX, SekF*Y)},

Ric(V,W) = RicranseF)" (v, ) = $° {gg(svgiWF*Xj,F*Xj)
j=r+1 (4.2)
+92(Sy Fu X, SwFu X;) — V¥ (g2(Sw Fe X5, Fu X)) + 292(Sw Fi X, VyF*Xj)},
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ni

Rie(F.X,V) = 3 {g((VxSVFX; X)) = (VxS EX, FXp) | = 30 g (RS (R X en)Vien),  (4.3)
j=r+1 k=1

for X,Y € DI(kerF)*t, V,W € T(rangeF.)* and F.X,F.Y € T(rangeF.), where {F.X;},11<j<m and

{ex}1<k<n, are orthonormal bases of rangeF, and (rangeF,)*, respectively.
Theorem 4.2 Let F: (M™, g1) — (N", g2) be a Clairaut Riemannian map with § = e9 between Riemannian
manifolds. Then the Ricci tensor on (N, g2) given by

ni

Ric(F. X, F.Y) = Ric"™9 " (F. X, F.Y) = 3. (ex(9))%g2(F. X, E.Y)

k=1 (4.4)
ny ni
+ 3 92(VE er, VN g2 (P X, F.Y) — 3 (VY en(9))g2(FL X, F.Y),
k=1 P}

Ric(V,W) = Ric" 9P (VW) + (m — r)ga(VN g, VELW)

—(m— PV (@W(g) ~ (m — 1)V W (g) *5)
Ric(F.X, V)= Y g((VxS)vEX;, F.X;) = > ¢:((Vx,S)vF.X;, F.X;) - Zl:gg(R“(F*X, er)V,er),(4.6)
j=r+1 j=r+1 k=1

for X,Y € DU(kerF.)*, V,W € I'(rangeF.)* and F.X,F.Y € T(rangeF.), where {F.X;}r11<j<m and

{ex}1<k<n, are orthonormal bases of rangeF. and (rangeF,)*, respectively.

Proof Using Theorem 3.3 and (3.14) in (4.1), we get

n1 n1
Rie(F.X, E.Y) = Ric™™ 9 (F,X, E.Y) — 5 (e4(9))02(Fu X, E.Y) + 55 02(V e, VVg)ga (F. X, F.Y)
k=1 k=1
ny

=2 92V (ek(9)FuX), F.Y) + 3 92(VE Fu X, ex(9) F.Y),
k=1 k=1

which implies (4.4). Also using Theorem 3.3 and (3.14) in (4.2), we get

m

Ric(V,W) = Ric"™ P (VW) + > gao( VW, VVg)ga(FX;, B X)) — 3. g2(V(9)F-X;, W(g)F.X;)

j=r+1 Jj=r+1
- Zﬂvg(gz(W(Q)F*vaF*Xj)) +2 algz(W(g)F*XngF*Xj),
j=r j=r
which implies (4.5). Also the proof of (4.3) and (4.6) is same. O

Theorem 4.3 Let (N,go, Ha, \) be a Ricci soliton with the potential vector field Hy € T'(rangeF,)* and

F:(M,q1) = (N,g2) be a Clairaut Riemannian map with § = e9 between Riemannian manifolds. Then
s = —Nm — 1)+ (m —r)Ag — (m = r)(m —r = 2)[VVg|?,
where s" Y~ s the scalar curvature of rangeF, and (m — r) = dim(rangeF,).
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Proof Since (N, gs, Ha, A) admit Ricci soliton with the potential vector field Hy € I'(rangeF,)* then, we

have

1
Z(Ly,g2)(F.X, F,Y) + Ric(F.X,F,Y) + g2 (F. X, F.Y) = 0,
2

for F.X,F.Y € I'(rangeF,), which implies
%{gz(vﬁtz, FY) + go(VY y Hy, F.X)} + Ric(F.X, F,Y) + Ago(F.X, F,Y) = 0.
Using (2.4) in above equation, we get
%{92(—8H2F*X, FY) + go(—Sy, F.Y, F.X)} + Ric(F. X, F.Y) + Ag2(F. X, F.Y) = 0.

Since Sy, is self-adjoint, above equation can be written as
—92(Sm, Fu X, F.Y) + Ric(F. X, F.Y) + Ag2(FL. X, F,.Y) = 0. (4.7)

Using (3.14), (3.19) and (4.4) in (4.7), we get

ni

~92(VNg, VN g)ga(F. X, F.Y) + Ric™*9°F (F, X, F,Y) — ,CZfek(g))?gz(F*x F.Y)

ni n1
+ 2 92(VEL er, VNG ga(F. X, F.Y) = 3 Vi en(9)g2(Fu X, F.Y ) + Ag2(F. X, F.Y) = 0,
k=1 k=1

where {e;}1<k<n, is an orthonormal basis of (rangeF.)*. This implies

—2||VNg|2ga(FL X, F,Y) + Ric™@m9F- (F, X, F,Y)
— > 92(ex, VEVN9)go (P X, .Y ) + Aga (F.X, F.Y ) = 0.
K=1

Taking trace of (4.8) for rangeF, we get

ni

sTan9els —2(m —r)[|[VNg|? — (m — 1) 30 g2(VE VNg,ex) + A(m — 1) = 0.

Using definition of Hessian form of g (i.e. H9(X1,Y:) = gg(Vglng, Y7) for all X3,Y; € T'(TN)) from [8] in

above equation, we get

ny
sTmIE - (m = r){=2|VNg|? = 3 H9(ex,ex) + A} =0. (4.9)
k=1
Since we know that
m ni
Ag= Y HYF.X;F.X;)+» Hex,ex), (4.10)
j=r+1 k=1

where {F.X;},+1<j<m and {ex}1<k<n, are orthonormal bases of rangeF, and (rangeF.)*, respectively. Then

by using definition of Hessian form of ¢ in (4.10), we get

m ni

Ag= > g2V x,VVg FX;) 4+ H(ex,er). (4.11)
j=r+1 k=1
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Using (2.4) in (4.11), we get

m ni
Ag=— > ga(SungF.X;, F.X;)+ Y Hex,ex).
j=r+1 k=1

Using Theorem 3.3 in above equation, we get
Ag — (m —7)[|VVg|* = ZHg e €k). (4.12)
Thus (4.9) and (4.12) implies the proof. O

Theorem 4.4 Let (N,ga, Ha2,\) be a Ricci soliton with the potential vector field Hy € T'(rangeF.)* and

F:(M™ g1) > (N™ g2) be a Clairaut Riemannian map with § = e9 between Riemannian manifolds. Then
s(rangeF )" — _\p, +(m—r+1)Ag— (m —r)?|VVg|?,
where sran9eF)" denotes the scalar curvature of (rangeF,)* and (m—r) = dim(rangeF,), ny = dim((rangeF,)*).

Proof Since (N, go, Ha, A) admit Ricci soliton with the potential vector field Hy € T'(rangeF,)* then, we

have

S (Lin,ge) (VW) + Ric(V, W) + Aga(V, W) = 0
for V,W € T'(rangeF,)*, which implies
S (VY Ha, W) + oV, V)} -+ Ric(V, W) 4+ Aga(V, W) = 0,
Putting H, = —V¥g in above equation, we get
~Se(VYVN g, ) + oV VNG, V) + Rie(V, ) + Aga(V, W) =0, (1.13)
Using definition of Hessian form of g and (4.5) in (4.13), we get

—HI(V,W) + Ricrem9F)" (VW) + (m — r)g2(VN g, VELW)

—(m —1)V(g9)W(g) — (m — r)VYW(g) + Aga(V, W) = 0. (4.14)

Taking trace of (4.14) for (rangeF,)*, we get

ni ni

— 30 HO(ep,ex) + 579" 430 (m —1r)ga(VNg, VELer) — (m—1) 3 (ex(9)? = (m—1) 3 VX ex(g) + Any =0,
k=1

k=1 k=1 k=1

where {ex}1<k<n, is an orthonormal basis of (rangeF,)*, which implies

ni

ni
s(rangeF*)L + Ing — (m — T) Z (ek(g))z — (m —r+ 1) Z Hg(€k7€k) =0.
k=1 k=1

Using (4.12) and (ex(9))? = 92(VVg, ex)? = g2(VV g, V¥ g) in above equation, we get the proof. O

804



MEENA and YADAV /Turk J Math

Remark 4.5 Since rangeF, and (rangeF,)* are subbundles of TN , they define distributions on N. Then
for F, X, F.Y € I'(rangeF.), we have

[FX,FY]=VY (FY - VY F.X
N N
=VEFYoF -VEF.XoF.

Using (2.2) in above equation, we get

[F.X,F,Y] = F,(VxY) — F.(VyX) = F.(VxY — VyX) € D(rangeF.).

Thus rangeF is an integrable distribution. Then for any point F(p) € N there exists mazimal integral manifold

or a leaf of rangeF, containing F(p).

Theorem 4.6 Let (N, ga, FuZ,)\) be a Ricci soliton with the potential vector field F.Z € T'(rangeF.) and
F:(M,q1) — (N,g2) be a Clairaut Riemannian map with § = e9 between Riemannian manifolds. Then a leaf

of rangeF, is an almost Ricci soliton.

Proof Since (N, go, FiZ,\) admit Ricci soliton with the potential vector field F.Z € T'(rangeF,) then, we

have

1
“(Lp.792)(F.X,F.Y) + Ric(F. X, F,Y) + g2 (F. X, F.Y) = 0, 4.15
2

for F. X, F.Y,F.Z € I'(rangeF,). Using (4.4) in (4.15), we get

3(Lp.292)(F.X, F.Y) + Ric™ 9P (F. X, F.Y) = 3 (ex(9))?g2(F. X, F.Y)

ny
>
k=1
ni ni
+ 2 92(VErer, VN g)ga(FLX, BLY) — 32 Vi er(9)ga(Fu X, F.Y) + Ago(FL X, F.Y) = 0,
k=1 k=1

where {e;}1<k<n, is an orthonormal basis of (rangeF,)*, which implies

N(Lp, 292)(F. X, F.Y) + Ric™*9°F(F, X, F.Y) + Aga(F. X, F.Y) = 0,

~ ni ni ni

where A = — 3 (ex(9)) + > 92(VEter, VVg) — 3 er(en(g)) + A is a smooth function on N. Thus a leaf of
k=1 k=1 k=1

rangeF, is an almost Ricci soliton, which completes the proof. O

Theorem 4.7 Let (N,g2,V,)\) be a Ricci soliton with the potential vector field V € T(rangeF.)* and
F: (M,g1) = (N,g2) be a Clairaut Riemannian map with § = e9 between Riemannian manifolds. Then

a leaf of rangeF, is an Finstein.

Proof Since (N, gs, FiZ,\) admit Ricci soliton with the potential vector field F.Z € T'(rangeF,) then, we

have

1
~(Lyg2)(F.X,F.Y) + Ric(F.X,F,Y) + \g2(F. X, F,Y) = 0,
2
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for F.X,F.Y € I'(rangeF,), which implies
%{gz(v%ﬁxV» FY) 4 g2(VY y V. F.X)} + Ric(F.X, F.Y) + Aga(F. X, F,Y) = 0.
Using (2.4) in above equation, we get
%{gg(—SVF*X, FLY) + go(—Sy F.Y, F.X)} + Ric(F. X, F.Y) + Aga(Fu X, F,Y) = 0.

Since Sy is self-adjoint, above equation can be written as
—92(Sv Fi X, F.Y) + Ric(F. X, F.Y) + A\g2(Fi. X, F,.Y) = 0. (4.16)

Since F' is Clairaut Riemannian map, using Sy F,.X = =V (g)F.X and (4.4) in (4.16), we get

ny
V(9)g2(F. X, F.Y) + Ric™ 9" (P X, F.Y) — 3 (ex(9))?g2(FL X, F.Y')
k=

1
n1 n1

+ > gz(ngek,VNg)gg(F*X, FY)- > Vé\;ek(g)gz(F*X, F.Y)+ Mg (F. X, F,Y) =0,
k=1 k=1

where {ey}1<k<n, is an orthonormal basis of (rangeF,)*, which implies

Ric" 9P (F. X F,Y) = X g2(F. X, F,Y),

, ni ni n1
where X' = Y (ex(9))? = 3 92(VELer, VNg) + 3 enlern(g)) — A — V(g) is a smooth function on N. Thus a
k=1 k=1 k=1

leaf of rangeF, is an Einstein, which completes the proof. O

Theorem 4.8 Let 8 be a geodesic curve on N and (N, 92767)\) be a Ricci soliton with the potential vector
field B € T(TN). Let F: (M,g1) — (N,g2) be a Clairaut Riemannian map with 5 = 9 from a Riemannian

manifold M to an Einstein manifold N . Then the following statements are true:

(i) B is a conformal vector field on rangeF, .

(i) B is Killing vector field on (rangeF.)* if and only if V(9)W(g) = —HI(V,W) for all V,W €
I'(rangeF,)*.

Proof Since (N, go, B, A) is a Ricci soliton then, we have

1 .

5(Lyg2) (F.X, F.Y) + Rie(E.X, F.Y) + Aga(F. X, E.Y) =0, (4.17)
for F. X, F.Y € I'(rangeF,). Using (4.4) in (4.17), we get

ni
H(L92)(F.X, .Y ) + Ric™*9F- (F,X, F,.Y) — 3 (ex(9))?92(F.X, F.Y)
k=1 (4.18)
ni ni
+ 3 92(VESer, VN9 g2 (FL X, F.Y) — 3 VI e (9)g2(Fu X, F.Y ) 4+ A\ga(F. X, F.Y) = 0,
k=1 k=1
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where {e}1<k<n, is an orthonormal basis of (rangeF.)*. Since N is Einstein, putting Ric" "9t (F, X, F.Y) =
—Ag2(F X, F.Y) in (4.18), we get

HLygo)(F.X, F.Y) + pgo(F.X, FY) = 0,

where p = — Zl (ex(9))? + Zl 92(VELer, VNg) — Zl er(er(g)) is a smooth function on N. Thus § is a
k= k=1 k=1

conformal vector field on rangeF,. On the other hand, since (N, ga, B, A) is a Ricci soliton then, we have

S (L502) (VW) + Ric(V, W) + Ago(V, W) = 0, (419)

for any V,W € I'(rangeF,)*. Using (4.5) in (4.19), we get

$(Lsg2)(V, W) + Ric(rangeF)™ (VW) + (m — 1) go(VN g, VELW)

—(m =)V (9)W(g) — (m —r)VYIW(g) + Ag2(V,W) = 0. (4:20)

Since N is Einstein, putting Ric(mngeF*)L(V, W) = —=Ag2(V, W) in (4.20), we get
3(Lyg2) (V. W) +{g2(VNg, ViAW) = V(9)W (g) = VIW (g)}(m — 1) = 0.

Then by using ViYW (g) = V¥ (g2(W, V¥ g)) = g2 (VIW, VN g) + HI(V,W) = go(VELW, VN g) + HI(V, W) in
above equation, we get %(Lﬁ-gg)(v, W) =0 if and only if V(g)W(g) = —H9(V,W). This completes the proof.
O

Lemma 4.9 Let (N,ga2,X1,A\) be a Ricci soliton with the potential vector field X1 € T'(TN) and F :

(M™,g1) — (N™,g2) be a Clairaut Riemannian map with § = e9 between Riemannian manifolds. Then
s = —An, (4.21)

where s denotes the scalar curvature of N .

Proof The proof is similar to remark 9 of [30]; therefore, we are omitting it. O

Theorem 4.10 Let (N, ga, —Ha, \) be a Ricci soliton with the potential vector field —Hs € T'(rangeF.)* and

F : (M,91) = (N,g2) be a Clairaut Riemannian map with § = €9 between Riemannian manifolds. Then

following statements are true:

(1) N admits a gradient Ricci soliton.

(i4) The mean curvature vector field of rangeF, is constant.
Proof By similar proof as theorem 10 of [30], we get
Ag = 0.

Hence VN (V¥g) =0, i.e. VN Hy =0, which means H, is constant. This completes the proof. O
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Example 4.11 The map F : M — N given in Example 3.7 is Clairaut Riemannian map. Now, we will show

that N admits a Ricci soliton, i.e.
1 .
5(L2192)(X1>Y1) + RZC(Xl, Yi) + )\gz(XhYl) = 0, (422)

for any X1,Y1,Z1 € T(T'N). By similar computations as example 6.1 of [32], we get

1
5 (Lz.92) (X1, Y1) = 0, (4.23)
92(X1, Y1) = (a1a3 + azas), (4.24)
and
Ric(X1,Y1) = aragRic(e}, €)) + (a1aq + azas) Ric(e, e5) + asas Ric(eh, €5). (4.25)

By (4.4), we get
Ric(ey, e1) = Ric™"9°" (e}, €1) — (92(VVg,€3))* + 92(V 5, VVg) = VT (g2(e5, VVg)).
Since dimension of rangeF, is one, Ric™"9°F= (e} e]) =0 and we have V¥ g = —bel, for some b € R. So
Ric(é), e)) = —b?, (4.26)
By (4.5), we get
Ric(es, ;) = Ric"™ 97" (¢, ¢5) + g2(VN g, VI es) — e (9)eh(g) — VI (¢h(9))-

Since dimension of (rangeF,)* is one, Ric"9¢F)" (¢} eb) =0 and putting VNg = —bely for some b € R,

we get

Ric(ely, eh) = —b?. (4.27)

And by similar computation as example 6.1 of [32], we get
Ric(ey,es) = 0. (4.28)
Using (4.26), (4.27) and (4.28) in (4.25), we get
Ric(X1,Y1) = —(ajas + azaq)b®. (4.29)
Now, using (4.23), (4.24) and (4.29) in (4.22), we obtain that metric go admits Ricci soliton for
A =02

Since b € R, for some choices of b Ricci soliton (N, ge) will be expanding or steady according to X > 0 or
A=0.
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5. Clairaut antiinvariant Riemannian map from Riemannian manifold to Kdhler manifold

In this section, we introduce Clairaut antiinvariant Riemannian map from a Riemannian manifold to a Kéhler
manifold and investigate the geometry with a nontrivial example.
Let (N, g2) be an almost Hermitian manifold [33], then N admits a tensor J of type (1, 1) on N such
that J2 = —I and
92(J X1, JY1) = g2(X1, V1), (5.1)

for all X;,Y; € T(TN). An almost Hermitian manifold N is called K&hler manifold if
(V)Y =0,
for all X;,Y; € T(TN), where V¥ is the Levi-Civita connection on N.

Definition 5.1 [20] Let F : (M,g1) — (N, g2) be a proper Riemannian map from a Riemannian manifold

M to an almost Hermitian manifold N with almost complex structure J. We say that F is an antiinvariant

Riemannian map at p € M if J(rangeF.,) C (rangeF.,)*. If F is an antiinvariant Riemannian map for

every p € M then F is called an antiinvariant Riemannian map.

In this case we denote the orthogonal subbundle to J(rangeF.) in (rangeF.)* by u, ie. (rangeF.)* =

J(rangeF,) @ pu. For any V € I'(rangeF,)*, we have

JV = BV + CV, (5.2)
where BV € I'(rangeFy) and C'V € u. Note that if g =0 then F is called Lagrangian Riemannian map [27].
Lemma 5.2 Let F': (M,¢g1) — (N, g2,J) be an antiinvariant Riemannian map from a Riemannian manifold

M to a Kdihler manifold N and o : I — M be a geodesic curve on M. Then the curve 8 = F o« is geodesic
on N if and only if

~Ssr.xF.X —ScovF.X + VBV + F.(VY*F.BV) =0, (5.3)

(VE)(X,*F,BV) +VErJF. X + VEL IR X + VELCV + VELCV =0, (5.4)

where F,X € T'(rangeF,),V € T'(rangeF.)* are components of 3(t) and *F, is the adjoint map of F,, and

VN s the Levi-Civita connection on N, and VFL is a linear connection on (rangeF,)*.

Proof Let a:I — M be a geodesic on M and let 8 = F o« be a geodesic on N with F,X € I'(rangeF.)
and V € I'(rangeF,)* are components of 6(t) Since N is Kéhler manifold, V]ﬂvﬂ = fJVIJB.VJB. Thus

VB =—JVEIB = —IVE x iy J (X +V),

which implies

VB = —J(VExJE.X + VE xJV + VY JE.X + VY JV). (5.5)
Using (2.4) and (5.2) in (5.5), we get

vgﬂ‘ =—J(=Ssp.xF,X = Scy F.X + VBV + V¥ BV
+VEIEX + VIS JFR.X + VL CV + VELCY).
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Since V¥ is Levi-Civita connection on N and go(VYBV,U) = 0 for any U € I'(rangeF,)*, VI/BV €

N
I'(rangeF.) and using (2.2), we get V} BV = VEBV o F = (VF,)(X,*F.BV) + F.(V¥*F,BV). Then by

(5.6), we get

VYB = —J(=SspxF.X — ScvF.X + VY BV + (VE)(X,"F.BV)
+F.(V¥*F.BV) + VL JF.X + VI IF.X + VEECV + VEECV).

Now f is geodesic on N <= Vg’ﬁ =0 <= -SypxF.X —ScvF.X + V‘JYBV + (VE)(X,*F.BV) +
F.(V¥*F.BV)+ VIR X + VEL IR X + VELCV + VELCV = 0, which completes the proof. O

Definition 5.3 An antiinvariant Riemannian map from a Riemannian manifold to a Kdahler manifold is called

Clairaut antitnvariant Riemannian map if it satisfies the condition of Clairaut Riemannian map.

Theorem 5.4 Let F: (M,g1) — (N, g2,J) be an antiinvariant Riemannian map from a Riemannian manifold
M to a Kdhler manifold N and o, = F o« are geodesic curves on M and N, respectively. Then
F is Clagraut antiinvariant Riemannian map with § = e9 if and only if g2(Syp.xFuX + ScvFiX,BV) —

@2((VF)(X,*F.BV)+VELJF. X + VELJF. X, CV) — g2 (F. X, F*X)% =0, where g is a smooth function
on N and F,X € T(rangeF,), V € I'(rangeF,)* are components of B(t).

Proof Let a: I — M be a geodesicon M and let 5 = Foa be a geodesic on N with F, X € I'(rangeF,) and
V € I'(rangeF,)* are components of 3(t) and w(t) denote the angle in [0,7] between 3 and V. Assuming
b=B)|?, then we get

9250 (V. V) = beos?w(t), (5.7)
9251 (Fi X, F. X) = bsinw(t). (5.8)
Now differentiating (5.7) along 3, we get
d ) dw
%gg(v, V)= 72bsznw(t)cosw(t)a. (5.9)
On the other hand by (5.1), we get
d

d
agz(Va V) = a.QQ(JV; JV)'

Using (5.2) in above equation, we get

d d
Z0(V.V) = = (02(BV. BY) + 92(CV.CV)),

which implies

d
Z0(V.V) = 2g2(V5 BV, BV) + 295(V CV.CV). (5.10)
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Putting 3= F.X +V in (5.10), we get
%92(‘/, V) =2g2(VE xBV,BV) 4+ 2g2(V{ xCV,CV) 4 2g2(V{ BV, BV) 4 2g2(VY CV,CV).

Since (rangeF,)" is totally geodesic, above equation can be written as

#92(V,V) = 292(VN§BV o F, BV) +2g(VY. yCV,CV) + 2g2(VY BV, BV) + 2g2(VELcv,ov).  (5:11)
Using (2.2), (2.3) and (2.4) in (5.11), we get
4 92(V, V) = 2g5(F.(VX*F.BV) + VI BV, BV) + 22(VE-CV + VELCV, CV). (5.12)
Using (5.3) and (5.4) in (5.12), we get
%mWWQ:%ﬂ&mxﬂX+&WRXBV}JWQVEXXﬁRBW+V§URX+V$JRX£W) (5.13)

Now from (5.9) and (5.13), we get

92(Syp xFu X + Scv F. X, BV) — 92<(VF*)(X, *F.BV)+ VELIF.X + V{};J‘JF*X7 C’V) = —bsmwcosw‘fl—f.

(5.14)

Moreover, F' is a Clairaut Riemannian map with § = €9 if and only if %(egoﬂsmw) =0, that is, eg°ﬁsmw%+

e9°P cosw‘fi—j = 0. By multiplying this with nonzero factor bsinw and using (5.8), we get

d(gopB)

F.X,F.X
95 —

dw
= —bsi —. 5.15
SIWCOSW (5.15)
Thus (5.14) and (5.15) complete the proof. O

Theorem 5.5 Let F: (M™,g1) = (N", g2,J) be a Clairaut antiinvariant Riemannian map with § = e9 from
a Riemannian manifold M to a Kihler manifold N . Then at least one of the following statement is true:
(i) dim(rangeFy) =1,

(i) g is constant on J(rangeF,), where g is a smooth function on N .

Proof Since F is Clairaut Riemannian map with § = €9 then using (2.2) in (3.21), we get

N
VEEY — F.(VYY) = —(X,Y)Vy, (5.16)

for F.Y € T'(rangeF,) and X,Y € I'(kerF,)*. Taking inner product of (5.16) with JF,Z € I'(rangeF,)*, we
get

N
@(VEEY — F,(V¥Y),JF.Z) = —g1(X,Y)g2(VV g, JF. Z). (5.17)

N N
Since V' is pullback connection of the Levi-Civita connection V. Therefore V¥ is also Levi-Civita connec-

tion. Then using metric compatibility condition in (5.17), we get
N
—92(VRIFR.Z, FY) = —g1(X,Y)g2(VNg, JF.Z),
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which implies
N
G@(JVEF.Z,EY) = g1(X,Y)g2(VNg, JF.Z). (5.18)

Using (5.1) in (5.18), we get

N
—92(VEF.Z, JE.Y) = g1(X,Y)g2(VNg, JF. Z).

Using (5.16) in above equation, we get

91(X, 2)g2(VN g, JRY) = 91(X,Y )2 (VN g, TR Z). (5.19)
Now putting X =Y in (5.19), we get

91(X,2)g2(VN g, JF.X) = g1(X, X)ga(VNg, JF. Z). (5.20)
Now interchanging X and Z in (5.20), we get

91(X, 2)g2(VNg, JF.Z) = 91(Z, Z) 92 (V" g, JF. X). (5.21)

From (5.20) and (5.21), we get

gz(ng, JF,.X) <1 . gl(XvX)gl(ZvZ)> =0,

g1(X7Z)91(XaZ)

which implies either dim((kerF,)*) =1 or go(V¥g, JF.X) = 0, which means (JF,X)(g) = 0, which completes
the proof. O

Theorem 5.6 Let F': (M™,g1) — (N™,g2,J) be a Clairaut Lagrangian Riemannian map with § =9 from a

Riemannian manifold M to a Kihler manifold N such that dim(rangeF.) > 1. Then following statements are
true:
(1) rangeF, is minimal.

(1i) rangeF, is totally geodesic.
Proof Since F' is Clairaut Riemannian map then from (3.21) and Theorem 3.3, we have
(VF)(X,X) =g (X, X)Ho,

for X € I'(kerF,)* and H, is the mean curvature vector field of rangeF,. Now multiply above equation by
U € I'(rangeF,)*, we get

Using (2.2) in (5.22), we get
gQ(VNQF*X, U) = g1(X, X)g2(Ha, U). (5.23)

Since N is Kéahler manifold, using (5.1) in (5.23), we get

N
G(VEIF. X, JU) = g1(X, X)ga(Ha, U). (5.24)
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Since V¥ is Levi-Civita connection on N, using metric compatibility condition in (5.24), we get

—g2(JF.X, VN§JU) = 91(X, X)g2(Ha,U). (5.25)
Using (5.23) in (5.25), we get
—g2(JF. X, g1(X,"F, JU)H3) = ¢1(X, X)g2(H2,U), (5.26)
where *F, is the adjoint map of F,. Now using Hy = —V"g in (5.26), we get
91(X,*FJU)ga(JF.X, VN g) = g1(X, X)ga(Ha, U),
which implies
01(X, " FuJU)IE, X (g) = g1(X, X)ga(Ha, U), (5.27)

Since dim(rangeF,) > 1 then by Theorem 5.5, ¢ is constant on J(rangeF,), which means JF,X(g) = 0.
Then (5.27) implies go(H2,U) = 0. Thus
Hy =0, (5.28)

which implies (7).

N N
Since Hy = trace (VEF.Y). Then by (5.28), we get VL F.Y = 0, which implies (44). O

Theorem 5.7 Let F: (M™,g1) = (N", g2,J) be a Clairaut Lagrangian Riemannian map with § = e9 from a
Riemannian manifold M to a Kdihler manifold N such that dim(rangeF,) > 1. Then F is harmonic if and

only if mean curvature vector field of kerFy is constant.

Proof Let F': (M™,g1) — (N™,g2) be a smooth map between Riemannian manifolds. Then F is harmonic

if and only if the tension field 7(F) of map F vanishes. Then proof follows by Lemma 2.1 and Theorem 5.6. O

Theorem 5.8 Let F : (M™,g1) — (N",g2,J) be a Clairaut Lagrangian Riemannian map with § = e9 from
a Riemannian manifold M to a Kdhler manifold N such that dim(rangeFy) > 1. Then N = Nygnger, X

Nranger,)+ 18 a usual product manifold.

Proof The proof follows by [19] and Theorem 5.6. O

Example 5.9 Let M = {(z1,22) € R? : 11 # 0,22 # 0} be a Riemannian manifold with Riemannian metric
g1 = e?®2dx? + e2*2dx3 on M. Let N = {(y1,y2) € R?} be a Riemannian manifold with Riemannian metric

go = e**2dy? +dy2 on N and the complex structure J on N defined as J(y1,y2) = (—y2,y1). Consider a map
F: (M7gl) - (N7g27‘]) deﬁned by

F(z1,22) = (xl\ka,O)

Then
€1 + €2

kerF, = s an{U =
! V2

} and (kerF,)* = span{X = %}7
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. _—x2 0O _ _—x9 O /! _ _—xo O /. 0
where {61 = e g6 =€ —} and {el = e g6y = G- are bases on T,M and Tp@)N

respectively, for p € M. By easy computations, we see that Fy(X) = €| and ¢1(X,X) = ¢g2(F. X, F.X) for
X € T'(kerF,)*. Thus F is Riemannian map with rangeF, = span{F.(X) = €} and (rangeF.)* = span{e,}.
Moreover it is easy to see that JF,X = Jej = —eby. Thus F is an antiinvariant Riemannian map.

Now to show F is Clairaut Riemannian map we will find a smooth function g on N satisfying
(VF)(X,X) = —g1(X,X)V¥g for X € T(kerF,)*. Since (VF.)(X,X) € I'(rangeF,)* for any X €

[(kerF.)*. So here we can write (VF,)(X,X) = aely, for some a € R. Since VNg = 67212%% + %’;%.

Hence VNg = —a% = —aely for the function g = —ays. Then it is easy to verify that (VF,)(X,X) =
—01(X, X)VNg, where g1(X,X) = 1, for vector field X € T'(kerF,)*> and we can easily see that Vé\ge’g =0.

Thus by Theorem 3.3, F is Clairaut antitnvariant Riemannian map.
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