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Abstract: In this paper, the main identities on locally product-like statistical submersions are obtained with the
aid of statistical structures and their Riemannian curvature tensors. Some examples of locally product-like statistical
submersions are presented. Some results on F'-invariant, F™*-invariant and antiinvariant locally product-like statistical

submersions are given.
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1. Introduction

Immersions and submersions are the most commonly used smooth maps to reveal the relationship between two
Riemannian manifolds. Although not as much as isometric immersions, the concept of submersions is widely
studied today and it is an interesting field of study in differential geometry. Riemannian submersions between
Riemannian manifolds were initially introduced by O’Neill [20] and Gray [16], independently. The notion of
antiinvariant Riemannian submersion in Riemannian submersion theory was firstly introduced by Sahin in [24].
Besides the mathematical applications, there exist some applications of these mappings in the Kaluza-Klein
theory [12, 18, 33], the statical machine learning process [36], medical imaging [22], the statical analysis [10]
and the robotic theory [4, 25, 26].

In addition to these facts, statistical manifolds were introduced by Amari [2] in 1985. Later, these
structures drew the attention of several authors. Some basic properties of hypersurfaces of statistical manifolds
were presented by Furuhata in [14, 15]. Various characterizations on submanifolds of statistical manifolds
admitting almost contact, complex and product structures were obtained in [5-8, 19, 27, 28], etc. Furthermore,

Riemannian submersions between statistical manifolds were studied in [17, 29, 30, 32], etc.

In [30, 31], the author developed a new perspective on statistical complex manifolds, which can be

considered as a generalization of Hermitian manifolds as follows.

Let (]Téf ,g) be a semi-Riemannian manifold endowed with two almost complex structures J and J*

satisfying

9(JX,Y) = g(X,JY) (L.1)
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for any tangent vector fields on M. Then the triple (]\7 ,g,J) is called a Hermite-like manifold. It is clear that

if J = J*, then (]Téf ,g,J) becomes a Hermitian manifold. Inspiring the definition of Hermite-like manifolds,

almost product-like Riemannian manifolds were introduced by the authors in [11] (see equations (2.6) and (2.7)).

Motivated by the above facts, locally product-like statistical submersions are investigated in this pa-
per. Various characterizations on F'-invariant, F*-invariant and antiinvariant locally product-like statistical

submersions are obtained.

2. Preliminaries

An n-dimensional semi-Riemannian manifold is a smooth manifold M™ furnished with a metric tensor g, where
g is a symmetric, nondegenerate tensor field on M of constant index. The common value v of index g on M
is called the index of M (0 < v < n) and we denote a semi-Riemannian manifold by M. If v =0, then M
is a Riemannian manifold. For each p € M, a tangent vector E to M is spacelike (resp. null, timelike) if
g(E,E)>0or E=0 (resp. g(E,E)=0 and E #0, g(E,FE) <0). Let R} be an n-dimensional real vector

space with an inner product of signature (v,n — v) given by

(x,x)z—Zx?—&— Z x?, (2.1)

1=v+1

where z = (z1,...,2,) is the natural coordinate of R. R” is called an n-dimensional semi-Euclidean space.
If v=0 (resp. v =1), then R” (resp. R7) is an Euclidean space (resp. a Lorentzian space).

Let (M,g) be a semi-Riemannian manifold. Denote a torsion-free affine connection by V. The triple
(M,V,g) is called a statistical manifold if Vg is symmetric. For the statistical manifold (M,V,g), we define
another affine connection V* by

Eg(G,H)=9(VeG, H)+g9(G,VpH) (2.2)

for vector fields E,G and H on M. The affine connection V* is called conjugate (or dual) to V with respect
to g. The affine connection V* is torsion-free, V*g is symmetric and satisfies (V*)* = V. Clearly, the triple
(M,V*,g) is a statistical manifold. We denote the curvature tensors on M with respect to the affine connection
V and V* by R and R*, respectively. Then we find

g(R(E, G)H, E’): —g (H R*(B, G)E’) (2.3)

for vector fields F, G, H, E" on M, where R(E,G)H = [Vg,Vg]H—V g g H . Therefore R vanishes identically
if and only if so is R*. We call that (M, V,g) is flat if R vanishes identically.

Let M be a smooth manifold with a tensor field F' of type (1,1) on M such that
F?=1, (2.4)

where I stands for the identity transformation. Then we say that M is an almost product manifold with almost
product structure F'. We consider the semi-Riemannian manifold on the almost product manifold M. If F

preserves the metric g, that is,

g(FEaFG) = g(EvG) (25)
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for any vector fields E and G on M, then (M,g, F) is called an almost product semi-Riemannian manifold.
Now, we consider the semi-Riemannian manifold (M, ¢g) with the almost product structure F which has another

tensor field F'* of type (1,1) satisfying
g(FE,G)=yg(E,F"G) (2.6)

for any vector fields F and G. Then the triple (M, g, F') is called an almost product-like semi-Riemannian
manifold. We see that (F*)* = F, (F*)? =1 and

g(FE,F*G) = g(E,G). (2.7)

Lemma 2.1 ([11]) The triple (M, g, F) is an almost product-like semi-Riemannian manifold if and only if so
is (M, g, F*).

Let (N, g") be a submanifold of (M, g, F). From (2.7), it can be obtained

(1) F(T,N) C T,N if and only if F* (T,N)" C (T,N)",

(2) F(T,N)C (T,N)" if and only if F* (T,N) C (T,N)™",

(3) F(T,N)" C T,N if and only if F*(T,N)" C T,N,

(4) F(T,N)" C (T,N)" if and only if F*(T,N) C T,N.
If F(I,N) C T,N (resp. F*(I,N) C T,N) for each p € N, then N is said to be F-invariant (resp. F*-
invariant) in M. For more details on submanifolds of almost product-like Riemannian manifolds, we refer to
[11].
Example 2.2 Let

My ={(x1,z2,23,24) | 21 >0}, M_ ={(x1,29,23,24) |21 <0}

be smooth manifolds which admit the following almost product structure F':

0010

0 0 01
F =

1000

0100

Thus the pair (M4, F) and (M_,F) are almost product manifolds. If we put

—1+€w1 0 0 0 0 O (l_e—xl)—l 0
0 e ™ 0 0 0 0 0 1
9= . Fr= _ :
0 0 et 0 1—e™ 0 0 0
0 0 0 e 0 1 0 0

then (My,qg,F) (resp. (M_,g,F)) is an almost product-like Riemannian (resp. semi-Riemannian) manifold
and so is (M4, g, F*) (resp. (M_,g,F*)).
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Next, if F' is parallel with respect to the affine connection V, then (M,V,g, F) is called a locally
product-like statistical manifold. From (2.6), we get

9((VpF)E,G) = g(E, (VpF")G). (2.8)
Hence we have ([11]).
Lemma 2.3 (M,V,q,F) is a locally product-like statistical manifold if and only if so is (M,V*, g, F*).

We put for any vector fields F, G, H on the almost product-like statistical manifold
R(B,G)H = ¢[¢(G, H)E — g(B, H)G + (G, FH)FE — g(E, FH)FG + {(FE.G) — g(E, FG)}FH], (2.9)

where c¢ is a constant. Then the tensor R satisfies the 1st and 2nd Bianchi identities and FR(E,G) = R(E,G)F .

Moreover, we have
R (E,G)H = c|g(G,H)E — g(E,H)G + g(G,F*H)F*E — g(E,F*H)F*G
+{g(F"E,G) — g(E,F*G)}F*H]. (2.10)

Example 2.4 Let (My,g,F) (resp. (M_,g,F)) be an almost product-like Riemannian (resp. semi-

Riemannian) manifold of Example 2.2. We put the affine connection V as follows:
Vo, 01 = Vo, 05 = €101,
Vo,02 = Vg,01 = Vg, 01 = Vy,05 = —€"' s,
Vo,03 = Vg, 01 = e"1 03,
V9,04 =Vp,01 = V5,03 = Vp,00 = —€"1 04,
Vo,00 = Vp,04 = —e 201 + €104,
Vo,01 = Vg, 00 = €10y — e 105,
where 0; = % (i =1,2,3,4). Therefore 01 is timelike and Os,0s,04 are spacelike on M_. Then we find
V5,01 = —e™ (e"t —2)(e"* — 1)7'oy,
V5,00 = V5,01 = (€™ — 1) 0a,
V5,03 = V5 01 = —(e" — 1) 03,
V5,04 = V5,01 = (" — 1) 04,
V3,00 = V5,00 = (e" —1)710; — "0y,
V5,03 = V5,00 = €™ 0y,
V5,040 = Vp,00 = —e" 0y + € " 03,
Vi, 05 = —e*1 (" —1)7'0y,

V3,0 = V5,05 = €10y
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Therefore (My,V,q,F) (resp. (M_,V,g,F)) is a locally product-like statistical manifold and so is
(M-‘MV*ang*) (Tesp' (M—vv*mg)F*))'

Let M and B be semi-Riemannian manifolds. A surjective mapping m : M — B is called a semi-
Riemannian submersion if 7 has maximal rank and m, preserves lengths of horizontal vectors. Let w : M — B
be a semi-Riemannian submersion. We put dimM = m and dim B = n. For each point * € B, semi-
Riemannian submanifold 7~!(z) with the induced metric g is called a fiber and denoted by M, or M simply.
We notice that the dimension of each fiber is always m—n. A vector field on M is vertical if it is always tangent
to fibers, horizontal if always orthogonal to fibers. We denote the vertical and horizontal subspace in the tangent
space T, M of the total space M by V,(M) and H,(M) for each point p € M, and the vertical and horizontal
distributions in the tangent bundle TM of M by V(M) and H(M), respectively. Then T'M is the direct
sum of V(M) and H(M). The projection mappings are denoted V : TM — V(M) and H : TM — H(M),
respectively. We call a vector field X on M projectable if there exists a vector field X, on B such that
T« (Xp) = Xur(p) for each p € M, and say that X and X, are m-related. Also, a vector field X on M is called

basic if it is projectable and horizontal. Then we have ([9, 16, 20]).
Lemma 2.5 If X and Y are basic vector fields on M which are m-related to X, and Y, on B, then
(1) 9(X,Y) =gp(X.,Ys) om, where g is the metric on M and gp the metric on B,
(2) H[X,Y] is basic and -related to [X., Y],
(3) HVY s basic and w-related to @’X*Y* , where V' and V' are the Levi-Civita connections of M and
B, respectively.

Let (M,V,g) be a statistical manifold and 7 : M — B be a semi-Riemannian submersion. We denote
the affine connections of M by V and V" . Notice that ViV and V;,V are well-defined vertical vector fields
on M for vertical vector fields U and V on M, more precisely ViV = VWiV and WZ,V = VV},; V. Moreover,
¥V and V' are torsion-free and conjugate to each other with respect to g. The triple (M,V,q) is a statistical
manifold and so is (M, V*,g).

We call that 7 : (M,V,g) = (B,V,gg) is a statistical submersion if 7 : M — B satisfies m(VxY), =
(@X* Y.)r(p) for basic vector fields X, Y and p € M. The tensor fields 7" and A of type (1,2) are defined by
TG = HVyeVG + VVyeHG, ApG =HVypVG +VVypHG

for any vector fields £ and G on M. Changing V to V* in the above equations, we set T* and A* respectively.
Then we find T** =T and A** = A. For vertical vector fields, T" and 7™ have the symmetry property. For
X, Y e H(M) and U,V € V(M), we obtain

9(TyV, X) = —g(V, T, X), 9(AxY,U) = —g(Y, AxU). (2.11)

Thus, T (resp. A) vanishes identically if and only if T* (resp. A*) vanishes identically. Since A is related to
the integrability of H (M), it is identically zero if and only if H (M) is integrable with respect to V. Moreover,
if A and T vanish identically, then the total space is a locally product space of the base space and the fiber. If

T vanishes identically, then we said to be with isometric fiber. It is known that ([1]).
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Theorem 2.6 Let w: M — B be a semi-Riemannian submersion. Then (M,V,g) is a statistical manifold if

and only if the following conditions hold:
(1) HSyX = AxV — ALV,
(2) VSxV =Ty X —-Ty X,
(8) (M,¥,9) is a statistical manifold for each x € B,

(4) (B, 6,93) is a statistical manifold,

where SEG =VpG - V3G for E,Ge€TM.
For the statistical submersion 7 : (M, V,g) — (B,V,g5), we have the following lemmas ([30)):

Lemma 2.7 If X and Y are horizontal vector fields, then AxY = —Ay X .

Lemma 2.8 For X,Y € H(M) and U,V € V(M) we have

VoV =TyV + VYV, ViV =TEV + Y,V

VuX =HVuX + Ty X, Vi X = HVEX + T X,
VxU = AxU + VVxU, 2 U = AU + VYA,
VxY = HVxY + AxY, Vi Y = HVLY + AL Y.

Furthermore, if X is basic, then HVyX = AxU and HV X = ALU.
We define the covariant derivatives V1" and VA by

(VeT)cH = Vg(TeH) — Ty ,¢H — Ta(VgH),

(VEA)GH = VE(AgH) — AVEGH — Ag(VEH)

for £, G, H € TM. We change V to V*, then the covariant derivatives V*T™* and V*A* are defined
similarly. We consider the curvature tensor on the statistical submersion. Let R (resp. R*) be the curvature
tensor with respect to the induced affine connection V (resp. V') of each fiber. Also, let ﬁ(X, Y)Z (resp.
R*(X,Y)Z) be a horizontal vector field such that m,(R(X,Y)Z) = R(m, X, m.Y)m.Z (resp. m.(R*(X,Y)Z) =
R*(m. X, m.Y)m,Z) at each p € M, where R (resp. R*) is the curvature tensor on B of the affine connection

v (resp. @*) Then we have ([30]).

~

Theorem 2.9 If 7 : (M,V,g9) — (B,V,gp) is a statistical submersion, then we get for X, Y, Z, 7' € H(M)
and U, V,W,W' € V(M)
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9(R(U, V)W, W')
9(R(U, V)W, X)
9(R(U, V)X, W)
g(R(U,V)X,Y)
g(R(X, U)V, W)
g(R(X, U)V.Y)
9(R(X, V)Y, V)

g(R(X,U)Y, Z)
g(R(X,Y)U,V)
g(R(X,Y)U, Z)

g(R(X,Y)Z,U)
g(R(X,Y)Z,Z")
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g (Ua V)

g(VuT)y X, W) —

9(VuA)xV,Y) -
—9(Tv X, TgY')

g([VVx,VylV, W)

9(VxT)uV,Y)
_g(TUX7 T{;Y)7
9(VxT)uY,V)

—9(AxU, AyV),

9(Vx AU, Z)
+g(AXY7 T(jZ)7

g([VVX, VVy]U, V)
—9(AyU, A V),

9(Vx AU, Z) -
9(VxA)yZ,U) -
9(R(X,Y)Z,2")
+9(0xY, A% Z"),

where we put OxY = AxY + AY = V[X,Y].

3. Locally product-like statistical submersions

Let (M7 V? g7
statistical submersion 7 :
X € H(M), we put ([35])

FX = fX + hX,

where fX, f*X € H(M

) and hX, h*X € V(M

FV =tV + sV,

where tV, t*V € H(M

fP=1-th,

852

) and sV, s*V € V(M
(s*)* = 5. Because of F? =1 and (F

hf + sh=0,

(R

9((VUT)VW X) -
(
(

). For Ve V(M

). From (F*)* =
)2 =1, we get

ft+ts=0,

+ g(Ty W, Ty W )
g(VvT)uW, X),
g(VvT)u X, W),
g(VvA)xUY) +g(Tu X, TVY)

g(Ty W, TgW'),

—9(AxU, Ay V) + g(AxV, A3 U),

—9(Vix )V, W) — g(TuV, AxW)

— g((VUA)XV, Y) + g(AxU, A;V)

—9(VuA)xY, V) +g(Tu X, TvY)

g((VyA)XU, Z) + g(TﬁZ, GXY),
g((VyA)XZ, U) — g(TUZ, GXY),

F*X = f*X + h*X

), we set

F*V = 'V + s*V,

F, we find (f*)" = f, (h*)" =

s2=1—ht

F) be a locally product-like statistical manifold and (B, v, gp) be a statistical manifold. The

(M,V,9,F) — (B, 67 gp) is called a locally product-like statistical submersion. For
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and
(f*)2 =1—t"h", W'f*+s*h" =0, ft"+t"s* =0, (s*)2 =1 — h*t*. (3.4)

Because of g(FE,G) = g(E, F*G) for any vector fields E and G on M, we find

g(fX.Y) = g(X, fY), g(fX,fY) = g(X,Y) = g(hX,h"Y), (3:5)
g(hX, V) = g(X,t'V), (3.6)
g(tU,Y) = g(U, 1Y), (3.7)
g(sU, V) = g(U,s*V), g(sU,s*V) =g(U, V) — g(tU,t"V). (3.8)

Thus t (resp. s) vanishes identically if and only if so is h* (resp. s*), and f (resp. h) vanishes identically if

and only if so is f* (resp. ¢*). Hence we have the following lemma.
Lemma 3.1 We find for each p € M

(1) F(V,(M)) C V,(M) if and only if F*(Hy(M)) C Hy(M).

(2) F(Hy(M)) C Hp(M) if and only if F*(V,(M)) C Vp(M).

(3) F(Vp(M)) C Hp(M) if and only if F*(Vp(M)) C Hp(M).

(4) F(Hp(M)) C V(M) if and only if F*(H,(M)) C Vp(M).

If F(V,(M)) C V(M) (resp. F*(V,(M)) C V,(M)) for each p € M, then M is said to be an F-invariant

(resp. F*-invariant) submanifold of M. Then t and h* (resp. h and t*) vanish identically. Because of f2 = I
and g(fX, f*Y) = g(X,Y), the triple (M, g, f) is an almost product-like semi-Riemannian manifold and so is
(M, g, f*). If F(V,(M)) C H,(M) for each p € M, then M is said to be an F-antiinvariant submanifold of

M. Since s = 0 is equivalent to s* = 0, M is an F-antiinvariant if and only if M is an F*-antiinvariant.

Thus, in this paper, it is simply referred to as antiinvariant.

Also, we have from (3.5)~(3.8).

Lemma 3.2 Let w: (M,V,q,F) — (B, 6,93) is a locally product-like statistical submersion. We find

J(HVx Y, Z) = g(Y,(HVX [)Z), g(HVuf)X,Y)=g(X,(HV[*)Y),
gV xh)Y, V)= g(Y,(HVXt)V),  g(
(HVxt)V,Y) = g(V,(VWEh")Y),  g(
(( W), g(

g

g(VWVxs)U, V) =g(U, (VVis*

where we put

(HVx )Y =HVx(fY) = f(HVxY), (HVuf)X =HVu(fX) - f(HVuX),
(VVR)Y = VWi (hY) — h(HVxY),  (Voh)X = Vo (hX) — h(HVy X),
(HY OV = HY (V) — tV0VX V), (HVub)V = HVG (V) — HTuV),
(VVxs)U = VVx(sU) —s(VVWxU), (Vus)V =V (sV) —s(VyV),
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also, we set (HV f*)Y = HV(f*Y) — f*(HV%Y), ete.

Hence we have the following corollary.

Corollary 3.3 If 7: (M,V,q,F) — (B, %,gB) is a locally product-like statistical submersion, then we get
(1) HV f =0 is equivalent to HV*f* =0.
(2) VWxh=0 (resp. Vyh=0) is equivalent to HVt* =0 (resp. HVjt* =0).
(3) HV xt=0 (resp. HVyt =0) is equivalent to VVih* =0 (resp. Vih* =0).
(4) VVxs=0 (resp. Vs =0) is equivalent to VV’%s* =0 (resp. Vi s* =0).

Because of VF = 0 and Lemma 2.8, we get the following proposition.

Proposition 3.4 If 7: (M,V,q,F) — (B, 6,\93) is a locally product-like statistical submersion, then we get

VulsV) + To(tV) = h(TuV)+s(VuV),
HY (V) + Ty (sV
Vu(hX) +Tu(fX

HYu(fX) + Ty (hX
VVx(sU)+ Ax (tU

HV x (tU) + Ax (sU

VYV (hY) + Ax (fY

HY 5 (fY) + Ax (hY

(

= f(TyV)+tVuV),

= WHVYX) + s(TpX),
= J(HVuX)+t(Tu X),
= h(AxU) +s(VVxU),
= [f(AxU) +t(VVxU),
= h(HVxY)+s(AxY),

( )

)
)
)
)
)
)
)
) = f(HVXY)+tAxY

(
(
for any U,V € V(M) and X,Y € H(M).

From (3.3) and Proposition 3.4, we have the following lemma.

Lemma 3.5 If 7: (M,V,g9,F) — (B, §,gB) is a locally product-like statistical submersion, then we get

ToV = f{HVu{tV)+Ty(sV)}+t{Vu(sV)+ Ty (tV)},
VoV = WMHVyV)+Ty(sV)} + s{Vu(sV) + Ty (tV)},
HVuX = f{HVu(fX)+Tu(hX)}+H{Vu(hX)+ Ty(fX)},
TuX = hHV(fX)+Tu(hX)} +s{Vu(hX)+Ty(fX)},

(

(

~— ~—

AxU = f{HVx({tU)+ Ax(sU)} +t{VVx(sU)+ Ax(tU)},

VXU = h{HVx(tU)+ Ax(sU)} + s{VVx(sU) + Ax (tU)},
HVXY = f{HVx(fY)+ Ax(hY)}+t{VVx(hY)+ Ax(fY)},
( (

( )
AxY = R{HVx(fY)+ Ax(hY)} + s{VVx(hY) + Ax(fY)}

for any U,V € V(M) and X,Y € H(M).
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Lemma 3.6 If 7: (M,V,g,F) — (B, @,93) is a locally product-like statistical submersion, then we obtain

h(TyV) = (Vus)V +Ty(tV),
fTuV) = (HVut)V +Ty(sV),
s(TuX) = (Vuh)X +Tu(fX),
t(TvX) = (HVuf)X +Ty(hX),
h(AxU) = (VVxs)U+ Ax(tU),
f(AxU) = (HVxt)U + Ax(sU),
s(AxY) = (VVxh)Y + Ax(fY),
HAXY) = (HVxf)Y + Ax(hY)

Thus we have the following corollary.

Corollary 3.7 Let 7 : (M,V,g,F) — (B, §,gB) be a locally product-like statistical submersion. We find
(1) HVf =0 if and only if Ty(hX) = t(TyX) and Ax(hY) =t(AxY).
(2) VWh=0 if and only if Ty (fX) = s(TuX) and Ax(fY) = s(AxY).
(3) HVt =0 if and only if Ty(sV) = f(Ty'V) and Ax(sU) = f(AxU).

(4) VVs =0 if and only if Ty(tV) = h(TyV) and Ax(tU) = h(AxU).

Example 3.8 We put B = { (z2,23,74) |7; €R (i =2,3,4) } =R? and

e ™1 0 0
gB = 0 et1 0
0 0 e ™
If we set
V,.02« = Vo, 01y = €"1 04, Vo,,085% = Va,, 02 = —€"1 04,
V,.01x = Vi, 024 = €100, — €103y, Vo, 03 =0,
V83*84* - v64*83* - _61182*
and
ng*aQ* - v34*a4* - 761184*, VBQ*aS* = VBS*(?Q* - 660184*,
ng*azl* = v34*82* = *61182* + 671183*3 v53*83* = 07

V?)S* 64* == v34* 83* == 693132*3

then (B, @,gB) is a statistical manifold and so is (B, 6*,g3) , where 0y = 0/0x; (i =2,3,4). Let (M;,V,q,F)
and (M_,V,g,F) be locally product-like statistical manifolds of Example 2./. We define a locally product-like
statistical submersion w: (My,V,g,F) — (B, @,93) by

7T(1'1, $2,x3,x4) - (x2,$3,$4)~
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For Oy, 03, 04 € H(My) and 0; € V(My), it is clear that

00 0 O 0 0 1 0
0 0 0 1 0 0 0 O
f: 7h: 3
0 0 0 O 0 0 0 O
01 0 0 0 0 0 O
0 0 0 O
0 0 0 O
t= , s=0.
1 0 0 0
0 0 0 O

Thus each fiber is antiinvariant of My . The structure f satisfies f2 — f = 0. Moreover, we obtain

Ty, 01 =0, Vo, 01 = e*10y,

HV 5,02 = —e®10a, Ty, 02 =0,

HV 5,05 = €1 05, Ty, 03 =0,

HV 5,04 = —€"1 04, T5,04 =0,

Ao, 01 = —e™1 0, V¥V, =0,

Ap,01 = ™10, VWV, = 0,

Ap, 01 = —€®1 0y, VVo,01 =0,
HV o, 00 = HV 04 — €™ 0, Ap, 0 = Ap,04 = —e—"10),
HV 0,05 = HV 0,05 = —c™ 0, Ap, 05 = Ap, 05 = 0,
HVo,01 = HV 5,05 — ™10y — =103, Ao,01 = A0y = 0,
HV 0,05 = 0, Ap 0y = €10,

HV 5,04 = HV 5,05 = —e™ 0, Ao, Oa = Ag, D5 = 0.

Therefore m has isometric fiber. Also, we find Ty (tV) = h(TyV) and Ax(tU) = h(AxU).

Example 3.9 We denote subsets of R? by

By ={(x1,2z3)|z1 >0}, B_ ={(z1,z3)|z1 <0}
and we set
< —1+e 0 >
95 0 e
If we put
681*81* = §83*63* =" 014, %al*a&k = 683* 015 = €71 034
and

Vi, 01 = = (e = 2)(e™ = 1) 0y, Vi, 3. = Vi, O = —(e" = 1) B,
V3, 03 = —€21(e" —1)710y,,
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then (B+,§,gB) (resp. (B_,§,gB)) is a statistical manifold and so is (B+,§*,gB) (resp. (B_,ﬁ*,gB)),
where O = 0/0x; (1 =1,3). Let (M1,V,g,F) and (M_,V,g,F) be locally product-like statistical manifolds

~

of Example 2.4. We define a locally product-like statistical submersion ©: (My,V,g,F) — (B+,V,gp) by
(21, X9, x3,24) = (x1,T3).

For 01, 05 € H(Mx) and Os, 04 € V(My), it is easy to see that

0 010 0 0 0O
0 0 0O 0 0 01
[= , h=0, t=0, s=
10 0 0 0 0 0O
0 0 0O 01 0O
Thus each fiber is F -invariant and F* -invariant of My . Moreover we get

Tp,00 = Tp,04 = —e~ 10, Vo,00 = V04 = €¥10y,
T5,04 = Ty, 00 = —e~ "1 05, §6284 = 63482 = e%10y,
HV 5,01 = HV 9,03 =0, Ty,01 = Tp,03 = —e™10q,
HV 9,05 = HV 5,01 = 0, Ty, 05 = Tp,01 = —€*1 04,
Ap, 02 = Ap,04 =0, VV5,02 = VVp,04 = —€*1 0y,
Ap, 04 = Ap,02 = 0, VYV 5,04 = VV 5,00 = —€*1 04,
HV 9,01 = HV 5,03 = €101, Ap, 01 = Ap,03 =0,
HV 5,05 = HV 9,01 = €"1 03, Ap, 05 = Ap, 01 = 0.

Therefore each fiber is flat and H(M) is integrable. We find Ty (fX) = s(Tu X), Ty (sV) = f(TuV), HVf =0
and VVs =0.

Example 3.10 We denote subsets of R? by

By ={(z1,22,23) |21 >0}, B_ ={(z1,29,23) |21 <0}
and we set
—1+e 0 0
gB = 0 e~ ™ 0
0 0 e™1
If we put
Vo, 01 = Vo, 03, = €101, Vo,. 00 = Vo, 01 = —€"1 00,
6(91*33* = 683*31* = e"1034, 632*32* = —e 1014,
6(92*(93* = 683*32* =0
and
V5, O = —e"t (e — 2)(e"t — 1)1 0y, V3, 020 = V3, O = (€" — 1) Do,
V3, 03 = V3, 01 = —(e" —1) D3, V3, 02 = ("1 —1)710y,
V3, 05 =V}, 92 =0, V3, 03 = —€¥1 (" —1)719y,,
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then (B_,.,@,QB) (resp. (B_,ﬁ,gg)) is a statistical manifold and so is (B_H@*,gB) (resp. (B_,ﬁ*,gB)),
where O = 0/0x; (1 =1,2,3). Let (M4,V,9,F) and (M_,V,g,F) be locally product-like statistical manifolds

~

of Example 2.4. We define a locally product-like statistical submersion ©: (My,V,g,F) — (B+,V,gp) by
m(x1, 22,23, 24) = (x1, T2, T3).

For 01, 02, 03 € H(My) and 04 € V(My), it is clear that

o = O O
o O O O
- o O O
o O o O
o O O O

0 1
0 0
0 0
0 0

oS O O O
o O o O
o O o O
S O = O

Thus each fiber is antiinvariant of My . The structure f satisfies f2 — f = 0. Moreover, we obtain

Tp,04 = —e~ 10y, Vo,01 = €*10y,

HV 5,01 =0, T5,01 = —€™1 0y,
HV 5,02 = €10y — e 103, Ty,02 =0,

HV 5,03 = —e™1 0y, T5,03 =0,

Ap, 04 = 0, VV, 04 = —€10y,
Ap, 04 = e"10p — e 103, VVs,04 =0,

Ap, Oy = —*10y, VYV, 04 = 0,

HV 5,00 = HV 5,05 = €¥1 01, Ap, 01 = Ap,03 =0,
HV 9,00 = HV 5,01 = —€%1 s, Ap, 02 = Ap,01 =0,
HV 5,03 = HV 5,01 = €¥1 05, Ap, 03 = Ap,01 = 0,
HV 5,00 = —e~ 101, Ap, 02 = €10y,

HV 9,03 = HV 5,02 = 0, Ap, 03 = Ap, 03 = —e™10y.

Therefore we find Ty (tV) = h(TyV) and Ax(tU) = h(AxU).
Example 3.11 We denote subsets of R? by
By ={(x1,22)|z1 >0}, B_ ={(z1,22)|z1 <0}

and we set
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If we put

Vo,. 01 = €01, Vo, 00 = Vo, 01, = —€"1 0, Vo, e = —c 10,
and

@31*31* = —e"1 (e —2)(e" —1)7! 01, 631*5‘2* = @::)2*31* = (€™t — 1) Doy,

V3, 00 = (€™ —1)719y,,

then (By,V,gp) (resp. (B_,V,gp)) is a statistical manifold and so is (By,V*,gp) (resp. (B_,V*,gp)),
where Oz = 0/0x; (1 =1,2). Let (M4,V,q,F) and (M_,V,g,F) be locally product-like statistical manifolds
of Example 2.4. We define a locally product-like statistical submersion ©: (My,V,g,F) — (Bx, @,93) by

7T($1,.’L'2,I3, 1‘4) = (1‘1,.1‘2).

For 01, 02 € H(My) and 93, 04 € V(My), it is easy to see that

0 0 0 O 0 010
F—o, h 0 00O | . 0 0 01 7 c—o.
10 0 0 0 0 0O
01 00 00 0O
Thus each fiber is antiinvariant of My . Moreover we get

Ty, 03 = €"1 04, Va,05 = 0,

T5,04 = Ty, 03 = —€"1 0y, Vo,04 = V,03 =0,

T5,04 = —e 7101, Vo,04 = €*10y,

HV 5,01 =0, TH,01 = "1 03,

HV 9,02 = HV 5,01 =0, Ty, 00 = Tp,01 = —€*1 04,

HV 5,02 = €1 0s, Ty, 00 = —e "10s,

Ap, 05 =0, VV s, 05 = €103,

A, 04 = Ap, 05 =0, VVg,04 = VVp,05 = —e"1 0y,

Ap,04 = €10y, VYV 5,04 = —e~ 105,

HV 5,01 = €101, A, 01 =0,

HV 9,02 = HV 5,01 = —€" s, Ap, 02 = Ap, 01 =0,

HV 5,00 = —e~ 104, Ap, 02 = €1 0y.

Therefore each fiber is flat. We find Ty (hX) =t(TuX), Ax(hY) = t(AxY), Ty(tV) = h(TyV), Ax(tU) =
h(AxU), VWh=0 and HVt = 0.

Let 7: (M,V,q,F) — (B, %, gB) be a locally product-like statistical submersion. If the curvature with

respect to the affine connection V of the total space M satisfies the condition (2.9), then we find from Theorem
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2.9

g(RU VYW, W) + g(TuW, Ty W') — g(Ty W, Ti; W)
=c[g(V,W)g(U,W') = g(UW)g(V,W') + g(V,sW)g(sU,W') — g(U, sW)g(sV,W')

+{g(sU,V) — g(U, sV)}g(sW, W')], (3.9)
9(VuT)v W, X) — g((VvT)uW, X)
=c[g(V,sW)g(tU, X) — g(U, sW)g(tV, X) + { g(sU, V) — g(U, sV) }g(tW, X) |, (3.10)
g(VuT)y X, W) —g((VvT)u X, W)
=clg(V,hX)g(sU,W) — g(U,hX)g(sV,W) + { g(sU, V) — g(U, sV ) }g(hX, W)], (3.11)
9(Vud)xV,Y) = g(VvA)xUY) + g(Tu X, Ty Y) — g(Tv X, T Y ) — g(AxU, Ay V) + g(AxV, Ay U)
=clg(V,hX)g(tU,Y) — g(U,hX)g(tV,Y) + { g(sU, V) — g(U,sV)}g(fX,Y)], (3.12)

g(VVx, VulV.W) = g(Vix )V, W) — g(Tu V, A W) + g(T; W, Ax V)

=clg(U,sV)g(hX, W) — g(X,tV)g(sU, W) 4+ { g(hX,U) — g(X, tU)}g(sV,W)], (3.13)
9(VxT)uV.Y) = g(VuA)xV,Y) + g(AxU, A V) — g(Ty X, T}Y)

=clg(U,V)g(X,Y) +g(U,sV)g(fX,Y) — g(X,tV)g(tU,Y) + {g(hX,U) — g(X,tU)}g(tV.Y)], (3.14)
g(VxT)uY,V) = g(VuA)xY,V) + g(Tu X, TvY) — g(AxU, Ay'V)

=c[g(X,Y)g(U, V) + g(U,hY)g(hX,V) — g(X, fY)g(sU,V) + { g(hX,U) — g(X,tU)}g(hY,V)], (3.15)
9(Vx AU, Z) — g(Tu X, Ay Z) — g(TvY, Ax Z2) + 9(Ax Y, T, Z)

=clg(U,nY)g(fX,Z) — g(X, fY)g(tU, Z) + { g(hX,U) — g(X,tU)}g(fY, Z)], (3.16)

g(VVx, VVy|U, V) = g(Vixy)U, V) + g(AxU, A3 V) — g(Ay U, AX V)

=clg(Y,tU)g(hX,V) — g(X,tU)g(RY,V) + {g(fX,Y) — g(X, fY)}g(sU, V)], (3.17)
g(VxA)yU,Z) —g(VyA)xU, Z) + g(T;; Z,0xY)

=c[g(Y,tU)g(fX, Z) — g(X,tU)g(fY. Z) + { g(fX,Y) — g(X, fY)}g(tU, Z)], (3.18)
9g(VxA)yZ,U) —g(VyA)x Z,U) — g(Tu Z,0xY’) (3.19)
=clg(Y, fZ)g(hX,U) — g(X, fZ)g(hY,U) + {g(fX,Y) = g(X, [Y)}g(hZ,U)], (3.20)

9(R(X,Y)Z,2') — g(Ay Z, A% Z') + g(Ax Z, A} Z') + g(0x Y, AL Z')
=clg(Y,2)9(X,2") = g(X, 2)g(Y, Z") + g(Y, f2)g(f X, Z") — g(X, fZ)g(fY, Z")
Ho(fX,Y)—g(X, fY)}g(f2,2")] (3.21)

for X, Y, Z, Z' e H(M) and U, V, W, W’ € V(M). In the case of the locally product-like statistical submersion
with isometric fiber, that is, "= 0, we get from (3.10)

which implies that ¢ =0 or

t[g(va SW)U - g(U,sW)V + {g(sU,V) - g(Ua SV)}W] =0.
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We assume that g(V, sW)U — g(U,sW)V +{ g(sU, V) —g(U, sV)}W = 0, which yields that s = 0 (dim M > 2).
Thus we get t =0 if s # 0. Hence we have the following theorem.

Theorem 3.12 Let 7w : (M,V,g,F) — (B, 6, gB) be a locally product-like statistical submersion with isometric
fiber. If the total space satisfies the condition (2.9), then

(1) the total space is flat, or
(2) each fiber is F -invariant of M , or

(3) each fiber is antiinvariant of M .

Corollary 3.13 Let 7 : (M,V*,g,F*) — (B,@*,gB) be a locally product-like statistical submersion with
isometric fiber. If the total space satisfies the condition (2.10), then

(1) the total space is flat, or
(2) each fiber is F* -invariant of M, or

(8) each fiber is antiinvariant of M .

Example 3.14 Let 7 : (My,V,9,F) = (By, @,gB) be a locally product-like statistical submersion of Example

3.8. Then m is with isometric fiber.

4. F-invariant locally product-like statistical submersions

The locally product-like statistical submersion = : (M,V,g, F) — (376,93) is called an F'-invariant locally
product-like statistical submersion if M is an F-invariant submanifold of M, that is, F(V,(M)) C V,(M) (see
(1) in Lemma 3.1). Thus we find f2 = I, hf +sh =0 and s> = I. From Lemmas 3.5, 3.6 and Corollary 3.7,

we find the following lemma.

Lemma 4.1 If 7: (M,V,g,F) — (B, @,gB) is an F -invariant locally product-like statistical submersion, then
we get

vV = f(Tu(sV)),

VoV = WTy(sV))+s(Vu(sV)),
HVyX = f{HVu(fX)+Tu(hX)},

TuX = MHVY(fX)+Ty(hX)} + s{Vu(hX)+Tu(fX)},
AxU = f(Ax(sU)),

VXU = h(Ax(sU))+s(VVx(sU)),
HVxY = f{HVx(fY)+ Ax(hY)},

AxY = hWHVx(fY)+ Ax(hY)} + s{VVx(RY) + Ax(fY)}.
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Lemma 4.2 If 7: (M,V,g,F) — (B, @,gB) is an I -invariant locally product-like statistical submersion, then

we obtain

(Vus)V = hWTyV),

(Voh)X +Ty(fX) = s(TyX),
(HVuf)X +Ty(hX) = 0,
(VWxs)U = h(AxU),
(VVxh)Y + Ax(fY) = s(AxY),
(HVxf)Y + Ax(hY) = 0.

Corollary 4.3 Let w: (M,V,g,F) — (B, %,gB) be an F -invariant locally product-like statistical submersion.
We find

(1) HVf =0 if and only if Ty(hX) =0 and Ax(hY) =0.
(2) VWh=0 if and only if Ty X = s(Ty(fX)) and AxY = s(Ax(fY)).
(3) VWs=0 if and only if h(TyV) =0 and h(AxU) =0.

We assume that HVf =0. We put V = hZ in (3.13). Then we obtain from (2.11), Lemma 2.7 and (1)
in Corollary 4.3

—9(Ty(VVxh)Z),Y) + g(Ax (Vuh)Z),Y) = c{g(U,hZ)g(X,Y) + g(U, shZ)g(f X,Y)},

which implies that ¢ = 0 or g(X,Y)hZ + g(fX,Y)shZ = 0 if VWh = 0. From the second equation, we find
h =0 if tr f # +n. Hence we have the following theorem.

Theorem 4.4 Let 7 : (M,V,g, F) — (B,@,QB) be an F -invariant locally product-like statistical submersion
which the total space satisfies the condition (2.9). If HVf =0 and VVh =0, then we get

(1) the total space is flat, or

(2) h=0if trf+#+n.

Corollary 4.5 Let w: (M,V*, g, F*) = (B, @*, gB) be an F* -invariant locally product-like statistical submer-
sion which the total space satisfies the condition (2.10). If HV*f* =0 and VV*h* =0, then the total space is
flat or h* =0 if tr f # +n.

Example 4.6 Let w: (My,V,g9,F) — (B4, 6,93) be a locally product-like statistical submersion of Example

3.9. Then m is F -invariant.
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5. F*-invariant locally product-like statistical submersions

Next, the locally product-like statistical submersion 7 : (M,V,g,F) — (B,@, gp) is called an F*-invariant
locally product-like statistical submersion if M is an F*-invariant submanifold of M, that is, F*(V,(M)) C
V,(M) (see (2) in Lemma 3.1 ). Thus we find f2 = I, ft +ts =0 and s> = I. From Lemmas 3.5, 3.6 and

Corollary 3.7, we find the following lemma.

Lemma 5.1 If 7 : (M,V,g,F) — (B,%,gB) is an F™* -invariant locally product-like statistical submersion,

then we get

TyV = f{HVu(V)+Tu(sV)} +tH{Vu(sV) + Ty (tV)},
VoV = s{Vu(sV)+Tu(tV)},
HVuX = fHVu(fX))+t(Tv(fX)),
TvX = s(Tu(fX)),
AxU = f{HVx({tU)+ Ax(sU)} +t{VVx(sU) + Ax(tU)},
VxU = s{VVx(sU)+ Ax(tU)},
HVxY = [f(HVx(fY)) +t(Ax(fY)),
AxY = s(Ax(fY)).

Lemma 5.2 If 7 : (M,V,g,F) — (B,@,gB) is an F* -invariant locally product-like statistical submersion,

then we obtain

(Vus)V+Ty(tV) = 0,
(HVut)V +Ty(sV) = [f(TuV),
(HVu )X = t(TuX),

(VWWxs)U + Ax(tU) = 0,
(HVXOU + Ax(sU) = f(AxD),

(HVxf)Y = t(AxY).

Corollary 5.3 Let m: (M,V,g,F) — (B, @, gB) be an F* -invariant locally product-like statistical submersion.
We find

(1) HVf =0 if and only if t(TyX) =0 and t(AxY) =0.
(2) HVE =0 if and only if TyV = f(Ty(sV)) and AxU = f(Ax(sU)).
(8) VWs=0 if and only if Ty(tV) =0 and Ax(tU) =0.

We assume that VVs = 0. We put Y = ¢W in (3.15). Then we obtain from (2.11), Lemma 2.7 and (3)
in Corollary 5.3

—9(To(HVxt)W), V) + g(Ax (HVut)W), V) = c{g(X,tW)g(U,V) — g(X, ftW)g(sU, V)},
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which implies that ¢ = 0 or g(X,tW)g(U,V) — g(X, ftW)g(sU,V) =0 if HVt = 0. From the second equation,

we find ¢ = 0. Hence we have the following theorem.

Theorem 5.4 Let w: (M,V,qg,F) — (B, @,gB) be an F* -invariant locally product-like statistical submersion
which the total space satisfies the condition (2.9). If HVt =0 and VVs =0, then we get

(1) the total space is flat, or

(2) t=0.

Corollary 5.5 Let 7 : (M,V*, g, F*) — (B, 6*,5]3) be an F -invariant locally product-like statistical submer-
sion which the total space satisfies the condition (2.10). If HV*t* =0 and VV*s* = 0, then the total space is
flat or t* =0

Example 5.6 Let 7 : (My,V, g, F) = (B4, @,gB) be a locally product-like statistical submersion of Example

3.9. Then w is F* -invariant.

6. Antiinvariant locally product-like statistical submersions

The locally product-like statistical submersion 7 : (M,V,g,F) — (B, 6, gp) is called an antiinvariant locally
product-like statistical submersion if M is an antiinvariant submanifold of M, that is, F(V,(M)) C H,(M)

(see (3) in Lemma 3.1 ). Thus we find f2 = I —th, hf =0, ft =0 and ht = I. From Lemmas 3.5, 3.6 and
Corollary 3.7, we find the following lemma.

Lemma 6.1 If 7 : (M,V,q,F) — (B,§7g3) s an antiinvariant locally product-like statistical submersion,

then we get

TyV = [f(HVu(V))+t(Tu(tV)),
VoV = h(HVy(tV)),

HVuX = f{HVu(fX)+Tu(hX)} +t{Vy(hX) + Tu(fX)},
TuX = MHVu(fX)+Tu(hX)},
AxU = [f(HVx(tU)) +t(Ax(tU)),

VWU = h(HVx(tU)),

HVxY = f{HVx(Y)+ Ax(hY)} + H{VVx(hY) + Ax(fY)},
AxY = MHVx(fY)+ Ax(hY)}.

Lemma 6.2 If 7 : (M,V,g,F) — (B,@,gB) is an antitnvariant locally product-like statistical submersion,
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then we obtain

vV = HTu(tV)),
(HVut)V = f(TuV),
(Vuh) X +Ty(fX) = 0,
(HVu )X +Ty(hX) = t(TvX),
AxU = t(Ax(tU)),
(HVxt)U = f(AxU),
(VWxh)Y + Ax(fY) = 0,
(HVx )Y + Ax(hY) = t(AxY).

Corollary 6.3 Let 7 : (M,V,g,F) — (B, v, gB) be an antitnvariant locally product-like statistical submersion.
We find

(1) HVf =0 if and only if TyX = h(Ty(hX)) and AxY = h(Ax(hY)).
(2) VWh=0 if and only if Ty (fX) =0 and Ax(fY)=0.
(8) HVt =0 if and only if f(TyV) =0 and f(AxU)=0.

From Lemma 6.2 and Corollary 6.3, we have the following corollary.

Corollary 6.4 Let 7 : (M,V,g,F) — (B, @, g9B) be an antiinvariant locally product-like statistical submersion.
If HV f =0, then we get

f(TyV) =0, f(AxU) =0, (6.1)

Tu(fX)=0,  Ax(fY)=0. (6.2)
We assume that HVf = 0. If we put Z = fZ in (3.18), then we obtain from (6.2)
c{g(Y, f2Z2)g(hX,U) - (X, f2Z)g(hY,U)} = 0,
which implies that ¢ =0 or h[g(Y, f?Z)X — g(X, f>Z)Y ]| = 0. Because of h # 0, we find
oY, P2)X — (X, PZ)Y = 0.

Thus we obtain f2 =0 (n > 2), which yields from (3.3) that f = 0. Hence we have the following theorem.

Theorem 6.5 Let 7: (M,V,q,F) — (B, 6, gB) be an antiinvariant locally product-like statistical submersion.
If the total space satisfies the condition (2.9) and HV f =0, then we get

(1) the total space is flat, or

(2) f=01ifn>2.
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Corollary 6.6 Let w: (M,V* g, F*) — (B, @*,93) be an antiinvariant locally product-like statistical submer-

sion. If the total space satisfies the condition (2.10) and HV*f* =0, then the total space is flat or f* =0 if
n>2.

Example 6.7 Let m:(My,V,g,F) — (Bx, @,93) be a locally product-like statistical submersion of Examples

3.8, 3.10 and 3.11. Then m is antisnvariant.

7. Locally product-like statistical submersions satisfying f =0

Let # : (M,V,q,F) — (B,@,gB) be a locally product-like statistical submersion satisfying f = 0, that is,
F(H,(M)) C V,(M) (see (4) in Lemma 3.1). Thus we find th = I, sh = 0,ts = 0 and s* = I — ht. From

Lemmas 3.5, 3.6 and Corollary 3.7, we find the following lemma.

Lemma 7.1 If 7: (M,V,g,F) — (B,@,gg) is a locally product-like statistical submersion satisfying f =0,

then we get

TyV = t{Vu(sV)+Ty(tV)},

VoV = R{HVG{AV) + Tu(sV)} + s{Vu(sV) + Ty (tV)},
HVyX = t(Vy(hX)),

TuX = h(Ty(hX))+s(Vy(hX)),

AxU = t{VVx(sU)+ Ax(tU)},

VxU = h{HVx(U)+ Ax(sU)} + s{VVx(sU) + Ax(tU)},
HVxY = t(VVx(hY)),

AxY = h(Ax(hY))+ s(VVx(hY)).

Lemma 7.2 If 7: (M,V,g,F) — (B,@,gg) is a locally product-like statistical submersion satisfying f =0,

then we obtain

(Vus)V+Ty(tV) = W(IyV),
(HVut)V +Ty(sV) = 0,

(Vo)X = s(TuX),

Ty(hX) = t(TuX),

(VWxs)U + Ax(tU) = h(AxU),
(HYXOU + Ax(sU) = 0,

(VWxh)Y = s(AxY),

Ax(hY) = t(AxY).

Corollary 7.3 Let ©# : (M,V,g,F) — (B,%,gB) be a locally product-like statistical submersion satisfying
f=0. We find
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(1) VWh=0 if and only if s(TyX) =0 and s(AxY)=0.
(2) HVt =0 if and only if Ty(sV) =0 and Ax(sU)=0.
(3) Vs =0 if and only if Ty X = h(Ty(hX)) and AxY = h(Ax(hY)).

We assume that VVs = 0. It is easy to see from (3) in Corollary 7.3 that Ty (sV) = 0 and Ax(sU) = 0.
If we put V = sV in (3.13), then we obtain cg(U, sV)g(X,Y) =0 from (2.11) and Lemma 2.7, which implies

that ¢ =0 or s = 0. Hence we have the following theorem.

Theorem 7.4 Let 7 : (M,V,g,F) — (B,§7gB) be a locally product-like statistical submersion satisfying
f =0. If the total space satisfies the condition (2.9) and VVs =0, then we get

(1) the total space is flat, or

(2) s=0.

Corollary 7.5 Let 7 : (M,V*,g,F*) — (B,%*,gB) be a locally product-like statistical submersion satisfying
f*=0. If the total space satisfies the condition (2.10) and VV*s* =0, then the total space is flat or s* = 0.

Example 7.6 Let 7 : (My,V,g,F) = (Bx, §,g3) be a locally product-like statistical submersion of Example
3.11. Then m satisfies f=0.
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