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Abstract: In this paper, we prove the Kastler-Kalau-Walze type theorems for twisted Dirac operators on 5-dimensional

manifolds with boundary.
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1. Introduction

The noncommutative residue found in [4, 14] plays a prominent role in noncommutative geometry. For
arbitrary closed compact n—dimensional manifolds, the noncommutative residue was introduced by Wodzicki
in [14] using the theory of zeta functions of elliptic pseudodifferential operators. In [1], Connes used the
noncommutative residue to derive a conformal 4— dimensional Polyakov action analogue. Furthermore, Connes
made a challenging observation that the noncommutative residue of the square of the inverse of the Dirac
operator was proportional to the Einstein-Hilbert action in [2]. In [6], Kastler gave a brute-force proof of this
theorem. In [5], Kaulau and Walze proved this theorem in the normal coordinates system simultaneously, which

is called the Kastler-Kalau-Walze theorem now.
An important application of Riemannian geometry is to allow us to define the volume element of a

Riemannian manifold (M,,g). The noncommutative residue of Wodzicki [14] and Guillemin [4] is a trace on
the algebra of (integer order) YDOs on M. An important feature is that it allows us to extend to all ¥DOs
by the Dixmier trace, which plays the role of the integral in the framework of noncommutative geometry.
Fedosov etc. defined a noncommutative residue on Boutet de Monvel’s algebra and proved that it was a unique
continuous trace in [3]. In [7], Schrohe gave the relation between the Dixmier trace and the noncommutative

residue for manifolds with boundary. For a spin manifold M with boundary dM , by the composition formula

in Boutet de Monvel’s algebra and the definition of Wres [11], V/\};e/s[(ﬂ'D_l)z] should be the sum of two terms
from interior and boundary of M, where 77 D~! is an element in Boutet de Mouvel’s algebra [12].

Zél’l) and proved a Kastler-Kalau-Walze type

In [8], Wang and Wang computed the lower volume Vo
theorem for the Dirac operator on 5-dimensional manifolds with boundary. In [9], Wang and Wang gave two

lichnerowicz type formulas and the proof of the Kastler-Kalau-Walze type theorem for twisted Dirac operators
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and twisted signature operators on four dimensional manifolds with boundary. In the present paper, we shall
restrict our attention to the cases “/};'_EE/S[W+ (DY) ont(Dgt)] and \Xf;e/s[ﬁ(f)ﬁl)ow*((f)ﬁ)*l)} for 5-dimensional
manifolds with boundary, where twisted Dirac operators Dy, lND}EI are defined in (2.9), (2.10).

The paper is organized in the following way. In Section 2, we recall the definition of twisted Dirac

operators and define lower dimensional volumes of compact Riemannian manifolds with boundary. In Section 3,

we compute V/\ZTre/s[w+(]5ﬁ1) o 7r+(]5;11)], m[ﬁ+(DHl) o 77*((]51*{)‘1))] and get the Kastler-Kalau-Walze type

theorem for twisted Dirac operators on 5-dimensional spin manifolds with boundary.

2. Twisted Dirac operators and lower-dimensional volumes of spin manifolds with boundary

Firstly, we give the expression of the Dirac operator. Let VZ denote the Levi-civita connection about ¢™ . In
the local coordinates x;; 1 <4 <n and the fixed orthonormal frame {é1,---,e,}, the connection matrix (ws )
is defined by

VHE, ) = (wer)(Er, ) (2.1)

The classical Dirac operator is defined on S(T'M) by

D=
j

(@16 + 3 3wt E)elel@) (2:2)
=1 s,t

Next, we consider an n-dimensional oriented Riemannian manifold (M, g™) equipped with a fixed spin

structure. We recall twisted Dirac operators. Let S(T'M) be the spinors bundle and H be an additional smooth

vector bundle equipped with a nonunitary connection V| Let VE* be the dual connection on H , and define

_6H+6H,* q)_%H_%H,*.

H
_ 2.
v L ~ (23)

then V¥ is a metric connection and ® is an endomorphism of H with a 1-form coefficient. We consider the
tensor product vector bundle S(T'M) ) H, which becomes a Clifford module via the definition;

c(a) = c(a) ® idg,a € TM, (2.4)

and which we equip with the compund connection:

TS(TM)@ H _ yS(TM) ®idH +ids(ran) ® v, (2.5)

vS(TM)®H _ \75(TM) ®idH +ids(ran) ® vH, (2.6)

then the spinor connection V induced by VSITM)®H g locally given by

6S(TM) RQH _ VS(TI\/I) ®’LdH + ZdS(TM) ® vH + idS(T]\/[) ® d. (27)
Let
Dy =Y c(e)vihen, (2.8)
i=1
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Then we can obtain twisted Dirac operators Dy and ZNDZ, associated to the connection V as follows:
Di=Du+Y &) R (&)
j=1
=Zc(e~j)63 Zwst e;)c(ej)e(es)c(é —l—Zc €; ®0’ (€5 +Zc(e~j)®¢>(e~j). (2.9)
j=1 j=1 j=1

j=1
n o 1 n N N _ n n ~ L
= Z c(é;)e; + 1 Zwst(ej)c(ej)c(es)c(et )+ Z c(€;) ® o' (€5) Z c(€;) ® O*(€;). (2.10)
j=1 j=1 j=1 J=1
where o is the connection matrix of V# and ®* is the transport matrix of ®.

Lemma 2.1 Let {€;}(1 <i,j <n)({0;}) be the orthonormal frames (natural frames respectively) on TM,

n
Dy =" g c(@) VMO =3 ()i @K (2.11)
— =
where V;(TM)‘@H =9+ 0i+0f and 0% = 1%k < V§.€j, e > c(€)c(er), of is the connection matriz of

Vi,
Theorem 2.2 [3](Fedosov-Golse-Leichtnam-Schrohe) Let M and OM be connected, dimM = n > 3,

([ mtP+G K
A(T 3

ﬁamzééwmwmm@m

+ 27r/ {trg [(tro_p) (', &)] + trp [s1-n (2, &)]} o () d2, (2.12)
ox Js

> € B, and denote by p, b, and s the local symbols of P,G, and S respectively. Define:

where Wres denotes the noncommutative residue of an operator in the Boutet de Monvel’s algebra.

Then a) m([A,B]) =0, for any A,B € B; b) It is a unique continuous trace on B/B~>°.

Definition 2.3 [12] Lower dimensional volumes of spin manifolds with boundary are defined by

Vol®1P2) N .= Wres[r+ D™ o 7+ D72, (2.13)
By [12], we get
Wres|r™ D7 o DP2] = / / tracen- 121 @ clo_n (D)o (E)dx + / v, (214)
|€]=1 M
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and

_g)laltitit

U = f\f’\:l fj:; kazo > (al(g+7k+1)' X trauce/\*T*M®(C[8%nE)g‘,@gnaj(D*Pl)(glc/7 0,66,

x 05,017 0k o1(D7P2)(2’,0,&',&,)]déno (¢)da, (2.15)
where the sum is taken over r +1—k+|a|—j—1=—-n, r < —p1,l < —ps.

3. A Kastler-Kalau-Walze type theorem for 5-dimensional spin manifolds with boundary

In this section, we compute the lower dimensional volume for Dy and lN)f{ on five dimensional compact spin

manifolds with boundary and get a Kastler-Kalau-Walze type theorem in this case.

Proposition 3.1 [13] The following identity holds:
)When p1+ps =n, Volglpl’m)M = coVolM,; (3.1)

2)When p1+p2 = n mod 1, Vol%pl’pz)M = v, (3.2)
oM

Next, we compute Volél’l) for Dy on 5-dimensional spin manifolds with boundary, then we have

V/\;;e/s[w+(l~)ﬁ1)o7r+(l~);11)]:/ v, (3.3)
oM
Write

Dg = (=i)l*9g; o(Dy) = p1 +po; o(Dy') = 352 q-;. (3.4)

By the composition formula of pseudodifferential operators, we have
~ -~ 1 ~ ~
1=0(DyoDy')=) aag[a(DH)]QC;[a(DHl)]
e
=(p1 +po)(g—1+q-—2+q-3+-)

+ Z(afjpl +0¢;20)(Dz;q-1 + Dy;q-2+ Dyjqg3+---)
J

=pi1g-1+ (P1g—2 + pog—1 + Zag,-mDa;jQ—ﬂ +-- (3.5)
7
SO
g-1=p1 (3.6)
g2 =—p; popi "+ 0e,p1 D, (1 )); (3.7)
7
n—1
—1

g3 =—pi ' [pog—2+ Y c(dx;)de,q—2 + c(dn)ds, q2]- (3.8)

j=1
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Since W is a global form on M , for any fixed point xg € M , we choose the normal coordinates U of zq

in OM (not in M) and compute ¥(z) in the coordinates U = U x [0,1) C M and the metric h(in)gaM—i-dfo.

The dual metric of g™ on U is h(z,)g"™ + da?. Write gf\f = gM (2, 22 ); 95& = gM(dx;,dxz;), then

o) = [ T Y] = [ el 0], 59

and
8wsg?jM($0) =0,1<4,5<n-1 gf\f(xo) = 045- (3.10)
Let {e1,---,e,} be an orthonormal frame field in U about ¢g?™ which is parallel along geodesics and

e; = a%i(az:o), then {e; = \/m617~ R — \/men,l,é; = %} is the orthonormal frame field in U
about g™ . Locally S(TM)|U = U x N&(5). Let {f1,---, fn} be the orthonormal basis of Af (% ). Take a spin
frame field o : U — Spin(M) such that 7o = {é1,- - -,é,} where 7 : Spin(M) — O(M) is a double covering,
then {[o, f;],1 < i < 4} is an orthonormal frame of S(T'M)|5. In the following, since the global form W is
independent of the choice of the local frame, so we can compute trg(ras) in the frame {[o, f;],1 <i < 4}. Let
{é1,--+,en} be the canonical basis of R" and c(&;) € Hom(AL(%52), A&(252)) be the Clifford action. By [15],

2 2
then

(@) = @) l@onf] = o el@f: o = lov 5 (311)
then we have a%ic(gi) =0 in the above frame. By Lemma 2.2 in [12], we have:
Lemma 3.2 [12] With the metric g™ on M near the boundary
0 if j<n
2 o ’ )
aacj(|§|gM)(1'0) - { h/(0)|§/|§ﬁlv[7 if ] =n (312)
0, if j <mn,
B, — 3.13
i [C(f)]({ﬁo) { 61,”(6(5/))(3:0)’ if j=n, ( )

where £ = &' + &, dx,, .

By Lemma 2.1 in [12], we have:
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Lemma 3.3 The symbols of twisted Dirac operators:

7 (Di) = a(D) ) = T (3.14)
rs(By) = 0PI | A 5 (e o, c)lel €1, 6P (3.15)
rs(By ) = LD D 5 40 [, (e~ 0, 1) (3.16)
0_3(5;11) = ,pi[poq 2 +Z c(dxj)0p;q—2 + c(dry )0z, q—2]; (3.17)
7o (D)) = =l + 3 )y + ), ) (318)
j=1
(3.19)
where
o0(Di) (o) = ~H (O)e(dr,) + 3 (&) (02! + (&) ao): (3.20)
j=1
70(Dig) (o) =~ O)eldza) + Y (&) of! — (&) (x0). (3.21)

Let us consider 0_3(1551) of twisted Dirac operators. From Lemma 3.7 in [8], we get:
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Lemma 3.4 [8] For the Dirac operators, the following identity holds:

—ih"
(1+&)°
ih'
(1+&2)°
—ih?

+ i1 ey c@eldz)e(@)eldzn)ele)

o_5(D7)(o)ljer1=1 = c(§)e(drn)e(§)c(drn)c(§)

+

c(§)e(dan)c(§)c(dn) Oz, [c(§)](zo)

1 —1
+ gl ;Rmm xO)W c(§)e(ei)e(§)eles)cles)c(ea)c(§)

[0}

B
b3 3 (R0 + A8 0)) el @ ele)elde (@)

It<n

1 ' ~
t3 2 (RM%HRW( )66 gy el el (o)

a,B<n

e e ), O] an)cldn (e

( h/2 h// h/2 h// 3h/2

1 +§2 Ax ) + a Jr&%)5)c(f)c(clacn)c(f)c(dacn)c(f)

3h'
T gy ) Ol eldan el

+ m c(§)e(dwn) Oz, [c(§)le(dn ) O, [c(€)] (o)

h/2 h// — /
+( 1 2 ) it c(§)eldwn)e(§)e(dn)c(€). (3.22)

Lemma 3.5 For twisted Dirac operators, the following identity holds:

073(51;1)(250)“&'\:1 = 0'73(D71)(£L'0)||f’|=1 + ih'c(ﬁ)e(dwn)c(g)'yc(g) + ih’c({)’yc(g)c(dxn)c(g)

€1° 1€1°
n —iC(ﬁ)ngﬁ)VC(S) n —ih'C(f)VC(ffg(den)axn (@] | ih’C(é)WC(é)g(dxn)C(&)

n 2ih’0(§)0(6|l§|g)0(€)70(£) n —iC(fS)C(dwnﬁgl(Gﬁ)aﬁ (1)e(€)

J ZiolGelde)ele0, o)

= 0_3(D7")(20)|jgrj=1 + Q-3(0)|j¢r|=1, (3.23)
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ihc(§)e(drn)e(§)Te() | il'c(€)re(€)c(drn)e(§)
1€1° €16
—ic(§)e(§)Te() | Zie(©)Te()c(drn) O, [c(§)] | i e(€)Te(€)c(drn)c(€)
1€1° [€1° [€1°

—ic(¢) =2 - | i€e(Q)e(drn) s, e(€)]Te(©)
' |6

J BHllar)olel§) | el eldon)el)e, )0

N _ic(g)c(dxnécgﬁ)faxn [c(€)]

= 0_3(D7")(@0)ljgrj=1 + R-3(20)]er|=1, (3.24)

o_5((D3) ") (@o)ljerj=1 = o—3(D ™) (@) jerj=1 +

_|_

where v =377 c(€5) (0] + ©(€7)), and T = 377, c(é;) (0] — ©*(€7))-

When n = 5, then trgra) g a(id] = 4dimH, where tr as shorthand of trace, the sum is taken over
—r—Il+k+j+|al=4, r<-1,1 < -1, then we have the following fifteen cases:
case (1) r=—-1,1=-1, k=0, j=|o| =1.

By (2.15), we get
{ oo o+ n—1 a -1 / /
w =t / / S ta(0a, 0877 01 (D7) x 0206, 01 (D) (w0)dnor(€')da . (3.25)
l€l=17 =00 4121

By Lemma 3.3, for i < n, then

~ 10, [c x 1c(€)0y. (1€12) (z

so ¥y =0.
case (2) r=—1,1l=-1, k=la| =0, j=2.

By (2.15), we get

Uy = 3/ /ﬂo > w02 wf o1(DR") x 02 0_1(Dy"))(z0)déno(€)da'. (3.27)
6 Jierj=1 /oo e S "

j=2

By Lemma 3.2, we have

~ _ 3
8§n0'—1((DH)71)(330) ||5/|:1: zc(f’)w +ic(dxy,)

—64) + 3682 — 6
(1+&)+ 7

(3.28)

From the Lemma 3.2-3.4, we get
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02, 18,51 (D i = (0007 = 50)) ) 0) =20, (€

2(§n - Z)
o {45(271—22) )+ 35 C(d‘””)}
+ 2i(R'(0))? [_33%”@; 9_5’;; 82'c(g’) + 71(;(?:__53 c(dmn)} . (3.29)

By the relation of the Clifford action and trAB = trBA, we have the equalities:

trle(¢)e(dzy,)] = 0; trle(dz,)®] = —AdimH;  tr[e(€)?](z0)]j¢rj=1 = —4dimH;
tr[0, c(&)e(dzyn)] = 05 tr[0y, c(€")e(€)](x0)|jerj=1 = —2h/(0)dimH.

(3.30)
Similarly, we have
|07 7k o 1 (DF)OE, o -1(Dy") | (z0)jerj=1
— 1(0)? 3(3385 — Thi&} — 943 + 90i&2 + 57¢, — 3i)
B 206 — )31+ &2)*
oo 6(—9E8 + 12663 + 14€2 — 12i€, — 1)
+R"(0) E, L EN . (3.31)
Then,
+0 3(33¢5 — Thigd — 94€3 4 90i€2 + 57, — 3i)
h’ 0))? dé,o(&)dx’
/s| . 26, — (1 + €2)3 e ()
Y OO 6(—9€2 + 12083 +14€2 — 12i¢, — 1) o
— h dé, d
/£| 1/ 2(&n —9)2(1+ &2)* Sno (8}
R RPN 3(33&5 — Thi& — 943 + 90i&2 + 57¢, — 3i) ,
= o [ 26, — (1 + €2)3 A
1., 6(—9¢% +124€3 +14€2 — 12i¢, — 1) ,
SO0 26, — 12(1 + €2)8 At
1, ,2mi[3(3363 — Thitt — 94¢3 4 90i€2 + 57¢, — 30) 1@
GO | i+ay e
1, 2mi 6(—9¢4 4+ 12i€3 + 14€2 — 12i¢, — 1) ,
A R = L
/ 3 / !
(64(h (0)2 — Sh (0)>7r(23dx . (3.32)

where Q3 is the canonical volume of S3.
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case 3) r=—-1,1=-1,7=0, |o| =2, k=0.

+o0 -
/5 1/ tr[0g s o_1(D') x 050,01 (D) ™)) (w0)déno (&) da’

loe|=2

= —ZSOMW dx’, (3.33)

where %<, ROY (10) is the scalar curvature sapr (see [8]).
case (4) r=-1,1=-1, k=1,j5=1, |of =0

. oo ) .
= % / ‘ / tr[0,,,de, 7¢ o 1(D') X 0, 0r,,0 1 (Dr)™H))(w0)dépno(€)da’!
|¢]=1J —c0

+oo
- —// 1/ tr[0p, 78 01 (D) X 00,01 ((Dir) ™)) (o) o (') da!
_ 16(h’(0)) T Qda’. (3.34)

case () r=—-1,1=-1, k=1, j=0, |[o =1.

= ! E 29 O 7 o_ 0%0¢ 0, o_ D xo)dé, o dx
=3 t / 4 T n ! !
2\/|§,| 1/ I' & Vene, 1( )X ' YEn Ve, 1(( H) )]( 0) 5 (f)

ler|=1

—0. (3.35)

case (6) r=-1,1=-1, k=2, j=|a| =0.

i —+o00 ! /
Vo= [ [ Sl (D) x 06,22, a(Da) N ao)uo(€

o0 k=2

(6 1) - 2h”(0))7r93da:’. (3.36)
case (7) r=-1,1=-2, k=0, j=1, |a| =0.
+oo . ~

-1 /5,| [ a0k, 0r, 7D % O, r-a(Br) o))

+oo -
= _/m 1/ tr[0F, 0y, 7wl o {(DY) x o_o((Dar) ™ Y)(z0)déno (&) da’

+oo
-1 /gl [ 102, 0 01 (D)  o-a(D) a0 (€

1 oo n— / /
— 2/|5'—1 /_Oo tr[0F O, m¢ o 1(Dg') x C(?gj(f)](xo)dgna(g Ydx'. (3.37)
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By Lemma 3.3, we have

02,0174, 01D a1 = g Oelel€ o) + (0| o= T570l€) = g )| (339)
From Lemma 3.2 and Lemma 3.3. we have
r-a(Dit) = EBEHAD) 26 Z o{d) s, (€I = ()0, (1€]2)
=0 o(D7H) + (5|)€|4(5). (3.39)
By the relation of the Clifford action and trAB = trBA, then we have the equalities:
1[0, [e(€)]e(E)e(€)] = A€ (O)trlo + B(En)]; trlel€)e(E)rel€)] = Satrlot + B(En)];
trle(dea)e(€)7e(©)] = —4(1 — E)txlo!? + B(E)]s trle(¢))] = - 2_: &(0f + (&)
trle(dea)n] = trl—id (o + ©(e))] = —4trlo? + o(E). (3.40)
Considering for i <1, [lo_y &y €iry 1 0(€) =0, we gets
(02,0, 8,02 (Di') x “E 0 o)
— g0 [Tl an) + T ele(€ (€€ o)
S S trlldan)e(€16(€) o)
o
So we have:
U, = (h’( )27 da’
! /)E . /m (02, 0y, 7 o1 (D) x (€|)£|4(£)}(mo)dfna(f')dx'
22(}#(0)) e’ + PN B L @@ e (3.42)

case (8) r=—-1,1=-2, k=4j=0, |a| =1.
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From (2.15) in [12] and the Leibniz rule, we get:

+oo _
- /lg/| . / > l0emg 0 1(Dy") X 050, 0-2((Drr) ™)) (wo)dgno (€ )da’

 Jal=1

+oo
- /Ig,| S wlocogmt o a(Dy) x 0-a((Bi) D la)do € )do

ler|=1

+oo
:/Iﬁ/l 1/ Z tr(dg, Ogme o 1(D7Y) x 8% 0 _o(D™Y)(x0)dEpo (€')da!

e =1

e o c()ye(€) N
/5 1/ tr[0e,, 85 7r§ o_ 1( )>< oy [ —22 () dE,o(E)da. (3.43)

la]=1

By Lemmas 3.2 and 3.4, computations show:

0,08, 71D a1 = gz e(dn) = 6z —mel€) + S medn,). (344

From Lemma 3.2, we have:

g AE11C()

§
g e = 0

2 (7)c(€)- (3.45)

By the relation of the Clifford action and trAB = trBA, then we have the equalities at a fixed point xg:
trle(de:)e(€)dy, (v)e(€)](z0) = —4(1 = & + 26:)te{C[VOM (0" + @)]};

&itr[e(€)e(€) 0z, (V)e(€)] (o) = 4(1 — E2)&:&tr{CH[VOM (" + @)]};
&itr[e(dan)e(€) 0z, (V)c(€)](w0) = 86, &:&str{CL VM (07 + @)]}; (3.46)

where tr{C{ [V (ot + ®)]}(z0) = E?:_ll tr[Vgij (off + ®(€5))](x0) .-

Combining (3.44)-(3.46) and direct computations, we obtain:

+ on, SE7¢(E)

O;ltr[ag gm0 1(Dy') i (20)

— e e ()] — &5 e tle(€ ()0, (1))

€ gy el )9, (1))

_ (W B )4(€n T 35(2— %Szgjl j;Q’f")tr{Ci[VaM(UH“I’)]} (3.47)
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Considering for i < n, f\f’|:1 fh fiz . 'fi2q+1 o(&) =0, and [y &&= %251’1’ see ([6]). Therefore,

3 31
\118 = ( 32>80M7TQ3d1‘

16
o . 4 | ,3£%i§i3i+5§n)
/5 =1 / < gn + 1) & (n — ) (&n +1)? TR (§n — )5 (&n +1)?
tr{C1 [V (o + @)} (w0)déna(¢')da’
= (136 §;>53Mﬂ'93d1‘ -4 +Z )tr{C’l (VOM (o + &)Y Qsda’. (3.48)

case (9) r=-1,1=-2, k=1, j=|a|=0.
From (2.15) and the Leibniz rule, we get:

+oo
=g [ [ el (DR x 060k (Da) woino (€

= al=1

+o00 ~
/e 1/ w[0F, 7 0-1(Dy') x 0y, 0-2((D) )] (o) dénor (€')da’

|a]=1
B 1 +oo B I /
5 /5' l/oc lal=1 aﬁ ﬂ—g i 1(DH ) x 89:"0—72(D )](xo)dfnU(ﬁ )dl’
1 +o0 >+ (Pl <C(§)'yc(§)>} e
+2/|5’|1/oo g_:ltr{af” 6,01 (D) X O | g ) | @o)deno(&)da (3.49)

By (2.2.29) in [12], we have:

78 775 o_1(D7Y) ligr=1= ﬁc(f') + ;c(dm‘n) (3.50)

From Lemma 3.2, a simple computation shows:

c()ve(€) ) _ Ou,lc(€)]ye(€)  2hc(§)ve(§) | c(§)n, (Me(§) | ()70, [c(€)]
on () - =5 3 T R
By the relation of the Clifford action and trAB = trBA, then we have the equalities:
trle(€)0s, (V) e(€)e(€)](x0) = 8,tx[0s, (0 + P(€n))];
tre(€)dz, (V)e(€)e(drn)))(wo) = —4(1 — E)tx[0s, (o7 + ®(en))]- (3.52)
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Combining (3.50)-(3.52) and direct computations, we obtain:

P R At (J5ta (3

g_:lt [af" en7 1 (D) 3< €* )]

- mtrm [e(€)re(€)e(€)] + m“[% o€ re(E)elden)
21/ / oy

T AN - m e(€)rel€)e(dan)]

+ mw[c(oaﬁ (V)e(©)e(€N] + W 1[e(€)a, (1)e(€)dazy)]

+ mtr[c(fh@cn [e(€)]e(€)] + mtr[c(g)'ya% [e(€)]c(dzy)]

[ (4&, —201(0) | H(0)(4i — 16¢, — 4ig?) o ~
((fn—i) (&n +1)? * (&0 — 1)5(En + 1) )t [ + ®(en)]
8, + 2627 — 2i
(§n —1)5(&n +1)?

te[VE, (o0 + (en))]: (3.53)

Considering for i <n, [ _y & &, &inyer (&) = 0. Therefore,

103

Uy = <_367(h/(0))2 + ol

128

A = 20H(0) W (=166 )\ g
/€| 1/ <§n—l )5 (&n +1)2 + (&0 —1)5(&, +1)3 >t[n + @(en)](20)déno(£)d

h”(())) 7Qsdz’

+o0 8 " 2 2 — 9 N l /
/g = 1/ Sf j; ggi T Z; r[VE (oh + ®(en))](xo)déno (&) da

- !
— (367(}11(0))2 103h//(0))7TQ3dI/ _ 1?2;7’ tr[af I (I)(/e:)]ﬂ'Q:;dxl

128 64
_ %tr[va (0! + (e)) 7y da’ (3.54)
case (10) r=-2,l=-1, k=0, j=1, || =0.
From (2.15), we have:
+o0 . .
Uy = —;/5/ 1/ tr[0p, 78 0 2(Dy') x 02 o 1((Dr)~H)](w0)déno (&) da’
+oo .
_ ! /5 B / (00,75 0 _2(D™Y) x 02,01 (D) ~1)](0)déncr(€))da’
-~z /£ .~ /+Oo Bu g ( Igj(§)> x 02 01 ((Dr)™"))(wo)déno (€')da'. (3.55)
1
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”

By the Leibniz rule, trace property and ” ++” and ” — —” vanishing after the integration over &, in [3], then

/_:O " [8“5 ("(?25(5’ ) x %, m(ﬁHl)} g,
_ /_:O tr {az"(c(fﬁgi(ﬂ) « a§no—1<z~)H1)]d§n —/_:O tr {a(c('ffg;(ff)) <2 1t o 1B (350

By Lemma 3.2, a simple computation shows:

662 — 2
(1+&2)?

26, — 66,

ic(€) + irey ic(dxy,). (3.57)

02 o_1((Dy) ") (@o)ljerj—1 =

Similarly,

€700 _ Du,[el€)el€) _ Wel€re(e) (€, (els) , e, of€))]
8%( [ >_ €4 €[° + HE + HE . (3.58)

Combining (3.57), (3.58) and direct computations, we obtain

trfon, (“2E) o2 o a(B)

= e 0 )] + a0, (€ (el )
2 N

- m”[C@MC(E)C(ﬁ )] - DR tr[c(€)ye(€)e(day,))]

+ mtr[df)fm (7)e(€)e(€)] + m H[e(€)D. ()e(€)e(dn)]

GO0 N + g g€, o€ el

IOWIE -2 -€) o

8i(26; + & + &n)
(gn - 2)5(571 + i)5

[V (o +®(e))). (3.59)

Considering for i <n, [,y & &iz ** &iayra0(§) = 0. Therefore,

(367, 103,
q’lo—( 128h o >Qdm

. A 0, (L) < 02 0 s((Brr) ) )

ey L el (D) st s (D) e

_( 367h +@h,,

1294/
198 ol > mQsdx 138 tr[o, + ®(en,)|mQsdx

- %u[va (o + B(e))mQsda (3.60)
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case (11) r=-2,1=-1, k=j=|a| =0.

From (2.15), we have:
Uy = / /*OO r[0g) 7r5 o_o(Dy") x 010, 0 1((DH) Y (xo)déno (&) da'. (3.61)
€1=1

By Lemma 3.2 and Lemma 3.3, for ¢ < n, we have:

= 1 _o. (1O, = 0n[c©lwo)  ic(€)u, (|€)*(x0) _
9,01 ((Dm) ™) (o) —&“( e )( 0) = e AL 0. (3.62)

SO \1111:0.
case (12) r=-2,1l=-1, k=1, j=|a/=0

From (2.15), we have:
+oo ~ ~
o= | 5/1/ tr(0e, ¢, 02 D) x Oe, 0, 0-1((Dir) ™)) (0) (€ e
+oo
/ / it o a(Dyt) x 02, 0u, 01 (D)) (o) dnor(€') s’
1€1=1

+oo
. /E - / o_o(D7Y) x 02,0y, 01 (D) ™)) (wo)dor (€' da’

+oo B
/5 =1 / ‘5|4 X 02 0, 0-1((Dg)~")(x0)déno (&) da’. (3.63)

From Lemma 3.2-Lemma 3.3 and direct computations, we obtain:

~ 612 — 2i o (41 —=582) o 128,(6,1
08, 00,0-((Di) o)1 = o2, o€ + it (0| =St - 22 |
(3.64)
Combining (3.64) and direct computations, we obtain:
tI‘|:C(£|)g|/Z(£) x 552"3%0—1((51{)1)}
6{721_2. / 7/ 41_557% ! 12€n 5’%_1
=) €€ 0r, €] + 0 (0) ((1 - gn)ﬁ trfe(€)7¢(€)e(€)] - Mtr[c@vc(@c(dm
4€,i(6€2 — 2)R'(0)  —16i(&, +4E3 + 3€3)R'(0 .
:< 3 ’<(1§+ 62)?” ), Z16i( leféj)Gg IR ))tr[a{jJrcb(en)]. (3.65)
Combining these assertions, we get:
+oo .
Wpp=U7+ = /5 1/ |§|4 X 02 0, 0_1((Dg)")(x0)déno (&) da’
= B—Q(h'(O)Q)ﬂdia?/ + (5i _;6)” tr[o + ®(e,)]nQzda’. (3.66)
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case (13) r=-2,1=-2, k=j=|a|=0.

From (2.15), we have:

+o<>
Ty = i /s| |l ra(Dyt) x 0, -a(Br) ™ e o)’

+oo
_Z/s 1/ [0, 7¢ o o(D7') X 0_o(D7H)](0)dEno (&) da’

i +o0 8 7t o 1 c(€)ye(€) ) N
i /£’|—1 /;oo trlde. &n —2(D )X< HE )]( 0)déna(§')d

+oo c c B / ,
v [ [ el (S < os(0 ekt @)

vif N GoC) B COLIG)

By [9], we obtain:

- (C(é“)%(ﬁ)) _ (=160 = 2)e(§)ve(§) — ile(dan)ve(€) + e(€)ve(dan)] — igne(den)ye(day)
AR 4(&n —1)? '

) &nt2 1

7-2(D7) = N g eOelde)O) + g

c(§)e(drn)0y, ().

Then we have:

O, g (C(§)70(6)> _ (it 3)e(€)1e(€) | (ni = De(dan)ye(€) | ie(den)ye(’) ie(€)ye(dn)

G i AT 2en— 1P 2en P
06,8 (7o D)) @)1 = W (0) T el Jel€') + W (0) el
+ h’<0>4f§Z - i)3c(dx") * 2(5: iy O (€ (o)
Zé—n + 3 ! !
4(511 — i)g C(E )C(dxn)awn [C(E )]($0)
+1(0) ;(2;5’1 ;)fc(g) + h’(@)%dm).

So

) +oo T at o -1 M x o (N dx!
/I&’I—l /—oo trlde, e, o-2(D )X< HE )K 0)d&no(€)d

130/ —
=— fg trfo 4 ®(e;,)|mQsda’.

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)
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Similarly, we obtain:

/&‘l 1/+(>O tn 5n( 2;(5)) x a_o(D™h)](wo)dEno(€")da’

32 tr[a + ®(ep,)|mQ3dx’. (3.73)
And
[ ve(é) c(§)ye€) N
o 1/ e, (e ) x (e ittt
=— 1—6 tr[(a + ®(&))?)7Qsda’. (3.74)

Combining these assertions, we see:

21 X . 1< N
13= —ﬁwﬁgdm/ + Ztr[af + ®(e,,)|mQzdx’ — 6 ; tr[(ocf + ®(&;))mQada’. (3.75)

case (14) r=—-1,1=-3, k=j=|a] =0.

From (2.15), we have:

Uy = —i / / o trfrd o_1(Dy') x 9, 0-5((Drr) ™ H)](z0)déno (¢)da’
l&|=1 "

— 00

+oo
[ e e (D) x oD e (€

o0

+oo
l/lﬁ 1/ 85"7r5 o_1(Dg") x o_3(D7H)|(wo)déno (&) da'

+oo
H/s 1/oc 10,7, o-1(Dg") X Qslieri=1)(@0)dgno (€ )da'. (3.76)
By (2.2.29) in [12], we have:
D= ') +ic(dan
(’)gnﬂgrna,l(DHl) _ _W. (377)

In the orthonormal frame filed, we have:

ihe(§)e(drn)e(§)ye(§) | i e(€)ye§)elden)e(§) | —ic(E)re(§)ye()

QfS‘lg/\:l = HE |6 €1
N —ih’C(f)vc@');(gxn)% (@] | ih’6(5)76(|€€)|§(dxn)0(§) . _IZ%CIE*E) 4_ c(6)e(€)s, (7)c(€)
i€e(€)e(drn)du, [e(@lye(§) | 2i'e()e(drn)e(€)re(§) | —ic(€)e(dan)e(§)dr, (1))
€1 l€1® 1€1°
N ic(f)c(dxn|);|g§)73zn [c(§)] ' (3.78)
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By the relation of the Clifford action and trAB = trBA, then we have the equalities:

trle(den)c(§)e(dwn)c(€)re(€)] = (& — 3&n)trlc(dzn)y] = —4(&; — 3&a)trloy + (en));

trle(dan)e(€)ye(€)ve(€)] = 4(36, — &) {trl(o] + @(€2))?] — 4(36, — &3) Z trl(o]" + @(¢7))°];

e(dz,)e i e©)] = A€ — 36 {CHVOM (07 + @)}
trle(dra)e()cldn)e(€)ds, (1)e(€)] = 436, — E)[VE (ol + (@), (3.79)

Considering for i < n, flﬁ/lzl £y -+ Cingn0(&') = 0. From Lemma 3.4, combining (3.77)-(3.79) and direct

computations, we obtain:

+oo
/5| 1/ tr[0e, 7, o-1(Dy') x Q-slier1=1)(z0)dEnar(€')da’

(o8 + ®(e,)|mQsda’ + tr[Va (ol + (€)1 Qs da’

16
- Ztr{C’ll [VOM (o + &)y nQsdz’ — z i: tr[(of + ®(€;))’] + Ztr[(af + ®(en))?]. (3.80)

Therefore,

(239, ., 27 1 ,
\1114 = ( 64 (h( )) 16h (0) 19288M>7Tﬂ3d$

10 — —
- 1g trfocf 4 @ (&) nQada’ + §tr[ngn (o + ®(ey,))]nQzda’

- %r{(}l [VOM (oH 4 &)V nQda’ — thr ol + @(&;))* Qs da’
+ §tr[(af + ®(ey)) 2|7 Qada’. (3.81)

4

case (15) r=-3, l=-1, k=j=|a|=0.

From (2.15), we have:
+o0 - -
U5 = —i /5'—1 /_Oo trirs o_3(Dy') % Og,0-1 (D) ™)) (o) d€no (€)da’
+o0 .
= /5/1/ tI‘[?TZ:LO'_3(D71) x O, 0-1((Dgr) ™ ](z0)déno (&) da’

+oo
_Z/f 1/ rlrd Qslier=1 X B¢, 01 (Dy"))(wo)déno (&) da’. (3.82)
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By the Leibniz rule, trace property and ”++” and ”-” vanishing after the integration over &, in [3], then

+o0 -
/ trlrd Q-alierj=1 x 8, 0-1(Dy")](w0)déy,

+oo - +o00 .
:[ tr[Q_3|‘5/‘:1 X agnO'_l(D;Il)}(xo)dfn —[ tI‘[Q_3||,5/|:1 X 8571772;0_1(13121)](530)61{“. (3.83)

By Lemma 3.2, a simple computation shows:

~ D / . o 2
d,0-1(Dy') = 2inc(€ )(; z+(11)2£n)c(dxn).

(3.84)

Considering for i < n, flﬁ/lzl £ 6y =+ gy 0(§') = 0. From Lemma 3.4, combining (3.84) and direct

computations, we obtain:

+oo
_Z/sl 1/ Q-sligrj=1 % B, 0-1(Dy")](x0)déno () de’

170 1S D /
T trjoy + ®(e,)]|rQsda’ — 2—tr[V (0] + ®(en))]|msdx

11 11 —
+ ﬂtr{Cll [VOM (o + &)Y nQada’ — ﬂtr[(af + ®(ey,))?]mQsda’

+if > tllof + (@) I (3.85)

Therefore, we obtain:

U5 = (263219(]1/( )? —

27 11

_ Oade’
16h '(0) 192831\/[)71' 3dx

1 —
76h tr[oH + @ ()7 Qada’ + ltr[va (Uf + ®(e,,))|mQsda’

S 7
" £))2 / H —~—\\2 /
- QZ“[(% + 8(6))Inda’ + rtrl(o)] + B(6) I Qade

- %tr{Cll (VoM (7 4 ®)]}rQada’. (3.86)

Now W is the sum of the W(; 5 .. 15), then we obtain:

399 29 71 3
v, = (== gl 9)
}j — (302 ~ T 0) + (G + g5 )sons | nad’

240i — 529)1/ . 2 e
1 (A0 SNt (@’ + ﬁtrwé’m (o + @ ()| mda’

192
872 + 89 oM 1 < 0 -
_ Ttr{C’l1 VO (e + @) rQsda’ — 6 ; tr[(o] + ®(¢;))?|mQsda’
_ 5 Ti tr[(cf + ®(&))*|nQsda’ + %tr[(crH + ®(ey,))?mQda’ (3.87)
24 £ 1 J 3 24 1\0m " s '
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Hence,

Theorem 3.6 Let M be a 5-dimensional compact spin manifold with the boundary OM , and twisted Dirac

operator Dy = 3" c(é'j)ng(TM) ®H Yoo c(€) @ ®(€5), then

Jj=1

Wiasfr (D) 0w (B = [ [ (3201002 = 0" (0) + (g + Sg)som )
(2400 — 520)1

23
H ~\1 4 2O roH ( H —~
199 tr[o,; + ®(en)] + 48tr[VaM (o)) + P(en))]

_ 872 + 89

16 tr{CH[VOM (o + @) Ztr o; A1 3(e5))?

_% > tr[(of + ®(6;))% + %tr[(aﬁ + @(é;))?]]mgdwlm. (3.88)

Next we recall the Einstein-Hilbert action for manifolds with boundary (see[12] or [13]),

1
Igr = — sdvolyr + 2 Ksdvolgn := Igr; + Igry, (3.89)
167T M OM
where
K= Y Kijghyy Kiy=-Tp, (3.90)
1<i,j<n—1

and K;; is the second fundamental form, or extrinsic curvature. Take the metric in Section 2, then by Lemma

A2 in [12], Kij(zo) = X2, Kij(zo)ghh (z0) = Yi_y Kii(wo) = —2h/(0) Then
Iy, = —4h'(0)volans. (3.91)

Then, we have:

Theorem 3.7 Let M be a 5-dimensional compact spin manifold with the boundary OM , and twisted Dirac

operator Dy = 3" c(évj)V;%(TM) @y > =1 c(€5) @ ®(€5). The following identity holds:

j=1
— ~_ ~_ 225 29 197 31
Wres[ﬂJr(DHl) o77+(DH1)] = /{)M [(64[( + 3 smlom + (— 51 + 2)531\/1)
+ (529 — 240i)
384

_ 872 + 89
16

trlof! + @K + ulVE (ol + B()

tr{CH VM (o1 4 )] Ztr 0 +@(&5))?

B ol (@) + (ol + 0|0l (392

where sy, son are respectively scalar curvatures on M and OM .
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On the other hand, we compute \X/'Fe/shﬁ (ﬁ;Il) ow*((ﬁ}{)’l)] for 5-dimensional spin manifolds with boundary,

then we have:

Wres|rt (D) 0w (D)) = /aM 7. (3.93)

When n = 5, then trS(TM)®H[id] = 4dimH , where tr as shorthand of trace, the sum is taken over
—r—Il+k+j+|al=4, r<-1,1< -1, then we have the following fifteen cases:
case (1) r=—-1,1=-1, k=0, j=|of =1.

By (2.15), we get:

~ ) +OO ~ ~
W= /m_1 /_ S o, 0877 01 (D) x 0206,01((Dj) " V))(wo)dno (€)da’. (3.94)

®al=1

By Lemma 3.3, for ¢ < n, then

~ ; : 2
00, (7-1((Dig) ) (aw)) o) = PeEEN0) OO LED) (3.95)
SO \1'1 =0.
case (2) r=-1,1l=-1, k=|a] =0, j =2.
By (2.15), we get:
U, — 1 e 2 o+ H—1 3 H* -1 AP
Wy = ¢ / / > 02[02 wf o 1 (DY) x 0 o1 (D)™ (o) dénor (&) da. (3.96)
1€'[=1 V=00
By Lemma 3.2, we have:
Sk \— o248, — 2483 —64&2 4+ 3662 — 6
3?,1071((17;1) ") (o) ljerj=1= ic(§ )W ic(dzy) (1+e2) ; (3.97)
Similarly, we get:
n— 3. Ly C(gl) / En — 20 /
02, 18,71 (D i = (0007 = 50)) ) 0) 250, (€
1 gn — 2 ’ 1
- {4(571 — g - z‘)2c<d“)}
2| —3in — %n +8i —i&n — 3
B e R L] (3.9%)
By the relation of the Clifford action and trAB = trBA, we have the equalities:
trle(€)e(dwa)] = 05 trle(dwn)?] = —AdimH;  trle(€))?](wo) o1 = —Adim H;
tr[0,, c(&)c(dzyn)] = 0; tr[0y, c(§)e(€)](x0)|jerj=1 = —2h"(0)dimH.
(3.99)
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Similarly, we have:

tr|02, 7¢ o1 (Dg")dE, o1 (D) ™) | (w0)]1er1=1

5 3(338> — THi&2 — 94€3 + 90i€2 + 57¢, — 3i)
2(&n —1)?(1 +&3)*
6(—9¢% +124¢3 +14€2 — 12i¢, — 1)

= (0)

B0 3.100
O e — P+ g (3100
Then
~ 1 120 3(33¢2 — THigd — 94€3 + 90i€2 + 57, — 3i)
\If:——h’OQ/ / n = IO = Ben 3 Hen 20060 =) (€' o
2= O 26— )1+ )’ ©
o0 6(—9€2 + 12083 + 14€2 — 12i€, — 1)
— fh” / / n dé,o(¢)dz'
o 26— P+ )" Gnle)
_ @ / 2 _ § / /
= (64(h (0)) 8h (O))ﬂ'di$ ) (3.101)
where Q3 is the canonical volume of S3.
case (3) r=-1,1=-1, =0, |o| =2, k=0.
+oo -
Ty — /E N 1/ w08 e o1 (Di7t) x 03¢, 01 (D) ™)) (wo)dnor(€')da’
|a|=2
= —ZsaMw dx’, (3.102)
where Et7l<nRZ% (x0) is the scalar curvature sgps (see [8]).
case (4) r=—-1,1=-1, k=1, j=1, |o|=0.
i +°°
=5 o / 3zﬂ85n7r§ o_ 1( ) X 85 Oy, 0 1((DH) D(zo)déno (&) da'
=1 00
5 / 2 !
= — 15 (1 (0)*2sda’. (3.103)
case (5) r=—-1,1l=-1, k=1, j=0, |[o| =1.
i e N gt
=5 " Z tr[0g O, 775 o_ 1( ') X 020, O, 0 1((DH) Y)(xo)déno (&) dx
la]=1
=0. (3.104)

case (6) r=—-1,1=—-1, k=2, j=|a|=0.
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Ve = 2/ /+m2tr8 78 o 1(DyY) x 8,02 o1 (D)™ H)(x0)dEno (€' )dz!
6 Jierj=1 e o "

o k=2
= <22(h’(0))2 - Zh”(O))ngd:p’. (3.105)

case () r=-1,1=-2, k=0, j=1, |a| =0.

" +oo - ~
- ;/g/|—1/— tr[0¢, O, 78 01 (D) % Og,0-2((D) ™) (wo)dépo (€' )da’
+oo
__! /gl 1 / 60,0, 7 o_1(Dgt) x o_2((Dfyr) ™)) (wo)dEnor (€')da’
+oo
- _Z ng o_9 “H(z no(€)da'
_ /£| / [0 D, ¢, 01 (D) X 0-o((D) ™)) (wo)dénor(€)d

+oo
— /E 1/ af O 7'('5 o_ 1( )X (£|)§|4(§)]($0>d€n0(§/)dl‘/ (3106)

By Lemma 3.3, we have:

02 0p, 1 o1 (D" (wo)lgrj=1 = ﬁazn [e(€)) (o) + 1 (0) {2(4;_5;?) o)~ 5 £n3_ Frelden)] - (3.107)
From Lemma 3.2 and Lemma 3.3. we have:
e e 3 eldalon (I ~ (610 6]
=0 (DY) + C(g)gé(f) (3.108)
By the relation of the Clifford action and trAB = trBA, then we have the equalities:
tr[dy, [c(§)]e(€)Te(€)] = 46,0 (0)tr[of] — @ (e,)]; tr[e(€)e(€)Te(€)] = 8&atr[of] — @ (e)];
trle(dzn)e(§)Te(€)] = —4(1 — E)trloy + P(en)]: tr[e ng — @*(&5))];
tefe(dr,)7] = tr[-id Qo — (@) = —4trlol! — & (). (3.109)
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Considering for i < n, f\§’|:1 i iy -+ iy 0(€') = 0. Then, we get:

tr[@él(‘)mnﬂg‘ng_l(f);{l) x C(§)£—|Z(§)]($O)

= mtr[axn [e(&)]e(€)Te(€))(wo) + Wtr[c(f')c(@Tc(Q](mO)

e e )€ re(€) o)

_ 4§nh/(0) (16£ni — 1067% + 6)h/(0) r O’H — d*(er

e e @) (3110)

So we have:

Tr = 20 ((0))*n2sda’
_ +oo 71- o_ X M T o / .Z‘/
/5 "= 1/ 85 Oa, &n 1( ) L [(z0)dEno(€)d

32(;#(0)) Qada’ + D2

trlof — ®*(e;)|rQsdx’. (3.111)

case (8) r=—-1,1=-2, k=0, j=0, |o| =1.

From 2.15 in [12] and the Leibniz rule, we get:

_ 00
\I/g = _/lg,l 1/ Z tI‘ (95 7T£ o_ 1 )X (’9 8,5"0 2((DH) )](xo)dfnd(fl)dl'l

la]=1

o0 ~
:/m / D trl0e, 08w, 01 (Dy') x 0 2((Djy) )] (wo)dénor(€)da’

e =1

+oo
- /Ig,| S wlocopmt o (D) x 0oa(D a0 €)'

|a]=1
+oo
+/ / S wfoe, 08 7E o1 (Dyph) x 0% (€|)£|4(£)](a:o)dfna(f’)dm’. (3.112)
|§1=1 la]=1

By Lemmas 3.2 and 3.3, computations show:

~ -1 n , 1
aﬁnag/Wanl(D;{l)(xO)\Ié/\zl = m c(dw;) — fzﬁc(f ) +€imc(d$n)- (3.113)
From Lemma 3.2, we have
o2 A o1t = S0l (3.114)

463



WU et al./Turk J Math

By the relation of the Clifford action and trAB = trBA, then we have the equalities at a fixed point xg:

trle(dw;)c(€)8s, (1)e(€)](zo) = —4(1 — €2 + 26E)tr{C [VIM (o7 — @*)]};
&itr[e(€)e(€)Dn, (T)e(€)] (o) = 4(1 — )& tr{CLH VM (o — @*)]};
&itr[e(dan)e(€)0n, (T)e(€)](z0) = 8&n&i&itr{CH [VOM (e — @*)]};

where tr{C{[VOM (o — ©*)]}(z0) = 372, tx[V (0] — ®*(¢5))] (o)

Combining (3.113)-(3.115) and direct computations, we obtain:

3 e, 08t o1 (Dy') x 02 (£|)§le(£)](:ro)

la]=1

TR, (O] — € el (el
1

+ €imtr[c(dxn)c(§)8m (7)e(§)]

3E2i — &3 — 3i + 5¢,
(gn - Z)s(gn + Z')2

2 4
‘((5 P Td) S i, T T

Considering for i <n, [y & &in * €igrn0(§) = 0, and [gs &5 = ”725” (see [6]). Therefore,

‘1’8(136 §;>53M7r93dx
too 4 3ggi—gg—3i+5gn)
1S7 21 . B
/£| s < SeT) S e T e

tr{C1 VM (o — @)]}(wo)dno (€’ )dw’

- <136 §;>86M7T93dx - <4+ )t {CLH VM (o — @)} 7 Qsda’.

case (9) r=-1,1=-2, k=1, j=|a|/=0.

From (2.15) and the Leibniz rule, we get:

. 1 +oo _ , ,
Bz [ [ S okl o (D) x k0o (D)o (€

< Jal=1

1 +oo / /
2/5/ S it e (B x 0n,0al(Big) ] (wo)dne (€ o

la=1

400
- ;/ﬁ’ 1/ Z tr| 85 7T§ o_1(Dg") x 0y, 0—2(D™1)|(w0)d&,0(€)da’

< al=1

o it 00 (S s

le|=1
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By (2.2.29) in [12], we have:

1 1

0 mf o_1(Dy") lier=1= G 1)30(5/) + 2 i)sc(dx")' (3.119)
From Lemma 3.2, a simple computation shows:
c(©7e©) _ Ou,[c(€)]re(§) 2k c(§)Te(§) | c(§)0s,(T)c(§) | c(§)T, [c(€)]
az”( (3 > B €[4 €[° + AL + €l . (3.120)

By the relation of the Clifford action and trAB = trBA, then we have the equalities:
tr(e(€)0s,, (1)e(€)e(€)](wo) = 8€ntr[dy, (07 — @ (€))];
t2[c(€)z,, (T)e(€)e(dan))] (20) = —4(L — €)tx[0s, (o7 — @™ (en))]- (3.121)

Combining (3.119)-(3.121) and direct computations, we obtain:

S [agnw;al(f?Hl) X Oy, (C@')g'j(f))]

la]=1

= T s A€l + e ey, o€ N re(€)e(. )
2h , ib!

_ Wtf[c(ﬁ)m(f)c(f ) - mtr[c(ﬁ)m(@c(d:pn)]

+ mtr[c(f)azn (T)C(f)c(ﬁ’)} —+ mtr[c(@@% (T)C(f)dq;n)]

e €70, 6]+ g le(©)70s, € el

_ [ (A& —20)h'(0) | h(0)(4i — 16¢, — 4i2) L
(@ T el - @)
8En + 2600 — 2i

n H H _ FH* g’ ) .
+ (&n — )5 (En + i)2tr[v81n(0n P (en))] (3.122)

Considering for i < n, f\§’|:1 §ir6in * * Cing10(&') = 0. Therefore,

< (=367, ., 103, )

/ /+°° ( (4¢,, — 2i0)h'(0) N h' (45 — 16&,, — 4i€?)
|&]=1 (§n —1)°(&n +1)? (€n —9)5(&n +14)3

oo 8&n +2 a2 * (o ’ ’
25 Lo ] T VAL (ol — @ @l (€

)tr[af 0 (@) (x)dno (€ da’

(=367, ., 103, A /
_ ( S (W (0) + 2 (0) )7 Qsde’ — =L rlol! — &7 (&) n s

— %tr[va (ol — ®*(ey,))|nQzda’. (3.123)
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case (10) r=-2,l=-1, k=0, j=1, |o| =0.

From (2.15), we have:

Uy = —1/ /+oo 600y, 7 o_o(Dy") x B2, 01 (D) Y] (wo)d€nor (€')da’
P e

+o0 .
-3 /I£ [l aa(D7) x 0o (D) oo €)da

1 e r 7T+ c(f)’yc(f) 2 o * \—1 z p / Z‘/
- 2/5/_1 /_OO tr[0y, gn( HE >X6€n ~1((Dx) " )(xo)dEno(E)da". (3.124)

R

By the Leibniz rule, trace property and ” +4” and ” — —” vanishing after the integration over &, in [3], then,

[ v on, 7t (T ) o2 0B e,

-/ :o tr [5 (C(mc(g)> x 8&0-1((5;)1)] - [ :° tr [a (C(f)’”(f)) % 02 7t o1 (D)) | dén-

€1t €1t
(3.125)
By Lemma 3.2, a simple computation shows:
Sy —1 62 -2, 288 68,
agngfl((DH) )($0)|‘§/|:1 - (1 + 5%)3 ZC(g ) + (1 +§%)3 ZC(d.’En). (3126)
From Lemma 3.2, a simple computation shows:
c(E)ve(€) _ Own[c(E)]ve(€) 2K c(§ve(§) | c(§)u, (V)e(§) | c(§)V0x,[c(£)]
on (D) = G A el
Combining (3.126), (3.127) and direct computations, we obtain:
r C(g)’)/C(f) 2 o T~k \—1
o, (G52 xotr-aDi)
! ! ! L r c(EN]ye(€)e(dx
= mtr[fhn [e(€)]ve(€)e(€)] + 306, = i)3|§|4t [0, [c(&)]ve(€)c(dwn)]
2K P rle(€)vye(€)c(dx
- m‘ﬁf[@(&)w(&)di ) . —i)3|§\6t [c(§)ye(€)e(dzy)]
L ! v rle c(&)c(dx
1 , { /
+ mtr[c(fh%n [e(€")]e(€)] + mtr[c(ﬁ)v@cn [e(€")]e(dzn)]
_ (32100, (VR)(20) (6 + &) | ZIOWIQRE] + 60+ &)\ 1 on g
- ( En— P GEn+0° (G5 + i) )t (o = aen))]
8i(263 + & +&n) tr[VgM (0" + a(E))). (3.128)

(&n —1)°(6n +1)°
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Considering for i < n, f\§’|:1 tr&i, &iy -+ Cingr 0(§') = 0. Therefore,

J. . — _@ /2 103, /
Ui = ( 128h ol —h" )7 Qsdx

- /5| 1/+OO I"( |§|4(€)) x 8, 0-1((Dy) " "(wo)déno(¢)da’

/ﬂ / o ( |g|4(§))><8§nﬂaa—1<<5E>—1>]<xo>dfna(g')dxf

li
_ <_ 367, , 103, ) wQada’ — 2o 4 @ (e sda’

128 64 128

- %tr[va (0! + ()7 Qsda’. (3.129)

case (11) r=-2, l=-1, k=j=l|a|=0.
From (2.15), we have:

~ +00 ~ ~
Uy = —/ / tr[0g s o o(Dy') x 880, 0 1((Dy) ™) (wo)dépna(€)da. (3.130)
gl=1

By Lemmas 3.2 and 3.3, for ¢ < n, we have:

) ) = PellEz0) @0 (D2@0) _ o 51

D)) (o) =0,
00.0-1(Dig) ™) (a0) =0 o o

So \Al"ll =0.
case (12) r=-2,l=-1, k=1, j=|a| =0.
From (2.15), we have:

+oo
iy =2 /5 [ ez oa(By') % 0, 01.0-1 (D)o)€
+oo . .
=5 ] s DR 0 0h s (Bi) )€
1 e - %\ — / ’
—qf7+2/§/ 1/ trlo_o(D™") x 2 85, 0-1((Djr)H)](wo)déno (&) da
+o0 —
/ " / e L8 ‘ €|4 % 02 0,01 ((Dyy)™ )] (o) deno (€)de. (3.132)

From Lemmas 3.2 and 3.4 and direct computations, we obtain:

A(1 - 5¢2)

126, (8, 1)
(1+&3)

(e )

(3.133)

€2 i
n 38%[ c(&)](wo) + ih'(0) (&) —

0%, 05,0-1((D3) ™) (@0l g1 = (1+&2)3

Combining (3.133) and direct computations, we obtain:
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tr{c(fhc(f) « 8§n8$n0—1((5E)_1):|

e
~ 20— (e rel€)0n, €] + 8 (0) 2 e ne©1e) - A Dtetereteretarn)
a+ar 1+ i+ e

_(46i(683 — 2)h'(0) | —16i(&, + 485 + 3¢3)R(0) ~

< e + T ey )tr[af + ®(en)]. (3.134)

Combining these assertions, we get:

+00 2 ~ 1 / /
T = Wy 4+ /5 - / |5|4 &) 2 82 0,01 ((Byy)V))(a0)déno(€)da

39 , (5i+6)N
8

= 3—2(h’(0)2)7r§23d:z: + tr[oH + ®(e,)|mQzda’. (3.135)

case (13) r=-2,l=-2, k=j=|a|=0.

From (2.15), we have:
+oo
Ty = —i /gl 1 / vt o o(Dyt) x Be,0o((Dar) ™)) (w0)d (€ )da’
+oo
/ / tr[Ok,, 71'5 o_o(D™Y x o_o(DV)](z0)dépa (&) da’
l€1=1

too c(&Tc
+i /_ tr[dg, o _o(D71) x ( © (€>>](x0)d§na(§')dx’

je/|=1J 00 €[*

+oo c .
i f ] e () a0 it €
i +oo e ot c(§)ve(§) c(&)Te(€) . N
wi ] et (B4 ) (HEEE ot (3.130)

By [9], we obtain:

c c —1&, — 2)e(ENye(€) — ile(dxy )ye(€)) 4 () ve(dxy,)] — iéne(dz,)ye(d,
7T;<(§|)g|4(€)):( &n — 2)e(§)ve(€") — ilc( )Z(éi)t);f)v( )| = incldon)yelden) g 157

, 242 1

72D ) = —H A g €)eldra)el€) + gyl ©)elden) O €] (3.138)

Then we have:

e(€)7e(€)\ _ (&ni +3)e(€)ve(€) | (€ni — Dedrn)ye(€) | ic(dwn)ye(€!) ie(€')ye(dan)
% ( )_ 1 a2 =iy 2 —ip 189
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Oe, ¢, (@—2(D™1))(@o)ljeri=1 = 1'(0) 4_(5"__1.)33 el€')e(dan)e(€) + ' (0) 7~ i 7€)
+H(O) 45: - 1) (dan) + 2(5n_f 2530 (€ 0)
il +3 )
mdﬁ )e(den )0y, [e(§)](20)
+1(0) ;(lefi _i)EC(f/) + 1 (O>Wc(dx”)'

So

o et oo x (G it

= 2 trloH — @ (e)|nQsda.

Similarly, we obtain:

i /|sf|—1 /_ :O tr[8§n7r2;<c(€)g|i(€)> % 0_o(D~Y))(wo)déno (¢ da’

73N
32

tr[od + ®(e,)]nQada’.

And

i /m_l / ; * wfoe (c(f)gi(f)) . (c(i);z(&)) o) €)'

=" % ztr[(%ﬂ + 9(&)) (o] — ®*(&))]m 3’

Combining these assertions, we see:

21 13n/ — n
\1113 = —%Wdil’l — ;;[))6 tr[af — (I)*(en)}’]TdiCL'/ + 7;))2

trfo + ®(e,)|nQsda’

- % > rl(of + @(@))(off — @*(&))rQsda’.

=1

case (14) r=—-1,1=-3, k=j=|a| =0.

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)
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From (2.15), we have:

— Z/ /+00 tr[@é 7T'+ 0'—1(~E1) x 0_3(0_1)](1'0)d§n0'(§/)d$/
|€[=1 /o0 e
+Z/ /+Ootr[a 71'+O— 1(~_1) < R 3| /_1](Z0)d€ J({’)dx/. (3145)
=1 e e, 0-1(Dy —3ljer)= "

By (2.2.29) in [12], we have:

§') + ic(dan)

aszwgba,l(f)ﬁl) _ - 26 — 1) (3.146)
In the orthonormal frame filed, we have:
Roslieo = ih’C(f)C(d$n6)C(§)TC(§) n ih’C(ﬁ)TC(S)g(dﬂin)C(O n —iC(S)TC(ﬁf)TC(E)
€] €] [3
| AT el )00, O] | IAETel@eldza)eld) | el ST oo e
g g e 2
| Ol [cQ)re(€) | 2 eQeldra) A )Tele) | —iel€)eldra)c(€)du, (1)e(€)
1€1° 19N €1
| S0, ) 04
By the relation of the Clifford action and trAB = trBA, then we have the equalities:
trle(dan)e(€)e(den)e(€)Te(€)] = (&, = 3&)tr[e(de,)T] = —4(&) — 3&,)tr[oy, — ©*(€n)];
n—1
trle(da, )e(€)re()re()] = 436, — ) {tr[(0f] — @*(€))%] — 436 — 1) D trl(of" — @7(€5))7);
j=1
el )e() Y e(E7)el€)n, (1)e€)] = 4E) — 3 ir{CHTP (0¥ — 2]
tr[e(day)e(€)e(day, )e(§) 0y, (T)e(§)] = 4(3&, — fi)tr[vgn (ol — ®*(ey))]. (3.148)

Considering for i < n, f\gl\:l §ir&iy * Eingy,0(§') = 0. From Lemma 3.4, combining (3.146)-(3.148) and direct
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computations, we obtain:

+o0 _
[ ] e o) < Bl wotao (€
¢=1J -0

_ ’
_ i’éh trlo — & (6| Qada’ + %tr[vgg (01 — @* (&) uda’ — Ztr{Cll (VoM (H — )|V rQada’
3 3
33 ol — @) + Sunl(ol - 0 @) (3.149)
j=1
Therefore,

~ 239 27 11
Uy = ((h’(O))2 — 1—6h”(0) — 19288M> mQadz’

—51K/ N —
- ? 6" trfoH — &% ()| Qada’ + Ztr[vgg (o1 — @ (@) da’
3 3 n—1
- Ztr{Cll [VOM (o] — ")V nQsdx’ — 1 Z tr[(af — ®*(¢&;))?|mQada’
j=1
+ 2tr[(af — ®*(e,)) ] mQsda’. (3.150)

case (15) r=-3,l=—-1, k=j=|a|=0.

From (2.15), we have:
~ +o0 " _
\1115 = —i/ | / tI‘[ﬂ';gis(D;I1> % 8§n0'71((D*H)_l)](.%‘o)dfnd(fl)dm/
N=1J—00o
+oo _
- / ‘ / trlrg o-5(D™") x 9,0 -1((Di) ™)](wo)dénor (€)da’
=1 J —00
+oo _ .
—i/ ‘ / tl"[ngQ%}hgq:l X aEno—*l((D;[)_ )](fvo)dﬁna(g’)d:c’, (3.151)
=1 J—00o
By the Leibniz rule, trace property and "++” and "-” vanishing after the integration over &, in [3], then

+o0 -
[ it Qalierma x 06, o-a (D) Dl

+oo - +oo -
- / tr{Qsljer1=1 % De, o1 (Djr) ™)) (wo)dn / tr{Q-sljer1=1 % e, -1 ((Dyr) ™)) (wo)dén- (3.152)

By Lemma 3.2, a simple computation shows

~ —2i€nc(€) +i(1 — €2 e(dxy,
D0 1((Dyy) ) = —2nclt )(t fl)fn) (dzn) (3.153)

Considering for i < n, flf/|=1 §&iy ++* Cingsn0(§) = 0. From Lemma 3.4, combining (3.153) and direct
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computations, we obtain:

+oo
_1/, 1/ Q-sljerj=1 % Oe,0—1((Djr) ™)) (wo)dEno (€' )da’

17’ — 11 N
— Zg trjo + ®(e,,)|nQada’ — ﬂtr[vgin (o7 1+ &(e))|7Qsda’
11 11 11 =t
1y0M _H , . . /
+ oLV (0" + @)y Qada’ — -t + @ (E)*|mQsda’ + ﬂ;tr[(oj + ®(65))?|mQsda’. (3.154)

Therefore, we obtain

11

s (239<h'<o>>2 =~ 200) - 1o

53M> wQsdx’

e tr[oH + @ (&) nQzda’ + ltr[Va (of + ©(en)) | Qada’

- % Ztr[(af + ®(¢5))*|mQada’ + %tr[(a + @ ()27 Qsda’
— A {CHYM (0 4 @)y (3,158

Now U is the sum of the @(1’25...715), then we obtain:

399 , 29, 1 3i
§ = (2= it )
T, (256 '(0)) 32h (0>+(96 D )SaM mQsda’

. l 2
4 ml—é_%)htr[af @ @’ — (5 + T (O (0 — @) }r 0y
;o !
= D VE (of — & (@) npda’ + I oH g e r
16 384
_ BT (of + 0@ nQsde’ — — zn:tr[(aH + B(E)) (0 — &% (&) sda’
48 8wn n n 3 16 — 7 1 7 ) 3
3 3
) Z tr[(af — ®*(&;))?|mQada’ + Ztr[(af — ®*(e,))?]mQsda’
j=1

- 7
H ~ H —_—
~ 51 jél tr[(of + ®(¢;))*|mQsda’ + —24tr[(on + ®(ey,))?]mQsda’
- %tr{()} [VOM (o + &)y nQsda’. (3.156)

Hence,

Theorem 3.8 Let M be a 5-dimensional compact spin manifold with the boundary OM , and twisted Dirac
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o(&) VI OIS0 | o(6;) @ @7 (&), then

operator D3, = 3" 1

j=1

Wresfr (D) o (Din) 1 = [ | (S0 = 01+ (G + oo )

. / . 1
| (400 +17)h o — 5 (5] + (240 — 323)h o 1 0@

64 384
19 7'('2 OM H * 9 H * (T
(gt {CI VM (o™ — @*)]} - *tr[va oy — 2" (en))]
_ %Str[va (o +o(e)) Ztr (o +®(E) (o7 — 0*(&)]
=3 (o — (@) + ol — 2 @) - 3 ol + 8(6)
4 et J J 4 n n 2% = ] j
+ Lo + D(E)Y - 7ugﬂwWwH+@ﬂwmmmM[ (3.157)
* o " 24 U1 ’ '

Then, we have:

Theorem 3.9 Let M be a 5-dimensional compact spin manifold with the boundary OM , and twisted Dirac

operator D}, = > c((?j)vgj(TM) @H _ doi—1c(€5) @ @*(€5). The following identity holds:

o ~ 2925 29 197 3i
et (D) o (i) M= [ | (22K 4+ Boatlons + (5 + Fhson )
oM

+ (Vg atotr - o @)+ P2 wialt 1 a(@) ) &

B Tl (o — 0y - Buwl ol 1 ae)

L i_iltruaf’ (@) — @ (@) - jztruaf (@)

+ Ztr[(ggj - & (@) - 5 nz:ltr (ol + ®(5))%] + %tr[(fff + (€))%

— e {CHYM (07 4+ B}~ e (VE (ol @*(é\ﬁ))]}ngdvolaM. (3.158)

where sy, sgn are respectively scalar curvatures on M and OM .

4. Conclusion
In this paper, we mainly give the proof of the Kastler-Kalau-Walze type theorem for twisted Dirac operators on
5-dimensional compact manifolds with boundary. Firstly, we consider an n-dimensional oriented Riemannian

manifold (M, g™) equipped with a fixed spin structure, which are twisted Dirac operators. Secondly, we

compute the lower dimensional volume for D r and ﬁf{ on five dimensional compact spin manifolds with
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boundary. In other words, we need to compute Volél’l) for D g and 5}} on 5-dimensional spin manifolds with
boundary, where \7\71"675[%*‘(5?) ont (DY) = Jonr ¥, and \7\7_;6/8[71'—"_(5;[1) ort((Dy) V)] = Jonr U. Thirdly,
we divide the boundary term | on ¥ and I oM T into fifteen cases by using the boundary term formula of the

manifolds with boundary, then the boundary terms of twisted Dirac operators are further given, the Kastler-

Kalau-Walze type theorem for twisted Dirac operators on compact manifolds with boundary is proved.
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