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Abstract: In this paper, we study a second order rational difference equation. We analyze the stability of the unique
positive equilibrium of the equation and prove the existence of a Neimark-Sacker bifurcation, validating our theoretical

analysis via a numerical exploration of the system.

Key words: Difference equations, Neimark-Sacker bifurcation, stability

1. Introduction

Nonlinear systems of difference equations have applications in the study of systems in which the (k + 1) state
depends on the previous k states. These type of equations appears in the modeling of multiple phenomena in
biology, ecology, physics, economics, etc. [3, 6, 9, 12-14]. This is the reason why, recently, many scientists have
devoted their work to the study of the theory of difference equations [1, 19], the boundedness, the periodicity,
the global asymptotic stability of their solutions and the existence of bifurcations. A bifurcation occurs when a
small smooth variation made to the parameters of a system causes a sudden qualitative change in its behavior.
In a Neimark—Sacker bifurcation, a closed invariant curve emerges from a fixed point in discrete dynamical
systems when the fixed point changes its stability through a pair of complex eigenvalues with unit modulus
[8-11, 16]. The bifurcation can be supercritical or subcritical, resulting in a stable or unstable closed invariant
curve, respectively. Recently, many authors have focused their efforts on the study of the existence of this

bifurcation in many difference equations. Thus, DeVault et al. [5] consider the difference equation
Tn_k
In+1 =P + ~ 5

n

where n € Ny, k € Ny, p > 0, and the initial conditions z_g,...,zo > 0, and perform a detailed analysis of
the boundedness and the stability of its solutions. Saleh and coworkers [17] analyze the same equation, showing
that each positive solution of the equation is globally asymptotically stable. They also analyze some properties

concerning the semicycles of that equation. Tasdemir [18] studies a similar equation, given by

Tn
Tpt1 =P+ qiL'2 )

n—m

where p,g > 0, n € Ng, and m € Ny. In his work, the author studies the boundedness of the solutions to
the equation, their periodicity and their global stability. Beso et al. [3] show that the equation introduced by
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Tasdemir presents a Neimark—Sacker bifurcation, giving an asymptotic approximation of the invariant curve
in the vicinity of the equilibrium point. He and Qiu [7] also investigate the existence of a Neimark—Sacker

bifurcation in a difference equation of the type

ﬂmn + arn—2

1.1
[ (L.1)

Tn+1 =
where «, 8 > 0 and the initial conditions x_o,x_1,2¢ € Rar.

In a recent paper, Berkal and Navarro [2] carry out a qualitative analysis of the system defined by

(1+ ha)x, Yn (1 + hexy,)

n - 5 1.2
1+ hban + by, 71 1+h (12)

Tni1 =
being h,a,b,c > 0. The authors prove the existence of a Neimark—Sacker bifurcation.
Here, we have used the following notations: N for the set of natural numbers, N,, for the set {n € Z :
n>v}, Rf for {x €R : 2 >0}, and R for {x €R : > 0}.
The studies cited above have led us to analyze in this paper the qualitative behavior of the rational
difference equation of second order given by
Xm
Xn+1:A+BXTn+1’ le, (13)
n—1
where A, B and the initial conditions x_1, xg are positive real numbers. In order to carry out this qualitative

study, we introduce the change of variable

X
which transforms Eq. (1.3) into
xm
tar =14 pis, m21. (1.5
n—1

Note that this equation has a unique positive equilibrium, given by

1++/144p
—

T =

In Section 2, we calculate the positive equilibrium of Eq. (1.5) and determine its stability. Section 3 is devoted
to the study of the existence of a Neimark—Sacker bifurcation. Finally, in Section 4, we perform a numerical

exploration of a particular case of Eq. (1.5) in order to illustrate the theoretical results.

2. Stability analysis

In this section, we perform a local stability analysis of the positive equilibrium of Eq. (1.5). In order to discuss

the stability of the equilibrium, we use the following Lemma [12]:

Lemma 2.1 Let p(A) = A2 = CA+ D, p(1) >0, and A1, X2 be the roots of p(A\) =0. Then:

1. [ M |< 1 and | A2 |< 1 if and only if p(—1) > 0 and p(0) < 1.
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2. | M |<land | A2 |>1, or | A |>1 and | A2 |< 1 if and only if p(—1) <O0.

3 | A1 |>1 and | A2 |> 1 if and only if p(—1) > 0 and p(0) > 1.

4. M =—=1 and | A2 |# 1 if and only if p(—1) =0 and p(0) # £1.

5. A1 and Ay are complex conjugates, with | A |=| A2 |=1 if and only if | C' |< 2 and p(0) =1.

Let us start this analysis by converting Eq. (1.5) into a two dimensional system. To this end, we define

Yn = Tn—1, so that Eq. (1.5) adopts the following form,

xy
Tn1 =1+p—r,
n—1
Ynt1 = T, - (2.1)

Eq. (2.1) has a positive fixed point, given by F = (Z,Z). In order to discuss the linear stability of E, we

determine the Jacobian matrix of this system evaluated at this equilibrium:

xm—l ™
mp—-— —(m+1)p—7m
J(x,y) = ym ( ) ymt2 | (2.2)
1 0

The evaluation of this matrix at the equilibrium

E_ (1+\/1+4p 1—1—\/1—|—4p>
B 2 ’ 2

results
mp —(m+1)p
J(z,z) = | 2% z2 : (2.3)
1 0
with characteristic polynomial
(m+1)p

mp
p(A) =\ — =TT

Lemma 2.2 System (2.1) has a unique positive equilibrium point,

o (1+\/1+4p 1+\/1+4p)
o 2 ’ 2

and

1. E is locally asymptotically stable (stable sink) if

m+1
p< —5—.
m
2. E is unstable (source) if
m+1
p 2
m
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3. The roots of equation p(\) =0 are complex numbers with modulus one if

C<2

and

Proof From Eq. (2.3), it follows that

(m+1p p
p(0) = = >0, p(l):1+?>0
and
(2m+1)p
p(—=1)=1 = 1.
Taking into account that
. 14+ +/1+4p

we can express p(—1) and p(0) as

p(=1) =dp(m+ 1)+ V1+4p+ 1, p(0)=p+1-—3

Moreover, | C'|< 2 because

m+1

2 4(m+1
m+1+<1++m\/1+(2)>

m m

and, then, the application of Lemma 2.1 concludes the proof.

<1,

m
where p = ———
m

3. Neimark-Sacker bifurcation

In this section, we study the existence of a Neimark-Sacker bifurcation in Eq.

A Neimark-Sacker

bifurcation occurs when a closed invariant curve emerges from an equilibrium point in a discrete dynamical

system and, then, the stability of the equilibrium changes via a pair of complex eigenvalues with unit modulus

[9-11, 16].

First of all, we should remark that the roots of (2.4) are conjugate complex numbers if and only if

m+1

m2

Let us define then N as the set of parameters of Eq. (2.1) satisfying the condition (3.1),

1
st{m€R+:p:m+ }

m?2

(3.1)
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The change of variable defined by

Up =Tp — T, Up =Yn—T,
transforms the system (2.1) into

(1 n —]c)m ~
U =14 p—————————— — T
et (Un,1 + f)m 1 ’

Uptl = Up - (3.2)
For any p € N, we define the function

(w+z)™
F(u,v) — 1+p(v+ﬂf)m+1 : (3.3)

where p = mt The origin is the unique fixed point of F'(u,v), and the Jacobian matrix of F(u,v) evaluated

m2
at (0,0) is given by
mp  —(m+1)p
Jr(0,0)= | 22 2
1 0

The eigenvalues of Jr(0,0) are A(p,m) = a(p,m) +iB(p,m) and A(p,m) = a(p,m) —iB(p,m), being

mp

o) = T T i)

and

B(p.m) = Vm2p2? —2p(m + 1)(1 + 2p + /1 + 4p)
. (1+2p+ I+ 4p) '

If we assume that F' has the following form near the origin,

mp —(m+1)p

F U, — ? 52 u fl(p,U,’U) 3.4
then
1 4p (u+2)™" o
(v+z)m+Ht = F(p,u,v) , (3.5)
U
from which
_ (u+z)™ _ mp —(m+1)p
fl(pvuav)—l"‘p(v_,_j)mﬂ T Ut 2 Y
and
f2(an,U):0'

520



BERKAL and NAVARRO/Turk J Math

Let pg be
m+1
Po = 5 -
m
o . m+1
For p = pg, it is easy to see that T = - and
_mo
JF(OvO):JO— m+1
1 0
The eigenvalues of Jy are
< m+iv3m2 4+ 8m +4
A A = 3.6
(m). Am) L (36)

and their corresponding eigenvectors can be written as

(m), fi(m) = mFivdm? +8m + 4 )
p(m), i(m) = TRy 1)
Taking into account Eq. (3.6), one can easily check that | A(m) |= 1 and

N2(m) = —(m?+4m+2) +i 3m2+8m+4’

2(m +1)2
No(m) = (m® 4 7m? 4 10m + 4) + i(m? + 3m + 2)V3m2 + 8m + 4
B 4(m+1)3 ’
M(m) = (m* 4+ 5m3 + 12m? 4+ 12m + 4) — i(m3 + 5m? + 6m + 2)v/3m?2 + 8m + 4

4(m +1)3

from which follows that A\*(m) # 1 for any k =1,2,3,4.

m—+1

For p=1pg and T = , (3.5) adopts the form

where
_ _mADut A" 1 m
g1(u,v) = fi(p,u,v) = m2(v + mTH)mH m (m + 1)u+v
and

92(u,v) = fa(p,u,v) = 0.

Hence, (for p =pg), (3.2) is equivalent to

m
Unt1 \ _ [ m+1 -1 Un | g1 (u,v) .
Up+1 1 0 Un, QQ(U,U)
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Let
(UTL):T(§TL>’
Un n
where
-1 0
T= -m —V3m? +8m + 4
2(m+1) 2(m+1)
and
-1 0
T = —m —2(m+1)

V3m2Z+8m+4 V3m2+8m—+4

Using this transformation, the normal form of (3.2) is computed as

m —/3mZ+8m+4

£n+1 . 2(m + 1) 20D gn + TﬁlG T gn
Mot 1 5m2 + 8m + 4 —2m T T ’

2m+1)V3m2+8m+4  2(m+1)

where

Let

After some calculations, we obtain that

m41 1 m V3m?2 +8m +4
h = I - _ _
l(uﬂv) m2 (U,U)+ m 2(m+1)u 2(m+1) v,
being
m —(m+1)
M(u,v) = — m—l—l_u m+1 m u_\/3m2+8m—|—4v
T m m 2(m+1) 2(m+1) ’
and
-m
ho(u,v) = ————==h1(u,v).
) = e )

Next, in order to determine the direction of the appearance of the invariant curve in a system exhibiting a
. . . . . . m+1
Neimark—Sacker bifurcation, we consider the first Lyapunov coefficients at the point (u,v,pg) = <O, 0, ) ,
m
given by

L(m) = (Re()\(m)§21) — Re <(1 _12/\_(7;()7)';\)(?”) fzo{n) - % | &1 P = | o2 2) ;
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where
= 2(m + 1) ’ - 2(m +1) ,
and
1 .
520 = g [hluu - hlvv + 2h2uv + (hQuu - h2vv - 2h1uv)] ’
1 .
&1 = 4 [Mwu + Prow + 0 (P2uu + havo)]
1 .
502 = g [hluu - hlvv - 2h2uv +1 (h2uu - hZUU + 2h1uv)] ’
1 .
521 = T6 [hluuu + hluvv + h?uuv + h2vvv +1 (h2uuu + h2uvv - hlu’U«U B hlvvv)} ’
being

_on

Lo o3 O
luuw — 811,2 ) 2uv — Audv ) luuv — 6’&281} )

We can see that

AWIZ Vel e 1+22(pm++\/11)]—7ﬁa

and, thus,

(1po1y 20m+ 1)
)y \VPUp+ DA+ VIFAD) )

(dwpn) _m
dp pP=Po m+1

the above analysis leads to the following result [10, 15, 16, 21].

Since

Theorem 3.1 Suppose that L # 0 and the parameter p changes its value in a small vicinity of Ns. Then,

1+VI+4p 1+\/1+4p>
2 ’ 2 ’

Eq. (2.1) presents a Neimark-Sacker bifurcation at the positive equilibrium E = <

Moreover, if a L > 0 (respectively L < 0), there exists a unique repelling (respectively attracting) invariant

closed curve Y4 which bifurcates from E.

4. Illustrative example

In this section, we illustrate the results obtained in the previous sections by analyzing the solution to the

difference equation given by

I2

Tpt1 =1 +pm3n ) (4.1)
n—1

with initial conditions zo and x_1.
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In Eq. (4.1), m =2 and py = 0.75,

ey = 3 (3 (301 22\ 1 1 22
=gz \27 3" 3" 2 3"7 73
and
—v2
ha(u,v) = 1 hi(u,v).
Furthermore, the calculation of the partial derivatives of h; and hsy gives
4 8v/2 —64 -8
hluu - 2777 hluv - T’Y’ hlvv - 77 hluuu - %7
80v/2 128 —1280+/2 —V2
hluuv = i7 hluvv = 512’ h'lvvv = 7\[7 h2uu - T o~
243 243 243 27
—4 16 2v/2 —40
h2uv - 777 h2uv - 2777 2uuu — TB’ h2uuv - %7
—32v2 640
h2uvv = 7\[’ thUU = 51a
243 243

Now, we can obtain

5 16+17V2

2 =0.27 — 0.132i
§0 = 13 216 0.27 - 0.132,
5 16—+/2
= 4+i— 2=, 1514
ISH 9+z 516 0.555 4+ 0.1517 ,
19 16 —15v/2 ,
bop = oy Hi—g e = 0.018+0.0241,
720 1160v2
&n 243+Z 213 962 + 6.809:¢
Also,
1+i2v/2
A(2) = %ﬁ = 0.33 + 0.440;
and
- 1—i2v/2
A2) = % = 0.33 — 0.440i .
Finally,

(1—2X(2))A(2)?

1
fgofu) —3 | €11 12 = | €02 |2) = 7.49966 > 0.

Since L(m) > 0, by varying the value of p from p < py to p > po, a supercritical Neimark—Sacker bifurcation
arises at pg = 0.75 (see Figure 1). Namely, if p = 0.748 < po, the fixed point Z = 1.5 is asymptotically stable.
In Figure la, we depict in red 900000 iterations of the orbit with initial conditions (xg,x_1) = (1.7,1.7).
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If p > po (see Figure 1b—1d), we find an attracting closed invariant curve Yy encircling the fixed point. In
Figure. 1b—1d, we depict some 900, 000 iterations of the orbits with initial conditions (xg,z_1) = (0.485,0.485)
(in blue and located in the interior of the invariant curve) and (zg,z_1) = (1.7,1.7) (in red and located at the
outside of the invariant curve). The stable invariant curve Y, has been colored in green. In all these cases, (b),

(c), and (d), the blue orbit leaves the unstable fixed point Z and tends to the invariant curve Y.

1.52 T T T T T T T 1.75

1515 1

151

=
1.495 -
1.49
1.485 -
148 ; : : ; : : ; —- ; : ; ; ; ‘ ‘ ‘
148 1.485 149 1.495 1.5 1.505 1.51 1.515 1:E 1.3 1.35 1.4 145 1.5 1.55 1.6 1.65 1.7 1.75
X X
n n
(a) (b)
1.75
171
1.65
161
1.55
<
x
15
1.45
147
1.35
1.3 ! 1.3
1.3 1.35 1.4 145 15 1.55 1.6 1.65 1.7 1.7 1.3 1.35 14 145 1.5 1.55 1.6 1.65 1.7 175
X X
n n
() (d)

Figure 1. Trajectories (blue and red) for m = 2, po = 0.75, Z = 1.5 and P: (a) p = 0.748, (b) p = 0.7515, (c)
p=0.755, (d) p = 0.758.

In Figure 2, we show the bifurcation diagram of Eq. (4.1), for values of the parameter p in the interval
(0,1]. Figure 3 shows an asymptotic approximation of the invariant curve. We can conclude that all the
trajectories with initial conditions in the region enclosed by the invariant curve tends asymptotically to YT,
except the fixed point Z. The trajectories with initial conditions in the outside to the invariant curve tend to
T,. For values of the parameter p larger than pg, the invariant curve Y, tends to expand as the value of p

gets larger. Finally, for any p < pg, the invariant curve reduces and tends to the fixed point.
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1.35 . . . . . .
0.4 0.5 06 0.7 0.8 09 1 1.35 1.4 1.45 1.5 1.55 1.6 1.65 1.7

p X

n

Figure 2. Bifurcation diagram in (p,zy). Figure 3. Asymptotic approximation of the invariant
curve, for p = 0.758.

5. Conclusion
This paper focuses on a qualitative analysis of the solutions to the difference system given by Eq. (2.1). This
system depends on two parameters, m and p, and has one positive equilibrium FE. We have analyzed the
stability of E, finding that the positive equilibrium is asymptotically stable if p < (m + 1)/m? and unstable if
p> (m+1)/m®.

We have also proved the existence of a Neimark—Sacker bifurcation through the analysis of the normal
form of the system, concluding that a Neimark—Sacker bifurcation occurs when the parameter p varies in a
small vicinity of po/(m+1)/m?. Finally, we have illustrated this theoretical result with the help of a numerical

example.
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