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Abstract: In this paper, we introduce bi-periodic incomplete Horadam numbers as a natural generalization of incomplete
Horadam numbers. We study their basic properties and provide recurrence relations. In particular, we derive the

generating function of these numbers.
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1. Introduction

The Fibonacci sequence is one of the most famous and most studied sequences in mathematics. Its nth term
F,,, also called as the nth Fibonacci number, is defined by the recurrence relation F, = F,,_1+ F,,_o for n > 2
where Fy = 0 and F; = 1 are the initial values. This recurrence relation also defines the Lucas sequence for
the initial values Ly = 2 and L; = 1. It is well known that Fj,;; counts the number of tilings of an n-board

using either square tiles or two-square-wide dominoes [3]. It can be expressed as

8,
Foi = .
=0
This expression gives rise to a fascinating class of integers called the incomplete Fibonacci numbers. They were

introduced by Flipponi [7] for integers n and k with 0 <k < [251] as
M m—1—i
Fo(k) = Z; ( . )

Combinatorially, F,1(k) counts the number of ways to tile an n-board with at most k& dominoes [2]. Flipponi

[7] also defined the incomplete Lucas numbers for 0 <k < [3] as

Ln(k)zin’iic;i).

=0
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Incomplete Fibonacci and Lucas numbers have many interesting properties. They generalize the Fibonacci and

Lucas numbers. In other words, incomplete Fibonacci numbers reduce to Fibonacci numbers when &k = L"T*lj ,

and incomplete Lucas numbers reduce to Lucas numbers when k = |5 ].

Horadam sequence {W,,} with arbitrary integer initial values Wy and W; is defined by the recurrence
relation W,, = pW,_1 + qW,,_o for n > 2. Its terms are called the Horadam numbers and they provide a
generalization for Fibonacci numbers and Lucas numbers. Indeed, {W,} reduces to {F,} for p=¢ =1 and
Wy =0,W; =1,and to {L,} for p=¢g =1 and Wy =2,W; = 1. With this in mind, a question arises whether
or not incomplete Fibonacci and Lucas numbers extend to Horadam-like numbers. Belbachir and Belkhir [1]

responded this question by introducing incomplete Horadam numbers for n > 2 and 0 < k < L%J as

k . . .
W, (k) = Z (n —2i)W1 + piWy (n - Z)pn_%_lqi, (1.1)

‘ n—1 1
=0

where p and q are integers. They also introduced hyper-Horadam numbers and provided a connection between
Horadam numbers, incomplete Horadam numbers, and hyper-Horadam numbers.
The bi-periodic Horadam sequence {w,} is a natural generalization of the Horadam sequence. For

arbitrary initial values wg and wy, its terms are defined recursively for n > 2 by
wy = afTOREM ey 4 CWyp_2, (1.2)

where a,b, and ¢ are nonzero real numbers. Here, {(n) = 17(gl)n. It can easily be seen that the bi-

periodic Fibonacci sequence, the generalized bi-periodic Fibonacci sequence, the bi-periodic Lucas sequence,

the generalized bi-periodic Lucas sequence, and the classical Horadam sequence are special cases of the bi-
periodic Horadam sequence. For example, {w,} reduces to {W,,} when a =p, b =p, and ¢ = ¢q. For details,
we refer to [4-6, 12-14].

Ramirez [10] defined the bi-periodic incomplete Fibonacci numbers for n > 1 and 0 < k < V’T_IJ as

k .
) =3 ("l (13)
=0

In this spirit, Tan and Ekin [12] introduced the bi-periodic incomplete Lucas numbers for 0 < k < L%J by

n b n n—1 nl_;
pn(k) = al ggn_i( . )(ab)L2J . (1.4)

Motivated by the above studies, we introduce in this paper the bi-periodic incomplete Horadam numbers.
In particular, we give some recurrence relations and provide a connection between bi-periodic incomplete Fi-
bonacci numbers and bi-periodic incomplete Horadam numbers. We then derive the generating function of these
numbers. This new generalization shall give us a unified approach for many celebrated incomplete Fibonacci-
like sequences such as bi-periodic incomplete Fibonacci and Lucas sequences, incomplete Fibonacci and Lucas
sequences, incomplete balancing and Lucas-balancing sequences.
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2. Main results

In this section, we shall introduce bi-periodic incomplete Horadam numbers. To this purpose, we begin with

the following lemma. It provides a combinatorial expression for the bi-periodic Horadam numbers.

Lemma 2.1 For n > 1, the bi-periodic Horadam numbers satisfy

D) (n — 2i)w; + biwg ) X
. Z i (ab) .

n—1
=0

Proof We will use induction on n. Clearly, the equality holds for n = 1. Now suppose that the lemma is

true for any integer m with 1 < m < n. Then by the inductive hypothesis, we can write

wpyr = afMpE Ty 4w,

]
= e gEn-D) § (n — 20)w + biwg ("")(ab)L iy

n—1 1
=0

) L%J (n —1 —2i)w; + biwg (n - 1 - Z> (ab)lB]=i=1a+1,

n—1—1 )

=0

Since {(n — 1) =&(n+ 1), we have

7.+§(n+1) i

— 9 bi _
a *Mw, = (n Qlil;r el (n Z) ab

(n—1—2i)w; ‘+ biwg (n - 1 - Z) (ab) |2 ]—i-1+1
n—1—1 1

(n — 2i)wy + biwg (n — 2) ab) l2]-

n—1

(n—l—2@1w1+bzwo n— 1—2> ab)t Jim1 it
n — —1

S
Il
o

) I (n — 2i)w; + biwg (n @_ z) (a2 4

n—1

vl3
| —

=0

|2

n—1

(n—2i4+ 1w +b(i — 1)wo (@ - z) (ab)L%J—i i
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= wi(ab)L 2]+ £(n)(ab) M bwecl ] +

(
L J[n—21 w1+b’wO<”fi> +

w3

" s (=) st

I_n-zHJ . . ‘
(n—2i+1)w; +biwg (n—i+1 g
- n—it1 ; (ab) 77 e

i=0
Thus, the given formula is true for any positive integer n. O

In the light of Lemma 2.1, we can define bi-periodic incomplete Horadam numbers as follows.

Definition 2.2 Let n and k be positive integers such that 0 < k < L%J . We define the bi-periodic incomplete
Horadam numbers as

wn (k) = € 1>Z ”‘21)“’1””“0( i '>(ab)L”;1J—ici,

n—1
=0

Note that the incomplete Horadam numbers in (1.1) are a special case of this definition. They are
obtained for a =p, b=p, and c=gq.

It can easily be seen that w,(0) = aé™ Dw, (ab)[ 2] and w,, (|2]) = wy for n > 1. Similarly,

wy(1) = a7 Y (w1 (ab) L] + [(n — 2)wy + bwo] (ab) el c) )
w n—2 _ w, —woc?, if n is even,
" 2 o Wy, — [wl + (”T_l) bwo} c%, if n is odd,

for n > 2.

Example 2.3 For a =3,b=2,¢c=1,wg =4,w; =2 and 1 <n < 10, all the values of w, (k) are displayed
in the table on the next page.

Proposition 2.4 Consider the bi-periodic incomplete Horadam numbers wy(k). For 0 < k < 5= they satisfy

the nonlinear recurrence relation

wy (k) = af(”“)bg(")wn_l(k) + cwp_o(k —1).

Proof Suppose n is even. Since L%J = L%J — 1, we have

af(nJrl)bi(")wn_l(k) + Cwn—Q(k - ]‘)
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Table. Examples of a few bi-periodic incomplete Horadam numbers.

n/k | 0 1 2 3 4 5
1|2

2 |6 10

3 |12 |22

4 [36 |72 76

5 |72 |156 | 174

6 |26 |504 |594 | 598

7 432 | 1080 | 1344 | 1370

8 | 1296 | 3456 | 4536 | 4704 | 4708

9 [ 2592 | 7344 | 10152 | 10752 | 10786
10 | 7776 | 23328 | 33912 | 36792 | 37062 | 37066

J_ici +

k .
_ aag(n Z n72171 U)l +bZ’LUO <nzl>(ab)tﬂ;z

n—i—1 7
1=0

n—i—2

k—1
o€ 5 (n — 2i — 2)wy + biwg <n —i— 2) e

k
— a&(n—l)z n—22—1 w1+bzwo (Tl—l—l) L%J_l_ici_F

n—1i—1

n—1i—1 i—1

af(n— 1)2 21w1+bzlw0<nzl> L’ElJ*ici

k
- —2i — Dwy +biwg (n—i—1
= gt 1>Z[" ! ( )
P n—i—1
)]t
-1 —i—1 nei|_s
= §(n 1)Z|: ( . )-Fbwo(nl_ll ):| (ab)LT —iei

N I)Z (n — 2i)wy + biwg <"_l>(ab)t nst |

n—1 (3
=0

(n—QZ)wl—l—b(z—lwo(n—z—l

n—1i—1 i—1

= wy(k).

The proof is similar when n is odd. This completes the proof.
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Proposition 2.4 can be transformed into a nonhomogeneous recurrence relation as follows:

wp (k) = as D)y, —1(k) + cwp—a(k — 1)

f("+1)b5(") (k;) + cw,,— 2(](,‘) + C(wn,Q(k’ - 1) - wn72(k>)

€1 pé(n),, _1(k) + cwp_g(k)— (2.1)
L) (n 21; _2k)wl2+ bkwy ( ]l;: - 2) (ab) | 252 |~k k1
Proposition 2.5 For 0 <k < "‘;‘1, we have
> () wopi(k +Dal TFEL DT 0 2w o (4 5), (2.2)

=0

Proof We proceed by induction on s. The proof is clear for s =0 and s = 1 from Proposition 2.4. So assume
the relation in (2.2) holds for all positive j < s+ 1. We will only verify it for j = s + 1 when n is even since

the proof is similar when n is odd. Now,

Ej): (s j 1)wn+i(/c +i)al T ple] o1
Z [() ; ( s 1)] s slk 4 )al B o8] s

:zg (j)wm(kw)at“ﬂbtéj sl

gf (Z j 1) Wy (K + z’)aLTJ pli] pst1-i

(12 Jmeonath s mal 1ol

) (j) Wopivt(k +i+ 1)alFpl 5 o

1=—1

N <S j— 1) Wntst1(k+ s+ 1)@L¥J bL%J + cwppos(k + 5)+

<81) ket +a Z( )wnﬂﬂ k+i+1)al2lpl™

= cwpios(k+ 8) + awpiosr1(k+ 5+ 1) = wpiosia(k+s+1).

1J P

Hence the theorem holds for all j. This completes the proof. O
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Proposition 2.6 For s > 2k + 2, we have

s—1 ) )
ZaLS_i(;-H)Jitz-F&Z(MJbLS_EZ(ﬂ)J?LH—E(Zn-H)JCwn+i(k)
=0 (23)

s+£(2n+1) J b |_ s+€(n)

= woparr(k+1) —al = (k+ 1),

Proof We will use induction on s. We will only consider the case when n is odd since the proof is similar
when n is even.

Suppose n is odd. Then £(n) =1 and &(n+ 1) = 0. For s = 2, the right hand side of Equation 2.3 is
wpys(k +1) — abwy,41(k + 1), and it simplifies to acw,, (k) + cw,+1(k) by Proposition 2.4. This clearly equals
the left hand side. Hence, the proposition is true for s = 2.

Now suppose that the proposition is true for all 2 < s. We prove it for s. Since L%J = L%J +£(s), we
have

aLs+1—g(n+1)J_ Li+§2(n>J bLs+1—2§<n)J _ Li+§(;+1)J cwp i (k)

IS
—
it
=
[
|
—
o+
—
[
(=
—
(M1
[
|
—
[N
[
g
3
+
.
—~
=y
~—

=Sl Il cw,, (k) + cwnn o (R)

=N alslre@-[F Lzt e D=5 e (k) + cwngs (k)
=0

<

s—1 X X
— ag(s)bf(s-',-l) Z aLS%(;H)J*LH&?(n)J b|_5752(n>J7Lz+5(2n+1>J Cwn+i(k) + cwn+s(k)
=0

2

= afpeTy {wn+s+1(’f +1) —al L5 o (e + 1)} + cwnys(k)

s 541

=t Dy (k4 1) + cwnps (k) — a5 e+ %5 an+1(k +1)

s+1

= aEOpEEH gy (k1) + cwns (K) — ol % JbL#anH(k +1)

s+2

= wpisro(k+1) —al =T plF (k4 1)

Ls+1+§2(7z+1)J bLs«}»l«gE(n)J

= wn+s+2(k + 1) —a Wn+1 (k + 1) :

This completes the proof. O

We end this section by giving a connection between the generalized bi-periodic incomplete Fibonacci

numbers u, (k) and the generalized bi-periodic incomplete Lucas numbers v, (k).
Proposition 2.7 For 0 <k < L%J , we have
Un (k) = upy1(k) + cup—1(k —1).
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Proof Recall that

k
un (k) = afm=D) Z(”_l_z) @)l =i, o<k < V;lJ
1=0

and

inn (n72>(ab)L2Jici7 ogkégf

=0

So we have,

Upt1 (k) + ctp_1(k —1)

— o Z (“ il 4 catt Z (” 2l
— q§() z: (n ; z) (ab)L3]=ict 4 gt ; <n ;_1 ; z) (ab)L2]-ig
- a&(n)i [(“ l_ ’) + (” Z__ll_lﬂ (ab)LB]-ic
— &) zk: nTi Z (” Z‘ ’) (ab)L3]-1ci
=0

3. The generating function

In this section, we shall derive the generating function for the bi-periodic incomplete Horadam numbers. To
this purpose, we need the following lemma which can be obtained from [9] and [10]. We refer to Srivastava and

Monacha [11] for a general treatment of generating functions of special functions.
Lemma 3.1 Let {r,}2, be a given complex sequence, and let a,b, and ¢ be complex numbers. Suppose that

a complex sequence {s,}°2, satisfies the nonhomogeneous and nonlinear recurrence relation

_ bSp_1 + CSp_o + 1y, ifn is even,
Sn = aSp_1 + CSp_o +ar,, if n is odd,
for n> 1. Then the generating function U(t) of {sn}22, is given by

U(t) _ aG(t) + (so — 7”0) + [81 — a(ioi—l-a’l;z] ;—: (b — a)tf(t) +(1—a)Gy (t)

where f(t), G(t), and G1(t) are the generating functions of {Son+1}520, {rn oy, and {re,}52,, respectively,
and
[s1 —a(ro +r1)]t +cla(so +r1) — s1] 2 + atGy(t) + a(1 — ct?)Ga(t)

1 — (ab+ 2c)t? + c2t4

ft) =

561



TAN et al./Turk J Math

where Ga(t) denotes the generating function of {ron—1}52,.

o0 &)
Proof Let U(t) = > s,t™ and G(t) = > r,t™. Then,

n=0 n=0
(1—at — ct*)U(t) — aG(t)

= (sg—arg) + [s1 —a(so+r1)]t+ Z(S” — ASp—1 — CSp—2 — ary)t".

n=2

Let us simplify the summation above. Since so,11 = @S, + CSop—1+ aron+1 and So,, = bSom—_1+ CSam—2 +T2m ,
it follows that

o0

Z<S” — aSp—1 — CSp—g — ary)t" =

n=2

2m
(S2m — AS2m—1 — CSam—2 — AT2m)t

e i1

[(b — a)SQm_l + (]. — a)’l’gm] t2m

1

3
Il

= (b—a)t i sam 121 4 (1 — a) iramtm
= (b~ a)tf(;) +(1-a)Gi(t) - (1~ a,)_ro_
Hence,
(1 —at — ct®)U(t) — aG(t) = (so — o) + [s1 — a(so + 1)t + (b — a)tf(t) + (1 — a)G(t).

Then the formula for the generating function follows by solving the above equation for U(t).
Next, we calculate f(¢). For m > 2, it is easy to see that

2
S2m—1 = (ab + 2C)S2m—3 — C S2m—5 — a(CTZWn—S —T2m—-2 — T2m—1)-

Moreover,
sz — (ab+2¢)s1 +alcry —ro —r3) = ase — cs; — absy + acry — arg

= acsg — €81 + acry.

Then we have,
[1— (ab+2c)t* + Pt'] f(t) — atG1(t) + a(ct? — 1)Ga(t)
= [s1 —a(ro + )]t +cla(so + 1) — sl)]t?’.

The formula follows by solving the above equation for f(t). O

Now, we are ready to state the generating function for the bi-periodic incomplete Horadam numbers.
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Theorem 3.2 Consider the bi-periodic incomplete Horadam numbers wy (k). Let

Gi(t) = Rl ;wob — i - s & s}

i (1 - (ab)%t) (1 + (ab)%t) ]

cF 1 (wob — (wob — w1 )ab — 2 2 —

61t = -8 2((ab;5 - (1 Z)lt)k+1 (14 Z)lt)kﬂ
— (ab)2 + (ab)2

Then, the generating function Wi (t) of w,(k) is given by

aG(t) + wop + wop—1t + (b— a)tf(t) + (1 — a)G1(¥)
1—at—ct?

Wi(t) =Y w(k)t" =
n=0

where G(t) = G1(t) + G2(t), and

w2k+1t — C’U)gk_ftg + atG1 (t) + Cl(l - Ct2)G2(t)

ft) = 1 — (ab+ 2¢)t? + c2t*

Proof Let k be a fixed positive integer. It is easy to see that w, (k) =0 for 0 < n < 2k, and wak (k) = wai
and wag4+1(k) = war4+1. When n is even, it follows from the nonhomogeneous recurrence relation in Equation
2.1 that

wy (k) = aw,—1 (k) + cwp—o(k)

o1 (n =2k — 2)wy +bkwo (n—k —2 | 252 | =k 1
b P " f (ab) (AR

Similarly, when n is odd
wy (k) = bwy—1 (k) + cwp—a(k)

~ (n =2k = 2)w; + bkwyg (” —k— 2) (ab) [ 252 =k ht1

n—k—2 k

Now let us define
s = wor (k) = wor, 81 = wopt1(k) = wory1, Sp = Wortn(k),

and

ro=r1=0, r,=-—

(n— 2)+wk1 +5k‘wo (n +]1: - 2) (ab)LE]-1ekHL,
-

Then,

12 | [wob — (wob — w1)t] + [wob — (wob — w1 )abt] (ab)~2

(1 — (ab) t) o

Nl

[wob — (wob — w1 )t] — [wob — (wob — w1 )abt] (ab)~2
+ RN
(1 + (ab)?2 t)
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is the generating function of the sequence {—r,}. Thus the generating function of the sequence {w,(k)}22,

follows from [9, Lemma 3.1]. This completes the proof. O
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