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Abstract: In this paper, we give a necessary and sufficient condition for a generalized real Bott manifold to have a
spin structure in terms of column vectors of the associated matrix. We also give an interpretation of this result to the
associated acyclic w-weighted digraphs. Using this, we obtain a family of real Bott manifolds that does not admit spin
structure.
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1. Introduction

A generalized real Bott tower of height k is a sequence of real projective bundles

By —— By_1 By {pt} (11)

where B; is the projectivization of the Whitney sum of n; + 1 real line bundles over B;_;. This notion is
introduced by Choi et al. [3] as a generalization of the notion of a Bott tower given in [8]. The manifold By
is called a real Bott manifold when n; = 1 for each i and a generalized real Bott manifold, otherwise. The
manifold By can be realized as a small cover over Hle A™ where A™ is the n;-simplex [10, Corollary 4.6]. Tt
is also known that every small cover over a product of simplices is a generalized real Bott manifold [3, Remark
6.5].

Let P be a simple convex polytope of dimension n with the facet set F(P) = {Fi, -, F,,}. For every
small cover M over P, there is an associated (n x (m —n)) matrix A = [a,;] with entries in Zo which can be
used to reconstruct M (see Section 2). Moreover, the mod 2 cohomology ring structure of M depends only
on the face poset of P and the matrix A. More precisely, let Zo[P] be the Stanley-Reisner ring of P, that is,
the quotient of the polynomial ring Zs[xy,- - ,2,,] with the ideal I generated by the square free monomials
x4y @i, for which F;, N--- N F; is empty. There is a graded ring isomorphism between H*(M,Zs) and

m—n

Zs[P]/J where J is the homogeneous ideal generated by the monomials x; + Z @;jTn+j, [4, Theorem 4.14].
j=1

Here the degree of z; is 1. In [4, Corollary 6.8], Davis and Januskiewicz show that the total Stiefel-Whitney
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class of P is given by

w(M) = (T"l_”(l + $n+z)) . (:L (1+ gaiﬂ:nﬂ)) mod I. (1.2)

Therefore, the coefficient of x; in the first Stiefel-Whitney class of M is one more than the sum of the entries
of the (i — n)-th column of A when ¢ > n and zero, otherwise. Hence, the small cover M is orientable if and
only if the sum of the entries of the i-th column of the matrix A is congruent to 1 modulo 2 for each 7 > 1
[12, Theorem, 1.7]. Since A is a matrix over Zo, the sum of the entries of the j-th column of A is equivalent
to the dot product of the column vector with itself. Therefore, the small cover M is orientable if and only if
Aj - A; =1 modulo 2, where A; denote the j-th column vector of A.

In Section 2, we observe that a small cover M has a spin structure when A4, - A; = 3 (mod 4) and
A;-A; =0 (mod 2) for all 1 <i < j<m—n (Corollary 2.4). It turns out that when P is a product of
simplices of dimensions greater than 1, the converse is also true (Corollay 3.2). In other words, when each B;
is a projectivization of the Whitney sum of 3 or more line bundles, the generalized Bott manifold By, has a spin
structure if and only if A; - A; =3 (mod 4) and A; - A; =0 (mod 2) for all 1 <i < j <m —n. In Theorem
3.1, we give a criterion for an arbitrary generalized Bott manifold By to have a spin structure. It is equivalent
to the criterion given in [6].

In [7, Lemma 2.1], Gasior gives a formula for the second Stiefel-Whitney class of M(A) in terms of the
second Stiefel-Whitney classes of M(A;;), where A;; is an n x n matrix whose k-th column is Ay if k =14,j
and 0 otherwise, called an elementary component. After reducing the problem to elementary components, the
author gives a necessary and sufficient condition on existence of a spin structure on them in [7, Theorem 1.2]
which can also be obtained as a corollary of Theorem 3.1. Moreover, Proposition 3.7 is a generalization of this
result to the generalized real Bott manifolds.

It is well-known that real Bott manifolds can be classified by acyclic digraphs [3]. In [5, Theorem 4.5],
Dsouza gives a necessary and sufficient condition on the associated digraph for a given real Bott manifold to
have a spin structure. In [9], Giiglilkan {lhan and Giirbiizer show that for every generalized Bott manifold By,
there is an associated acyclic digraph Dp, on labeled vertices {vy,--- ,v;} where each edge from a vertex v;
has a vector weight in Z5*. In Section 4, we generalize the condition given by Dsouza and Uma to a condition
on Dp, for the associated generalized Bott tower By to have a spin structure (Theorem 4.2).

The Wu formula implies that w3(M) = 0 whenever wi(M) and we(M) are zero. Therefore, the result
of Section 3 gives us sufficient conditions for w3(M) to be zero. In Section 5, we obtain a formula for ws(M)
when M is a small cover over a product of simplices of dimensions greater than or equal to 3. As a corollary, we
give necessary conditions for the vanishing of the third Stiefel-Whitney class of M. We obtain similar results
for wy and we classify small covers over a product of simplices of dimensions greater than or equal to 4 whose

first four Stiefel-Whitney classes are zero.

2. Small covers

Let P be an n-dimensional simple convex polytope and F(P) = {Fi, Fs,...,F,} be the set of facets of
P. A small cover over P is an n-dimensional smooth closed manifold M with a locally standard Z%-action

whose orbit space is P. Two small covers M; and My over P are said to be Davis-Jansukiewicz equivalent
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if there is a weakly Z% -equivariant homeomorphism between M; and Mas covering the identity on P. The
Davis-Januskiewicz classes of small covers over P are given by the characteristic functions.
A characteristic function A : F(P) — Z% over P is a Z%-coloring function satisfying the following

nonsingularity condition:

Filﬂ"'ﬂFin#w :></\(F11),,)\(Fln)>:Zg

In [3], Davis and Janueskiewicz construct a small cover M (\) associated to a given characteristic function A

as the quotient space of the space (P x Z%) and the equivalence relation defined by

(p,g) ~ (qah) ifp: q and gilh € <>‘(F11)a’)‘(szc)>

k
where the intersection [ Fj; is the minimal face containing p in its relative interior.
j=1

Theorem 2.1 [3, Proposition 1.8] For every small cover M over P, there is a characteristic function X\ with

ZY5 -homeomorphism M(X\) — M covering the identity on P.

The group GL(n,Zs) acts freely on the set of characteristic functions over P by composition. Moreover,

the orbit space of this action is in one-to-one correspondence with the Davis-Januskiewicz equivalence classes

n
of small covers over P. Fix a basis e, - ,e, for Z% and reorder facets of P in such a way that () F; # 0.
i=1

By the above theorem, for a given small cover M over P, there is an (n x (m —n))-matrix A = [a;;] such that

M and M()) are Davis-Januszkiewicz equivalent where

e, 1 <n

)‘(Fl) = Zajiej 1> n.
J

Theorem 2.2 (Theorem 4.14, [3]) The mod 2 cohomology ring of M is Z[P]/J, where J is the homoge-
neous ideal generated by the monomials x; + Z Qi Tpyj -
j=1

Let w;(M) and w(M) denote the i-th and the total Stiefel-Whitney classes of M, respectively. By
Corollary 6.8 in [3], the total-Stiefel Whitney class of a small cover over M is given by the equation (1.2). Let
Aj denote the j-th column vector of A. Then the first Stiefel-Whitney class of M is given by the following

formula
wi(M) =Y 1+ a) wipn = (144 4) wign
i=1 J i—1

since a?i = a;;. Hence, M is orientable if and only if A; - A; = 1 (mod 2) for all 1 < i < m —n. By
comparing the degree 2-terms in each side of the equation (1.2), one obtains a similar formula for the second

Stiefel-Whitney class of M .
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Proposition 2.3 The second Stiefel-Whitney class of M is

wa(M) = Z o Ty, + Z Bij * Tign * Tjgn (mod 1) (2.1)
i=1 1<i<j<m-—n
1+ A;- A
where o; = ( + ) ) and Bi; = (1+ A; - Ai))(L+A; - Aj) + A; - A;.

Proof The coefficient of 27, in the equation (1.2) equals the coefficient of y? in (1 +y) (H(l + ajiy)),

J
which is the (k; + 1)-th power of 1+ y, where k; is the number of 1sin A;. Since the entries of A; are either
0 or 1, the number of 1’s in A; is equal to A; - A;. Hence, the coefficient of x%_m in (1.2) is (HAQ"'A").

To find B;;, first note that |[{¢| a;; = a;; = 1}| = A;- A;. Therefore, 5;; is equal to the coefficient of y;y;
in the product

(14 ) A A AP AN (L (A A A D1y g,

Hence, we have

Bij = (Ai-Ai—Ai- Aj+1)(A; - A; +1) + Ay (4 - 45)
= (LA A1+ Ay A — A A

Since we work with Fy coefficients, the result follows. O

Corollary 2.4 Let M be a small cover over P with an associated reduced matriz A. If A;- A; =3 (mod 4)
and A; - Aj =0 (mod 2) for all possible i < j then M has a spin structure.

3. Existence of spin structure

In this section, we give a necessary and sufficient condition for the existence of spin structure for generalized

Bott manifolds. Let By be a generalized real Bott manifold given in (1.1). One can realize By, as a small cover

k k
over P = [[A™, where Y n; =n. The facets of P is given by the following set
i=1 i=1

F={F =A" x--- x A" x fix At o A1 <i <k, 0< 7 <l

where {f§,..., f..} is the set of facets of the simplex A™ . Note that P has (n+ k)-facets and the intersection
ﬂ F]’ is nonempty. Hence, By can be represented by a (n x k) matrix A = [a,;;] by choosing F; = Fj’ for
370
l=ni+-+n;_1+jand 1 <j<n; and F, = F} for | =n +i. Following [2, 3], one can see A as a (k x k)
vector matrix A = [v;;] where v;; € Z3". Here v;; is the column vector whose [-th entry is apn,4...qn; 1 +i,5-
Note that facets in ]-"\{Fjll, e ,ka} intersect at a vertex for every 0 < j; < n; and 1 < i < k. Moreover,
a family of facets containing the set {Ff,---,F. } has an empty intersection for any 1 < i < k. Let Ay, ..y,
be a (k x k) matrix whose j-th row is the [;-th row of A for 1 <; <n; and 1 < ¢ < k. In [3], using these

facts, it is shown that the characteristic function corresponding to A satisfies the nonsingularity condition if
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and only if every principal minor of A;,..;, is 1 for all 1 <1; <mn; and 1 <i < k. This forces (v;;); =1 for
all 1 <i<kand 1<t <n;.
Note that the Stanley-Reisner ring of P is

Z2[$10,"' s Tingy " s TkOy " " axknk]/l

where I is the homogeneous ideal generated by monomial products x;0 - Tin,, 1 < ¢ < k. In this notation,
x;; corresponds t0 Ty, 4...qn; ,4+; When 1 < j <n, and to z,4, when j =0 in the equation (1.2). Therefore,

the second Stiefel-Whitney class of By is equal to
k
wo(M) = ai-a+ Y. Bij-wio- 0
i=1 1<i<j<k

modulo I where a; and f;; are as given in Proposition 2.3. From now on, we assume that n; =1 for 1 <¢ <1

and n; > 1, otherwise. This means that the only relations involving the monomials of degree 2 are
T =) _Vij - Tio - Tjo
J#i
for 1 <4 <1 (here, the vector v;; € Zs is considered a scalar). Therefore, we have
k
UJQ(M) = Z [e7] 'l‘?o + Z 51'.7‘ *Ti0 * 50 (31)
i=l+1 I<i<j<k

+ Z (Bij +Vij - i+ Vji - a5) - T - Tjo
i<j<l

+ Z (Bij + Vij - o) - Tio - Tj0

i<I+1<5<k

Theorem 3.1 The generalized real Bott manifold By has a spin structure if and only if the following conditions
are satisfied:

i) A;-A; =1 (mod 2) when i <1 and A; - A; =3 (mod 4); otherwise,
i) A;i-A; =0 (mod 2) foralll <i<j<k,

j~(Ai~Ai+1)+Vji~(Aj~Aj+1)

iii) A A; and .

have the same parity when 1 <1 < j <.

ZJ(A1A1+1)

w) A;-A; and M 5

have the same parity when 1 <i<l+4+1<j<k.

Proof The manifold By has a spin structure if and only if it is orientable and ws vanishes. Recall that the
manifold By, is orientable if and only if A; - A; is congruent to 1 modulo 2. In this case, 3;; = A; - A; modulo
2. Then the theorem follows from the equation (3.1) and the fact that (1+A2j'Aj) have the same parity with

A12J+1 ) O
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It is well-known that the vector matrix A is equivalent to an upper triangular one in which the entries of the
diagonal vectors are all 1 via conjugation by a permutation matrix [3, Lemma 5.1]. Under this assumption, the
above theorem is equivalent to the [6, Theorem 4.7]. In [6, Theorem 4.7], the ordering in the product is chosen
so that the last k—1 of the simplices have dimension 1. Moreover, Ts and T, in [6, Theorem 4.7] are equivalent
to (ASéAS) and A, - A, respectively and the orientability condition is equivalent to A, - A; =1 (mod 2).

By Theorem 3.1, it follows that the converse of Corollary 2.4 is also true when [ = 0.

Corollary 3.2 The generalized real Bott manifold with | = 0 has a spin structure if and only if A; - A; =
3 (mod 4) and A; - A; =0 (mod 2) for all 1 <i<j <k, where A is the reduced matric.

Example 3.3 Let P = A2x A3 x A® and B be a 3-step generalized Bott manifold corresponding to the reduced
matrix

OO, R R~ O~
OO O OO EFEOOo
= = O = =IO O

Then B has a spin structure by the above Corollary.

The following corollary also follows from the Proposition 5.1 of [13].

E
Corollary 3.4 If a generalized real Bott manifold over P = [[ A™ with | =0 admits a spin structure, then
t=1

n; =3 (mod 4) for some j.

k

Proof Let P = [[A™ and M be a small cover over P with an associated vector matrix A. If B is
=1

a vector matrix obtained by conjugating A via permutation matrix P, then A; - A; = B,(;) - By(;) and

Ai - Aj = Bo(i) - Bo(jy- Therefore, we can assume that A is an upper triangular vector matrix in which the

entries of the diagonal vectors are all 1. Then we have A; - Ay = ny. So if M has a spin structure, n; = 3
(mod 4). O

When [ = k, we have the following result.
Corollary 3.5 The real Bott manifold By has a spin structure if and only if

ij (A A+ 1) + vy - (44 +1)
2

v
i) Ai-A; and have the same parity when 1 < i < j <.
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The above corollary is equivalent to Theorem 3.2 in [5] where A is assumed to be upper-triangular. In

particular, Theorem 1.2 in [7] directly follows from the corollary.

Example 3.6 Let P =1 x A? x A%2. Then a small cover Bz over P corresponds to a vector matric

1 | a2 | as

as1 | 1 | a3

A = asy 1 ass
agr | ag2 | 1
as1 | as2 | 1

If B3 has a spin structure, then ais + aso2 + ase = 1 and a3 + ass + azz = 1 by part i of Theorem 3.1 and
a12013 + a23 + assz + ag2 + aso =0 (mod 2) by part ii of Theorem 3.1. By substituting the first two equations

to the last one, we get a1 = a3 = 0 and hence ago + ass = a3 + az3 = 1. On the other hand, at least one

of the vectors <Z42) and (ZB) must be zero by the nonsingularity condition. Hence, there is no small cover
52 33

over I x A? x A? with a spin structure when n > 2.

It is well-known that when n;’s are all even, there is no orientable small cover over P [1]. Hence, small
covers over P have no spin structures when all the n;’s are even. In the next section, we generalize the above
example to have a nonexistence result for every small cover over P = I x A?™ x ... x A?" for k > 2. When
k =1, a small cover over I x A* does not have a spin structure since A, - Ay is either 4¢ or 4t + 1. However,
the small cover over P = I x A**2 corresponding to a characteristic function A which sends Fj to e; and F2
to e; +e3 + - - - + eqrr3 has a spin structure.

Given a dimension function w : {1,2,...,n} — N, let I, be the identity vector matrix associated to w,
i.e. the (i,7)-entry of I, is 1 when w(1)+ -+ w(—1)4+1<i<w(l)+ - -+ w(j), and 0, otherwise. To

generalize Theorem 1.2 in [7] to our case, we denote the matrix A — [, where w(i) = n; by B.

Proposition 3.7 The generalized real Bott manifold with an associated matriz B has a spin structure if and
only if for all 1 < i < j <k, the generalized Bott manifold corresponding to B;; has a spin structure, where

B;j is the vector matriz whose [-th column is By if l =4,7 and 0, otherwise.

4. w-weighted digraph interpretation

In [2], Choi shows that there is a bijection between the set of real Bott manifolds and acyclic digraphs with
n-labeled vertices which sends By to a graph whose adjacency matrix is A — I;. In [5, Theorem 4.5], Dsouza
and Uma give an interpretation of existence of a spin structure for real Bott manifolds in terms of associated

digraphs. In this section, we generalize [5, Theorem 4.5] to small covers over a product of simplices.

Definition 4.1 Given a dimension function w : V — N, a digraph with vertex set V is called w -vector weighted

if every edge (u,v) is assigned a nonzero vector w(u,v) in Zg(u).

Let G be a w-vector weighted digraph. For convenience, we take the weight of (u,v) to be the zero

vector in Z;(u) when there is no edge from u to v. If (u,v) is an edge of G, then w is called an in-neighbor of
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v and v is called an out-neighbor of u. Let N (v) and N (v) denote the set of in-neighbors and out-neighbors

of v in G. We define in-degree deg™ (v) and out degree deg™ (v) of v as follows:

deg” (v) = Z w(u,v) - w(u,v)

u€Ng (v)

degt(v) = Z w(v,z) w(v,z).

zeNg(v)

We can consider a digraph as an w-weighted digraph with w(i) = 1 for each . In this case, the notion
of in-degree and out-degree of a vertex of a w-weighted digraph agrees with those of digraphs. An adjacency
matrix A, (G) of an w-weighted digraph G with labeled vertices vy, - - , v, is defined to be an (nxn) w-vector
matrix whose (,7)-th entry is w(vi, vj). An w-vector weighted digraph is called acyclic if it does not contain
any directed cycle.

As shown in [9], there is a one-to-one correspondence between the set of small covers over the product
P = A™ x ... A™ and the set of acylic w-weighted digraphs where w : {vy, -+ ,vx} — N is defined by
w(v;) = n;. The correspondence is obtained by sending a small cover with an associated matrix A to a w-
weighted digraph whose adjacency matrix is A—I,. For a given small cover B over P, we denote the associated
acyclic w-weighted digraph by Dp. Recall that the dot product of a vector v over Zs with itself is equal to
the number of nonzero coordinates of v. Therefore, A; - A; is equal to A, (Dg); - Au(Dpg)i + w(i) when i =j
and A, (Dp);- (AuDg); +w(vi, vj) - w(vi, vj) +w(vj, vi) - w(vj, vi), otherwise. Moreover, A, (Dg);-Au(DB):
is equal to deg™ (v;). Let M;; be the sum of w(u,v;) - w(u,v;) where u runs in the set of in-neighbor of both
v; and v;. Then A, (Dpg); - Au(Dg)j = M;;.

Theorem 4.2 The generalized real Bott manifold B with associated w-weighted digraph Dpg has a spin

structure if and only if the following conditions are satisfied:
i) Indegree of a vertex v of Dp is even if w(v) =1 and is congruent to —w(v) + 3 modulo 4, otherwise,

it) M;; is even if v; is neither in-neighbor nor out-neighbor v; with i # j,

(vi, v;) - deg™ (vi)

i) Mi; and — .

have the same parity when v; is an in-neighbor of v; with w(v;) =1,

) M;; and w(vi,vj) - w(vi,vj) have the same parity when v; is an in-neighbor of v; with w(v;) > 1.

Proof If v; is neither in-neighbor nor out-neighbor v;, conditions iii and iv of Theorem 3.1 is equivalent to
the statement that A, - A; is even for ¢ # j. In this case, we also have M;; = A; - A;. Otherwise, either v;
or v; is an in-neighbor of the other one. Since M;; = Mj;, without loss of generality, we can assume that v;
is. Then A; - Aj = M;; + w(vi, v;) - w(vi, vj). Therefore, when w(v;) = 1, combining conditions iii and iv of
Theorem 3.1, one obtains condition iii above. When w(v;) > 1, iv can be obtained by combining parts ii and

iv of Theorem 3.1.
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Example 4.3 Let P = A? x A3 x A3 x A3, and B be a 4-step generalized Bott manifold corresponding to the

reduced matrix

b

I
OO OO OO OO
== =O OO = RO
— ORI, RRLR R OOOoOIOO
Ll el e M) o leNel i

Then w:{1,2,3,4} = N with w(l) =2, w(2) =w(3) =w(4) =3 and an w-weighted digraph corresponding to

B is as given below. Since deg™ (v3) =2, B has no spin structure by part i of the above theorem.

U1

Corollary 4.4 A small cover over P =1 x A?™ ... x A?™ does not have a spin structure when k > 2.

Proof Let M be a small cover over P, and G be the associated acyclic w-weighted digraph. Assume for a
contradiction that M has a spin structure. The underlying digraph of G has a source, say v;. Since indegree
of v; is zero, the weight of v; must be 1. Let v; be a source of the digraph obtained by removing v; from the
underlying digraph and, v;, be a source of the digraph obtained by removing v; and v;. Then the in-degrees
of vertices v; and vy, are w(vj,vj) and w(vi, vk) + w(vj, vk) - w(vj, vi), respectively. By part i of the above
theorem, both of them must be odd. In particular w(vi,v;) = 1 and, w(vi, vk) and w(vj,vk) - w(vj, Vi)
have different parities. On the other hand, Mj, = w(v;, vk) as a dot product of j-th and k-th column of the
adjacency matrix. Since Mj; and w(vj, Vi) - w(vj, vi) have different parities, v; cannot be an in-neighbor of
vy, by part iv of the above theorem. This means that w(vj, vi) is the zero vector. Hence, by part ii, M;; must

be even and hence w(v;, vi) = 0. Contradiction. O

5. Higher Stiefel-Whitney classes

It is well-known that the Stiefel-Whitney classes w; of a smooth manifold satisfy the Wu formula [11]

. L jHt—i—1
Sq' (w;) = Z ( " >wi—twj+t

t=0
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where Sq° denotes the Steenrod squares. Therefore, for any i < j with i +j = m, one has
j—1 < (jrt—i-1
_ % v . .
( i >wm = Sq (wm) + ; < + )wz—twj+t-
Substituting m = 3 and i = 1 gives w3 = Sql(wg) + wiwsy. This means that whenever w; and ws are both

zero, so is ws. Therefore, the following result directly follows from Corollary 3.2.

Proposition 5.1 The first three Stiefel-Whitney classes of a small cover over a product of simplices of
dimensions greater than or equal to 2 are zero if and only if A;-A; =3 (mod 4) and A; - A; = 0 (mod

2) for all i # j where A is the associated reduced matriz.

Now we show that the conditions of the above proposition are not necessary for ws(M) to be zero. For
this, let kg(A) denote the size of the set {t| a;s = 1 for all s € S} for any S C {1,2,--- ,k} . We write kg
instead of ks(A) when it is clear from the context. Note that ky;y = A; - A; and ky; ;3 = A; - A;.

k
Theorem 5.2 The third Stiefel-Whitney class of a small cover M over P = [[ A™ modulo I is equal to

i=1
If{l} +1
ws (M) = Z ) +ZP i,J) zo%o + Z (1,2, 13)i,0%i50%i50
1<i<k i#£] i1 <i2<i3
where
- kiy +1
P(i,j) = ( " )'(k{j}+1) B ORI (5.1)
3 3
Qlis,in,i3) = (H (kgi,y +1) ) +3 (kpayy + 1) - Fpan s} (i) (5.2)
p=1 p=1

Proof One can easily find the coefficient of z3, as in the Stiefel-Whitney classes of smaller dimensions. The

coefficient of 2%z ;o is equal to the coefficient of y?y» in the polynomial
(1 + y) RO =R (1 4 )P TR L1 4y 4 o) R

as before. We can pick yo either from the factor (14 y5)¥ =% 3+ or from the factor (14 y; + yo)F¢ar . If

we chose it from the second one, we have to choose 3? from (1+y;)*t ~F.03 T (1 4y +y2)*93 ~1. Therefore,

we have

o Fry + 1 k
P(i,j) = (k{j}_k{i,j}+1)({}2 ) k{w}<{}>
Fery + 1
- <{}2 )(k{j}+1)—’f{i,j}~

The coefficient of the monomial 2;,02;,0%,0 in w3(M) is equal to the coefficient of y;y2ys3 in the product

3 k(iy— S kg s34k o +1 Efir i
{i;} Flip,ij} {i1.i0.i3} v —krs s s {i1,92,13}
< | |(1+yj) T P 1r2ts . I |(]_+yp+yq)k{1pﬂq} k{llwzﬂrs} . (1+y1 +y2+y3> e (53)
Jj=1

PF#q
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kiigy _pz Kgip.igy Th(igig,i33+1

Now we can choose y3 from either of the factors (14ys) #3 s (14yyFys) Ftinisy —Riia.is) |
k 1,19,
(1 + yo + y3)Fti2iis) “Ftinizis) or (1 4y +ya + yg) el Therefore, we have
Qinvizi) = (kiis) + Ry +1= D keiyist) - (U R (Ut Rgiy) + ki)
p#3

2
(D2 iy = Fginainy) - Cogiyy (L4 ki iay—16,0) + Ko i)

p=1
Fhfivinisy - (Kiykiy + kpiy iy — 1)

By algebraically manipulating terms, one can easily obtain the desired formula for Q(iy,i2,13). O

Note that the above theorem is also true for small covers over an arbitrary simple convex polytope when
the cohomology classes are represented appropriately. Moreover, one can easily find a formula for the third
Stiefel-Whitney class of a small cover over a product of simplices as in the equation (3.1) by taking the relations
coming from [ into account. Here, we focus on the case where the dimension of simplies are all greater than

equal to 3 in which I does not contain any relation of dimension 3 to obtain a simple formula.

k
Corollary 5.3 Let M be a small cover over P = [[A™ with n; > 3. Then ws(M) = 0 if and only if the
i=1

following conditions hold:
i) kgiy #2 (mod 4),
i) If kg or kyjy is odd then kg ;3 =1 (mod 2) if and only if either k;y =0 (mod 4) and kgjy =1 (mod
4 ) or vice a versa,
i) If kgiy = ki) = k{isy =0 (mod 4) for iy <o <z then kg, i1 + ki igy + Flis,isy =1 (mod 2).

k
Proof Since I does not contain a monomial of degree less than or equal to 3 when P = []A™ with
i=1

kenyn+1
n; > 3, wz(M) is zero if and only if ( {1}3+ ) =0 (mod 2) for all i, P(i,5) =0 (mod 2) for all i # j and

Q(i1,12,1i3) =0 (mod 2) for all i; < iy < ig. Here the first condition is equivalent to condition ¢. If neither
kgiy nor kygjy is divisible by 4 then P(i,j) = P(j,i) = 0 (mod 2) if and only if kf; ;3 = 0 (mod 2). Let
kgiy =0 (mod 4). Then P(i,j) =0 (mod 2) for all j # i. Moreover, P(j,i) = (k“%"H) — kgjykygi y is even if
and only if either k{;3 =0 (mod 4) or kg;3 =1 (mod 4) and ky; ;3 =1 (mod 2), or kgj3 =3 (mod 4) and
k{ijy =0 (mod 2). Therefore, when condition i holds, P(i,j) = P(j,i) =0 (mod 2) if and only if M satisfies
condition 3.

Now suppose that conditions ¢ and i hold. If ky;y, kg, and kg, are all divisible by 4, then we have

Qi1 i2,i3) = 1+ kipig) + Kiiyis} + Kfir,ipy  (mod 2)

and hence, Q(i1,42,i3) =0 (mod 2) if and only if éi¢ holds for the triple (i1,42,i3). Now suppose that at least
one of them is not divisible by 4. WLOG, assume that kg; y # 0 (mod 4). Then (1 + kgpy)kgi, py =1 (mod
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2) if and only if kg =0 (mod 4) and ky; 3 =1 (mod 4). Therefore, we have

Q(il,ig,ig) = (1 -+ k{iz})k{h,is} -+ (1 + k{’ig})k{il,iQ} =0 (mod 2 )

This proves the theorem. O

Since k; = deg™ (v;) + w(4) and k;; = M;; + w(vi,v;) - w(vi, vj) + w(vj, vi) - w(vj, vi), we have the

following.

k
Corollary 5.4 Let Dy be an w-weighted acyclic digraph associated to a small cover M over P = [[ A™ with
i=1

n; > 3. Then wsz(M) =0 if and only if the following conditions hold for vertices of Dy :

i) deg™ (v;) + w(i) £2 (mod 4),

i) If deg™ (v;) +w(i) or deg™ (vj) +w(j) is odd then M;; + w(vi, vj) - w(vi, v;) + w(vy, vi) - w(vy,vi) =1
(mod 2) if and only if either deg™ (v;) + w(i) =0 (mod 4) and deg™ (v;) + w(j) =1 (mod 4) or vice

versa,
dit) If deg™ (vyy) +w(ir) = deg™ (v4,) + w(iz) = deg™ (viy) +w(is) =0 (mod 4), then

z (Mipiq +w(vi,, Vi) - W(vi,, Vi) + W(vig, Vi, ) - w(viq,vip)) =1 (mod 2).
p#q

As shown above, when M is a generalized Bott manifold, the Stiefel-Whitney classes of M of dimensions
less than or equal to 3 can be written in terms of the dot products of columns of the associated reduced vector
matrix A. It is natural to ask whether this is true for all dimensions. The following theorem gives an affirmative

answer to this question.

k
Theorem 5.5 The fourth Stiefel-Whitney class of a small cover M over P = [[ A™ modulo I is equal to
i=1

ke +1 .. .
wy(M) = Z ( {1}4 >gg‘i‘0 + ZPl(z,j)xf’oxjo + Z Py(i, j)a3yas,
+ Y Qir iz, ia))a? oTinowigo + ) Rlir, da, i3, 14)Ti,0Ti50Ti50 40

where
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Py(i,j) = <k{i}3+ 1) (kg +1) - (k;}) kgigy
Po(i.j) = <k{i}2+ 1) ' (k{j}; 1) — kykgyki gy + (k{;’j})
Q(ir,i2,83) = (k{“}; 1) (("ﬂ{m} +1) (kigy +1) = k{z'z’iz}) - k{n}(; Kgir gt (Bgissiay— iy + 1))
P
TR i} Rlinis) = Klinsin,is)s
R(i1,in,13,00) = (ﬁ (kgiy + 1)) -3 ((k{ip} +1) (kg +1) - k{z’;i“’}) “K{iy sinsiasiat—{ipsig}-

p=1 p#q

Proof  Since the rest can be found similarly, we only provide a proof for the formula for Q(i1,i2,1s3).
Here Q(i1,12,43) is equal to the coefficient of y1y2ys in (5.3). One can choose ys from either of the factors

kfigy— 2 Fiip.igy Th{igig.igy 1
p#3

1+ys , T+ +ys kgiy igy —k{ig,iz.i5) , T+y2+ys kig,igy —k{iy in.ig) ,or (L+uy1 +
Y
k{ilvinfB}
Y2 + y3> . Therefore, we have
S ke +1
Q(i1,i2,13) = (k{is_} + Efiyisgigy +1— Zk{imis}) . {( { 1; ) . (k{z‘2} + 1) _ k{il}k{il,iz}}
p#3

ki
- (kginiar = Finazant) - () - (epiay +1) = (Rpay = Dk i)
2
ki 41
+(Rfizia} = Kirizia}) l( { 1; ) ki) — k{il}k{i17i2}]
k i1
+k{i17i27i3} ’ tud) k{iz} - (k{ll} o 1) (k{ihiz} - 1) :
2

Since the sum of the first factors of each term in the RHS of the equation is ky;,y + 1, the result easily follows.
O

k
Corollary 5.6 Let M be a small cover over P = [[A™ with n; > 4. Then wy(M) = 0 if and only if the
i=1

following conditions hold:

i) kiiy =0,1,2 or 7 (mod 8),

ii) ki jy must satisfy the following table:
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kj{i} (mod 8) k‘{j} (mod 8) kj{i’j} (mod 4)
0 0 1
0 1 0orl
0 2 1
1 1 2
1 2 2
2 2 3
- 7 0

i) ki g0y must satisfy the following table

k{i} (mod 8) k{j} (mod 8) k{l} (mod 8) k{i,j,l} (mod 2)
0 0 1
0 0 1 k(0.1
0 0 2 1
0 1 1 k{o.1}
0 1 2 k{o,1}
0 2 2 1
1 1 1 0
1 1 2 0
1 2 2 0
2 2 2 1

ke 1
Proof Note that ( {1}4—’— ) =0 (mod 2) if and only if ky;y satisfies the condition i. Here ky; ;3 and ky; ;1

depend on the values of kg, kg;y up to modulo 8, and ky;y,k(;; and kyy up to modulo 8, respectively. Let
0; denote the integer between 0 and 7 that is congruent to ky;; modulo 8.

Suppose that wy(M) = 0. Therefore, Py(i,7), P2(%,7), Q(i1,i2,43) and R(i1,i2,13,%4) are zero modulo
2 for all possible combinations. When 0; = 7, Pi(i,j) = ky; j3 and Pa(i,j) = kg 5y + (k“é”). This gives
that kg; ;3 =0 (mod 4) when 6; = 7. When 0; =2, Pi(i,j) = k{3 +1+ kg ;3 (mod 2) and hence we have
kgijy =0 (mod 2) when 0; = 1,7 and kg ;3 = 1 (mod 2) when 6; = 0,2. Since when (0;,0;) = (2,2),
Py(i,j) =1+ (k“é“) (mod 2), kg; ;3 =3 (mod 4). When 0; =0, P(i,j) =0 (mod 2) yields ky; ;3 =0 or 1
(mod 4). In particular, we have k; ;3 =1 (mod 4) when (6;,0;) = (0,2). Similarly, when 6; =1, P(i,j) =0
(mod 2) gives ky; j3 =1 or 2 (mod 4) and hence we have ky; ;3 =2 (mod 4) when (6;,0;) = (1,2).

When 0; = 0 for all i € {i1,12,43,44}, R(i1,42,13,14) = 1+Fkg;, 5,3 (mod 2) and hence it is zero modulo 2
if and only if kg, ;,3 =1 (mod 2). Since kg;, 5,3 =0 or 1 (mod 4) whenever ¢; = 0, we have kg;, ;,3 =1 (mod
4) in this case. Similarly, when 0; =1 for all i € {iy,42,i3,44}, R(i1,i2,73,74) =0 (mod 2) yields ky;, ;,3 =2
(mod 4) since it is either 1 or 2 modulo 4.

Under these assumptions, when ¢; = 7 for one of the i1,iy or iz, Q(i1,i2,13) = ki, is.i,y = 0 (mod 2).
When (6;,,6;,,0:,) = (2,0,0), Q(i1,i2,i3) =1+ k(4,43 =0 (mod 2). Similarly, Q(i1,42,i3) =0 (mod 2)
for (6;,,0i,,0:5) = (2,p1,p2) and (0;,,6;,,0;,) = (0,q1,q2) where 0 < p; <2 and 0 < ¢ < 1 give the all the
remaining restrictions on ky;, ;, 4,3 and proves the only if part of the theorem. One can easily check that under

these restrictions, ws(M) = 0. O

Whenever m is not a power of 2, the Wu formula can be used to express w,, in terms of lower Stiefel-
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Whitney classes and their Steenrod squares. Hence, one can conclude that whenever the lower dimensional

Stiefel-Whitney classes are zero then so is w,, for m # 2P for any p. Hence, we have the following result.

k
Corollary 5.7 Let M be a small cover over P = [[ A™ with n; > 4 with an associated matriz A. Then the
i=1

first seven Stiefel-Whitney classes of M are zero if and only if A;- A, =7 (mod 8), A;- A; =0 (mod 4) and
kg = Htlaw = aje = ayy = 1} =0 (mod 2) for all i < j <.

Proof By Proposition 5.1 and the above argument, it suffices to show that if 4;,-A; =7 (mod 8), 4;-4; =0
(mod 4) and ky; ;13 = [{tlais = ajs = ay = 1}| =0 (mod 2) for all i < j <[ then wy(M) = 0. This directly
follows from Theorem 5.5. O

When m is a power of 2, for all ¢ + j = m, (j ;1) is always even and hence one can not use the Wu
formula to find w,,. Considering the results of the paper, we believe that for each m = 2, kisy’s where S is

a subset of size t of {1,2,--- ,k} will appear as a coefficient of w,,(M) and we conjecture the following.

k
Conjecture 5.8 Let M be a small cover over P = [[ A™ with n; > 2t with an associated matriz A. Then
i=1

the first 271 — 1 Stiefel-Whitney classes of M are zero if and only if for any S C {1,2,---  k} of size less
than or equal to t + 1, kg = |{i| as; = 1 for any s € S}| is congruent to —1 modulo 271 when |S| =1 and is

5]

congruent to 0 modulo 28T1=151  otherwise.
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