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Abstract: Recently, several Bell based polynomials such as Bernoulli, Euler, Genocchi and Apostol versions were defined
and investigated. The main aim of this paper is to introduce the general family of Bell based Appell polynomials,
which includes many new members in addition to the existing ones, and to investigate their properties including
determinantal representation, recurrence relation, derivative formula, addition formula, shift operators and differential
equation. Furthermore, we introduce 2-iterated Bell-Appell polynomials and investigate their similar properties. With the
help of this 2-iterated family, we also obtain the closed form summation formulae between the usual and the generalized
versions of the Bell based Appell polynomials. Finally, we introduce the Bell based Bernoulli-Euler, Bernoulli-Genocchi,
Euler-Genocchi and Stirling-Appell polynomials of the second kind as special cases of 2-iterated Bell based Appell
polynomials and state the corresponding results.

Key words: Appell polynomials, Bell polynomials, Bell based Bernoulli polynomials, Bell based Euler polynomials,
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1. Introduction
Special polynomials are one of the important fields of mathematics. It is because of this reason that, especially
in recent years, general cases of special polynomials have been studied and new properties of these polynomials
have been discovered. Later, the hybrid polynomial families have emerged. The Appell polynomials are also
among the most important polynomials in the study of hybrid polynomials. The identity d

dxAj (x) = jAj−1 (x) ,

j = 1, 2, ... introduces Appell polynomials. Appell polynomials have a wide range of applications, including in
number theory, approximation theory, analytic functions, and so on (see for details [2, 3, 8, 9, 12, 17, 19, 25,
29, 31, 33, 34, 36, 37, 39, 41, 42]). Because of these applications, various properties of them have been studied.
Appell polynomials can be defined in a variety of equivalent definitions. Appell polynomials can also be defined
via the generating relation

A (t) ext =
∞∑
j=0

Aj (x)
tj

j!
, (1.1)
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where A (t) which is the determining function denoted by a formal power series

A (t) =

∞∑
j=0

Aj
tj

j!
, A0 ̸= 0 (1.2)

[2, 36]. Appell polynomials contain many polynomial families such as Bernoulli, Euler, Genocchi (Genocchi
polynomials are an analogous of Bernoulli and Euler polynomials) and Hermite polynomials [5, 9, 27, 35, 37]
which have many important application areas. Due to their usefulness in applied fields, different generalizations
of Appell polynomials have been studied, in recent years.

Bell polynomials, which are families of important fields of study such as special functions, analytic number
theory and combinatorics, have been the interest of many mathematicians. The Bell polynomials Belj (x) which
have a significant impact on number theory are defined by means of the generating function [6]

ex(e
t−1) =

∞∑
j=0

Belj (x)
tj

j!
, (1.3)

where Belj (x) are called the single-variable Bell polynomials. For x = 1, the Bell numbers Belj [6] are given
by the following serie

ee
t−1 =

∞∑
j=0

Belj
tj

j!
. (1.4)

The relationship between Stirling numbers of the second kind [26] and Bell polynomials is given as follows

Belj (x) = e−x
∞∑
l=0

lj

j!
xl

=

j∑
l=0

xlS2 (j, l) ,

where S2 (j, l) denote Stirling numbers of the second kind, defined by the relations [7, 37]

zj =

j∑
l=0

S2 (j, l) z (z − 1) · · · (z − l + 1) , (1.5)

and

(ez − 1)
l
= l!

∞∑
j=l

S2 (j, l)
zj

j!
. (1.6)

Bivariate Bell polynomials Belj (x, y) were defined by means of the generating function [11]

extey(e
t−1) =

∞∑
j=0

Belj (x, y)
tj

j!
. (1.7)
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The first five bivariate Bell polynomials Belj (x, y) are as follows:

Bel0 (x, y) = 1,

Bel1 (x, y) = x+ y,

Bel2 (x, y) = (x+ y)
2
+ y,

Bel3 (x, y) = (x+ y)
3
+ 3y2 + 3xy + y,

Bel4 (x, y) = (x+ y)
3
+ 6x2y + 12xy2 + 4xy + 6y3 + y2 + y.

Bivariate Appell polynomials play an important role in applied sciences because of their potentially useful prop-
erties. Many extensions of Appell polynomials such as Laguerre based, Hermite based, truncated exponential
based, ∆h -Gould-Hopper-Appell polynonials were investigated in detail (see [4, 18, 20, 22, 24, 28, 32]). In this
paper, motivated by these special polynomials, we introduce the Bell based Appell polynomials

A (t) extey(e
t−1) =

∞∑
j=0

BAj (x, y)
tj

j!
, (1.8)

where A (t) has a formal power series

A (t) =

∞∑
l=0

αl
tl

l!
, α0 ̸= 0. (1.9)

We can obtain the following polynomial families for certain choices of A (t) .

• In the case of A (t) = 1 and x = 0, the polynomials in (1.8) reduce to the Bell polynomials [13, 35].

• In the case A (t) = 1 , the polynomials in (1.8) reduce to the bivariate Bell polynomials [11].

• In the case of A (t) =
(

t
et−1

)α
, we get the Bell based Bernoulli polynomials of order α [11].

• In the case of A (t) =
(

2
et+1

)α
, we have the Bell based Euler polynomials of order α [15].

• In the case of A (t) =
(

2t
et+1

)α
, we get the Bell based Genocchi polynomials of order α [10].

• In the case of A (t) =
(et−1)

k

k! , the polynomials in (1.8) reduce to the Bell based Stirling polynomials [11].

• In the case of A (t) =
(

2σtµ

λet+1

)α
, we get the Bell based Apostol type polynomials of order α for λ, σ, µ ∈ C

and α ∈ N0 [16].

• In the case of A (t) =
(

t
λet−1

)α
, we have the Bell based Apostol-Bernoulli polynomials of order α [14].

• In the case of A (t) =
(

2
λet+1

)α
, we obtain the Bell based Apostol-Euler polynomials of order α [14].
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• In the case of A (t) =
(

2t
λet+1

)α
, the polynomials in (1.8) reduce to the Bell based Apostol-Genocchi

polynomials of order α [14].

• In the case of A (t) =
(

1−u
λet−u

)α
, we have the Bell based Apostol-type Frobenius-Euler polynomials

polynomials of order α [1].

• In the case of A (t) =
(

21−ktk

βbet−ab

)α
, the polynomials in (1.8) reduce to the Bell based unification of the

Apostol-Bernoulli, Euler and Genocchi polynomials for λ, α, β ∈ C, k ∈ N0 and a, b ∈ N− {0} .

This paper is organized as follows: In Section 2, the determinantal form, recurrence relation, derivative formula,
shift operators, differential equation and addition formula are obtained for Bell based Appell polynomials. In
Section 3, new properties of Bell based Bernoulli, Bell based Euler and Bell based Genocchi polynomials are
given as special cases of the main results obtained in Section 2. In Section 4, we define the 2-iterated Bell

based Appell polynomials BA[2]
j (x, y) and derive their determinantal representation, recurrence relation, shift

operators, differential equation and closed form summation formulae. In Section 5, we introduce some new 2-
iterated Bell based Appell polynomials such as Bell based Bernoulli-Euler, Bernoulli-Genocchi, Euler-Genocchi
and Stirling-Appell polynomials and state corresponding main results to those obtained in Section 4.

2. Bell based Appell polynomials

In this section, we give the determinantal form, recurrence relation, derivative formula, lowering and raising
operators, differential equation and addition formula for the Bell based Appell polynomials.

From (1.7), (1.8), and (1.9), the explicit representation of the Bell based Appell polynomials is given as
follows:

BAj (x, y) =

j∑
l=0

(
j

l

)
αj−lBell (x, y) .

Theorem 2.1 The Bell based Appell polynomials BAj (x, y) have the following determinantal representation:

BAj (x, y) =
(−1)

j

(γ0)
j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Bel0 (x, y) Bel1 (x, y) · · · Belj−1 (x, y) Belj (x, y)

γ0 γ1 · · · γj−1 γj

0 γ0 · · ·
(
j−1
1

)
γj−2

(
j
1

)
γj−1

0 0 · · ·
(
j−1
2

)
γj−3

(
j
2

)
γj−2

...
...

...
...

...

0 0 · · · γ0
(

j
j−1

)
γ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (2.1)

where γ0, γ1, γ2, . . . , γn are the coefficients of the Maclaurin series of the function 1
A(t) .
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Proof Using the series representation

[A (t)]
−1

=

∞∑
j=0

γj
tj

j!
, (2.2)

and the generating functions (1.7) and (1.8), we get

extey(e
t−1) =

∞∑
l=0

γl
tl

l!

∞∑
j=0

BAj (x, y)
tj

j!
. (2.3)

Hence, we can write

∞∑
j=0

Belj (x, y)
tj

j!
=

( ∞∑
l=0

γl
tl

l!

) ∞∑
j=0

BAj (x, y)
tj

j!

 . (2.4)

Applying the Cauchy product rule, we have

∞∑
j=0

Belj (x, y)
tj

j!
=

∞∑
j=0

j∑
l=0

(
j

l

)
γl BAj−l (x, y)

tj

j!
. (2.5)

Comparing the coefficients of tj

j! in the equation given above, we have

Belj (x, y) =

j∑
l=0

(
j

l

)
γl BAj−l (x, y) . (2.6)

Hence we get the following system of equations:

Bel0 (x, y) = γ0 BA0 (x, y) ,

Bel1 (x, y) = γ0 BA1 (x, y) + γ1 BA0 (x, y) ,

Bel2 (x, y) = γ0 BA2 (x, y) +

(
2

1

)
γ1 BA1 (x, y) + γ2 BA0 (x, y) ,

...

Belj−1 (x, y) = γ0 BAj−1 (x, y) +

(
j − 1

1

)
γ1 BAj−2 (x, y) + . . . γj−1 BA0 (x, y) ,

Belj (x, y) = γ0 BAj (x, y) +

(
j

1

)
γ1 BAj−1 (x, y) + . . .+ γj BA0 (x, y) .
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Using Cramer’s rule, we obtain

BAj (x, y) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γ0 0 · · · 0 Bel0 (x, y)

γ1 γ0 · · · 0 Bel1 (x, y)

γ2
(
2
1

)
γ1 · · · 0 Bel2 (x, y)

γ3
(
3
2

)
γ2 · · · 0 Bel3 (x, y)

...
...

...
...

...

γj−1

(
j−1
1

)
γj−2 · · · γ0 Belj−1 (x, y)

γj
(
j
1

)
γj−1 · · ·

(
j

j−1

)
γ1 Belj (x, y)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γ0 0 · · · 0 0

γ1 γ0 · · · 0 0

γ2
(
2
1

)
γ1 · · · 0 0

γ3
(
3
2

)
γ2 · · · 0 0

...
...

...
...

...

γj−1

(
j−1
1

)
γj−2 · · · γ0 0

γj
(
j
1

)
γj−1 · · ·

(
j

j−1

)
γ1 γ0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−1

.

(2.7)
Taking the determinant’s transpose and applying the lower triangular matrix property, we get

BAj (x, y) =
1

(γ0)
j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γ0 γ1 · · · γj−1 γj
0 γ0 · · ·

(
j−1
1

)
γj−2

(
j
1

)
γj−1

0 0 · · ·
(
j−1
2

)
γj−3

(
j
2

)
γj−2

0 0 · · ·
(
j−1
3

)
γj−4

(
j
3

)
γj−3

...
...

...
...

...
0 0 · · · γ0

(
j

j−1

)
γ1

Bel0 (x, y) Bel1 (x, y) · · · Belj−1 (x, y) Belj (x, y)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Lastly, using elementary row operations, the proof is completed. 2

Theorem 2.2 The recurrence relation satisfied by Bell based Appell polynomials BAj (x, y) is given by

BAj+1 (x, y) = x BAj (x, y) +

j∑
l=0

(
j

l

)
βl BAj−l (x, y) + y

j∑
l=0

(
j

l

)
BAj−l (x, y) , (2.8)

where
A

′
(t)

A (t)
=

∞∑
l=0

βl
tl

l!
. (2.9)

Proof Taking derivatives with respect to t on both sides of Equation (1.8), we obtain

∞∑
j=0

BAj+1 (x, y)
tj

j!
= +xA (t) extey(e

t−1) +
A

′
(t)

A (t)
A (t) extey(e

t−1) + yetA (t) extey(e
t−1).

(2.10)
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Using Equations (1.8) and (2.9) and then applying Cauchy product rule, we have

∞∑
j=0

BAj+1 (x, y)
tj

j!
=

( ∞∑
l=0

βl
tl

l!

) ∞∑
j=0

BAj (x, y)
tj

j!

+ x

∞∑
j=0

BAj (x, y)
tj

j!
+ y

∞∑
j=0

tl

l!

∞∑
l=0

BAj (x, y)
tj

j!

=

∞∑
j=0

j∑
l=0

(
j

l

)
βl BAj−l (x, y)

tj

j!
+ x

∞∑
j=0

BAj (x, y)
tj

j!
+ y

∞∑
j=0

j∑
l=0

(
j

l

)
BAj−l (x, y)

tj

j!
.

(2.11)

By equating the coefficients of tj

j! on both sides of (2.11), the proof is completed. 2

Theorem 2.3 In view of the generating function of Bell based Appell polynomials, the following partial
derivative formulae hold true:

∂

∂x
BAj (x, y) = j BAj−1 (x, y) , (2.12)

∂

∂y
BAj (x, y) = ∆x ( BAj (x, y)) , (2.13)

where
∆xf (x, y) = f (x+ 1, y)− f (x, y) .

Proof Taking derivatives with respect to x and y on both sides of (1.8), we can write

∞∑
n=0

∂

∂x
{ BAj (x, y)}

tj

j!
= t
{
A (t) extey(e

t−1)
}

and
∞∑
j=0

∂

∂y
{ BAj (x, y)}

tj

j!
=

(
et − 1

){
A (t) extey(e

t−1)
}

= A (t) e(x+1)tey(e
t−1) −A (t) extey(e

t−1)

=

∞∑
j=0

BAj (x+ 1, y)
tj

j!
−

∞∑
j=0

BAj (x, y)
tj

j!
.

The desired result is obtained by arranging these equations and comparing the coefficients of tj

j! .
2

Theorem 2.4 For the Bell based Appell polynomials BAj (x, y) , we have the following lowering and raising
operators:

xσ
−
j : =

1

j
Dx, (2.14)

xσ
+
j : = x+ y

j∑
l=0

Dx
l

l!
+

j∑
l=0

βl
Dx

l

l!
, (2.15)
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respectively, and the differential equation satisfied by the BAj (x, y) is given by

[
xDx + y

j∑
l=0

Dx
l+1

l!
+

j∑
l=0

βl
Dx

l+1

l!
− j

]
BAj (x, y) = 0 , (2.16)

where Dx := ∂
∂x and the βk ’s are the same as in (2.9) given by Theorem 2.2.

Proof In light of the following derivative relation

Dx BAj (x, y) = j BAj−1 (x, y) , (2.17)

we have
1

j
Dx BAj (x, y) = BAj−1 (x, y) . (2.18)

It demonstrates that provided the lowering operator

xσ
−
j :=

1

j
Dx.

Now, we may express the term BAj−l (x, y) in terms of the lowering operator in the recurrence relation (2.8)
as follows:

BAj−l (x, y) =
[
σ−
j−l+1σ

−
j−l+2 . . . σ

−
j

]
BAj (x, y)

=
(j − l)!

j!
Dl

x BAj (x, y) . (2.19)

By using Equations (2.8) and (2.19), we get

[
x+ y

j∑
l=0

Dx
l

l!
+

j∑
l=0

Dx
l βl

l!

]
BAj (x, y) = BAj+1 (x, y) ; (2.20)

therefore, the raising operator is obtained. In order to derive the differential equation, using the factorization
method

σ−
j+1σ

+
j ( BAj (x, y)) = BAj (x, y) , (2.21)

we have [
xDx + y

j∑
l=0

Dx
l+1

l!
+

j∑
l=0

Dx
l+1 βl

l!
− j

]
BAj (x, y) = 0 ,

whence the result. 2
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Theorem 2.5 Bell based Appell polynomials have the following addition formulae:

BAj (x+ z, y) =

j∑
l=0

(
j

l

)
BAj−l (z, y)x

l, (2.22)

BAj (x, y + z) =

j∑
l=0

(
j

l

)
BAj−l (x, y)Bell (z) , (2.23)

BAj (x+ z, y + ω) =

j∑
l=0

(
j

l

)
BAj−l (x, y)Bell (z, ω) . (2.24)

Proof Taking x+ z instead of x in Equation (1.8), we have

∞∑
j=0

BAj (x+ z, y)
tj

j!
= A (t) e(x+z)tey(e

t−1)

=

 ∞∑
j=0

BAj (z, y)
tj

j!

( ∞∑
l=0

xl t
l

l!

)
.

Applying the Cauchy product rule, we obtain

∞∑
n=0

BAn (x+ z, y)
tj

j!
=

∞∑
j=0

j∑
l=0

(
j

l

)
BAj−l (z, y)x

l t
j

j!
. (2.25)

Comparing the coeffcients of tj

j! on both sides of Equation (2.25) gives Equation (2.22). Similarly, Equation

(2.23) is obtained by replacing y with y + z , and Equation (2.24) is proved by replacing x with x + z and y

with y + ω . 2

Corollary 2.6 Bell based Appell polynomials have the following multiplication formula:

BAj (mx, ny) =

j∑
l=0

(
j

l

)
BAj−l (x, y)Bell ((m− 1)x, (n− 1) y) , m, n ∈ N. (2.26)

This results from (2.24) by taking z = (m− 1)x and ω = (n− 1) y .

Theorem 2.7 Bell based Appell polynomials satisfy the following relation

j∑
l=0

(
j

l

)
BAl (x, y)Aj−l (x, y) =

j∑
l=0

(
j

l

)
BAj (2x, 2y)αj−l.

Proof Consider the following equations:

A (t) extey(e
t−1) =

∞∑
j=0

BAj (x, y)
tj

j!
, (2.27)
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A (t) extey(e
t−1) =

∞∑
l=0

BAl (x, y)
tl

l!
. (2.28)

From (2.27) and (2.28), we obtain

A (t)
[
A (t) e2xte2y(e

t−1)
]
=

 ∞∑
j=0

BAj (x, y)
tj

j!

( ∞∑
l=0

BAl (x, y)
tl

l!

)
.

Using Equations (1.8), (1.9) and applying the Cauchy product rule, we have

∞∑
j=0

j∑
l=0

(
j

l

)
BAl (x, y)Aj−l (x, y)

tj

j!
=

∞∑
j=0

j∑
l=0

(
j

l

)
αj−l BAj (2x, 2y)

tj

j!
.

Hence we get the result. 2

3. Special cases of Bell based Appell polynomials

In this section, by choosing some special cases of the determining functions A (t) , we obtain the polynomials
given in [10, 11, 15]. We present the recurrence relation, determinantal representation, shift operators and
differential equation provided by Bell based Bernoulli polynomials, Bell based Euler polynomials and Bell based
Genocchi polynomials. As far as we have known, all results are new for these existing families.

3.1. Bell based Bernoulli polynomials of order α

Bell based Bernoulli polynomials of order α are defined by the following generating function [11]:(
t

et − 1

)α

extey(e
t−1) =

∞∑
j=0

BB(α)
j (x, y)

tj

j!
.

The first five Bell based Bernoulli polynomials (α = 1) are as follows:

BB0 (x, y) = 1,

BB1 (x, y) = x+ y − 1

2
,

BB2 (x, y) = (x+ y)2 − x+
1

6
,

BB3 (x, y) = (x+ y)3 − 3

2
x2 +

1

2
x+

3

2
y2,

BB4 (x, y) = (x+ y)4 − 2x3 + x2 + 6xy2 + 4y3 + 2y2 − 1

30
.

Corollary 3.1 The Bell based Bernoulli polynomials BB(α)
j (x, y) satisfy the following recurrence relation

BB(α)
j+1 (x, y) = x BB(α)

j (x, y) + y

j∑
l=0

(
j

l

)
BB(α)

j−l (x, y)− α

j∑
l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Bl−m+1

(l + 1)
BB(α)

j−l (x, y) ,
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where Bernoulli numbers Bl are given by the following series [5]

t

et − 1
=

∞∑
l=0

Bl
tl

l!
.

Corollary 3.2 For the Bell based Bernoulli polynomials BB(α)
j (x, y) , we have the following lowering and

raising operators

xσ
−
j : =

1

j
Dx,

xσ
+
j : = x+ y

j∑
l=0

Dx
l

l!
− α

j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl+1

(l + 1)

Dx
l

l!
,

respectively. The polynomials BB(α)
j (x, y) satisfy the following differential equation

[
xDx + y

j∑
l=0

Dx
l+1

l!
− α

j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl−m+1

(l + 1)

Dx
l+1

l!
− j

]
BB(α)

j (x, y) = 0.

Corollary 3.3 The Bell based Bernoulli polynomials BBj (x, y) have the following determinantal representa-
tion for α = 1

BBj (x, y) = (−1)
j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Bel0 (x, y) Bel1 (x, y) · · · Belj−1 (x, y) Belj (x, y)

1 1
2 · · · 1

j
1

j+1

0 1 · · ·
(
j−1
1

)
1

j−1

(
j
1

)
1
j

0 0 · · ·
(
j−1
2

)
1

j−2

(
j
2

)
1

j−1

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

3.2. Bell based Euler polynomials of order α

Bell based Euler polynomials of order α are defined by the following generating function [15]:

(
2

et + 1

)α

extey(e
t−1) =

∞∑
j=0

BE(α)
j (x, y)

tj

j!
.
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The first five Bell based Euler polynomials (α = 1) are as follows:

BE0 (x, y) = 1,

BE1 (x, y) = x+ y − 1

2
,

BE2 (x, y) = (x+ y)2 − x,

BE3 (x, y) = (x+ y)3 − 3

2
x2 +

3

2
y2 − 1

2
y +

1

4
,

BE4 (x, y) = (x+ y)4 − 2x3 + x+ 6xy2 − 2xy + 4y3 + y2.

Corollary 3.4 The Bell based Euler polynomials BE(α)
j (x, y) satisfy the following recurrence relation

BE(α)
j+1 (x, y) = x BE(α)

j (x, y) + y

j∑
l=0

(
j

l

)
BE(α)

j−l (x, y)−
α

2

j∑
l=0

l∑
m=0

(
j

l

)(
l

m

)
El−m BE(α)

j−l (x, y) ,

where Euler numbers El [9] are given by the following series

2

et + 1
=

∞∑
l=0

El
tl

l!
.

Corollary 3.5 For the Bell based Euler polynomials BE(α)
j (x, y) , we have the lowering and raising operators

xσ
−
j : =

1

j
Dx,

xσ
+
j : = x+ y

j∑
l=0

Dx
l

l!
− α

2

j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l

l!
,

respectively. The polynomials BE(α)
j (x, y) satisfy the following differential equation[

xDx + y

j∑
l=0

Dx
l+1

l!
− α

2

j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l+1

l!
− j

]
BE(α)

j (x, y) = 0. (3.1)

Corollary 3.6 The Bell based Euler polynomials BEj (x, y) have the following determinantal representation
for α = 1

BEj (x, y) = (−1)
j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Bel0 (x, y) Bel1 (x, y) · · · Belj−1 (x, y) Belj (x, y)

1 1
2 · · · 1

2
1
2

0 1 · · ·
(
j−1
1

)
1
2

(
j
1

)
1
2

0 0 · · ·
(
j−1
2

)
1
2

(
j
2

)
1
2

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.
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3.3. Bell based Genocchi polynomials of order α

Bell based Genocchi polynomials of order α are defined by the following generating function [10]:

(
2t

et + 1

)α

extey(e
t−1) =

∞∑
j=0

BG(α)
j (x, y)

tj

j!
.

The first five Bell based Genocchi polynomials (α = 1) are as follows:

BG0 (x, y) = 0,

BG1 (x, y) = 1,

BG2 (x, y) = 2 (x+ y)− 1,

BG3 (x, y) = 3 (x+ y)2 − 3x,

BG4 (x, y) = 4 (x+ y)3 − 6x2 + 6y2 − 2y + 1.

Corollary 3.7 The Bell based Genocchi polynomials BG(α)
j (x, y) satisfy the following recurrence relation

BG(α)
j+1 (x, y) =

(
j + 1

j + 1− α

)
x BG(α)

j (x, y) +

(
j + 1

j + 1− α

)
y

j∑
l=0

(
j

l

)
BG(α)

j−l (x, y)

−α

2

(
j + 1

j + 1− α

) j∑
l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Gl−m+1

(l + 1)
BG(α)

j−l (x, y) ,

where Genocchi numbers Gl [9] are given by the following series

2t

et + 1
=

∞∑
l=0

Gl
tl

l!
.

Corollary 3.8 The Bell based Genocchi polynomials BG(α)
j (x, y) have the lowering and raising operators as

xσ
−
j :=

1

j
Dx,

xσ
+
j :=

(
j + 1

j + 1− α

)
x+

(
j + 1

j + 1− α

)
y

j∑
l=0

Dl
x

l!
− α

2

(
j + 1

j + 1− α

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

(l + 1)

Dl
x

l!
,

respectively. The polynomials BG(α)
j (x, y) satisfy the following differential equation

[(
j + 1

j + 1− α

)
xDx +

(
j + 1

j + 1− α

)
y

j∑
l=0

Dx
l+1

l!

−α

2

(
j + 1

j + 1− α

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

Dx
l+1

(l + 1)!
−
(
j + 1−

(
j + 1

j + 1− α

))]
BG(α)

j (x, y) = 0.
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Corollary 3.9 The Bell based Genocchi polynomials BGj (x, y) have the following determinantal representation
for α = 1

BGj (x, y) = (−1)
j
2j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Bel0 (x, y) Bel1 (x, y) · · · Belj−1 (x, y) Belj (x, y)

1
2

1
4 · · · 1

2j
1

2(j+1)

0 1
2 · · ·

(
j−1
1

)
1

2(j−1)

(
j
1

)
1
2j

0 0 · · ·
(
j−1
2

)
1

2(j−2)

(
j
2

)
1

2(j−1)

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

4. 2-iterated Bell based Appell polynomials
2-iterated polynomials are one of the important fields of study with potential applications in number theory,
special function theory and combinatorics. Some of the principal polynomial families investigated in this
area are the 2-iterated Appell polynomials, twice-iterated ∆h Appell polynomials, twice-iterated 2D q -Appell
polynomials, 2-iterated Bernoulli poynomials and 2-iterated Euler polynomials families in [21, 23, 38, 40].
In this section we introduce 2-iterated Bell based Appell polynomials and present equivalance theorem for
the definition, recurrence relation, lowering and raising operators, differential equation and determinantal
representation for them.

Let BAj (x, y) be the Bell based Appell polynomials given by

BAj (x, y) =

j∑
l=0

(
j

l

)
αj−lBell (x, y) (4.1)

with

A (t) =

∞∑
l=0

αl
tl

l!
, α0 ̸= 0. (4.2)

Now, we introduce the 2-iterated Bell based Appell polynomials as follows:

Definition 4.1 Let BAj (x, y) be Bell based Appell polynomials given in (4.1) and Pj (x, y) be any polynomial
with explicit representation given as follows:

Pj (x, y) =

j∑
l=0

b (j, l)Bell (x, y) . (4.3)

Let BA[2]
j (x, y) be the bivariate polynomial convolution defined by the Bell based Appell polynomials given as

BA[2]
j (x, y) :=

j∑
l=0

b (j, l) BAl (x, y) , j ∈ N0. (4.4)
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Then the polynomials BA[2]
j (x, y) will be called 2-iterated Bell based Appell polynomials if they satisfy the

following relation

Dx BA[2]
j (x, y) = j BA[2]

j−1 (x, y) , j = 1, 2, ... .

Theorem 4.2 The following statements are equivalent.

(i)
{
BA[2]

j (x, y)
}
j∈N

is a sequence of 2-iterated Bell based Appell polynomials.

(ii) {Pj (x, y)}j∈N is a sequence of Bell based Appell polynomials with the determining function

B (t) =

∞∑
j=0

bj
tj

j!
, b0 ̸= 0, (4.5)

and b (j, l) are given by

b (j, l) =

(
j

l

)
bj−l. (4.6)

(iii) The sequence of 2-iterated Bell based Appell polynomials
{
BA[2]

j (x, y)
}
j∈N

have the following explicit

represantation

BA[2]
j (x, y) =

n∑
l=0

l∑
m=0

(
j

l

)(
l

m

)
bj−lαmBell−m (x, y) . (4.7)

(iv) The generating relation of the
{
BA[2]

j (x, y)
}
j∈N

is given by

A (t)B (t) extey(e
t−1) =

∞∑
j=0

BA[2]
j (x, y)

tj

j!
. (4.8)

Proof (i) ⇔ (ii) Let
{
BA[2]

j (x, y)
}
j∈N

be a sequence of 2-iterated Bell based Appell polynomials. Using the

derivative operator Dx := ∂
∂x on both sides of (4.4), we obtain

jBA[2]
j−1 (x, y) =

j∑
l=1

b (j, l) l BAl−1 (x, y) =

j−1∑
l=0

b (j, l + 1) (l + 1) BAl (x, y) . (4.9)

Multiplying both sides by 1
j , we have

BA[2]
j−1 (x, y) =

1

j

j−1∑
l=0

b (j, l + 1) (l + 1) BAl (x, y) ,

or equivalently

BA[2]
j (x, y) =

1

j + 1

j∑
l=0

b (j + 1, l + 1) (l + 1) BAl (x, y) . (4.10)
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Comparing (4.4) and (4.10), we have

b (j, l) =
l + 1

j + 1
b (j + 1, l + 1) .

Iterating this last equation l times, we obtain

b (j + 1, l + 1) =
(j + 1) j... (j − l + 1)

(l + 1) l . . . 1
b (j − l, 0)

=

(
j + 1

l + 1

)
b (j − l, 0) .

Thus we get the following relation

b (j, l) =

(
j

l

)
bj−l. (4.11)

Writing (4.11) in (4.3), we have

Pj (x, y) =

j∑
l=0

(
j

l

)
bj−lBell (x, y) . (4.12)

Applying the derivative operator Dx on both sides of the last equation, we get

Dx (Pj (x, y)) = jPj−1 (x, y) . (4.13)

Thus, {Pj (x, y)}j∈N is a sequence of Bell based Appell polynomials. The converse proposition (ii) ⇔ (i) is
obviously true.

Let {Pj (x, y)}j∈N be a sequence of Bell based Appell polynomials to obtain (ii) ⇔ (iii) . We have the
following definition of the 2-iterated Bell based Appell polynomials

BA[2]
j (x, y) :=

j∑
l=0

(
j

l

)
bj−l BAl (x, y) , j ∈ N0

where

BAl (x, y) =

l∑
m=0

(
l

m

)
αmBell−m (x, y) . (4.14)

Thus, the 2-iterated Bell based Appell polynomials satisfy the explicit representation as follows:

BA[2]
j (x, y) =

l∑
j=0

(
j

l

)
bj−l

m∑
l=0

(
l

m

)
αmBell−m (x, y) .

The converse proposition (iii) ⇔ (ii) is is obviously true.

By writing the explicit form of BA[2]
j (x, y) and using the Cauchy’s product rule for the series, we can

obtain (iii) ⇔ (iv) . 2
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4.1. Main properties of the 2-iterated Bell based Appell polynomials

Theorem 4.3 The recurrence relation satisfied by the 2-iterated Bell based Appell polynomials BA[2]
j (x, y) is

given by

BA[2]
j+1 (x, y) = x BA[2]

j (x, y) + y

j∑
l=0

(
j

l

)
BA[2]

j−l (x, y) +

j∑
l=0

(
j

l

)
βl BA[2]

j (x, y) +

j∑
l=0

(
j

l

)
θl BA[2]

j (x, y) ,(4.15)

where
A

′
(t)

A (t)
=

∞∑
l=0

βl
tl

l!
,

B
′
(t)

B (t)
=

∞∑
l=0

θl
tl

l!
. (4.16)

Proof This theorem is proved in the same way of Theorem 2.2. 2

Theorem 4.4 For the 2-iterated BA[2]
j (x, y) Bell based Appell polynomials, we have the lowering and raising

operators as

xσ
−
j : =

1

j
Dx, (4.17)

xσ
+
j : = x+ y

j∑
l=0

Dx
l

l!
+

j∑
l=0

βl
Dx

l

l!
+

j∑
l=0

θl
Dx

l

l!
, (4.18)

respectively, and the differential equation satisfied by the 2-iterated Bell based Appell polynomials BA[2]
j (x, y)

is given by [
xDx + y

j∑
l=0

Dx
l+1

l!
+

j∑
l=0

βl
Dx

l+1

l!
+

j∑
l=0

θl
Dx

l+1

l!
− j

]
BA[2]

j (x, y) = 0 , (4.19)

where βl and θl are the same as in (4.16) given by Theorem 4.3.

Proof This theorem is proved in the same way of Theorem 2.4. 2

Theorem 4.5 The 2-iterated Bell based Appell polynomials BA[2]
j (x, y) have the following determinantal

representation

BA[2]
j (x, y) =

(−1)j

(λ0)
j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BA0 (x, y) BA1 (x, y) · · · BAj−1 (x, y) BAj (x, y)

λ0 λ1 · · · λj−1 λj

0 λ0 · · ·
(
j−1
1

)
λj−2

(
j
1

)
λj−1

0 0 · · ·
(
j−1
2

)
λj−3

(
j
2

)
λj−2

...
...

...
...

...

0 0 · · · λ0

(
j

j−1

)
λ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

, (4.20)
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where λ0, λ1, λ2, . . . , λj are the coefficients of the Maclaurin series of the function 1
B(t) and

BAj (x, y) =

j∑
l=0

(
j

l

)
λl BA[2]

j−l.

Proof The theorem is proved in a same way as in Theorem 2.1. 2

Theorem 4.6 The 2-iterated Bell based Appell polynomials have the following summation formula

BA[2]
j (x, y) =

j∑
k=0

k∑
l=0

l∑
m=0

(
j

k

)(
k

l

)(
l

m

)
Belj−k (x, y) δk−lβl−mβm , (4.21)

where
A (t)

B (t)
=

∞∑
k=0

δk
tk

k!
and B (t) =

∞∑
l=0

βl
tl

l!
. (4.22)

Proof Taking A(t)
B(t)B (t) instead of A (t) in (4.8) and using (4.22), we have ∞∑
j=0

Beln(x, y)
tj

j!

( ∞∑
k=0

δk
tk

k!

)( ∞∑
l=0

βl
tl

l!

)( ∞∑
m=0

βm
tm

m!

)
=

∞∑
j=0

BA[2]
j (x, y)

tj

j!
.

Applying the Cauchy product rule, we obtain

∞∑
j=0

j∑
k=0

k∑
l=0

l∑
m=0

(
j

k

)(
k

l

)(
l

m

)
Belj−k (x, y) δk−lβl−mβm

tn

n!
=

∞∑
j=0

BA[2]
j (x, y)

tj

j!
.

Comparing the coefficients of tj

j! on both sides of the result equation, the proof is completed. 2

Corollary 4.7 In the case A (t) = B (t) = t
et−1 , we have the following summation formula

BA[2]
j (x, y) =

j∑
k=0

k∑
l=0

(
j

k

)(
k

l

)
Bk−lBlBelj−k (x, y) ,

where Bernoulli numbers Bk [5] are given by the following series

t

et − 1
=

∞∑
k=0

Bk
tk

k!
.

In the case A (t) = 2
et+1 and B (t) = 2t

et+1 , we have the following summation formula

BA[2]
j (x, y) =

j∑
k=0

k∑
l=0

(
j

k

)(
k

l

)
GlGk−l+1

k + 1
Belj−k (x, y)

where Genocchi numbers Gk [9] are given by the following series

2t

et + 1
=

∞∑
k=0

Gk
tk

k!
.
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4.2. Closed form summation formulae for the 2-iterated Bell based Appell polynomials
In this section, we obtain closed form summation formulae between the usual and the generalized versions of
the Bell based Appell polynomials. Then the corresponding closed form summation formulae are given for Bell
based Bernoulli polynomials, Bell based Euler polynomials and Bell based Genocchi polynomials.

We start by defining the generalized r − th order Bell based Appell polynomials via the following
generating relation

[A (t)]
r
extey(e

t−1) =

∞∑
j=0

BA[r]
j (x, y)

tj

j!
, r ∈ N.

We consider

F (r) (x, y; t) = [A (t)]
r
extey(e

t−1) =

∞∑
j=0

BA[r]
j (x, y)

tj

j!
, (4.23)

F (1) (x, y; t) = A (t) extey(e
t−1) =

∞∑
j=0

BAj (x, y)
tj

j!
. (4.24)

Observe that [
F (1)

(x
r
,
y

r
; t
)]r

= F (r) (x, y; t) . (4.25)

Now, utilizing (4.25) and using the same idea in [30], we can prove the following closed form summation formula.

Theorem 4.8 Bell based Appell polynomials BA[r]
j (x, y) satisfy the following summation formula

j∑
l=0

(
j

l

)[
BA[r]

j−l+1 (x, y) BAl

(x
r
,
y

r

)
− r BA[r]

j−l (x, y) BAl+1

(x
r
,
y

r

)]
= 0. (4.26)

Proof By taking the logarithm on both sides of (4.25) and then differentiating with respect to t , we obtain

rF (r) (x, y; t)
∂F (1)

(
x
r ,

y
r ; t
)

∂t
= F (1)

(x
r
,
y

r
; t
) ∂F (r) (x, y; t)

∂t
.

Substituting the corresponding generating functions, we get

∞∑
j=1

j BA[r]
j (x, y)

tj−1

j!

∞∑
l=0

BAl

(x
r
,
y

r

) tl

l!
= r

∞∑
j=0

BA[r]
j (x, y)

tj

j!

∞∑
l=0

l BAl

(x
r
,
y

r

) tl−1

l!
.

Applying the Cauchy’s product rule and then comparing the coefficients of tj

j! on both sides the proof is
completed. 2

Corollary 4.9 In the case A (t) = B (t) = t
et−1 , we have the following closed form summation formula for the

Bell based Bernoulli polynomials BB[2]
j (x, y)

j∑
l=0

(
j

l

)[
BB[2]

j−l+1 (x, y) BBl

(x
2
,
y

2

)
− 2 BB[2]

j−l (x, y) BBl+1

(x
2
,
y

2

)]
= 0.
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Corollary 4.10 In the case A (t) = B (t) = 2
et+1 , we have the following closed form summation formula for

Bell based Euler polynomials BE [2]
j (x, y)

j∑
l=0

(
j

l

)[
BE [2]

j−l+1 (x, y) BEl
(x
2
,
y

2

)
− 2 BE [2]

j−l (x, y) BEl+1

(x
2
,
y

2

)]
= 0.

Corollary 4.11 In the case A (t) = B (t) = 2t
et+1 , we have the following closed form summation formula for

the Bell based Genocchi polynomials BG[2]
n (x, y)

j∑
l=0

(
j

l

)[
BG[2]

j−l+1 (x, y) BGl

(x
2
,
y

2

)
− 2 BG[2]

j−l (x, y) BGl+1

(x
2
,
y

2

)]
= 0.

Now, without lost of generality in the rest of this section, we consider the case r = 2.

Theorem 4.12 We have the following relation between 2-iterated Bell based Appell polynomials and 2-variable
Bell polynomials

BA[2]
j+k (X,Y ) =

j∑
m=0

k∑
l=0

(
j

m

)(
k

l

)
Belm+1 (X − x, Y − y) BA[2]

j+k−l−m (x, y) . (4.27)

Proof If we write t+ τ instead of t in Equation (4.8), we have

A (t+ τ)B (t+ τ) ex(t+τ)ey(e
t+τ−1) =

∞∑
j=0

∞∑
k=0

BA[2]
j+k (x, y)

tj

j!

τk

k!
. (4.28)

Hence, we write

A (t+ τ)B (t+ τ) = e−x(t+τ)e−y(et+τ−1)
∞∑
j=0

∞∑
k=0

BA[2]
j+k (x, y)

tj

j!

τk

k!
.

Multiplying both sides by eX(t+τ)eY (e
t+τ−1) , we get

A (t+ τ)B (t+ τ) eX(t+τ)eY (e
t+τ−1) = e(X−x)(t+τ)e(Y−y)(et+τ−1)

∞∑
j=0

∞∑
k=0

BA[2]
j+k (x, y)

tj

j!

τk

k!
.

Using Equations (4.28) and (1.7), we have

∞∑
j=0

∞∑
k=0

BA[2]
j+k (X,Y )

tj

j!

τk

k!
=

∞∑
j=0

∞∑
k=0

BA[2]
j+k (x, y)

tj

j!

τk

k!

∞∑
m=0

∞∑
l=0

Belm+l (X − x, Y − y)
tm

m!

τ l

l!
.

Applying the Cauchy’s product rule, we get

∞∑
j=0

∞∑
k=0

BA[2]
j+k (X,Y )

tj

j!

τk

k!
=

∞∑
j=0

∞∑
k=0

n∑
m=0

k∑
l=0

(
j

m

)(
k

l

)
Belm+1 (X − x, Y − y) BA[2]

j+k−l−m (x, y)
tj

j!

τk

k!
.

Comparing the coefficients of tj

j! and τk

k! on both sides of the result equation, the proof is completed. 2
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Corollary 4.13 In the case A (t) = B (t) = t
et−1 , we have the following summation formula for the 2-iterated

Bell based Bernoulli polynomials

BB[2]
j+k (X,Y ) =

j∑
m=0

k∑
l=0

(
j

m

)(
k

l

)
Belm+1 (X − x, Y − y) BB[2]

j+k−l−m (x, y) .

Corollary 4.14 In the case A (t) = B (t) = 2
et+1 , we have the following summation formula for the 2-iterated

Bell based Euler polynomials

BE [2]
j+k (X,Y ) =

j∑
m=0

k∑
l=0

(
j

m

)(
k

l

)
Belm+1 (X − x, Y − y) BE [2]

j+k−l−m (x, y) .

Corollary 4.15 In the case A (t) = B (t) = 2t
et+1 , we have the following summation formula for the 2-iterated

Bell based Genocchi polynomials

BG[2]
j+k (X,Y ) =

j∑
m=0

k∑
l=0

(
j

m

)(
k

l

)
Belm+1 (X − x, Y − y) BG[2]

j+k−l−m (x, y) .

5. Special cases of the 2-iterated BA[2]
j (x, y) polynomials

In this section, we define new hybrid polynomial families with the help of the 2-iterated Bell based Appell
polynomials. By introducing the Bell based Bernoulli-Euler polynomials, the Bell based Bernoulli-Genocchi
polynomials, the Bell based Euler-Genocchi polynomials and the Bell based Stirling-Appell polynomials of
second kind, we obtain the recurrence relations, shift operators, determinantal representations and differential
equations of these new polynomial families.

5.1. 2-iterated Bell based Bernoulli polynomials

When A (t) = B (t) = t
et−1 in (4.8), we have the 2-iterated Bell based Bernoulli polynomials with the generating

function

(
t

et − 1

)2

extey(e
t−1) =

∞∑
j=0

BB[2]
j (x, y)

tj

j!
.

By taking α = 2 in Corollaries 3.1 and 3.2, the recurrence relation, shift operators and differential equation for
the 2-iterated Bell based Bernoulli polynomials can be obtained.
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The 2-iterated Bell based Bernoulli polynomials BB[2]
j (x, y) have the following determinantal representation

BB[2]
j (x, y) = (−1)j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BB0 (x, y) BB1 (x, y) · · · BBj−1 (x, y) BBj (x, y)

1 1
2

· · · 1
j

1
j+1

0 1 · · ·
(
j−1
1

)
1

j−1

(
j
1

)
1
j

0 0 · · ·
(
j−1
2

)
1

j−2

(
j
2

)
1

j−1

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

5.2. 2-iterated Bell based Euler polynomials

When A (t) = B (t) = 2
et+1 in (4.8), we have the 2-iterated Bell based Euler polynomials with the generating

function (
2

et + 1

)2

extey(e
t−1) =

∞∑
j=0

BE [2]
j (x, y)

tj

j!
.

By taking α = 2 in Corollaries 3.4 and 3.5, the recurrence relation, shift operators and differential equation for
the 2-iterated Bell based Euler polynomials can be obtained.

The 2-iterated Bell based Euler polynomials BE [2]
j (x, y) have the following determinantal representation

BE [2]
j (x, y) = (−1)j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BE0 (x, y) BE1 (x, y) · · · BEj−1 (x, y) BEj (x, y)

1 1
2

· · · 1
2

1
2

0 1 · · ·
(
j−1
1

)
1
2

(
j
1

)
1
2

0 0 · · ·
(
j−1
2

)
1
2

(
j
2

)
1
2

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

5.3. 2-iterated Bell based Genocchi polynomials

When A (t) = B (t) = 2t
et+1 in (4.8), we have the 2-iterated Bell based Genocchi polynomials with the generating

function (
2t

et + 1

)2

extey(e
t−1) =

∞∑
j=0

BG[2]
j (x, y)

tj

j!
.

By taking α = 2 in Corollaries 3.7 and 3.8, the recurrence relation, shift operators and differential equation for
the 2-iterated Bell based Genocchi polynomials are obtained.
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The 2-iterated Bell based Genocchi polynomials BG[2]
j (x, y) have the following determinantal

BG[2]
j (x, y) = (−1)j2j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BG0 (x, y) BG1 (x, y) · · · BGj−1 (x, y) BGj (x, y)

1
2

1
4

· · · 1
2j

1
2(j+1)

0 1
2

· · ·
(
j−1
1

)
1

2(j−1)

(
j
1

)
1
2j

0 0 · · ·
(
j−1
2

)
1

2(j−2)

(
j
2

)
1

2(j−1)

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

5.4. 2-iterated Bell based Stirling-Appell polynomials of the second kind

When A (t) =
(et−1)

z

z! and B (t) in (4.8), we have the 2-iterated Bell based Stirling-Appell polynomials of
the second kind with the generating function

B (t)
(et − 1)

z

z!
extey(e

t−1) =
∞∑
j=0

SA[2]
j (x, y)

tj

j!
.

where Stirling numbers of the second kind S2 (l, z) in [37] are given by (et−1)
z

z! =
∞∑
l=z

S2 (l, z)
tl

l! .

Remark 5.1 If B (t) = 1 in the above generating function, we obtain Bell based Stirling polynomials in [11].

Corollary 5.2 The recurrence relation satisfied by Bell based Stirling-Appell polynomials of the second kind

SA[2]
j (x, y) is given by

SA[2]
j+1 (x, y) = xSA[2]

j (x, y) + y

j∑
l=0

(
j

l

)
SA[2]

j−l (x, y) +

j∑
l=0

(
j

l

)
θlSA[2]

j−l (x, y)

+z

j∑
l=−1

j!

(j − l)! (l + 1)!
bl+1 A[2]

j−l (x, y) ,

where B
′
(t)

B(t) =
∞∑
l=0

θl
tl

l! and et t
et−1 =

∞∑
l=0

bl
tl

l! .

Corollary 5.3 The Bell based Stirling-Appell polynomials of the second kind SA[2]
j (x, y) have the following

lowering and raising operators

xσ
−
j :=

1

j
Dx,

xσ
+
j := x+ y

j∑
l=0

Dx
l

l!
+
∑j
l=0

θl
Dx

l

l!
+ z

j∑
l=−1

bl+1

(l + 1)!
Dl

x,
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and the differential equation satisfied by the Bell based Stirling-Appell polynomials of the second kind SA[2]
j (x, y)

is given by [
xDx + y

j∑
l=0

Dx
l+1

l!
+

j∑
l=0

θl
Dx

l+1

l!
+ z

j∑
l=−1

bl+1

(l + 1)!
Dl+1

x − j

]
SA[2]

j (x, y) = 0.

Corollary 5.4 The Bell based Stirling-Appell polynomials of the second kind SA[2]
j (x, y) have the following

determinantal representation

SA[2]
j (x, y) =

(−1)j

(λ0)
j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

SA0 (x, y) SA1 (x, y) · · · SAj−1 (x, y) SAj (x, y)

λ0 λ1 · · · λj−1 λj

0 λ0 · · ·
(
j−1
1

)
λj−2

(
j
1

)
λj−1

0 0 · · ·
(
j−1
2

)
λj−3

(
j
2

)
λj−2

...
...

...
...

...

0 0 · · · λ0

(
j

j−1

)
λ1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where
1

B (t)
=

∞∑
l=0

λl
tl

l!
.

5.5. 2-iterated Bell based Bernoulli-Euler polynomials

When A (t) = t
et−1 and B (t) = 2

et+1 in (4.8), we have the 2-iterated Bell based Bernoulli-Euler polynomials
with the generating function

(
t

et − 1

)(
2

et + 1

)
extey(e

t−1) =

∞∑
j=0

EB[2]
j (x, y)

tj

j!
.

Corollary 5.5 The recurrence relation satisfied by the Bell based Bernoulli-Euler polynomials EB[2]
j (x, y) is

given by

EB[2]
j+1 (x, y) = xEB[2]

j (x, y) + y

j∑
l=0

(
j

l

)
EB[2]

j−l (x, y)−
j∑

l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Bl−m+1

l + 1
EB[2]

j−l (x, y)

−1

2

j∑
l=0

l∑
m=0

(
j

l

)(
l

m

)
El−m EB[2]

j−l (x, y) ,

where
t

et − 1
=

∞∑
l=0

Bl
tl

l!
and 2

et + 1
=

∞∑
l=0

El
tl

l!
.
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Corollary 5.6 The Bell based Bernoulli-Euler polynomials EB[2]
j (x, y) have the lowering and raising operators

xσ
−
j :=

1

j
Dx,

xσ
+
j := x+ y

j∑
l=0

Dx
l

l!
−

j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl−m+1

l + 1

Dx
l

l!
− 1

2

j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l

l!
,

and the differential equation satisfied by the EB[2]
j (x, y) Bell based Bernoulli-Euler polynomials is given by[

xDx + y

j∑
l=0

Dx
l+1

l!
−

j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl−m+1

l + 1

Dx
l+1

l!
− 1

2

j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l+1

l!
− j

]
EB[2]

j (x, y) = 0.

Corollary 5.7 The Bell based Bernoulli-Euler polynomials EB[2]
j (x, y) have the following determinantal repre-

sentation

EB[2]
j (x, y) = (−1)j

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BB0 (x, y) BB1 (x, y) · · · BBj−1 (x, y) BBj (x, y)

1 1
2

· · · 1
2

1
2

0 1 · · ·
(
j−1
1

)
1
2

(
j
1

)
1
2

0 0 · · ·
(
j−1
2

)
1
2

(
j
2

)
1
2

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

5.6. 2-iterated Bell based Bernoulli-Genocchi polynomials

When A (t) = t
et−1 and B (t) = 2t

et+1 in (4.8), we have the 2-iterated Bell based Bernoulli-Genocchi
polynomials with the generating function(

t

et − 1

)(
2t

et + 1

)
extey(e

t−1) =

∞∑
j=0

GB[2]
j (x, y)

tj

j!
.

Corollary 5.8 The recurrence relation satisfied by Bell based Bernoulli-Genocchi polynomials GB[2]
j (x, y) is

given by

GB[2]
j+1 (x, y) =

(
1 +

1

j

)
x GB[2]

j (x, y) + y

(
1 +

1

j

) j∑
l=0

(
j

l

)
GB[2]

j−l (x, y)

−
(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Bl−m+1

l + 1
GB[2]

j−l (x, y)

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Gl−m+1

l + 1
GB[2]

j−l (x, y) ,
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where
t

et − 1
=

∞∑
l=0

Bl
tl

l!
and 2t

et + 1
=

∞∑
l=0

Gl
tl

l!
.

Corollary 5.9 The Bell based Bernoulli-Genocchi polynomials GB[2]
j (x, y) have the lowering and raising oper-

ators

xσ
−
j :=

1

j
Dx,

xσ
+
j :=

(
1 +

1

j

)
x+ y

(
1 +

1

j

) j∑
l=0

Dx
l

l!
−
(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl−m+1

l + 1

Dx
l

l!

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

(l + 1)

Dx
l

l!
,

and the differential equation satisfied by the Bell based Bernoulli-Genocchi polynomials GB(α)
j (x, y) is given by[

x

(
1 +

1

j

)
Dx + y

(
1 +

1

j

) j∑
l=0

Dx
l+1

l!
−
(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Bl−m+1

l + 1

Dx
l+1

l!

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

(l + 1)

Dx
l+1

l!
+

1

j
− j

]
GB[2]

j (x, y) = 0.

Corollary 5.10 The Bell based Bernoulli-Genocchi polynomials GB[2]
j (x, y) have the following determinantal

representation

GB[2]
j (x, y) = (−1)j2j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BB0 (x, y) BB1 (x, y) · · · BBj−1 (x, y) BBj (x, y)

1
2

1
4

· · · 1
2j

1
2(j+1)

0 1
2

· · ·
(
j−1
1

)
1

2(j−1)

(
j
1

)
1
2j

0 0 · · ·
(
j−1
2

)
1

2(j−2)

(
j
2

)
1

2(j−1)

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

5.7. 2-iterated Bell based Euler-Genocchi polynomials

When A (t) = 2
et+1 and B (t) = 2t

et+1 in (4.8), we have the 2-iterated Bell based Euler-Genocchi polynomials
with the generating function (

2

et + 1

)(
2t

et + 1

)
extey(e

t−1) =

∞∑
j=0

GE [2]
j (x, y)

tj

j!
.
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Corollary 5.11 The recurrence relation satisfied by Bell based Euler-Genocchi polynomials GE [2]
j (x, y) is given

by

GE [2]
j (x, y) =

(
1 +

1

j

)
xGE [2]

j (x, y) + y

(
1 +

1

j

) j∑
l=0

(
j

l

)
GE [2]

j−l (x, y)

−1

2

(
1 +

1

j

) j∑
l=0

l∑
m=0

(
j

l

)(
l

m

)
El−m GE [2]

j−l (x, y)

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
j

l

)(
l + 1

m

)
Gl−m+1

(l + 1)
GE [2]

j−l (x, y) ,

where

2

et + 1
=

∞∑
l=0

El
tl

l!
and

2t

et + 1
=

∞∑
l=0

Gl
tl

l!
.

Corollary 5.12 The Bell based Euler-Genocchi polynomials GE [2]
j (x, y) have the lowering and raising operators

as

xσ
−
j :=

1

j
Dx,

xσ
+
j := x

(
1 +

1

j

)
+ y

(
1 +

1

j

) j∑
l=0

Dx
l

l!
− 1

2

(
1 +

1

j

) j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l

l!

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

(l + 1)

Dx
l

l!
,

and the differential equation satisfied by the Bell based Euler-Genocchi polynomials GE [2]
j (x, y) is given by

[
x

(
1 +

1

j

)
Dx + y

(
1 +

1

j

) j∑
l=0

Dx
l+1

l!
− 1

2

(
1 +

1

j

) j∑
l=0

l∑
m=0

(
l

m

)
El−m

Dx
l+1

l!

−1

2

(
1 +

1

j

) j∑
l=0

l+1∑
m=0

(
l + 1

m

)
Gl−m+1

(l + 1)

Dx
l+1

l!
+

1

j
− j

]
GE [2]

j (x, y) = 0.

Corollary 5.13 The Bell based Euler-Genocchi polynomials GE [2]
j (x, y) have the following determinantal rep-
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resentation

GE [2]
j (x, y) = (−1)j2j+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

BE0 (x, y) BE1 (x, y) · · · BEj−1 (x, y) BEj (x, y)

1
2

1
4

· · · 1
2j

1
2(j+1)

0 1
2

· · ·
(
n−1
1

)
1

2(j−1)

(
j
1

)
1
2j

0 0 · · ·
(
j−1
2

)
1

2(j−2)

(
j
2

)
1

2(j−1)

...
...

...
...

...

0 0 · · · 1
(

j
j−1

)
1
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

6. Conclusion
In our current research, we have defined Bell based Appell polynomials and given the recurrence relation,
determinantal representation, shift operators, differential equations and some useful properties. Then, we have
exhibited the corresponding properties for Bell based Bernoulli polynomials, Bell based Euler polynomials and
Bell based Genocchi polynomials. Later, we have introduced 2-iterated Bell based Appell polynomials and
obtained recurrence relation, determinantal representation, shift operators, differential equations and closed
form formulae. Finally, by examining special cases, we have presented new hybrid polynomials and stated the
corresponding results for them.

According to some ideas, the more general Bell based Appell polynomials can be defined with the help
of trigonometric functions. By substituting x + iz for x in (4.8), two new hybrid polynomial families can be
constructed whose generating functions contain sine and cosine functions, respectively.
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