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Abstract: The purpose of this article is to explore various inequalities pertaining to the numerical radius of operators
in a Hilbert space. Additionally, we present several bounds for the Berezin number and Berezin norm of operators that
act on a reproducing kernel Hilbert space. Finally, we establish a necessary and sufficient condition for the triangle

inequality related to the Berezin number to hold.
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1. Introduction

In recent years, there has been significant research into the applications of numerical radius and Berezin numbers
of operators across various fields such as quantum computing, engineering, quantum mechanics, differential
equations, numerical analysis, etc. Additionally, there has been growing interest in the study of quadratic forms
within Hilbert spaces, particularly in relation to the field of values or numerical range. This concept was first
introduced by Toeplitz in [34] for matrices, and later, Wintner investigated the connection between the field of
values and the convex hull of the spectrum of Hilbert space operators in [35].

The article aims to investigate different inequalities related to the numerical radius of operators in a
Hilbert space. Furthermore, it provides various bounds for the Berezin number and Berezin norm of operators
that operate on a reproducing kernel Hilbert space.

We need to recall several facts and notations. Firstly, let us denote the algebra of all linear and bounded
operators on a complex Hilbert space (H, (-,-)) by B(H). Additionally, we use the norm associated with (-,-)
and denote it by ||-||. If dimH = d, then B(H) is identified with the matrix algebra My of every d x d matrix

with entries in C, where C is the field of the complex numbers. Let S' stand for the unit sphere of H, i.e.

Slzz{meH; Hx||:m:1}
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Let @ € B(H). The numerical radius and the operator norm of @, denoted respectively by w(Q) and
|Qll, are given by

w(Q) = sup [(Qz,z)| and [Q| = sup Q|-
zeSt

zest

It is well-known that w(-) defines a norm on B(H) which is equivalent to | -||. Indeed, the following inequalities

19V < vy < 1.

hold for every @ € B(H). Notice that if @ is normal (that is, Q*Q = QQ*), the equality w(Q) = ||Q|| holds.

It can be shown that w(-) is neither a submultiplicative nor a multiplicative norm on B(H) (see for instance,
[18]).

However, the power inequality holds for w(-), i.e. for every positive integer n and all @ € B(H), we have

w(Q") < w(Q)". (L1)

Although (1.1) was conjectured by Halmos and answered by Berger (for more details and references see [4, 18]),
the reverse inequality of (1.1) may not hold in general. This can be demonstrated by considering the following

0 0
10

topic of numerical radius of Hilbert space operators and explore its various applications, interested readers are

nilpotent matrix: A = ( ) € My, then we see that w(A?) =0, but w(A4) = 1. To delve deeper into the

encouraged to refer to [5, 15] and the references cited therein.

An operator @ € B(H) is called positive (we write @ > 0) if (Qz,x) > 0 for every z € H. If Q >0,
then there exists a unique bounded positive linear operator, denoted by Q!/2, which satisfies the property
Q = (Q'?)2. The absolute value of an operator Q € B(H), denoted by |Q|, is defined as |Q| = (Q*Q)/2.
Clearly |Q| > 0.

We mention here that Kittaneh showed respectively in [24] and [25] that the following inequalities

w(Q) < L@+ 17|

and
1 1
1|||C2|2 +Q* || < w*(@) < §H|Q\2 +1Q* |- (1.2)

hold for every Q € B(H).
For Q,W € B(H), we found

. 1 . .
W (W°Q) < S[IQP" + W

. (r>2). (1.3)

This represents an inequality given by Dragomir in [12]. Next, we present an improvement of the above inequality
for r = 2, given by Kittaneh and Moradi in [26]:

1 1 1
PQ) < cllQl + W + SV Q)P + WP < 5[lQrt + W], (14)
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Additional results related to the numerical radius of Hilbert space operators can be found in [6, 11, 29, 30] and
their respective reference lists.

Let us now introduce the concept of reproducing kernel Hilbert spaces. Consider a nonempty set €2, and
let F(£2,C) denote the set of all complex-valued functions defined on €. We say that a set Hqo C F(£2,C) is
a reproducing kernel Hilbert space on  (RKHS for short) if Hg is a Hilbert space and for each o € €, the
map E, : Hg — C defined as E,(f) = f(a) for all f € Hg is bounded. By applying the well-known
Riesz representation theorem, we infer that for every « € 2, there exists a unique k, € Hgq satisfying
fla) = Eo(f) = (f, ko) for every f € Hg. Note that k, is called the reproducing kernel for a.. Moreover, the

reproducing kernel of Hg, is the following set {k,; o € Q}. Let Ea = ”ZC‘H denote the normalized reproducing

kernel of Hq. It is worth noting that {Ea ca € Q} is dense in Hg. Let Q € B(Hg). The Berezin transform
(or Berezin symbol) of @Q is the function @ : Q — C such that Q(a) = (QEQ,EQ> for all aw € Q (see [7, 8)]).

Berezin transforms play a fundamental role in the theory of operators, more specifically, in the study of Hankel

operators, composition operators and Toeplitz operators. In particular, the Berezin symbol uniquely determines

the operator, i.e. two operators Q,W € B(Hg) are equal if and only if , Q(a) = W(a) for all o € Q. For
more information regarding Berezin symbols, see [3, 21, 22, 28] and the references therein. Another related and
important concept in operator theory is the Berezin number of an operator @ € B(Hg,), denoted by ber(Q),
and given by

ber(Q) := sup |Q(a)| = sup |(Qka, ka)|.
ae) aef)

It is easy to see that ber(-) defines a norm on B(Hg). Let @ € B(Hg). It is clear that 0 < ber(Q) < w(Q) <
|Q|l. Furthermore, if ber(Q) # 0, then for any positive integer n we have

w(Q)
ber(Q)

ber(@") < ({22 ber(Q)"

(see [16]). It is clear that ber(In) = 1, where Io denotes the identity operator on Hg . Further, if Q € B(Hg),

then it can be observed that
[(Qka ka)| < ber(Q)|ka?

for every reproducing kernel k.. Several studies have been recently carried out on the Berezin number of

operators. For instance, one may refer to [16, 17, 19, 20, 33] and the references therein.

Some other norms on B(Hg) are given by

|@llber := sup {|{Qka, Ks): a8 € 2}

and

1Qllpar == sup |Qkall,
a€eq)

where @ € B(Hgq) and Eo Eﬂ are two normalized reproducing kernels of Hg (see [20]). We mention that,

in general, neither || - |[per nor || - ||z verifies the submultiplicative property (see the recent work [10]). In
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addition, the equality [|Q||ber = ||Q|l;5; fails to hold in general for @ € B(Hg) (see also [10]). A very important

observation is that

ber(Q) < [|Qber < Q5o < Q] (1.5)

for all Q € B(Hg). Note that, in general, the inequalities in (1.5) are strict. It has been recently proven in [9]
that if @ > 0, then
ber(Q) = [|Q||ber- (1.6)

Remark 1.1 It is well known that the equality w(Q) = ||Q|| holds for every self-adjoint operator Q. However,

(1.6) may not be correct, in general, for self-adjoint operators (see [9]).

The next inequality has been recently established in (1.5) and provides an improvement of the inequality

ber(Q) < Q|-

ber® (Q) < 5 [1QF +1Q"Pllyer ¥Q € BlHo). (17)

The goal of this article is to explore inequalities associated with the numerical radius of operators in
a Hilbert space, and to provide bounds for the Berezin number and Berezin norm of operators that operate
on a reproducing kernel Hilbert space. The article is structured as follows: Section 2 presents some well-
known lemmas that will be used throughout the paper. In Section 3, we establish an inequality that improves
the Cauchy-Schwarz inequality and generalize a result of Dragomir. We also derive several inequalities for
the numerical radius of operators in a Hilbert space. Section 4 presents various results concerning the Berezin
number and Berezin norm. Section 5 contains additional results related to the Berezin number, and we conclude
the article by providing a necessary and sufficient condition for the equality of the triangle inequality related to
the Berezin number.

The results of this study are expected to be of interest to researchers in the field of Hilbert spaces
and operator theory. The various inequalities derived for the numerical radius of operators and the bounds
established for the Berezin number and Berezin norm contribute to the advancement of Hilbert space theory

and may inspire further research.

2. Preliminary

In this section, we provide some preliminary results that are essential to our analysis. We begin by introducing
some well-known facts and lemmas that will be repeatedly used throughout the paper. Specifically, we work

with a complex Hilbert space H equipped with the inner product (-,-) and the corresponding norm || - ||.

In [26], a new refinement of the Cauchy-Schwarz inequality was presented:

(2, y)] < \/;(Ilﬂﬁlﬂlyll2 = [z 9) ) + [, eyl < ll=llllyl, (2.1)

where x,y € H. This inequality provides a more accurate bound than some previously established numerical

radius inequalities for Hilbert space operators. Another inequality of similar form was introduced by Alomari
[1]:
2
[z )|” < vllzlyl? + @ =)@ plllliyll < )yl (2.2)
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where z,y € H and v € [0,1]. These refined inequalities are crucial tools for our analysis in this paper.

In [27], Kouba noted, using Bessel’s inequality, that if H is a real vector space equipped with an inner

product (-,-) and corresponding norm || - ||, then for all x,y,u,v € H with |ju| = ||v|| =1, we have
(u,2)* + (v, 2)? < [|2]|* (1 + [(u,v)]) (2.3)
and
121 ¢, ) + Ny, 20* < Nl lylll=l Ayl + Ky, 2)D)- (2.4)

When H is a complex vector space equipped with an inner product, Dragomir proved, in [11], the

following:

Lemma 2.1 For any x,y,z € H, we have
[, w)[* + [, ) < el (mas {2 12012} + (9, 2)])- (2:5)

It is easy to see that for ||y|| = ||z]| = 1 in (2.5) we deduce inequality (2.3). Next, we propose a generalization
of the result given by Dragomir.

The classical Schwarz inequality for positive operators is given by:

[{Qz,y)* < (Qz,2)(Qy.y) (2.6)

for any positive operator @ € B(H) and for any vectors z,y € H. Kato [23] established a companion of the

Schwarz inequality (2.6), which asserts:

Q. ) < (|1QIP, 2)(|Q" [P~ Vy, y) (2.7)

for every operator @ € B(H), for any vectors z,y € H, and 6 € [0,1]. For 8 = %, we obtain a result attributed
to Halmos [18, pp. 75-76]; thus,

(Qu, )| < V(Qlz,2) (|Q*| z,z) (2.8)

for every @ € B(H) and for all z,y € H.

The inequality in the following lemma deals with positive operators and is known as the McCarthy

inequality:

Lemma 2.2 ([14, Theorem 1.4]) Let Q € B(H) be a positive operator and x € St. Then, for every r > 1 we

have
(Qu,2)" <(Q"z,z).

If 0 <r <1, then the above inequality is reversed.

3. Numerical radius inequalities

In this section, we will discuss numerical radius inequalities concerning bounded linear operators on a complex
Hilbert space. Our main focus will be on proving our first result, which involves a lemma that extends a known
inequality referred to as (2.1). This inequality is crucial in demonstrating our first result and can be expressed

as follows:
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Lemma 3.1 Let x,y € H and v € [0,1]. Then

[, ) * < v llz®lyll® + Doz, )z gl < =)yl (3.1)
for any x,y € H, where v, = min{r,1 — v} and T', = max{v,1 —v}.

Proof We study two cases. I) For v € [0, %], we have v <1 —v,s0 v, =v and I'), = 1 — v; thus, the first
part of inequality (3.1) becomes

2
(@, m)|” < vllalPllyl® + (= )| (@, 9) |2 ]ly].

This is equivalent to
[ ) |* < vlalllyl (vl = [ )]) + [ o)z,

which is true from the Cauchy—Schwarz inequality, |(x,y)| < ||z||||ly]l-
IT) For v € [5,1], we have v > 1 — v, s0 7, =1 — v and ', = v; thus, the first part of inequality (3.1)

becomes
2
[z, 0)|” < (A=)l [lyll* + v |, v)| =]yl

= 1 =v)lzlliyll (lzllliyll = [¢,9]) + v = D)z, y) [l ]yl

This is true because |(z,y)| < ||z|/||y|]| and 2v > 1. Next, for any x,y € H and v € [0,1], we use the following

inequality:
Yollzl*1yl* + ol plzlllyll < vizl?lyl* + @ = v) [, )l ]lyll- (3-2)

This is true, because it is equivalent with

0 < (v =)llllyl =iyl = [z, )])

and by using inequality (2.2), we deduce that the second inequality of the statement is true. O

Remark. Note that inequality (3.1) can be written as:

@, )| < VwllelPlyl + To i, ylllz ]yl < /iy, (3-3)

for any z,y € H and v € [0, 1], which is another improvement on the Cauchy—Schwarz inequality. From relation
(3.2) we can say that the first part of inequality (3.1) is better than (2.2).

Theorem 3.2 Let Q,W € B(H) and v € [0,1]. Then the inequality
v FV * 1
PW*Q) < 101" + W[ + S QIQP + W] < 5]l1Q1" + W'

holds, where v, = min{v,1 — v} and where T, = max{v,1 —v}.

Proof We take the first inequality from Lemma 3.1,
[, )P < v llel®llyll® + Loz, )l 1y
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for any z,y € H and v € [0,1]. Because we need to apply the Holder-McCarthy inequality for positive
operators, it is easy to see that the operators |Q|> and |W|? are positive. Now, we replace = and y by Qx

and Wz, in the above inequality, and we assume that 2 € S, then we obtain

[(W*Qu, )* < || Q[ [Wal|* + T [(W*Qux, 2) || Qul| [ W
< w(Qa, Qu)(Wa, Wz) + T, (W*Qu, 2) |V/(Qz, Qu) (Wz, W)

= 1(1QPz, 2)(|W |z, 2) + T, (W*Qz, 2)|\/(|Q Pz, 2) (W 2z, x)

IN

(1P, 2) + (WP, 2)” + W Qr,2)] (1QP, 2) + (W, 2))

< 2 (QP 2,2 + (WP, 2)?) + 2| Qa, )] ((QP + W), )

McCarthy
‘arthy
2

= QI + W), ) + LW Qe )] (((QP + WP, )

(|Q1 a, z) + (W[ w, z)) + %HW*Q%@I ((QF + W)z, 2))

Taking the supremum over z € S' in the above inequality, we obtain the first inequality of the statement.

Now, taking into account that
[1QI* + W[ > w(S* Q[ IQP + WP,

from inequality (1.4), we obtain the inequality
v r, . y r,
LRI + W + W QIQP + W || < E[lIQ1* + W]+ —=[l1Q1* + w1
1
~ L+ 1w,
Therefore, the second inequality of the statement is true. O

Remark 3.3 Through various particular cases of v in Theorem 3.2, we obtain some known results; thus, for
v =1 in the first inequality of Theorem 3.2, we deduce the second inequality from (1.2 ), and for v =0, we find
inequality (1.3) for r =2. For v = % in Theorem 3.2, we obtain inequality (1.4). If we take v = % in the first

inequality of Theorem 3.2, then we deduce the inequality

Q) < 7 (lIQ* + W +w (W QP +1WP[) < sl + W],
If, in Theorem 3.2, we take W = Q*, then we find the following inequality:

Q) < Q1+ 1@ + Lw@liel + 10 Pl < Slielt + 11|
Theorem 3.4 Let Q € B(H) and v € [0,1]. Then, the inequality

v * Fl’ *
Q) < ZIQP +1QP[ + Fw@lQl + 1] (3.4)

holds.
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Proof Applying inequality (2.8), we deduce

(Qz, )| < 7 /({|Qlz, 2)(|Q* |z, x) + T [(Qz, )]

for any « € H and v € [0,1]. Multiplying the above relation by +/(|Q[z,z){(|Q*|z,z), and taking into account
that |(Qx,x)|? < |(Qz, x)|\/{(|Q|z,z){|Q*|z,z), we find the following inequality:

(Qz,2)* < 2w (|Qlz, 2)(|Q"|z, 2) + LW |{Qz, 2)|V/(|Qlx, 2){|Q* [, x). (3.5)

Because the operators |@Q| and |Q*| are positive, we can apply the Holder—-McCarthy inequality [13], thus:

(1Qlar,2)* < (|QI*z, ) and (|Q"|z,2)* < (|Q"[*x, ).

Therefore, inequality (3.5) becomes

Q)P < 22 ((Qle,a) + (1Q"[,2))* + =21 (@ 1) (1] +1Q" e, )

IN

2

L (1Ql, ) + (@[, 2)%) + %I(QLIH((IQI +1Q% )z, x)

<

S((1QF +1Q7*)z, ) + %I(Q%@H(\QI +1Q7 )z, x).

v

If we take the supremum over all € S' in the last bound, then the inequality of the statement is true. O

Remark 3.5 For v = % in inequality (3.4 ), we find an inequality given in [26], namely:

1 * 1 *
Q) < Z IR +1Q* || + sw@llel+1e] (3.6)
If we take v = % in (3.4), then we obtain the following sequence of inequalities:

w*(Q)

IN

([P +1@* 1| + w(@l[IQl + 1Q"1]])

IN

1
(I + 12l + el + 1)

A
N N N

([P +1Q [ + [lIeF* + Q1)

[1QI* +1Q**|-

Consequently, we deduce a refinement of the second inequality of relation (1.2) given by Kittaneh [25].
Next, we present a result which generalizes the inequality (2.1).

Theorem 3.6 For any x,y,z € H and v € [0, 1], we have

v|(w,y)[* + (1= )|, 2)]” < all? (max {vlyl2, (= )02} + Vol = )], 2)])- (3.7)
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Proof We first note that
2 2
vi{z, )|+ 1 =v)[(z,2)|" = (wlz,y)y + (1 - v){z, 2)z,2)°

(u,x)’Q < Jull?[|z]|?, for v = v(x,y)y + (1 — v){x,2)z, and from the

Using the Cauchy-Schwarz inequality,

above equality we deduce that

(vl + =)l 2) ) < Pl
However, we have
lull® = 22, ) Pyl + (1 = 0% (@, 2] 2] + 201 = ) R({a,9) (9, 2) (2, 2))
< max {vly|?, (1 = ) 212} (v](, 0 + (1 =0)|@,2)]*) + 2001 = ) @, ), 2|2 2)]
< max {v]lyl%, (1 = llz]12} (v (@ )] + (1= )@ 2) ) + Vo =) (v] @ )] + (1= 2| 2) ) 1. 2)]
= (vl + @ =»)@2)[*) (max {vlyl? (0 = )212} + VT =)l 2)])
Therefore, by replacing u, we obtain
(vl + 1 -]’
< 2|2 (vl )]* + (0 = )] (@, 2)[) (max {vligll®, (1 = v)l12]2} + VT =)l ) -
which proves the relation of the statement. m)

Remark 3.7 (1) For v =% in relation (3.7), we prove inequality (2.5).

(2) If we take two real numbers a,b >0 and v = GLH} in Theorem 3.0, then we obtain
2 2
al(@,y)[* + bl(@,2)[* < ll2)* (max {allyl2,bl122} + Vab|(y, 2)] ). (3.8)

By replacing a with ||z||* and b with ||z||? in relation (3.8), we deduce inequality (2.4), for the case when

H is a complex vector space equipped with an inner product.
Corollary 3.8 For any z,y,z € H and v € [0,1], the following inequality
2/ = )|, )| (2. 2)] < ol (max {w g%, (1= v)l12]2} + /(T = 1) (9, 2)]) (3.9)

holds.

Proof Using the inequality between the geometric mean and the arithmetic mean, we obtain

2/v(1— )| (@, )| [ (2, 2)| < V| (@, )| + (1 = )| ¢, 2)]

and from inequality (3.7), we deduce the relation of the statement. O
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4. Berezin number and norm inequalities

In this section, we will demonstrate the versatility of the Berezin number and norm in a reproducing Kernel
Hilbert space by applying the results from the previous section. Specifically, we will state a theorem that relates
the Berezin norm of a convex combination of two bounded linear operators on a reproducing Kernel Hilbert
space to their Berezin numbers and inner products, using the outcomes obtained in the preceding section. The

theorem is as follows:

Theorem 4.1 Let Q, W € B(Hq) and v € [0,1]. Then, the inequality
1 1
@+ (1= )W < S [VIQI7 + (L= )W, + 5 ber (V]QI” = (1 = )W) + v/v(1 - v) ber (W*Q)
holds.

Proof Let a,8 € and Ea,Eg be two normalized reproducing kernels of Hq. If we replace x, y, and z by
g@, Qkq, and Wk, , respectively, in (3.7), and we know that HEﬁH =1, then we have

(@R Fs) [+ (1= )W )< mae Qa2 (1 = ) [WEa |2} + /o = )| W Qi o)
for any 2,y € H and v € [0,1]. Therefore, we have the following calculations:
(0@ + (1 =) W)ka, )| < (V)(QRar )] + (L= ) [(Wha, Bs)])
< V|(Qa, p)|” + (1 = )| (Wha, p)|”
< max {V|| Qa1 (1 = )|Whal*} + V(1 = V) (W Qs ko) |
= 2 (V@RI + (1 =)Wl + WIQRAI — (1 — ) [WFa])
+ V(1= v)[(Qka, Wha)
= 2 (AAQFa, @Ra) + (1 =) (Whe Wha) + 1@, Q) — (1= 0)(Wha, W) )
+ V(L= 1) [(Qka: Wha)
= S ((WIQP + (= IWP) R, Fa) + [{(1QF = (1 = W), )
+ V(=) (W Qha, ko),

whence,

‘((VQ (- V)W)EQ,E@]Q

IA

%ber VIQP + (1 —v)|W|?) + %ber (VQP — (1 = v)[W?) + V(1 —v) ber (W*Q)

%Hy@\? A=) WP, + %ber (IQP? — (1= )W) + v/o(1 —v) ber (W7Q),

where we have used (1.6) in the last equality since v|Q|?+ (1 —v)|W|? > 0. Therefore, by taking the supremum
over all o, 8 € Q in the above inequality, we obtain the desired result. O
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Remark 4.2 For v = % in the inequality of Theorem 4.1, we deduce

1Q + Wy < S[/IQP + WP, + 5 ber (1Q1 — W) + ber (17°Q)
for all Q,W € B(Hg).
Corollary 4.3 Let Q € B(Hgq) and v € [0,1]. Then the inequality
IVQ + (1 = 1)Q"er < 5 MR + (1= 1)|Q" |, + 5 ber (WIQP — (1 = IQ7[) + VoL = v) ber (?)

holds.

Proof By taking W = Q" in the inequality of Theorem 4.1, we have
@+ (1= 1)Q"[Ber < 5 [[VIQI" + (1 = )IQ" ||y, + 5 ber (VQI = (1 = 1)|Q")
+vv(l —v)ber ((Q*)*Q)

Consequently, we obtain the inequality of the statement. O

5. Further results related to the Berezin number
This section contains additional results related to the Berezin number and provides a necessary and sufficient
condition for the equality of the triangle inequality related to the Berezin number. This section begins with the

following proposition that presents a refinement of the triangle inequality for ber(-):

Proposition 5.1 Let Q,W € B(Hg). Then the following inequality
1
ber (Q + W) < 2/ ber (VQ +(1- V)W)dl/ < ber (Q) + ber (W)
0

holds.

Proof Consider the following function ¢ : R — R defined by
v o(v) == ber (uQ +(1- V)W).
Let vi,v € R and ¢ € [0,1]. We see that
gp(tul +(1- t)ug) — ber <[ty1 + (=)@ + [1— (b + (1= t)w)] W)
— ber <tu1Q F (1= )mQ+ W —tnW — (1 — W +tW — tW)
— ber <t [1MQ+ (1= v))W] + (1 — ) [1Q + (1 — VQ)W])
< tber (le +(1- VI)W) +(1—1t)ber (WQ (- Ug)W)

= tp(r1) + (1 = t)p(r2).

1491



ALTWAILJRY et al./Turk J Math

This proves that ¢ is convex. Hence, an application of the Hermite-Hadamard inequality (see [31, p. 137])

shows that

1
¥ <0J2rl> < 11? ; pW)dv < M

This implies that

ber (Q) + ber (W)
5 .

1
ber (%Q + %W> < /0 ber (VQ +(1- V)W>dV <
So, we deduce that

ber (Q + W) < 2/1 ber (VQ +(1- V)W)dl/ < ber (Q) + ber (W)
0

O

As demonstrated in the following example, the inequality presented in Proposition 5.1 offers a noteworthy

enhancement to the triangle inequality associated with ber(-).

Example 5.2 Let {e1,ea} denote the canonical orthonormal basis of C and Q = {1,2}. Let us consider the

space C? as a RKHS on the set Q. Then e; and ey are the kernel functions given by

1 ifk=1
e’“(l)_{o, ifk£1

for k,1 € Q (see [32, pp. 4-5]). Now, we consider the following matrices in My: @Q = (

1 3
0 2) and

W = (1 O) . 1t is not difficult to check that ber(Q) = 2,ber(W) =1 and ber(Q + W) = 2. Moreover, we

1 0
see that

1 1
5
/ ber (VQ +(1- u)W)du = / max{1,2v}dy = T
0 0
Hence, we deduce that

1
ber(Q+W)=2< 2/ ber (VQ +(1- V)W)du = g < ber(Q) + ber(W) = 3.
0

By proceeding as in the proof of Proposition 5.1, we state without proof the next result.

Proposition 5.3 Let Q,W € B(Hg). Then

1
Q-+ Wl <2 [ r@+ 0 =)W||,_ v < [Qly + W,
and

1
@+ Wl <2 [ @+ - oW av < Qg+ Wl
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In order to demonstrate our upcoming outcome, it is necessary to revisit the subsequent lemma from [2].

Lemma 5.4 Let Q € B(Bg). Then

ei'yQ + efi'yQ*

ber(Q) = sup ber (?R(e”Q)), where R(e7Q) = 5

yER

By utilizing Proposition 5.1, we provide a clear expression for ber(X) in the following outcome.
Theorem 5.5 Let X € B(Bq). Then

1
ber(X) = sup/ ber (ve" X + (1 —v)e " X*)dv.
yeER JO

=iV X*

Proof Let v € R. By applying Proposition 5.1 with @ := # and W := 2X , we see that

DX e X ! X X
ber(e + 6 ><2/ ber(ue2 —1—(1—1/)6 5 )du
0

2 2
iy —iy Y *
<ber<e QX)—i—ber (e 2X )

This implies that
ber (R(e"1X)) < /0 ' ber (e X + (1= v)e X )dv < %ber (X) + %ber (x%),
whence
ber (R(c"X)) < /01 ber (e X + (1 — v)e " X*)dv < ber (X). (5.1)

We can obtain the desired result by computing the supremum over v € R in equation (5.1) and subsequently

applying Lemma 5.4. O

The subsequent theorem presents a condition that is both necessary and sufficient for the triangle

inequality related to ber(-) to be equal.

Theorem 5.6 Let Q, W € B(Bq). Then, the following assertions are equivalent:
(i) ber(Q + W) = ber(Q) + ber(W).
(ii) There exists a sequence {ay} in Q such that

lim (ko ,Qka, ) (Wke, ko, ) = ber(Q) ber(W), (5.2)

n—-+oo
where 74:\% s the normalized reproducing kernels of Hq at o, for all n.
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Proof “(i1) = (i)”: Assume that there exists a sequence {ay,} in © such that (5.2) is true. If ber(Q) =0 or
ber(W) = 0, then the assertion (i) holds trivially. Assume that ber(Q) # 0 and ber(W) # 0. We see that

(o, Qka, ) (Wka, ka,) (Wha, ,Fa,)

= ‘ <7€\an ’ Q/k\:an>

‘ ~

< ber(Q) ‘(WE%,EQT)

< ber(Q) ber(W).

By letting n go to +oo and then using (5.2), we deduce that

~

lim ber(Q)]<W%an,kan> = ber(Q) ber(W).

n—-+o0o

This yields that

~ ~

ngr}rloo (Wkq,  ka, )| = ber(W). (5.3)
Similarly, we prove that
nErJrrloo (Qkq, , ka,, )| = ber(Q). (5.4)

On the other hand, for every n € N, we see that

2

~

‘ <Qkan bl k\an >

~ ~

2 ~ ~ ~ ~
+ 2Re ((kan, Qkn ) (Wha | k;an>) - ‘((Q + W)y )

+ [(WhasFa,)

< ber?(Q + W).

By letting n go to +oo and then using (5.2), (5.3), and (5.4), we conclude that

2
(ber(Q) + ber(W)) < ber?(Q + W),

whence we have ber(Q) + ber(W) < ber(Q + W). Hence ber(Q + W) = ber(Q) + ber(W) as desired.
“(i) = (i1)”: Assume that ber(Q + W) = ber(Q) + ber(W). Then there exists a sequence {ay,} in 2
such that
lim (Qka, + Wka,,ka,) = ber(Q) + ber(W), (5.5)

n—-+o0o

where Ean is the normalized reproducing kernels of Hg at a,, for all n. Moreover, it is clear that

[(QFa.)

< ber(Q) and ’<WE%>’ < ber(W),

for every n € N. Therefore, we deduce that

(QFa, + Whe R, )| < [(Qhia s )

+ |(WhasFa)

< (@ )

< ber(Q) + ber(W).

+ ber(W)
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Hence, by letting n go to +oo and taking (5.5) into consideration, we deduce that

lim <Q7€\an , Ean >

n—-+4oo

+ ber(W) = ber(Q) + ber(WW).

From this, we conclude that

im ’(Qkan,kan> = ber(Q). (5.6)
By using a similar argument to the one above, we get
im ‘(Wkan,kan> = ber(W). (5.7)

On the other hand, for every n € N, we see that

2 2 ~ ~ ~ ~
+ 2Re (o, QFa, }(Whe s B, ) ) -

~ ~ ~ 2 ~ ~
(@, + Wha, o) + [(Wha, Fa, )

= ’ <Q7€\O¢n bl 7<:\Otn>

By using (5.5), (5.6), and (5.7), we deduce that

lim Re (@a QE%MWE%,E%)) — ber(Q) ber(W). (5.8)

n—-+o0o

Furthermore, we have
{Re ((gan ) Q/k\/’an > <W/]%an ) /]%an >)] ’ < [Re (@an ) anv) <W§an ) Ea,))} i + [Im (</k\7an ) Q/k?ocn > <W/];O¢n ) 750@))}

= |(Fas @R, ) (Wha B, )

< ber’(Q) ber?*(W),

for every n € N. So, by using (5.8), we infer that

lim Im ((EQH,QEM)(WE%,E%)) —0.

n—-+4oo
Finally, another application of (5.8) shows that

m (ke Qka,)(Wka, ko, ) = ber(Q) ber(W).

n—-+oo
as desired. Hence, the proof is complete. O
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