Turkish Journal of Mathematics Turk J Math

(2023) 47: 1508 — 1527

© TUBITAK

T U B | TAK Research Article doi:10.55730/1300-0098.3444

http://journals.tubitak.gov.tr/math/

Some estimates on the exponential stability of solutions of nonlinear neutral type
systems with periodic coefficients

Yener ALTUN"
Department of Business Administration, Faculty of Economics and Administrative Sciences,
Yiztinci Yil University, Van, Turkey

Received: 28.03.2023 . Accepted/Published Online: 17.05.2023 . Final Version: 18.07.2023

Abstract: In this present study, we pay attention to a class of nonlinear neutral type systems (NNSs) with periodic
coefficients and construct some assumptions guaranteeing the exponential stability (ES) of the trivial solutions of the
system considered. To get specific conditions guaranteeing the ES, we use a modified Lyapunov functional. In conclusion,
we get some estimates for the exponential decay of the solutions at infinity with the constructed sufficient conditions.

We give two examples to demonstrate the applicability of the results obtained with the constructed assumptions.
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1. Introduction

Differential equation systems with time delays have been of considerable interest for the few decades. Recently,
the stability problem of these systems has attracted the attention of many researchers (see, [1-34]). In
particular, the interest in stability analysis of various neutral differential systems has attracted attention with
the applications in practical fields of many researchers. Current efforts for stability analysis of these systems
are examined in two categories, delay independent and delay dependent. The study of ES of solutions of
NNSs is one of the important problems. This problem is very important both theoretically and practically
in terms of determining the ES criteria of the solutions of delay dependent and delay independent neutral
systems. When the related literature is searched, the commonly used method for the stability of delayed
differential systems is the Lyapunov stability theory. While defining this theory, it is possible to deal with
basically two aspects. The first is to choose an appropriate Lyapunov functional; the second is to reduce the
expansion when estimating its derivative. These functionals allow us to examine the qualitative behavior of
the differential equations we are considering without determining their roots. For this reason, it is seen that
different modifications of Lyapunov functionals are used by considering delayed differential equation systems.
These modifications can be constructed in shapes discretized Lyapunov functional [16], augmented Lyapunov
functional [18], delayed partitioning Lyapunov functional [34], etc. At the same time, in the case of constant
[32] and periodic coefficients in the linear part, a modified Lyapunov functional was suggested and used in [§]
to obtain the estimates of exponential decay at the infinity of the solutions to systems of linear and quasi linear
time-delay differential equations. In addition, Lyapunov functionals suitable for fractional-order systems have

been used to further reduce conservatism [23]. Therefore, it is important to choose a functional suitable for the
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form of the system in order to obtain a less prudent criterion when performing stability analysis of differential
systems [25].
In this study motivated by [4, 5, 9, 13, 26-29, 32, 33], we consider the following NNS with periodic

coefficients:

%[u(t) + Du(t — 7(t))] =A@)u(t) + B(t)u(t — 7(t)) + C(t) Ju(t — 7(1))
(1.1)

+ F(tut), ult —7(t)), —u(t —7(¢)))

where ¢t > 0,u € R, D is an n x n— constant matrix, A(t), B(t), and C(t) are n x n matrices with continuous
T— periodic entries, (T' > 0), that is,
At+T)=At), Bt+T)=B(t), Ct+T)=C(t)
and 7(t) € C*(]0,)),
0<m <7(t) <Tp <0 (1.2)

and

3 <T(t)<m <1 (1.3)

where 71 and 7o are positive constants. In addition, the continuous real value F(t, 4,7, w) function satisfies

the Lipschitz condition with respect to u, such that

1E(t, a0, w)|| < q l[all + g2 0] + gs @]l , =0, @,0,w R, (1.4)

for some constants ¢; > 0, ¢ = 1,2,3. Here, the vector norm and dot product mentioned above are defined as

follows

(,2) =) 2%, llzll = v/(z,2) .
j=1

For the system (1.1), we deal with the following initial value problem (IVP)

L 1u(t) + Dult — 7(0)] =AWut) + Blu(t — (0)) + C0) Sult — (1)
+E(u(t) ult — (1), Sult (1) w9
u(t) =9(t), t € [~72,0),
u(0") =9(0),

where J(t) € C1([—72,0]) is a given real-valued vector-function.
In this research motivated by the above discussions, we consider the NNS (1.1), when the spectrum of the

matrix belongs to the unit disk. From this point of view, we can summarize the main purpose and contribution
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of this research as follows. For the NNS (1.1), our aim is to establish new sufficient conditions for the ES of
trivial solution at infinity depending on the norms || D|| and to obtain some estimates for its exponential decay.

Researchers frequently employ various Lyapunov-Krasovskii functionals to develop stability criteria (see,
[6, 15]). However, we cannot derive estimates describing the decay rate of solutions at infinity for every
Lyapunov-Krasovskii functional. The research in this area has been progressing rapidly in recent years.
We construct a modified Lyapunov functional in proofs to obtain special conditions that guarantee ES and
exponential decay of the solutions at infinity. Our theoretical results obtained in this search improve the results
of [4, 5, 9, 13, 2629, 32, 33] and make a contribution to the existing results in the literature from cases
without delay to more general cases with time delay. We believe that this research, whose theoretical results
are exemplified by numerical simulations, can be useful for researchers working on the qualitative behavior of

solutions of NSs.

2. The main results
We first present a result for the ES of the trivial solution of NNS (1.1) with F(¢,u,v,w) = 0 as follows
d

Z[u(t) + Du(t = ()] = A@)u(t) + Bt)u(t - () + C(t)%u(t — 7)), t > 0. (2.1)

Notation: M* is the conjugate transpose of M.

Theorem 2.1 Assume that there are matrices H(t) € C* [0, T), K(s) and L(s) € C' [0, 73] such that

H(t) =H*(t), H(t)= H(t+T) >0, t >0, (2.2)
K(s) =K*(s) > 0, %f((s) <0, s€[0,7)], (2.3)
L(s) =L*(s) > 0, %ﬂ(s) <0, s€[0,7), (2.4)

and for all t € [0,T) , it is presumed that
11(t) Pi2(t) Pis(t)
D(t) = [ Bry(t) ®oa(t) Pos(t) | >0 (2.5)
i5(t) P3s(t) Pas(t)
with entries
Oui(t) =— —H(t) — H(t)A(t) — A*(t)H(t) — K(0) — A*(t)L(0)A(t),
®1o(t) = — H(t)B(t) + H(t)A(t)D + K(0)D + A*(t)L(0)A(t)D — A*(t)L(0)B(t),
Dy3(t) = — H(t)C(t) — A*(t)L(0)C(t) + A*(t)L(0) D,
(0)A(t)D (2.6)
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Then the trivial solution of system (2.1) is exponentially stable.

1510



ALTUN/Turk J Math

Let us assume that the assumptions of Theorem 2.1 are true. We construct conditions for the ES of the

trivial solution to the NNS (1.1). In addition, we introduce some notations to formulate our results. If the

matrix H(t) holds the assumptions of Theorem 2.1 then

%ﬁ(i) + H(t)A(t) + A*()H(t) < —K(0) — A*(t)L(0) A(t);

i.e. for the following Lyapunov differential equation, H (t) is a solution to a special boundary value problem:

%f[ + HA(t) + A*(t)H = — N(t), t € [0,T7,

H(0) =H(T) > 0,

where N(t) = N*(t) > 0. In this case, H(t) = H*(t) > 0 on [0,T]. Let us extend the H(t) matrix T'-

periodically on the whole half-axis {t > 0}, keeping the same notation. Using the matrix H (t) together with

the matrices K (s) and L(s) satisfying the conditions of Theorem 2.1, we define the functions

F

Balt) =2 BOI + 2| AW)D] + a2 + a1 | DI) | L(0)

Bu(t) =2|| B ®)|| + @A+ a) | L)

9

Bo(t) = ICOI + 2D + a2 + a |1D]) || £(0) |,
_ q1P2(t) + (g2 + a1 | D]))B1(t) | q1B3(t) + g3pi(t)
a1 (t) —Q1ﬂ1(t) + 7 + 9 )

an(t) (g2 + a1 | DIDBa(t) + q251(1) ;_QIB2(t) n (2 +aq ||DH)§3(t> + %32(75)7

q3B1(t) + q18s(t) n q3P2(t) + (g2 + q1 || D||)B3(t)
2 2 ’

as(t) =q3Ps(t) +

and the matrix

where [ is the unit matrix.

By k,1> 0 and pumin(t) > 0 the minimal eigenvalue of the matrix P(t),

%f{(s) + kK (s) <0, %ﬂ(s) +1L(s) <0, s € [0,7],
€(t) =min prfl_in(t) k1
|

(2.9)

(2.10)

(2.11)
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We denote by hmin(t) > 0 the minimal eigenvalue of H(t). Let

W= o [90)] (212)
_ V(0,9)

P00\ T () (213)

50 ==(0/2 , 5% = mas 50, 5= min 50 (2.14)

Theorem 2.2 Let the assumptions of Theorem 2.1 be satisfied. Assume that q; > 0, (i =1,2,3) are such that
O(t) > 0 for t € [0, T]. Then the trivial solution of NNS (1.1) is exponentially stable.

We present below the exponential decay rate estimation of the solution of the IVP (1.5) as ¢t — oco. Let

be defined Lyapunov functional

V(0,) = (H(0)((0) + Dp(~7(0))), (#(0) + Dip(~(0))))

0 0 p p (2.15)
[ (R0 000+ [ (D0-0)50(0) 610) o
—7(0) —7(0)

P(t) =011 (t) — a1 ()] — [@12(t) — 13(t)(Pas(t) — az(t)]) " @7, ()]
X [@oa(t) — ag(t)] — Pos(t)(P33(t) — 0‘3@)1)_1(1):3 (t)]_l
X [@12(t) — 13(t)(P33(t) — 043(75)1)_1‘1’; )"

— B13(t)(Ps3(t) — as(t)]) 107, (1),

(2.16)

where the matrices ®;;(t) are defined by (2.6). It is not hard to show that P(t) is positive definite if ®*(¢)
defined in (2.9) is positive definite (see, Lemma 2.6 below).

The main results of this research are expressed in the following theorems.
Theorem 2.3 Let the assumption given by (2.5) be satisfied and
|D] < e,
Then, for the solutionu(t) of (IVP) (1.5), the below assertion is true:
Ja@ll < (1= D] e 7) et Dy, (2.17)
where W, pu, 3~ and B% are defined in (2.12), (2.13) and (2.14), respectively.
Theorem 2.4 Let the assumption given by (2.5) be satisfied and

ID|| = e~7" .
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Then, for the solution u(t) of (IVP) (1.5), the below assertion is true:
lull < [at/m1 + D=+ D e, (2.18)
where W, pu, 3~ and B are defined in (2.12), (2.13) and (2.14), respectively.
Theorem 2.5 Let the assumption given by (2.5) be satisfied and

e < |D|| < =BT TmBTT),

Then, for the solution u(t) of (IVP) (1.5), the below assertion is true:

-1 t/T

+r -1 tr—BT1 1 max T2,
lu(®)]| < w1 = (D] ™) ) (D]’ ATy T 4 p ettt by (2.19)

where W, u, 3~ and Bt are defined in (2.12), (2.13), and (2.14), respectively.

The next lemmas are needed for the main results of this paper.

Lemma 2.6 [29] Let

1(t) Zia(t) Zis(t)
== :’{2(1?) Egg(t) Egg(t) > 0, te [O,T],
Eis(t) =35(t) Eas(t)
be a Hermitian matrixz. Then
[ (7N Es)ELH)
==10 1 523 (t)E;jl (t)
0 0 I
En(t) — E1 ()] (OZ (1) — Es()EL (D) 0 0
X 0 Eg(t) 0
0 0 =33(t)
) ) 0 0
X 53_11( )E*f(t) . IH* 0],
Sag (H)=33(t) 2 3 (H)=35(t) I

where él(t) =Z12(t) —Z13 (t)Efl(t):23 (1), =, (t) = Ega(t) —523(?5)53_31 (t)E%,(t); moreover, the matrices Zq1(t) —

ég(t) >0 and E33(t) > 0.

[1]2
—_
—~

~~
~—

[I‘]

—

—~
~~

~

[1]2
=%
—~

~

~
|

(1]

—_

w

—~

~~
~—
[1]

&1
—
—~
~
~—
(1]

— %

w

—~

~
~

\Y

<o

Lemma 2.7 Suppose that the assumptions of Theorem 2.2 are satisfied. Then the trivial solution u(t) of the

(IVP) (1.5) holds the below estimate

u(t) + Dult — +(t))]| < ’/ano(lii exp(—o/ﬁ(s)ds), >0, (2.20)

where B(t) and V(0,9) are defined in (2.14) and (2.15), respectively; hmin(t) > 0 is the minimal eigenvalue of

the matriz H(t).
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Proof Let u(t) be a solution of (IVP) (1.5). Using the above matrices H(t), K(s), and L(s), we consider the
Lyapunov—Krasovskii functional

V(tu) = () (u(t) + Du(t = 7(t))), (u(t) + Du(t = 7(1))) )

t

b [ (K- 9us)u)ds + / <z(t5)c‘liu(s),du(s)>ds. 221

ds
t—7(t) t—7(t)

Positive definiteness of the functional V(¢,u) is clear. Differentiating of the functional V(¢,u) along
solutions of (1.5), we can obtain that

jtv(t u) = <jtff(t)(u(t) + Du(t — 7(t))), (u(t) + Du(t — T(t)))>

+ <ﬁI(t)jt(u(t) + Du(t — 7(t))), (u(t) + Du(t — T(t)))>

+ <H(t)(u(t) + Du(t — (1)), %(u(t) + Du(t — T(t)))> + <K(O)u(t)7 u(t)>

b [ (a5, St ) ds.

t—7(t)
We introduce the notation
2(1) = A(t)u(t) + B(t)u(t — (1)) + C(0) St — (1)),

Considering that u(t) satisfies the system (1.1), we get

—Vtu <
Jr

) + Dult — 7(8))), (ult) + Du(t — T<t>>>>

+Du(t77-(t)))>

+
mz

u(t —7(t)), %u(t—T(t))MU(t) +Du(t_T<t)))> (2.22)

+

+
mz

)+ Du(t — 7(t))), F(t, u(t), u(t — 7(¢)), %u(t - T(t)))>

+

<
<
(H(t)(u(t) + Dult — 7(2))), 2(1) )
<
C

ult)) — (1= (1) (R (r(®)ult — 7(0)), ult ~ (1))
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Let us consider the expressions
(1= 7'(1) (K(r(t)ult = 7(6), u(t - 7(1)))
and

(1= (0) (L) ute = 7(0), Frule = 7(0) ).

By (1.3) and the conditions K (s) = K*(s) > 0 and L(s) = L*(s) > 0, s € [0, 7], it is clear that
(1= 7'(0) (K(r(®)ult = (), ult = 7(1))) = (1 = 72) (K (r(t))ult = 7(8)), u(t ~ 7(1)))
and
(1= 0) (L) ute = (0, ule = 7(0) ) > (1= ) (L (0) ute = 7(0), Frule — 7(0) )

Using the assumptions (1.2), (1.3), (2.3), and (2.4), we have K(r(t)) > K(r2) and L(7(t)) > L(m).

Hence, it is obvious that

(1= ') (R(r@)ult — r(&), ut = r(£) ) = (1 = 1) (R(m)ult — r(t) u(t —(£) ), (2.23)

1—7'(@)! <1:J(T( ))%u(t —7(t)), %u(t - T(t))> >(1- 7'3)71 <E(7’2)jtu(t —7(t)), %u(t - T(t))> . (2.24)

By (2.23) and (2.24), we have

%V(t u) < <C§if~l(t)(u(t) + Du(t — 7(¢))), (u(t) + Du(t — T(t)))>

+ (A@®A®) () + Du(t = 7(1), (u(t) + Dut - 7(1))))
— (AWA®)Du(t - (1)), (u(t) + Du(t - 7(1))))
+ (A@B(E)u(t - 7(t)), (u(t) + Dult - 7(1))))
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Consequently,

u(t) + Du(t — 7(t)) u(t) + Du(t — 7(t))
@(t) u(t —7(t)) , u(t —7(t)) >
Lot —7(t)) Lot —7(t))

— < L(0)A(t) Du(t — 7(t)), F(t, u(t), u(t — 7(¢)), %u(t —7(t))) >

+ < L(O)B(t)u(t — 7(t)), F(t,u(t), u(t — 7(t)), %u(t —7(t)) >

+< E(O)C(t)%u(t — (1), F(t,ult), ult — 7(t)), %u(t (@) >

+ < A*(t)L(0)F(t, u(t), u(t — 7(t)), %u(t —7(¢))), (u(t) + Du(t — 7(¢))) >

— < D*A*($)L(0)F(t, u(t), ut — 7(t)), %u(t — (), ult — (b)) >

< O OLOF( ult),ut — (1)), Sult —7(1))), rult —7(0) >

+ < LO)F(t, u(t), u(t — 7(t)), %u(t —7(1)), F(t,u(t),u(t — 7(t)), %u(t —7(t)) >

— < LO) LDt - (1)), F(t,u(t),ult — (1), L

o dtu(t —7(t))) >

= DALV F( u(t), ut — (1)), %u(t _ ), %u(t _ ) >

t t

[ (Re- e s [ (L), St ) ds

where the matrix ®(t) is defined in (2.5) .

Consider the group of the summands containing F(t, u(t), u(t — 7(t)), %u(t — 7(t))) and indicate them
by W (t).
Then,
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d u(t) + Du(t — 7(t)) u(t) + Du(t — 7(t))
—V(t,u) <— <<I>(t) u(t — 7(t)) , u(t — 7(t)) > + W (t)

“ du(t — (1)) du(t — (1)) .
- / <jtf((t— s)u(s),u(s)>ds+ /t <ii(t—s)§9u(s),iu(s)>d&
i (1) (1)
Obviously,

w(t) <@||A®)| lut) + Du(t - ()]
+2||Z(0) H )+ Du(t — (1)) + B(t)u(t — 7(t)) + C’(t)%u(t - T(t))H
+2||Z(0) HA(t)Du(t — 7 (1) + D%u(t - T(t))H
+ HE(O)H F(t,u(t), ult — (1)), %u(t - T(t)))H)
s ||t ut), ut — (1)), %u(t - T(t)))H .

Using (1.4), we have
W(0) < (B1(0)Ju(t) + Dute = 7))+ 52(0) e = ()] + o) | e = 7))
(0 Ol + a2 e = 7@+ a1 | e = 7))
< (B0 a0+ Dt = ()] + 52) )]+ st Hut—r )
(a0 u(0) + Date = (O] + G+ 1 DI e = 7] -+ | e = 70} ).
where ;(t),j = 1,2,3, are defined in (2.7). Obviously,
W) < an(8)|(u(t) + Dut — 7®)]> + aa®)]ult — 7)) + as(t Hu |, e
where a;(t),j = 1,2,3, are described in (2.8). By (2.26), from (2.25) we get
; u(t) + Du(t —7(6)\  [u(t) + Du(t — 7(¢))
oo () Uil
+ j <$K(t5) (s), (s)>ds+ /t <C‘Zti(t5)zsu(s),iu(s)>ds
t—r(t) t=r(t)

1518



ALTUN/Turk J Math

where the matrix ®(t) is given in (2.9).

We apply the Lemma 2.6 from matrix theory for additional transformations. By the Lemma 2.6, for the

u(t) + Du(t — 7(t)) u(t) + Du(t — 7(t))
<<I>a(t) u(t —7(t)) : u(t —7(t)) >
Lu(t—7(t) ault—7(1)

> (P(t)u(t) + Du(t — 7(¢)),u(t) + Du(t — 7(¢))),

matrix ®%(t), we have

where P(t) is the positive definite Hermitian matrix given in (2.16). Then
(P(t)(u(t) + Du(t — 7(1))), (u(t) + Du(t = 7(t)))) > pumin(t)||u(t) + Du(t — 7(¢))||.
Consequently, from (2.27) we obtain

%V(t, ) < = {Pmin(t) (u(t) + Du(t = 7(1))), (u(t) + Du(t = 7(1))))

Clearly,

oanin ()| |u(8) + Du(t — (t))|” < <ﬁ(t)(U(t) + Du(t = 7(¢))), (u(t) + Du(t — T(t)))>

Hence,

2yt ) < — Prinl) (H(®)(w(t) + Du(t = 7(1))), (u(t) + Du(t = 7(1))))

T ]
o [ (GRe-ueae)ast [ (GEE- 910l Auls) )ds
t—7(t) t—7(t)

Using the condition (2.10), we arrive at

%V(t, u) < - ﬁf“;‘(lt()t‘)‘ (H(®)(w(t) + Du(t - 7(1)), (u(t) + Du(t - (1)) )
—k / <k(t — s)u(s), u(s)> ds — Z<Z(t —s)-us), ;iu(s)> ds
t—7(t) t—7(t)

From the definition of V(¢,u) in (2.21), we have

%V(t,u) eV (tu) <0

1519
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where £(t) = min { |p min () kK, l } . So that, by this inequality, we can reach the below estimate

Vit,u) < V(O,ﬂ)exp(—/a(s)ds),
0

where V(0,4) is described by (2.15). Taking into account the (2.28) and definition of the functional (2.21), we

infer
(F@O)w(t) + Dult = 7(2))), (u(t) + Dult = 7(1))) ) < V(t,u)

and

Vita . [V(0.9) 1
lu(t) + Du(t — 7(t))]] < \/ — \/ P / £(s)ds).

Hence, we have the required inequality (2.20). This finishes the proof. O

Now, we estimate |lu(t)||. For ¢t > 0, let us consider the below functions

no(t) =t,
mt) =t—r7(t),

m(t) =m-1(t) = 7(m=1(t)), 1 >1

or equivalently,

(2.29)
-1
mt)=t—> 7(n;t)), 1>1
=0
Assume that m € N be a minimal number such that
Nm(t) € [—T2,0). (2.30)

Lemma 2.8 Let the assumption given by (2.5) be satisfied. Then the trivial solution u(t) of (IVP) (1.5) holds

the below estimate

m—1
+r — max{t/72 ,1
lu(t)| < u > (D]l ™) et 4 || |t/ g, (2.31)
7=0

where W, pu, B~ and B are defined in (2.12), (2.13), and (2.14), respectively.
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Proof In the case of the consideration of {m(t)},5,, we can reach the u(t) as follows

u(t) =[ulno(t)) + Du(n (6)] ~ Dlu(n (1)) + Dulms(t))] +
()" D a1 (1)) + Dt (8)] + (1) D™ (1)
which implies that
)| < [funo(t)) + DuaCs ()| + D] s (8) + D)) + -
FD™ | -1 (8)) + D ()| + [ D™ (1))
= l[uno($)) + Dulno(t) — r(mo(t)]
DI [fulm (8)) + Dt (8) = ()] + -

HD™ T uln-1(t) + Dulihm-1(t) = 7(hm-1 D + D™ ulnm (@)1 -

It should now be noted that

[u()] <pe

by (2.13) and (2.20).
We note that (2.29) and (1.2) imply that n;(t) > t — jm. Particularly, by (2.30) and 0 > 0, () > t —mms,

which implies m > ¢/72 . Thus, we can obtain that

m—1

[|u(t)]| <u Z ||DJ|| BT t=n; (1) =BTt 4 ”D”max{t/ﬁ,l hy
=0
m—1
<u Z HD]H eBJrere—B*t + ”DHmax{t/‘rz,l }\I/
=0

O

Proof [Proof of Theorems 2.3-2.5] Using the inequality (2.31), it is not hard to prove estimates given by
(2.17), (2.18), and (2.19), respectively. Indeed, let || D|| < e=#" 2. By the estimate

[

m— oo

+ + L
(1Dl " )" < > (IDlle” ™) = (1D ™)
=0 =0
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and inequality (2.31), we can arrive at inequality (2.17). This result finishes the proof of Theorem 2.3.

Let ||D]| = e #7™2 By (2.30), we have nm,_1(t) > 0 . Moreover, by (2.29) and ??eq2), we get nm_1(t) <
t — (m — 1)y, which implies

t
m< —+1. (2.32)

Hence,

._.

(|| D] ® =m< — +1.
7=0
The last equality above and estimate (2.31) imply (2.18). This result finishes the proof of Theorem 2.4.
Finally, let ¢ ™ < ||D|| < e=(8"7=8"7)_ By (2.32), we have

m—1 N m—1 m—1—j
(1D ™) =3~ (D] #" ™)
7=0 7=0
m—1 )
<> (Dl )y

<
I
o

+'r Jr'r T1
(1D ¥ ) (D) e#* 7)Y

Mz

<.
Il
o

-1 -1 t/T
—(1— (D)7 (D) et

By (2.14) and inequality (2.31), we have

t/Tl

*r -1, Tro—B7 T max{t/7Tz ,1
u(t) < p(L = (D] ™) ) (D)) D Y,

Thus, we can reach the assertion in (2.19). This result finishes the proof of Theorem 2.5. O

3. Numerical examples
Example 3.1 As a special case of (1.1), we consider the below neutral system with periodic coefficients

% (y(t) +0.02y(t — 7(t))) =(0.1cost — 3.2)y(¢) + 0.2y(t — 7(t)) + 0.2 cos t%y(t —7(t))

R (6 y(6),y(t — 7(0), (e — (1)

for t > 0.
We start first by thinking about the linear case

F(t,a,5,@) = 0,
ie. =0, (i=1,2,3). Let

7= 0.1< 7(t) = (1+sin’t)/10 <0.2 = 1.
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In addition, it can be followed that

H(t) =1—-0.2sint, K(s) =0.24e7%% L(s) =0.01e~ %4,
Obviously, these functions satisfy (2.2-2.4) and (2.10) with
k,l = 0.45.
Let ?lmin(t) > 0 be the minimal eigenvalue of ﬁ(t) Thus, it is can easily calculated that

hmin(t) Z 08 9

’ﬁ(t)” <12.

Therefore, it is simple to verify that the matriz ®(t) > 0 for the earlier specific choices. Thus, considering
the assumptions of Theorem 2.1, we can say that the trivial solution of (3.1) with ¢; = 0, (i = 1,2,3) is
exponentially stable.

Since ¢; =0, (1 =1,2,3), it is clear that ®(t) = ®*(¢t). It is not difficult to show that P(t) is positive
definite if ®*(t) > 0. It is known that pmin(t) is the minimal eigenvalue of P(t). The pmin(t) value holds

Pmin(t) > 0.8562 by using MATLAB-Simulink. Therefore ﬁgzt()tﬁ > 0.7135 and e(t) = min{’i‘g"t()tﬁ,/;j} =

0.45. By (2.14), we establish the following estimate

—0.225t
)

<
Iy < r_max )l 0%, >0,

for the solutions to (3.1).
Let us now examine the case of F(t,u,0,w) # 0 for the system (3.1). We choose the functions
H(t), K(s), L(s) and constants ¢; >0, (i =1,2,3)as follows

H(t)=1-0.2sint, K(s)=0.12e79% L(s) = 0.16e~%3%,

and

@1 = 0.01, g» = 0.02, g3 = 0.06.

In this case, it is ®(t) > 0 for t € [0, 2w]. Then, by Theorem 2.1, the trivial solution to (3.1) with
g >0, (i=1,2,3) is exponentially stable.

For t € [0, 2r],it is not hard to demonstrate that ®*(t) described in (2.9) is positive definite. In this
case, P(t) is positive definite if ®*(t) > 0. By MATLAB-Simulink, the value pmin(t) satisfies pmin(t) > 2.9693.

pn:in(t) > — : pn:in(t) 7.7 —
Therefore Taw] = 2.4744 and €(t) mm{”H(t),k,l} 0.35.

By (2.14), we have the estimate

—0.175t
)

<
ly@ll < r_max lly(s)]e r>0,

for the solutions to (3.1).

Figure 1 and Figure 2 graphs show the trajectories of solutions of the considered system.
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Figure 1. Trajectories of system (3.1) when F(t,@,9,%) = 0, for 7(t) = (1 + sin®t)/10.

3"

2 Ko

y(t) with different initial conditions

time(sec)

Figure 2. Trajectories of system (3.1) when F(t,,,w) # 0, for 7(t) = (1 +sin®t)/10 .
Example 3.2 For n =2, as a special subcase of (1.1), we consider the below NNS with periodic coefficients

L1y(t) + Dyt — ()] =AW (1) + Bt — (1)) + C(O) Tyt — (1)

] (3.2)
+ P y(),y(t = 7(1), 2yt —7(1)))

_ [(—3.840.2cost 1—0.4cost _( 0.5sint 0
Alt) = ( 1.2 —3.6 ) » B(t) = (—O.Gsint 0.1 cost) ’

0.01 0.04 0.01 0.16
c) = (0.01 0.02)’ b= <0.16 0.01) ’

—yi(t) —yi(t—7(t)) — —yi(t—7(1) d _
F(t,y<t>,y<t—f<t>>,jty@_T(t))):[‘he ni(t) + gee it = 7(1)) + ase ot —7(0)

qlefyé(t)yz(t) + qQnyS(tfr(t))yQ (t —7(t)) + qgefyé(m(ﬁ)%yrz(t —rt)]’

7= 0.1< 7(t) = (1+sin’t)/10 <0.2 = 1.

Considering the assumption (1.4), for some positive constants q1 = 0.02, g2 = 0.03, and g3 = 0.004,

17 (t @, 5,0)| < qullall + g2 5] + g5 @], £ >0, u,v,w e R,
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In addition, we can choose the functions H(t), K(s), and L(s) as follows

= (2—0.2sint 1—0.4sint = _ _oo09s (1 0
H(t)<1—0.4sint 4+1.251nt)’K(5)6 0 2)

~ _ _000s (0.1 0
L(s) =e ( 0 0.1) .

For the values selected above, the following calculations can be easily obtained

1.5886 < hmin(t) < 1.6023 ,

and

44214 < Hﬁ(t)H < 4.4577,

where, hmin(t) is the minimal eigenvalue of the matriz H(t).
In this case, it is ®(t) > 0 for t € [0, 2x|. Thus, considering the assumptions of Theorem 2.1, we can
say that the trivial solution of (3.2) is exponentially stable for constants ¢ = 0.02, g2 = 0.03, and g3 = 0.004.
For t € [0, 2],it is not hard to demonstrate that ®(t) described in (2.9) is positive definite. In this
case, P(t) is positive definite if ®*(t) > 0. By MATLAB-Simulink, the value pmin(t) satisfies pmin(t) > 7.7758.

pu:in(t) > — : pu:in(t) .7 —
Therefore T = 1.7443 and <(t) mm{”H(t)',k,l} 0.09.

By (2.14), we have the estimate

—0.045t
)

t)] < 0
Iy <7 _max )0, >0,

for the solutions to (3.2).

Figure 3 graph shows the trajectories of solutions of the considered system.

' | |
w ~ - =] - ~ w - w0
O K

1
IS

y(t) with different initial conditions

|
W0

time(sec)

Figure 3. Trajectories of system (3.2) when F(t,,%,w) # 0, for 7(t) = (1 + sin?t)/10.
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4. Conclusions

This

research presents the ES of trivial solutions of nonlinear neutral type systems (NNSs) with periodic

coefficients. By applying the Lyapunov functional method, a set of sufficient conditions is obtained that

guarantees ES. Two examples with simulations are provided to support the theoretical findings. Our results

improve and generalize the results of previous studies on this topic in the literature.
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