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Abstract: In this study, we have shown that numerical semigroups M =< 3, C + 1, C + 2 > and M =< 3, C, C + 2 >

have maximal or almost maximal length, with conductor C , where C ≡ 0(3) and C ≡ 2(3), respectively. We also
examined whether half of these numerical semigroups were of maximal or almost maximal length.
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1. Introduction
Numerical semigroups arise in the study of Sylvester which has been known as the Frobenius problem (see
[11] for an extensive exposure of this and related problems). Numerical semigroups appear in several areas of
mathematics and their theory is connected with algebraic geometry, commutative algebra, and ring theory.

Inspired by the paper (see [1]) of Arf, Lipman introduced and studied Arf rings in his paper (see [9])
where characterizations of those rings via their value semigroups yield Arf numerical semigroups. Besides their
importance in algebraic geometry, Arf numerical semigroups have gained lately a particular interest due to
their applications to algebraic geometric codes, in particular to one-point algebraic geometric codes when the
Weierstrass semigroup of the point is an Arf numerical semigroup [4].

A class of Arf numerical semigroups is the saturated numerical semigroups. The concept of saturated
numerical semigroups has emerged by adding the terms of semigroup values of a saturated ring. On the other
hand, with the maximal or almost maximal length of the semigroup to which a ring corresponds, the maximal
or almost maximal concept of the numerical semigroup has emerged (see [14, 15]).

This work is organized as follows: Firstly, we proved that numerical semigroups M =< 3, C +1, C +2 >

have maximal length and M =< 3, C, C + 2 > has almost maximal length, by Theorem 2.3 and Theorem 2.4,
respectively. Secondly, we will give the half numerical semigroups of these numerical semigroups with conductor
C , where C ≡ 0(3) and C ≡ 2(3), respectively, by Theorem 2.5 and Theorem 2.6. Finally, we examine that half
of these numerical semigroups are of maximal length or almost maximal length by Theorem 2.9 and Theorem
2.11.
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Let N = {k ∈ Z : k ≥ 0} and Z be integers set. ∅ ̸= M ⊆ N, M is called a numerical semigroup if it
satisfies the following conditions,

1) 0 ∈ M

2)x1 + x2 ∈ M, for all x1, x2 ∈ M

3)Card(N\M) < ∞.

For a numerical semigroup M, we define the following integers:

f(M) = max{x ∈ Z : x /∈ M};

m(M) = min{x ∈ M : x ̸= 0};

n(M) = Card({0, 1, 2, ...f(M)} ∩M).

f(M) is called the Frobenius number of M, m(M) the multiplicity of M, and n(M) the determine
number of M. If M is a numerical semigroup such that,

M =< a1, a2, ..., an >

then we observe that,

M =< a1, a2, ..., an >= {m0 = 0,m1,m2, ...,mn−1,mn = f(M) + 1,→ ...}

where mj < mj+1 , n = n(M) and the arrow means that every integer greater than f(M)+1 belongs to M, for
j = 1, 2, ..., n = n(M). Here, we say the number C = f(M) + 1 is conductor of M (for details see [2, 12, 13]).
For a numerical semigroup M , we give following definitions,

M

t
= {a ∈ N : ta ∈ M} for t ∈ M − {0};

Mj = {a ∈ M : a ≥ mj} for j ≥ 0,mj ∈ M ;

M(j) = {k ∈ N : k +Mj ⊆ M}.

Here, every the set M(j) is a numerical semigroup and we write the following chain:

Mn ⊂ Mn−1 ⊂ ... ⊂ M1 ⊂ M0 = M = M(0) ⊂ M(1) ⊂ ... ⊂ M(n− 1) ⊂ M(n) = N.

The number t(M) = Card(M(1)\M) is called the type of M (for details see [10]). In this case, M has
maximal length if and only if n(M)(t(M) + 1) = f(M) + 1. Also, M has almost maximal length if and only if
n(M)(t(M) + 1) = f(M) + 2 (for details see [3, 7]).

Let M =< a1, a2, · · · , ae > be a numerical semigroup. In this case, the integer e is called the embedding
dimension of M, and it is denoted by e(M). It is known that e(M) ≤ m(M) (for details see [13]). M is called
of maximal embedding dimension (MED) if e(M) = m(M).

A numerical semigroup M is Arf if m1+m2−m3 ∈ M, for all m1,m2,m3 ∈ M such that m1 ≥ m2 ≥ m3.

It is well known an Arf numerical semigroup is MED. But, a MED numerical semigroup can not an Arf. For
example, M =< 3, 7, 11 >= {0, 3, 6, 7, 9 → ...} is a MED numerical semigroup since e(M) = m(M) = 3,

but it is not Arf since 7 + 7 − 6 = 8 /∈ M. On the other hand, M is called saturated numerical semigroup
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if u + dM (x) ∈ M, for all u, x ∈ M − {0}, where dM (x) = gcd{k ∈ M : k ≤ x}. It is known that a
saturated numerical semigroup is Arf. But, an Arf numerical semigroup can not be saturated. For example,
M =< 5, 12, 14, 16, 18 > is Arf but it is not saturated. We note that if m(M) = 1 then M =< 1 >= N and M

is both Arf and saturated numerical semigroup ( for instance see [6, 8, 14, 16]).

2. Main results
Theorem 2.1 [14] Let M be a numerical semigroup and dM (a) = gcd{x ∈ M : x ≤ a} Then the following
conditions are equalities:

(1)M is saturated,

(2) a+ dM (a) ∈ M for all a ∈ M\{0},

(3) a+ k.dM (a) ∈ M for all a ∈ M\{0} and k ∈ N.

Theorem 2.2 [6] Let M be a numerical semigroup with m(M) = 3 and conductor C. Then, M is saturated
if M is one of following numerical semigroups:

(1)M =< 3, C + 1, C + 2 > for C ≡ 0(3).

(2)M =< 3, C, C + 2 > for C ≡ 2(3).

Theorem 2.3 Let M be a numerical semigroup with m(M) = 3 and conductor C > 3 such that M =<

3, C + 1, C + 2 > for C ≡ 0(3). Then, M has maximal length.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C+1, C+2 >

for C ≡ 0(3). Then, we write

M =< 3, C + 1, C + 2 >= {0, 3, 6, 9, ..., C − 3, C,→ ...}.

Thus, we find

n(M) = Card({0, 1, 2, ..., f(M)} ∩M)

= Card({0, 1, 2, ..., C − 1} ∩M) = Card({0, 3, 6, 9, ..., C − 3}) = C

3
.

On the other hand, we obtain

M1 = {a ∈ M : a ≥ 3} = {3, 6, 9, ..., C − 3, C,→ ...}

and
M(1) = {k ∈ N : k +M1 ⊆ M} = {0, 3, 6, 9, ..., C − 3, C − 2, C − 1,→ ...}.

So, we have
t(M) = Card(M(1)\M) = Card({C − 1, C − 2}) = 2.

Therefore, we obtain that M has maximal length from

n(M)(t(M) + 1) =
C

3
(2 + 1) = C = f(M) + 1.

2
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Theorem 2.4 Let M be a numerical semigroup with m(M) = 3 and conductor C > 5 such that M =<

3, C, C + 2 > for C ≡ 2(3). Then, M has almost maximal length.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C > 5 such that M =< 3, C, C+2 >

for C ≡ 2(3). Then, we write

M =< 3, C, C + 2 >= {0, 3, 6, 9, ..., C − 2, C,→ ...}.

Thus, we obtain

n(M) = Card({0, 1, 2, ..., f(M)} ∩M)

= Card({0, 1, 2, ..., C − 1} ∩M) = Card({0, 3, 6, 9, ..., C − 2}) = C + 1

3
.

On the other hand, we find

M1 = {a ∈ M : a ≥ 3} = {3, 6, 9, ..., C − 2, C,→ ...}

and
M(1) = {k ∈ N : k +M1 ⊆ M} = {0, 3, 6, 9, ..., C − 2, C, C + 1,→ ...}.

So,
t(M) = Card(M(1)\M) = Card({C − 3, C − 1}) = 2.

Therefore, we obtain that M has almost maximal length since

n(M)(t(M) + 1) = C + 1 = f(M) + 2.

2

Theorem 2.5 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C +

1, C + 2 > for C ≡ 0(3). Then, we have

M

2
=

 < 3, C+1
2 , C+5

2 > ; if C is odd number

< 3, C+2
2 , C+4

2 > ; if C is even number.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C+1, C+2 >

for C ≡ 0(3). Then,
(1)If C is odd number then C+1

2 and C+5
2 are even integers. So, we obtain

x ∈< 3,
C + 1

2
,
C + 5

2
> ⇔ ∃y1, y2, y3 ∈ N ∋ x = 3y1 + (

C + 1

2
)y2 + (

C + 5

2
)y3

⇔ 2x = 3(2y1) + (C + 1)y2 + (C + 5)y3

⇔ 2x = 3(2y1 + y3) + (C + 1)y2 + (C + 2)y3

⇔ 2x ∈ M

⇔ x ∈ M

2
.
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(2) If C is an even number then we find

u ∈< 3,
C + 2

2
,
C + 4

2
> ⇔ ∃k1, k2, k3 ∈ N ∋ u = 3k1 + (

C + 2

2
)k2 + (

C + 4

2
)k3

⇔ 2u = 3(2k1) + (C + 2)k2 + (C + 4)k3

⇔ 2u = 3(2k1 + k3) + (C + 2)k2 + (C + 1)k3

⇔ 2u ∈ M

⇔ u ∈ M

2
.

2

Theorem 2.6 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C, C+2 >

for C ≡ 2(3). Then, we have

M

2
=

 < 3, C+3
2 , C+5

2 > ; if C is odd number

< 3, C
2 ,

C+2
2 > ; if C is even number.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C, C + 2 >

for C ≡ 2(3). Then,

(1)If C is odd number then C+3
2 and C+5

2 are even integers. Then, we have

a ∈< 3,
C + 3

2
,
C + 5

2
> ⇔ ∃n1, n2, n3 ∈ N ∋ a = 3n1 + (

C + 3

2
)n2 + (

C + 5

2
)n3

⇔ 2a = 3(2n1) + (C + 3)n2 + (C + 5)n3

⇔ 2a = 3(2n1 + n2 + n3) + (C)n2 + (C + 2)n3

⇔ 2a ∈ M

⇔ a ∈ M

2
.

(2) If C is an even number then we find

y ∈< 3,
C

2
,
C + 2

2
> ⇔ ∃b1, b2, b3 ∈ N ∋ y = 3b1 + (

C

2
)b2 + (

C + 2

2
)b3

⇔ 2y = 3(2b1) + (C)b2 + (C + 2)b3

⇔ 2y ∈ M

⇔ y ∈ M

2
.

2

Corollary 2.7 The numerical semigroups M
2 given by Theorem 2.5 and Theorem 2.6 are saturated. It is clear

from [5].
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Proposition 2.8 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =<

3, C + 1, C + 2 > for C ≡ 0(3). In this case, we have

(1)n(
M

2
) =

C + 3

6
and f(

M

2
) =

C − 1

2
for

M

2
=< 3,

C + 1

2
,
C + 5

2
> if C is odd number.

(2)n(
M

2
) =

C

6
and f(

M

2
) =

C − 2

2
for

M

2
=< 3,

C + 2

2
,
C + 4

2
> if C is even number.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C+1, C+2 >

for C ≡ 0(3) . In this case,
(1) If C is odd number then

M

2
=< 3,

C + 1

2
,
C + 5

2
>= {0, 3, 6, 9, ..., C − 3

2
,
C + 1

2
,→ ...}.

Thus we find

f(
M

2
) =

C + 1

2
− 1 =

C − 1

2

and

n(
M

2
) = Card({0, 1, 2, ..., f(M

2
)} ∩ M

2
)

= Card({0, 1, 2, ..., C − 1

2
} ∩ {0, 3, 6, 9, ..., C − 3

2
,
C + 1

2
,→ ...})

= Card({0, 3, 6, 9, ..., C − 3

2
}) = C + 3

6
.

(2) If C is even number then M
2 =< 3, C+2

2 , C+4
2 >= {0, 3, 6, 9, ..., C

2 ,→ ...}.
Thus we obtain

f(
M

2
) =

C − 2

2

and

n(
M

2
) = Card({0, 1, 2, ..., f(M

2
)} ∩ M

2
)

= Card({0, 1, 2, ..., C − 2

2
} ∩ {0, 3, 6, 9, ..., C − 6

2
,
C

2
,→ ...})

= Card({0, 3, 6, 9, ..., C − 6

2
}) = C

6
.

2

Theorem 2.9 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =<

3, C + 1, C + 2 > for C ≡ 0(3). In this case,

(1) if C is odd number then
M

2
=< 3,

C + 1

2
,
C + 5

2
> has almost maximal length;

(2) if C is even number then
M

2
=< 3,

C + 2

2
,
C + 4

2
> has maximal length.
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Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C+1, C+2 >

for C ≡ 0(3). Thus,
(1) If C is odd number then M

2 =< 3, C+1
2 , C+5

2 >, n(M2 ) = C+3
6 and f(M2 ) = C−1

2 .

In this case, M2 =< 3, C+1
2 , C+5

2 > has almost maximal length since

n(
M

2
)(t(

M

2
) + 1) =

C + 3

2
=

C − 1

2
+ 2 = f(

M

2
) + 2.

(2) If C is even number then M
2 =< 3, C+2

2 , C+4
2 >, n(M2 ) = C

6 and f(M2 ) = C−2
2 .

Thus, M2 =< 3, C+2
2 , C+4

2 > has maximal length since

n(
M

2
)(t(

M

2
) + 1) =

C

2
=

C − 2

2
+ 1 = f(

M

2
) + 1.

2

Proposition 2.10 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =<

3, C, C + 2 > for C ≡ 2(3). In this case, we have

(1)n(
M

2
) =

C + 1

6
and f(

M

2
) =

C − 1

2
for

M

2
=< 3,

C + 3

2
,
C + 5

2
> if C is odd number.

(2)n(
M

2
) =

C − 2

6
and f(

M

2
) =

C − 4

2
for

M

2
=< 3,

C

2
,
C + 2

2
> if C is even number.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C, C + 2 >

for C ≡ 2(3).

(1) If C is odd number then

M

2
=< 3,

C + 3

2
,
C + 5

2
>= {0, 3, 6, 9, ..., C − 5

2
,
C + 1

2
,→ ...}.

Thus we find that

f(
M

2
) =

C − 1

2

and

n(
M

2
) = Card({0, 1, 2, ..., f(M

2
)} ∩ M

2
)

= Card({0, 1, 2, ..., C − 1

2
} ∩ {0, 3, 6, 9, ..., C − 5

2
,
C + 1

2
,→ ...})

= Card({0, 3, 6, 9, ..., C − 5

2
}) = C + 1

6
.

(2) If C is even number then

M

2
=< 3,

C

2
,
C + 2

2
>= {0, 3, 6, 9, ..., C − 8

2
,
C − 2

2
,→ ...}.
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Thus we find

f(
M

2
) =

C − 4

2

and

n(
M

2
) = Card({0, 1, 2, ..., f(M

2
)} ∩ M

2
)

= Card({0, 1, 2, ..., C − 4

2
} ∩ {0, 3, 6, 9, ..., C − 8

2
,
C − 2

2
,→ ...})

= Card({0, 3, 6, 9, ..., C − 8

2
}) = C − 2

6
.

2

Theorem 2.11 Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =<

3, C + 1, C + 2 > for C ≡ 2(3). In this case, the numerical semigroup M
2 has maximal length where

M

2
=

 < 3, C+3
2 , C+5

2 > ; if C is odd number

< 3, C
2 ,

C+2
2 > ; if C is even number.

Proof Let M be a numerical semigroup with m(M) = 3 and conductor C such that M =< 3, C+1, C+2 >

for C ≡ 2(3). Thus,
(1) If C is odd number then M

2 =< 3, C+3
2 , C+5

2 >, n(M2 ) = C+1
6 and f(M2 ) = C−1

2 . In this case, M2 =<

3, C+3
2 , C+5

2 > has maximal length since

n(
M

2
)(t(

M

2
) + 1) =

C + 1

2
=

C − 1

2
+ 1 = f(

M

2
) + 1.

(2) If C is even number then M
2 =< 3, C

2 ,
C+2
2 >, n(M2 ) = C−2

6 and f(M2 ) = C−4
2 . In this case, M2 =<

3, C
2 ,

C+2
2 > has maximal length since

n(
M

2
)(t(

M

2
) + 1) =

C − 2

2
=

C − 4

2
+ 1 = f(

M

2
) + 1.

2

Example 2.12 Let M be a numerical semigroup with m(M) = 3 and conductor C = 9 such that M =<

3, 10, 11 >= {0, 3, 6, 9,→ ...}. Then f(M) = 8, n(M) = 3 and

M

2
= {x ∈ N : 2x ∈ M} = {0, 3, 5,→ ...} =< 3, 5, 7 > .

On the other hand, the type of M is t(M) = 2 :

M1 = {a ∈ M : a ≥ 3} = {3, 6, 9,→ ...}

and
M(1) = {k ∈ N : k +M1 ⊆ M} = {0, 3, 6,→ ...}.
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Thus,
t(M) = Card(M(1)\M) = Card({7, 8}) = 2.

Therefore, we obtain that M has a maximal length from

n(M)(t(M) + 1) = 9 = f(M) + 1.

On the other hand, we write

M

2
= {x ∈ N : 2x ∈ M} = {0, 3, 5,→ ...} =< 3, 5, 7 >,n(

M

2
) =

C + 3

6
= 2,

f(
M

2
) =

C − 1

2
= 4

and the type of M
2 is t(M2 ) = 2 :

A = {a ∈ M

2
: a ≥ 3} = {3, 5,→ ...}

and

A(1) = {k ∈ N : k +A ⊆ M

2
} = {0, 2, 3,→ ...}.

Thus, we find

t(
M

2
) = Card(A(1)\M

2
) = Card({2, 4}) = 2.

Therefore, we obtain that M
2 has almost maximal length from

n

(
M

2

)(
t(
M

2
) + 1

)
= 6 = f(

M

2
) + 2.

Example 2.13 Let M be a numerical semigroup with m(M) = 3 and conductor C = 8 such that M =<

3, 8, 10 >= {0, 3, 6, 8,→ ...}. Then f(M) = 7, n(M) = 3 and

M

2
= {x ∈ N : 2x ∈ M} = {0, 3,→ ...} =< 3, 4, 5 > .

On the other hand,the type of M is t(M) = 2 :

M1 = {a ∈ M : a ≥ 3} = {3, 6, 8,→ ...}

and
M(1) = {k ∈ N : k +M1 ⊆ M} = {0, 3, 5,→ ...}.

Thus, we obtain
t(M) = Card(M(1)\M) = Card({5, 7}) = 2.

Therefore, we obtain that M has an almost maximal length from

n(M)(t(M) + 1) = 9 = f(M) + 2.
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On the other hand, we write

M

2
= {x ∈ N : 2x ∈ M} = {0, 3,→ ...} =< 3, 4, 5 >,n(

M

2
) =

C − 2

6
= 1,

f(
M

2
) =

C − 4

2
= 2

and the type of M
2 is t(M2 ) = 2 :

B = {a ∈ M

2
: a ≥ 3} = {3,→ ...}

and

B(1) = {k ∈ N : k +B ⊆ M

2
} = {0, 1,→ ...}.

Thus, we find

t(
M

2
) = Card(B(1)\M

2
) = Card({1, 2}) = 2.

Therefore, we obtain that M
2 has maximal length from

n

(
M

2

)(
t(
M

2
) + 1

)
= 3 = f(

M

2
) + 1.
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