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Abstract: In the present article, we establish a definition of atomic systems in the Krein spaces, specifically, we
establish the fundamental tools of the theory of atomic systems in the formalism of the Krein spaces and give a complete
characterization of them. We also show that the atomic systems do not depend on the decomposition of the Krein space.
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1. Introduction

Spaces of the indefinite metric are spaces with an indefinite inner product, the most studied of such spaces are
the Krein spaces, which were formally defined by L. Pontryagin [13], a complete development of this theory
is given in [2] by Azizov, I. Iokhvidov, and in [3] by J. Bognar. The concept of frames in Hilbert spaces was
introduced by Duffin and Schaeffer in 1952, when studying some deep problems of the nonharmonic Fourier series
see [8], the frames have also been studied for the Banach spaces see [4]. Today the frame theory is a fundamental
research area in mathematics, computer science, and engineering with many interesting applications in a variety
of different fields, the frames have proven to be a powerful tool in signal processing and wavelet analysis see
[5, 6]. On the other hand, the frame theory for spaces of the indefinite metric was introduced by [9, 12] and
developed in the articles [1, 10]. Because of the close relationship between atomic systems and K-frames that
are a generalization of the usual frames, it is interesting to develop the theory of atomic systems in the Krein
spaces, which we introduce and characterize in this paper.

In the first section, the definition of atomic systems for bounded linear operators on Hilbert spaces is presented.
In the second section, we introduce the Krein spaces and the most important properties for the development of
this article. In the third section, we present the definition of the Bessel sequence in Krein spaces. In the last
section, the most important for the development of the present investigation, the definition of atomic systems
for Krein spaces is introduced. In the Example 4.4 we give an example of an atomic system for the Krein space
(R%,[-,-]), with [(a,b), (¢,d)] = ac — bd. Finally we characterize the atomic systems in the Krein spaces see,
Theorems 4.5 and 4.7.

Definition 1.1 [11] Let (H,(-,-)) be a Hilbert space and T € B(H) a bounder linear operator on H. A sequence

{zn}nen C H is called an atomic system for T, if the following conditions are satisfied:
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(i) There exists a constant C' > 0 such that for all ©x € H there exists ay = {an}nen € €2(N) such that

Ha93||€2(N) < C”(EH and Tz = Zanl"rr

n=1

(ii) The series Y .~ | cpxy, converges for all ¢ = {c, }nen € la(N).

Theorem 1.2 [7] Let (Hiy,(:,*)1),(H2,(,-)2) and (H,{-,-)) are Hilbert spaces and Ty € B(Hy,H),Ty €

B(Hy, H) bounded operators. The following statements are equivalent:
(i) R(T1) C R(Tz);
(ii) TiTy < N2ToTy for some A >0 and

(iii) There exists a bounded operator X € L(Hy, Hs) such that Ty = ThX.

2. Krein spaces

Definition 2.1 [3] A space K with an indefinite inner product [-,-], that admits a fundamental decomposition

of the form K = KT[+]K~ such that (K*,[-,-]) and (K~,—[-,-]) are Hilbert spaces is called a Krein space.

Definition 2.2 [3] Let (K, [-,-]) be a Krein space with fundamental decomposition K = K+[+]K~, then exist

unique operators
Pt (Kv [?]) — (K+7['7'])7 P~ (K, [7]) — (K_7_['7'])a

defined as follows: Pt (k) =k* and P~ (k) =k~ forall k € K, where kt € KT, k= € K~ and k=kT + k™.
The operators Pt and P~ are known as fundamental projectors. The operator J : (K,[,:]) — (K,[,"])
defined by J := P* — P~ i.e. forallkc K

Jk=P'k—P k=k" -k,

1s called the fundamental symmetry of Krein space K associated with the fundamental decomposition. From

now on we will write (K, [-,-],J) to denote the Krein space (K,[-,-]) with fundamental symmetry J associated

to the fundamental decomposition K = KT[+]K~.

Definition 2.3 [2, 3] Let (K = K+ [+]K~,[,-]) be a Krein space and J the fundamental symmetry associated
with the given decomposition. The function [-,-];: K x K — C is defined by

[x,yly = [Jz,y] z,yeK.

s a usual positive definite inner product and is called J-inner product.

Definition 2.4 [2] The fundamental symmetry J associated with the Krein space (K = KT[+]K~,[-,"]) induces
a norm in K defined by:

lz|l; == V/[z,z]; forall x € K,
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this norm is called the J-norm of K. FExplicitly,

lzll; = ([zF,2%] = [¢7,27])Y/? for all z € K.
Unless otherwise stated, we assume that the topology of Krein spaces is directly related with the J-norm of K .
Remark 2.5 We define

letlls = Vietatl, at € KT and o ||lo = /=2 ], o € K-

Proposition 2.6 Let (K = KT[+]K~,[-,-],J) be a Krein space, then the following is true:

2% = [lzF||% + |l |2 forall z =2T +2~ € K.

Proof Let (K = Kt[+]K~,[,-],J) be a Krein space with the fundamental symmetry J. Let us consider
x € K such that x = 27 4+ 27, with 7 € KT and = € K~. Then,

el = [wals = o +om 0" +07) = [ +a)a +a7] = ot —a” 0" +a]
=t = e ) = (o)) 4 (e D)) = eI e
O

Definition 2.7 [2] Let (K; = KfL[—i—]Kf, [, ]1,J1) and (K3 = K;r[—i—]K{, [-,-]2, J2) are Krein spaces. Let

W : K1 — Ky, be a bounded linear operator, there is a bounded linear operator wh . Ky — K, such that
Wk, koo = [k, W ko], for all ki € Kiand ky € K.
There is also a bounded linear operator W*7 : K9 — Ky such that

Wk, kols, = [k, W kao]y,, for all ky € Ky and ky € K.
Proposition 2.8 [2, 3] Let (K = K*[J}]K*,[~,~],J) be a Krein space and J the fundamental symmetry
associated with the given decomposition. The symmetry has the following properties
1. J is invertible with J~' = J and J? =1.

2. J is a self-adjoint operator in (K,[-,-]) and (K,[-,"]s). That is J¥ = J and J* = J, additionally
[Ja,y] = [z, Jy] and [Jz,y]; = [z, Jyl; for all 2,y € K.

3. J is a unitary operator in (K,[-,-]) and (K,[-];) . That is, [Jz,Jy] = [z,y] and [Jx,Jyl; = [z,y]s
forall x,y € K.

Theorem 2.9 [2] Let (K,[-,:]) be a Krein space and let

K = K{[+K], K = KJ[+]K;,

two fundamental decompositions of K. If Ji and Jy are the respective fundamental symmetries, then |.| s,

and .||, are equivalents norms.
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Proposition 2.10 [15] Let (K,[-,],J) be a Krein space and {en}nen an orthonormal basis for the Hilbert
space (K, [-,-];) then

o0 o0
x:ZzenJen—Z:r Jeplen, forall z € K.
n=1 n=1

2.1. Example
We consider the vector space C? over C, with the usual sum and product and the function [-,-] : C? x C? — C
given by

[(z1,91), (22, 92)] = 2172 — 172 (2.1)
Well, it turns out that the space with inner product (C2,[-,-]) is a Krein space with fundamental decomposition

C? = K*[+]K~, where KT = {(2,0): 2z € C} and K~ = {(0,y) : y € C}. Then, the fundamental

Symimetry
J((xvy)) = P+((E,y) - P_(l',y) = (iC, _y)a
determines the J—norm || - ||; such that

@ y)ls = [T(z,9), (@) = @7 = (—y) - 9" = VeP + gl

The following example allows us to see the Hilbert space ¢2(N) as a nontrivial Krein space.

Example 2.11 [9] Now, ¢5(N) can also be seen as Krein space with an inner product whose inner J-product

coincides with the usual one. For instance, we may define the following mapping,

[" '}@2 :EQ(N) X KQ(N) — (Cv [{an}’neN, {Bn}’néN]& = Z(_l)nanma

neN

for all {an }nen, {Bntnen € L2(N). Thus, if {en}nen is the canonical orthonormal basis of ¢2(N), then (2(N)

accepts the following fundamental decomposition:
6N) = 6 (NG (N),
where (5 (N) = span{ea, : n € N} and €5 (N) = 3pan{esn 1 : n € N} with associated fundamental symmetry
0,1 (La(N), [ -]e,) = (2(N), [ e )
given by Jo,({an}nen) = {(=1)"an}nen for all {an}nen € la(N). Therefore, [,-]s,, = (-, )e,-

Remark 2.12 From now on, whenever we view ¢5(N) as Krein space, we will understand that it is endowed
with a fundamental symmetry Jy, such that [-,-];,, = (-,")e, . An evample of it is the one developed above and
a more trivial one is the symmetry given by the identity operator on l5(N). Thus we will write €2(N) instead

of £2(N) when viewed as a Krein space with such properties and denote the fundamental symmetry by Je, to

avoid confusion.

Theorem 2.13 [2] Let (K = KT[+]K~,[-,-],J) be a Krein space and T € L(K) a bounded linear operator.
Then Tt = JT*7J.
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Proposition 2.14 [10] Let (K,[-,:]) be a Krein space with fundamental symmetry J associated with the
decomposition K = K¥[+]K~. If T € B(K) then K+ is T, T -invariant if and only if TJ = JT.

Lemma 2.15 [9] Let (K, [-,-]) be a Krein space with associated fundamental symmetry J and P an orthogonal
projection that commutes with J, then the spaces PK and (I — P)K are Krein spaces with fundamental
symmetries PJ and (I — P)J, respectively.

3. Bessel sequences in Krein spaces

In this section, we show some properties of Bessel sequences necessary for the introduction of atomic systems

for Krein spaces.

Definition 3.1 [9] Let (K, [,-],J) be a Krein space, a sequence X = {x,}, .y C K is called a Bessel sequence
for the Krein space (K, [,+]), if there exists a constant 0 < B < co such that

>z, wall* < Bllzl|3 for all x € K. (3.1)
neN

Remark 3.2 The sequence X = {x,},.y C K is a Bessel sequence for the Hilbert space (K, [,-]s), if there
exists a constant B with 0 < B < 0o such that

> . znlyl* < Bllzl|5 for all x € K. (3.2)
neN

The following results obtained in this investigation allow us to introduce atomic systems in spaces of indefinite

metric and to study their main properties.

Theorem 3.3 Let (K = KT[+]K~,[-,-],J) be a Krein space and {,}nen C K. The following statements are
equivalent.
i) {Zn}tnen is a Bessel sequence for the Krein space (K,[-,-]) .

(ii) {Jxn}nen s a Bessel sequence for the Hilbert space (K, [-,]j).
(77i) {xn}nen is a Bessel sequence for the Hilbert space (K, [-,-]7).
(iv) {Jxn}nen is a Bessel sequence for the Krein space (K, [ ]).

Proof

i) — 4i) Suppose that {x, }nen C K is a Bessel sequence for the Krein space (K, [+, -]), then there exists 0 < B < o0
such that

Z [z, 2,])* < Bllz|%} forall z € K.
neN

Therefore, Y [z, Jan],* =Y |[Jz, Jon]|* = > [z, 2]|* < Bz
neN neN neN

Thus we obtain ) .\ [z, an]J|2 < B||z||%. From the above it follows that {Jz,},en C K is a Bessel
sequence for the Hilbert space (K, [-, -] ).
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Suppose that {Jz,}nen € K is a Bessel sequence for the Hilbert space (K, |-, -];), then there exists a
constant 0 < B < oo such that

> e, Jxal,I? < Bllz]|5 forall z € K.
neN

Therefore, »  |[w,zn],|* = > |[Jx, Jz],|* < Bl Jz| = BlJx, Jal,; = Blw, ], < Bz
neN neN

Thus we obtain ) |z, xn]J\Q < Bljz||%, whence it follows that {x,},en C K is a Bessel sequence for
the Hilbert space (K, [,-]s).

Suppose that {z,}nen C K is a Bessel sequence for the Hilbert space (K, [-,]s), then there exists a
constant 0 < B < oo such that

>, walyl? < Bllof|5 for all # € K.

neN
Therefore, Y [z, Ja,]* = Y |[Jz,2,]1* = D |[2,20],* < Bllz|)3.
neN neN neN

Thus we obtain ), [z, Jan)|> < B|jz||%, therefore {Jz,}nen C K is a Bessel sequence for the Krein
space (Kv ['1 ]) .

Suppose that {Jx,}neny C K is a Bessel sequence for the Krein space (K, [,-]), then exists a constant
0 < B < oo such that

> e, Jza)? < Blla|j for all x € K.
neN

Therefore, »  |[x,2n]|* = > [[Jz, Jz,][* < B||Jz||5 = B[Jx, Ja]; = Blz,2]; < Blz|3.
neN neN

Thus we obtain [z, z,])* < B||z||%, therefore {z,}n,en C K is a Bessel sequence for the Krein space
(Kv ['7 ]) O

The following result shows that orthogonal projectors preserve the Bessel sequence in spaces of indefinite

metrics.

Theorem 3.4 Let (K,[-,-],J) be a Krein space with associated fundamental symmetry J and P an orthogonal

projection that commutes with J. If {xn}nen is a Bessel sequence for (K,[-,:]) then {Pxp}nen is a Bessel

sequence for PK .

Proof As {x,}nen is a Bessel sequence for (K, [-,-],J), there exists a constant 0 < B < co such that

Sen lzza]|® < Blz|%3 forall z € K.
We consider z € PK , there is x € K such that z = Pz.
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Theorem 3.5 Let (Ky, [, |1,J1) and (Ka,[-, ]2, J2) are two Krein space. If X = {xp}, oy C K1 and
Y = {Yn},en C Ko Bessel sequences for (Ky,[-,-]1,J1) and (Ka,[-, ]2, J2), respectively. Then,

X+Y:= {SCn + yn}neN C K1[+]K27
1s a Bessel sequence for (K1H—]K2, Lol=0h+ e d = Jl[‘HJQ) .

Proof Let X = {z,},cy C K1 and Y = {y,}, oy C K2 are Bessel sequences for (Ki,[-,]1,J1) and
(Ka, [, ]2, J2) respectively, then there exist constants 0 < A, B < oo, such that

>l zni|* < Az, for all z € K. (3.3)
neN
> [, ynl2l* < Bljz|[3, for all z € K. (3.4)
neN

Let x € Kl[—i—]Kg, then & = x1 + x9, with 1 € K;, 22 € K3, and we have that:

ol 4yl =Dl @als + w2, ynl2l* <D (I, @ali] + 22, ynl2))?

neN neN neN
< Z (1, znl1 |* + 221, za1|[22, ynl2| + [[22, Ynl2|?)
neN
= Z [x1, za]1* + Z 2[[z1, Tnl1|lx2, ynl2| + Z |2, ynl5-
neN neN neN

Using Holder’s inequality and Equations (3.3) and (3.4) we obtain the following

1/2 1/2
Z|[x7xn+ynn2s2[xl,mnm%z(D([m,xnh>2> (D([azg,yn]g)?) 3 (e, yalB

neN neN neN neN neN

2
< Allar|3, +2 (VAlloilla ) (VB2 ) + Bllazll, = (VAlleils, + VBlalls,)
< M? (H:ElHJl + ‘|l’2||]2)2, with M = max{\/z, \/E}
Then there exists 0 < M? < oo, such that

Dl +yall® < Ml 5,
neN

Which means that the sequence X+ Y := {z, + yn}neN, is a Bessel sequence for the Krein space Ki[+]K3. O

4. Atomic systems in Krein spaces

In this section, we present the most important results of the present investigation. We introduce the definition

of atomic systems for bounded operators in Krein spaces, showing also that these systems are independent of
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the fundamental decomposition of the Krein space, see Theorem 4.7. We construct an example of an atomic
system in Krein space (R?,[-,-]). Finally, we characterize atomic systems for bounded operators in the Krein
spaces, see Theorem 4.8 and we show how to transfer atomic systems from a Krein space to the associated
Hilbert space, see Theorem 4.5.

Definition 4.1 Let (K = KT[+]K~,[,-],J) be a Krein space and T € B(K). We say that {x,}nen C K is
an atomic system for T in (K = KT[+]K~,[-,-],J) if:

(i) {Zn}nen is a Bessel sequence for (K = K+ [+]K~,[,-],J).
(ii) There exists a Bessel sequence {yn}nen in the Krein space (K = K*[+]K~,[,-],J) such that
Tx = Z[x, Ynl|Tn, forallz € K.
n=1

Remark 4.2 In the theory of atomic systems in Hilbert spaces, we can observe in [14] how orthonormal basis
can produce atomic systems for bounded operators. In the case of Krein spaces using the Proposition 2.10 and
following [11] as in the case of Hilbert spaces, easily proven that orthonormal bases produce atomic systems for

bounded operators in Krein spaces.

Remark 4.3 With the following simple examples, we give a finite sequence of elements in the Krein space
(R2[-,-]), where [(a,b), (c,d)] = ac — bd, which is not a basis, however, it is an atomic system for the operator
T defined by T(m,r) = (m+r,0). The calculations are quite simple since we are dealing with a finite sequence
and a continuous operator in finite-dimensional spaces. For the convenience of the reader and for clarity of the

example we proceed to complete them.

Example 4.4 We consider the Krein space (R?, +,-) with indefinite inner product:
[,]:R? x R? = R, given by [(a,b), (c,d)] = ac — bd.

Set K+ = {(2,0): 2 € R} and K~ = {(0,y) : y € R}, so R2 = K+[+]K~
J:R* 5 R?
(a,b) — J(a,b) = (a, —b).
Then, [(a,b), (c,d)]; = [J(a,b), (c,d)] = [(a,—b), (¢, d)] = ac + bd.
We consider {z,}4_, = {(1,0),(1,0),(0,1),(0,1)} € RZand T(m,r) = (m +1,0). Let us prove that {z,}4_,

is an atomic system for T in (R%[,-],J).
Statement 1.

{xn}E_, is a Bessel sequence in (R?,[,-],J). In fact, let x = (m,r), then,
4
Sl @l = 21[m, ), (1, 0)]12 + 21 (m, 1), (0, D] = 2m? + 20 < 2.
n=1
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Statement 2.
T is a linear and bounded operator.

In fact, T(a(m,r)) = T(am,ar) = (am + ar,0) = oT'(m,r) and T((m,r) + (u,v)) = T((m + r,u+v)) =

T(m,r) + T(u,v). Therefore, T is a linear operator. Moreover,
HT(m7T)H3 = [l(m+r, O)HLQI =[(m+7,0),(m+r,0)];=[J(m+7r0),(m+r0)]=[m+r0),(m+r0)
= (m+7)* < 2(m* +12) = 2[|(m, 7).

Therefore, T is a bounded operator.
Statement 3.

4
There is a Bessel sequence {yn}nen such that Tx = > [x,yn|wn. In fact, consider the sequence {y,}i_, =

{(1,0), (0,—1),(0,0), (0,0)}. Let y = (m,r), then, -
Z:I [y, yull* = |[(m, 7), (1, 0] + [[(m,7), (0, =1)]|* = m® + 7% < [[(m, r)IIF = ||yl
On the other hand, let = (m,r), then
Z: [, yn)an = i[(m,r)wn}mn = [(m,7), (1,0)](L,0) + [(m,7), (0, =1)](L,0) + [(m, 1), (0,0)](0, 1)

+ [(m,7),(0,0)](0,1) = (m,0) + (r,0) + (0,0) + (0,0) = (m +r,0) = T'(m,r) = Tz.
Based on the above, we can conclude that {x,}t_, is a atomic system for T in Krein space (R?,[,],J).

With the following results, we see that the atomic systems for a Krein space and the Hilbert space

associated with the J—symmetry are related.

Theorem 4.5 Let (K = K+ [+]K,[,-],J) be a Krein space, T € B(K) and {2 nen C K , then the following
statements are equivalent:

(i) {xn}nen is an atomic system for T in Krein space (K, [, ]).

(i) {xn}nen is an atomic system for T in Hilbert space (K,[-,]s).

(iii) {Jxp}tnen is an atomic system for JT in Krein space (K,[-,-]).
Proof
i) — 4t) Suppose that {z,}nren is an atomic system for T in the Krein space (K, [-,-]), then there exist a Bessel
sequence {ynnen C K in (K, [,-]) such that Ta = i[z,yn]xn for all z € K. By Theorem 3.3 we have
n=1
that {z,}nen and {Jy, }nen are Bessel sequences in the Hilbert space (K, [-,]s), furthermore,

Te=TIz=T (J(Jx)) = Z[JJx,yn]mn = Z[J:E,yn]an = Z[% JYnlsn.

neN neN neN

Therefore {x,}nen is an atomic system for T' in the Hilbert space (K, [-,];).
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Suppose that {z,}nen is an atomic system for T in the Hilbert space (K, [-,-]s), then there exists a
Bessel sequence {yntnen C K in (K, [, ]s) such that Ta = Z[m,ynbxn for all x € K.
n=1
JI&jJ(j{:hﬂyn]an> ::zz:h%yn]Jan:::E:dehyn]aniz E:vajynijn-
neN neN neN neN

By the Theorem 3.3 we have that {Jxz,}nen and {Jy,}nen are Bessel sequences in the Krein space

(K,[-,?]). Therefore {Jxp}nen is an atomic system for JT in the Krein space (K, [, ]).

Suppose that {Jz,}nen is an atomic system for JT' in the Krein space (K,[-,]), then there exists a
Bessel sequence {yn}ney C K in (K, [,-]) such that JTz = Z[m,yn]J:En for all z € K. As {J2y}nen
n=1

is a Bessel sequence in the Krein space (K, [-,-]), by Theorem 3.3 we have that {JJz,}nen = {@n}nen is

a Bessel sequence in the Krein space (K [-,]), then
o= 01 =3 (Sieonin) = Seond 12, = lanin
neN neN neN
Therefore {x,}nen is an atomic system for T in the Krein space (K, [,-]). O

Remark 4.6 The following result shows that atomic systems do not depend on the decomposition of the Krein

space.

Theorem 4.7 Let (K, [-,"]) be a Krein space with fundamental decompositions K = K{ [+]K; , K = K [+]K;

and fundamental symmetries Jy, Jo, respectively, and T : K — K a bounded operator. If {x, }nen is an atomic

system for T with respect to Jy, then {x,}nen is an atomic system for T with respect to Ja.

Proof Let {z,}nen C K be an atomic system for 7 in (K = K [—i—]Kf, [,-],J1), then we have
(i) {Zn}nen is a Bessel sequence for (K = Kf[—i—]Kf, [, J1) -
(i) There exists a Bessel sequence {yn }nen for (K = Ky T[+]K; 7, [-,-],J1) such that
0
Tx = Z[x,yn}x .
n=1

Since the norms ||.||s, and ||.||s, are equivalent, there exist constants A, B > 0 such that

Allz|lr, < x|y, < B|lx||s, for all x € K. (4.1)
As {@n}nen is a Bessel sequence for (K = K [+]K;,[-,-],J1), there exists a constant 0 < D < oo such that
D
2
>l zal® < Dljall3, < —llll3, (4.2)
neN
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therefore {z,,}nen is a Bessel sequence for (K = K [J}]Kz_, [,], J2). Similarly, {y,}nen is a Bessel sequence
for (K = KJ [+]K5,[-,), Ja).
Thus, we have {z,, }nen is a Bessel sequence for (K = Ki [+]K5 , [, -], J2) and {y, }nen is a Bessel sequence for
(K = K [+]K5 , [,-], J2) such that
Tx = Z[x,yn]zn
n=1
Consequently {7, }nen is an atomic system for T in (K = K [—i—]K;, [-,], J2). O

Theorem 4.8 Let (K = KT[+]K~,[-,-]) be a Krein space and J the fundamental symmetry induced by the

given fundamental decomposition, T € B(K) and {x,}nen C K, then the following conditions are equivalent:
(i) {Zn}nen is an atomic system for T in (K = K¥[+]K~,[,]).

(ii) (a). There is a constant C > 0 such that for all x € K there exists ay = {an nen € €2(N) such that

(o)
lazllae, < Cllzlls and Tz =) apzy.

n=1
(b). The series ), znxy converges for all {zp}nen € €2(N).

Proof

i) — i) If {T,}nen is an atomic system for T in(K = KT[+]K~,[,]), then there exists a Bessel sequence

{Yn}tnen in (K = K+t[+]K~,[-,"]) such that

Tx = Z[x,yn]xn for all x € K.
n=1
We consider a, = {[z,Yn]}neny and an(x) = [z,yn]. AS {yn}nen is a Bessel sequence in (K =
K*[+]K~,[-,-]), there is 0 < C < 0o such that
lacl3,, = llaclz, = D lle,all* < Cllzl5 and Te =) anza.
n=1 n=1

On the other hand, let {z,},en be a sequence of elements in €3(N). Let us prove that .
converges.

neN #ntn
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We consider N, M € N with N > M > 0, then

N
E Zndn

n=M+1

N M
§ ZnTn — § ZnTn
n=1 n=1

= sup [ Z annvg]

; L eerlgli=t | | ST

N N 1/2 N 1/2
< swp { ) zn[:cn,gm}z{ S |zn|2} sup { S |[xn,g1ﬂ}

g€K, |gllu=1 n=M+1 n=M+1 9€K, |lgllu=1 n=M-+1

N 1/2 1/2
S > s
9€K HQIIJ 1

n=M+1 n=1

N 1/2 N 1/2
2 1/2 2 1/2
S{ > el } o 1{B||Jg||2J} S{ > el } S {Bllgll7 }

€K, llglls= n=M+1 glls=1

N 1/2
S\/E{ > |zn|2} .

n=M+1

In the previous calculations, we have made use of the following arguments: (K, [-,-]s) is a Hilbert space,

the Holder’s inequality and the fact that {z, }ncn is a Bessel sequence in (K, [-,-]) and {2, }nen is a Bessel
sequence in (K, [-,-];), see Theorem 3.3. Then there exists 0 < B < oo such that Y >, [z, g]s° <

Bllg||%. Now, as we take {z,}nen in €2(N), we have that {z,}nen is a square summable sequence in
o

l5(N), therefore it is convergent and additionally Cauchy. That is, {2521 |zn|2} is a Cauchy sequence
N=1

in C.
The above shows that Y ° | z,z, is a Cauchy sequence in the Hilbert space (K, [-,];) and therefore
converges.

1) — 1) Suppose that:
(a) There exists a constant C' > 0 such that for all z € K there exists a; = {an}nen € €2(N) such that

o0
laslly,, < Cllzlls and Tz =Y aye,.

n=1
(b) The series Y, znx, converges for all {z,},en € £2(N).

We remember that the convergence in the Krein space is related to the J—norm, as the convergence in the
space £2(N) is related to the inner product of the space ¢5(N).

Let us consider the sequence of operators Wy, : £o(N) — (K| - ||s) defined by Wy, ({z,}22,) = Zszl ZnTn,
it can be easily proved that Wy — W converges pointwise when k& — oo, where W : l5(N) — (K, | - ||7)
is defined by W ({z,}22,) = > zn2n. Since Wy be a sequence of bounded operators, which converges
pointwise to W, we can assert that the operator W : ¢5(N) — (K, || - ||s) is a bounded operator.

We now proceed to calculate the adjoint operator of W. Since W : £2(N) — (K, ||-||.7) is bounded, we already
know that W*’ is a bounded operator where W*7 : (K, || - |;) — ¢2(N). Therefore, the kth coordinate

1346



FERRER VILLAR et al./Turk J Math

function is bounded from (K, || -||;) to C; by Riesz representation theorem, W*” has the following form
Wk = LA IR Sy

for some {h,}, in (K,| - 1).
Let k€ (K, |- |l7) and {z,}nen € €2(N), then

(k, W{zn}nenl, = lk, Z ann} = Zﬁ[k,xn],

[W*Jka {ZH}HEN]:‘EQ = [{[k7 hn]J};L.Ozlv {ZH}HEN]3E.2 = Z[kv hn]zv

> Zalk,an] =Y Zalk, hy] for all k € (K, || - || ;) and for all {2, }nen € E2(N),
n=1 n=1

it follows from the above that h, = z,, and W*/k = {[k, 2]}, .
Since [|[W|| = [|[W*7|| and ||[W*k||% < ||W|?||k||? for all k € (K, ]| -||;), it follows that

Z [, 2] |* = WK < WP [[K[* for all k € (K, || ]|1),

that is, {z,}nen is a Bessel sequence.

By hypothesis we have that T : (K, - |ls) = (K, || - ||;) is a bounded operator. Using the Theorem 1.2, there
exists a bounded linear operator D : (K, | - ||;) = ¢2(N) such that T =WD.

Let A, : (K, | - |l;) = C be the linear functional defined by A,z = A, (z) := (Dz),.

(The n-th term of the sequence , A* := Dx = {(Dx)n tneny = {An(z)}nen)-

Then we have that:

00 1/2
z)| < (Z IAn(w)|2> = 4% 3¢, = 1A% ]ley = 1Dzle, < [IDI[[]]].5-
n=1

Since D is a bounded operator, |A,(z)| < || D||||z]; means that A, (x) := (Dx), is a bounded linear functional.
By the Riesz representation theorem, there is y,, € (K, | - ||s) such that

An(x) = [JS, yn]J'

Then we have that
To = WDz =W ({A,(z }n1=z nynﬂcn Z:chn

Furthermore Y o7, [[z,yn]s]? = D07, [An(2)]? < ||D|]?||z||%, which means that {y, }nen is a Bessel sequence
in (K,| -|ls). By Theorem 3.3, we have that {Jy,}nen is a Bessel sequence in Krein space (K, | - |s). This

implies that {2, }ren is an atomic system for T in (K[, ]).
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Theorem 4.9 Let (K,[-,]) be a Krein space with associated fundamental symmetry J and P an orthogonal
projection that commutes with J. If {x,}nen s an atomic system for T in (K,[-,-]) then {Pxy}nen is an
atomic system for PT in PK and {(I — P)Zp}nen is an atomic system for (I — P)T in (I — P)K.

Proof Suppose that {z,}nen is an atomic system for 7" in (K[, -]), then there exists a Bessel sequence
{Yn}tnen in (K,[-,-]) such that

oo

Tx = Z[x, Yn)Tn- (4.3)

n=1
By Theorem 3.4 {Pzp}nen and { Py, }nen are Bessel sequences in the Krein space (PK,[-,]).
Consider z € PK, then there exists x € K such that z = Px.

(o] (o] o0
PTz = PTPz = PTPPz =P Z[pr, Yn)Tn = Z[Pa:, Py,]Px, = Z[z, Py,]Pz,.
n=1 n=1 n=1

Thus {Pz,}nen is an atomic system for PT in the Krein spaces (PK,[-,]). Similarly, it is proved that
{(I = P)Zp}nen is an atomic system for (I — P)K. O

Theorem 4.10 Let (K,[-,],J) be a Krein space, X = {xn}nen an atomic system for T € B(K) in (K,[-,])
and L € B(K) a unitary operator that commutes with T. Then L(X) is an atomic system for T in (K, [,"]).

Proof If {z,}ney is an atomic system for (K = KT[+]K~,[-,-],J), there is a Bessel sequence {yy }nen in
oo

the Krein space (K = K*[+]K~,[-,],J) such that Tx = Z[x, Yn)xn for all x € K. Therefore
n=1

Tw=TIx=TLL ‘2 = LTL™ x—LZL 2 ynltn = [LFa y,|La, = [z, Lyn]Lay, for all z € K.
n=1 n=1

n=1

Furthermore there exists 0 < B < oo such that

>z, 2a]l* < Bllz)|3 forall z € K.

neN
Therefore ) [z, Lz,]|” = > nen | LMz, z,] |2 < B||LMz||% < B||LM¥|]?||z||% for allz € K. This shows that
L(X) is a Bessel sequence. Therefore L(X) is an atomic system for T in (K, [-,-]). O

5. Conclusion

Atomic systems associated with a bounded operator in a Krein space are independent of the fundamental de-
composition, see Theorem 4.7. Orthogonal projectors commuting with the fundamental symmetry generate new
atomic systems, see Theorem 4.9. Atomic systems for bounded operators that commute with unitary operators

produce new atomic systems for the initial operator in the Krein space, see Theorem 4.10.
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