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Abstract: From the algebraic solution of ' — x + ¢ = 0 for m = 2,3,4 and the corresponding solution in terms
of hypergeometric functions, we obtain a set of reduction formulas for hypergeometric functions. By differentiation
and integration of these results, and applying other known reduction formulas of hypergeometric functions, we derive
new reduction formulas of special functions as well as the calculation of some definite integrals in terms of elementary

functions.
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1. Introduction and Preliminaries
In existing literature, we found a large body of papers dealing with the trinomial equation (see [25] and the
references therein). In fact, there are different versions of this kind of equation [2], [13, Chap.3 Sect.8], [19]. In

this paper, we are interested in the following form of the trinomial equation:
2" —x+t=0. (1.1)

Equation (1.1) was first solved by Lambert in 1758 as a series development for x in powers of ¢ [16].
Euler’s version of Lambert series [9] is connected to the tree function and the Lambert W function [6]. More
recently, Glasser calculated the roots of (1.1) as a finite sum of generalized hypergeometric functions [11]. In
many cases, one of the roots can be expressed as a single hypergeometric function. However, in 1770, Lagrange
[15] applied his inversion formula [1, Appendix E] to derive a root z,, (t) of the equation (1.1) as an expansion

in powers of ¢. In modern notation, Lagrange’s solution is written as:

1 mt m—1

where the generalized hypergeometric series is defined as:
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Definition 1.1 (Generalized hypergeometric series)

at,...,a - (a1)y, -~ (ap), 2"
F ’ P z) = — -k 1.3
p Q( bi,...,bg kzzo(bl)k”'(bq)k k! (1.3)
If none of the parameters by,...b, are non-positive integers and p < q, the series (1.3) converges for all finite
values of z and defines an entire function®.
Note that, for m = 2,3,4, (1.2) is reduced to (see also [22]):
1
w2 (t) = toF) ( 5! ‘475) , (1.4)
12 3t\ 2
I3 (t) = tQFl ?’é?’ 3 <2> 5 (1 5)
2
113 4\ 3
T4 (f) = t3F2 4722%4 4 (3) . (16)
373

Note as well that the roots of the trinomial equation (1.1) for m = 2,3,4 are expressible in terms of
elementary functions. Therefore, we can compare these well-known elementary solutions to the ones given in
(1.4)-(1.6). The main goal of this paper is just to derive some new reduction formulas and definite integrals from
this comparison. For this purpose, we present below some preliminary results. First, we will use the following

differentiation formulas, that can be easily proved by induction:

‘L"(\/m) - <_1>n(1—t)1/2‘”. (1.8)

dtn
Taking n =1 in (1.8), and knowing that [20, Eqn. 18:5:7]

(@) =z (@ +1),, (1.9)

we also have

() -0, oo

In addition, we will use Leibniz’s differentiation formula [21, Eqn. 1.4.2] (for the historical origin of this

formula, see [4, p. 143]),

n

S0 =Y <Z>f(k) () 6" (1) (L.11)

k=0
Gauss summation formula [21, Eqn. 15.4.20] (for the original work of Gauss, see [10]),
a,b F'e)T(c—a—1b)
F ’ 1) = 1.12
(7 [1) - e (12
Re (c—a—b) >0,

*For the different cases of convergence of the generalized hypergeometric series see [21, Sect. 16.2].
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and Whipple’s sum [21, Eqn. 16.4.7],

a,1l—a,c
3F2< d,2c—d+1 ’1> (1.13)
721720 ()T (2¢ — d + 1)
D (et o) T (et 1— 39T (54) T (=55)

Re (¢) >0ora € Z.

Finally, for the calculation of the definite integrals, we will use the following result [1, Ch. 2. Ex. 11]:

° a a
/ 675tta71qu 1y---5Up
0 bi,..., by

p<gq,Res >0, Rea > 0.

I(«) a,...,ap, o
t)dt = —— F, ’ VP
x) ga PT1 Q( bi,... by

I) , (1.14)

S

This paper is organized as follows. Section 2 equates the solution of (1.1) for m = 2 to the expression of
x2 (t) given in (1.4). From this result, and using some differentiation formulas of the 3F; function, we obtain
a set of reduction formulas of some hypergeometric functions in terms of elementary functions. Whenever
possible, we obtain alternative elementary representations of these hypergeometric functions by using known
formulas in existing literature. As an application of these results, we calculate other reduction formulas of some
special functions (i.e. incomplete beta function, Legendre function, and hypergeometric function) in terms of
elementary functions, as well as the calculation of two definite integrals involving the lower incomplete gamma
function. Section 3 equates the solution of (1.1) for m = 3 to be expression of z3(t) given in (1.5). From
this comparison, we derive a new reduction formula of a 5F| hypergeometric function in terms of elementary
functions, as well as an equivalent elementary representation in terms of a double finite sum by using a result
found in the literature. As an application of the latter, we calculate a definite integral involving the parabolic
cylinder function. In Section 4, we derive a reduction formula of a 3F5 hypergeometric function in terms of
elementary functions, equating the solution of (1.1) for m = 4 to the expression of x4 (t) given in (1.6). From
the latter reduction formula, we obtain an identity involving the product of two Legendre functions. Finally,
Section 5 collects our conclusions. In the Appendices, we present the solution of the cubic and the quartic
equations, which will be used throughout Sections 3 and 4 respectively; as well as the derivation of two finite

sums that will be useful to us in Section 2.

2. Case m = 2

In this case, the algebraic solution of (1.1) is

@ (t) = Htfl_#, (2.1)

hence, selecting the proper root of (2.1), we can equate it to (1.4), to obtain

2F1< é’l‘t):i@_\/ﬁ), (2.2)
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which agrees with the result reported in the literature [24, Eqn. 7.3.2(84)]. Notice that (2.2) can be derived
from the binomial theorem [20, Eqn. 6.14.1]. Indeed,

> 1\ ¢ > 1\ ¢+
=ex(a), 2 ) e
k=0

hence, applying (1.9), we have
Vltli<1) tklliC) Wy
t Z\"2), H 2 2) @, -1V

and the result follows. From (2.2), we obtain next a set of results using the formulas stated in the Introduction.

2.1. First differentiation formula

Theorem 2.1 For n=20,1,2,... and t € C, the following reduction formula holds true:

1
s4+n,14+n
F 2 )
2 1( 24 n

t) (2.3)

2(-1)" (n+1)! ()t )
= -1t — t+0,1
(3) Z k! t—1 » 17£0L,
n k=0
= 1, t=0,
2, t=1,n=0,
00, t=1n2>1.

Proof For t # 0,1, apply the following differentiation formula for the Gauss hypergeometric function [21,
Eqn. 15.5.2]:

d" a,b ~ (a), (b), a+nb+n
£ (2 )]+

n=0,1,2,...

t) . (2.4)

Therefore, taking a =1, b=1 and ¢ =2 in (2.4) and using (2.2), we have

dm 19 ar (1 v [(V1-—1t

SR o2t ) =2 (2) - :

i [ (5 ])] -2l () - (5)
Applying (1.7)-(1.8) and (1.11), after some algebra, we arrive at (2.3) for ¢ # 0,1. For ¢ = 0, apply the
definition of the hypergeometric series (1.3). For ¢ = 1, apply the Gauss summation formula (1.12). This

completes the proof. O

2.1.1. Other elementary representations

It is worth noting that we can derive different elementary representations of o F} (% +n,14+n;24+n; t) by using

known formulas given in existing literature.
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Theorem 2.2 For n=20,1,2,... and t € C, the following reduction formula holds true:

1
=4+n,14+n
2 )

2F1< 24n

t> (2.5)

2(=1)" (n+1)! oense (3= 1)
NONGE 1- (1=t ;;)Tt . t#£0,1,

= 1, 0,
2, =1,n=0,
o0 t=1n2>1

Proof First we prove (2.5) for ¢ # 0,1. Apply Euler’s transformation formula [21, Eqn. 15.8.1]:

2F1< a:yﬁ ’Z) :(1_2)"/*Otfﬁ 2F1( ’Y_Oé:}:)/_ﬁ

z) : (2.6)

to obtain

2F1( 3tmltn

3
_ 1 pl/2—n 5,1
P g

n

t) . (2.7)

We found in [24, Eqn. 7.3.1(123)] for m =1,2,..., and m — b # 1,2,..., the formula:

1,b C(m-Dl(=x)" b1 = (b—m+1), .
2F1( o ‘z)- 00 (1-2) _ZT,Z . (2.8)
m k=0
Therefore, apply (2.8) to (2.7) with m = n + 2 and b = 2, taking into account (1.9) for z = —1, to arrive

at (2.5) for t # 0,1. Straightforward from (2.5) for ¢ # 0,1, we have a divergent result for ¢ = 1, except for
n = 0. For t = 0, we have an indeterminate expression on the RHS of (2.5), but the LHS of (2.5) is just 1.
Nevertheless, if we calculate the limit ¢ — 0 of the RHS of (2.5) taking into account (2.12), we obtain also 1.
Indeed,

2(-1)" (n+ 1. (1 ¢z 1 _Z": (3 _n)ktk
(), =0 a-gtt m M
20" ) 1 N (3
= B lim et Z !
2/n k=n-+1
2 (_1)n (% - n)n+l
= T ]_7
(2),
where we have applied the property I'(2)I' (1 — 2) = Z— [17, Eqn. 1.2.2]. O
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Theorem 2.3 For n=20,1,2,... and t € C, the following reduction formula holds true:

n—i—%,n—i—l
2F1< 20 't) (2.9)
22n+1p (n+ 1) e " 1—yi—t\"™*
b t 0717
tn(1+\/f 0n+1+k n+k)<2\/ﬁ> 7
= 93 1 t=0,
2, t=1,n=0,
0, t=1,n>1

Proof We need to prove (2.9) for ¢t # 0,1. For this purpose, take a=2n+1, k=n,and z=1—1¢ in (C.5)

to arrive at the desired result. O

2.1.2. Applications: Quadratic transformation, incomplete beta function, and definite integral

Next, we derive some results from the elementary representation of o Fj (% +n,1+n;2+n; t) given in (2.3).
Theorem 2.4 For n=0,1,2,... and t € C, the following reduction formula holds true:

1+2n,%+n
2F1< 3+2n

(_1)n(n+1)' 9 2(n+1) n (_l) ¢ 2k
—m. <t> [Q—t—Z\/l—tkz_% ]jk(2 t_1> , t#0,1

t) (2.10)

= 1, t=0,
4, t=1,n=0,
00, :1,7l>1

—« a atl
(5 )= 05 (3

taking o = 2n + 1, ﬂ:nJr%, and x = 11\& to arrive at:

1+2n,%+n
2F1( 3+ 2n

2V/z 2n+1 Linl+n
= (1 F 2 !
1+\/2) (L+v2) 7 1( 2+ n

z) . (2.11)

In order to obtain the desired result for t # 0,1, substitute (2.3) in (2.11) and perform the change of variables

t= 12+‘/\2 According to this last result, the cases given in (2.10) for ¢ = 1 are straightforward. However, for

t = 0, we have an indeterminate expression on the RHS of (2.10), but the LHS of (2.10) is 1. Nevertheless, if
we calculate the limit ¢ — 0 of the RHS of (2.10), taking into account the formula [20, Eqn. 18:3:4],

o0

1 tk
T = e (2.12)

k=0
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we obtain also 1,

k=0 k=n+1
1" 1)1 9 2(n+1)
L et (2)
(5 N t—0 \ t
2—t = () (N
2—t—2V/1—-1t —
2/ -1t kz k! (4(t1))
=n-+1
_ 2 ( %)n-‘,—l 1
- ).
2/n
where we have applied (1.9) for z = —3. O
Theorem 2.5 For n=0,1,2,... and t € C, the following reduction formula holds true:
1
B <1+n,2 —n,t> (2.13)
20 [ e () ()
— 1 =V1—-1 P t#0,1
(%) [ Z k! t o 1 ) # ) )
= 2(—1)"2! h=0 F=1
(%)n ) - )
0, t=0.
where B (v, u, z) denotes the incomplete beta function [20, Chap. 58].
Proof For ¢t #0,1, in [24, Eqn. 7.3.1(28)], we found:
a, b _ —b _
2F1< b+1 ’t) =bt B(b,l a,t), (214)

Therefore, take a = % +n and b =1+ n in (2.14) and apply (2.3) to obtain (2.13). For ¢t = 1, apply the
properties of the incomplete beta function [20, Eqns. 58:3:1&58:1:1]

L) (1)

B(v,u,1) =B (v,p) = F(V—l-,u) )

and the formula of the gamma function [20, Eqn. 43:4:4]
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to obtain the desired result. For ¢ = 0, apply the definition of the incomplete beta function [20, Eqn.58:3:1],
and calculate the limit ¢ — 0 for n > 0, to obtain:

t
lim B (1 +n,u,t) = hm/ 2" (1 —2)" "dx =0.
t—0 t—=0 /o

Theorem 2.6 For n=0,1,2,... and Re (s + ) > 0, we have

oo —st
/ 63/2 (n+1,xt)dt (2.15)
o t

1 k
Y
(+5)

where v (v, z) denotes the lower incomplete gamma function [20, Chap. 45].

—Vs+x

)

= —2ymn! [

Proof Indeed, take a; =1+n, a =% +n and by =2+ n in (1.14), consider the result (2.3), as well as [20,
Eqn. 43:4:3]

to obtain

/ ot g ( ;iz xt) dt (2.16)
0
2y (=1)" (n + 1)! e~ i) (2
Tl Vs - s—a:];) k! T—s '
However, according to [24, Eqn. 7.11.1(13)], we have

-1)"n! l(—1)k 2k
R R

and [20, Eqns. 45:4:2&26:12:2], we have as well

T'(n,z)=(n—1)le en_1(z) = (n—1)le* Z % (2.18)

where T" (v, z) denotes the upper incomplete gamma function and e, (z) is the exponential polynomial. Therefore,
from (2.17) and (2.18), and taking into account that the lower incomplete gamma function satisfies [20, Eqn.
45:0:1]

we conclude that

) = n(=2) "y (n,—2), (2.19)

hence, inserting (2.19) in (2.16), we arrive at (2.15), as we wanted to prove. O
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Remark 2.7 [t is worth noting that we can obtain also (2.15) from [23, Egqn. 2.10.3(2)] and (2.3).

2.2. Second differentiation formula

Definition 2.8 (Regularized hypergeometric function)

00 k

~ ai,...,a (al)k"'(ap)k Z

F ) > P = —. 2.2
P q( bi,...,bq Z) kzz()r(bl+k)~~-l“(bq+k) k! (2.20)

When p < g+ 1 and z is fized and not a branch point, (2.20) is an entire function of each of the parameters
ai,...,0p,b1,...,by (see [21, Eqn. 15.2.2]).

Theorem 2.9 For n=0,1,2,... and t € C\ {1},

o F ( ﬁfn t) - % (L)L (2.21)

Proof In [21, Eqn. 15.5.4], we found the differentiation formula:

dn c— a’b c—n— CL?b
dt”[t 12F1( C ‘tﬂ:(c—n)nt 12F1<C_n t), (2.22)
n=0,1,2,...
thus taking a = 2, b=1 and ¢ =2 in (2.22) and considering (2.2), we have
dnt! 1 5.1
2—— 1 =V1—-t| = ————— o F ’ t). 2.2
a0 | r1—nyt?’ 1(1—n‘> (2:23)

Apply (1.8)-(1.9), and the definition of the regularized hypergeometric function given in (2.20) in order to rewrite
(2.23) as (2.21), as we wanted to prove. O

Remark 2.10 According to (1.12), note that for t = 1, both sides of (2.21) are divergent.

Remark 2.11 We can also derive (2.21) taking a=1, k=n+1, and z=1—t in (C.5), as well as applying
the formula [20, 2:12:3].
2n)! =4"n! (1/2),. (2.24)

2.3. Third differentiation formula
Theorem 2.12 For n=0,1,2,... and t € C, the following reduction formula holds true:

1
2F1( 254’rln t> (2.25)
2(n+ 1) [t—1\"" 1 (@)t ) o
3), 1t(t) _\/ﬁkok' (tl) » t70,1,
= 2(n+1) L
2n+1"7 ’
1, t=0

1807
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Proof For the case t #0,1, set a = %, b=1 and ¢ =2 in the differentiation formula [21, Eqn. 15.5.6],

ar a+b—c a,b
— (1 — F ’ t 2.2
g lo-omeen (4 )] (220

n=0,1,2,...

and use the result (2.2) to arrive at

dn 11 1] (3)., r( 31,
dtr [tVT—t t] en@—o 27 240 |)7
Apply now Leibniz’s differentiation formula (1.11) and the differentiation formulas (1.7) and (1.10). After some

algebra, we obtain (2.25), as we wanted to prove. For ¢ = 1, apply Gauss summation formula (1.12), to obtain

1
11 2(n+1)
F; 2’ 1) =—-—-= 2.2
<2n) na s, (2.27)
where (2.27) only converges for Re (% + n) > 0,i.e. for n=0,1,..., as we wanted to prove. Finally, according
to (1.3), we obtain the value of 1 for t = 0. O

2.3.1. Other elementary representations

It is worth noting that we can provide other elementary representations for o Fy (1/2,1;2 + n;t) by using known

formulas given in existing literature.

Theorem 2.13 For n=20,1,2,... and t € C, the following reduction formula holds true:

171
2F1< 22+n t) (2.28)
2(n+1)!
(%)n t?éo 1
2 (tl)”“+ 1 Z":(n+1)k (1 1 )’“‘" '
= VI—t\ t 1— V1t & K2k 1—t ’
2(n+1) P 1
2n+1"’ -
1, t=0.

Proof We need to prove (2.28) for ¢ # 0,1. In [26], we found

o adl L+vT—t\ " —n,a |1-yI—1
2 2" 2 t)=|—F5— 2 — |,
a+n+1 2 a+n+1 [1+/1—¢

hence for o = 1, we obtain

11 2 —n,1 | 1—v1—t
2F1 2 t 272}7‘1 — ] .
2+n 14+V/1-t 24n |1+v1-¢

1808
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Now apply [24, Eqn. 7.3.1(179)]

P -n,1 J) = —n! z—1\""? o MQn+1 2 \"
2 m (m),, z z prd ! z—1 ’

taking m =n+2 and 2z = H\/iv Knowing that (n+2), = ninl (%)n, after some algebra, we arrive at (2.28)
for t £ 0,1, as we wanted to prove. O

Theorem 2.14 For n=0,1,2,... and t € C, the following reduction formula holds true:

t) (2.29)

2(n+1)! [(1_t)n+1/2_i(_”_%)ktk , t#0,1,

n+1
_ (%)n (I)t) i e
- n —+
_ t=1
on+1"’ ’
1, t=0.

Proof We need to prove (2.29) for ¢ # 0,1. For this purpose, apply (2.8) taking m =n+2 and b = % and

use (1.9) for z = 1. O

Theorem 2.15 For n=20,1,2,... and t € C, the following reduction formula holds true:

11
27
2F1< ki 't> (2.30)
220+ (4 1)| (14)”% 1 (bﬂ)"*k + 20,1
1+ VIt t SR —k)!(n+1+k)\ 2V/T—t ’ o
- ) 2t P
M4l R
1, t=0.

Proof We need to prove (2.30) for ¢ # 0,1. For this purpose, take a =1, k=n,and z=1—1¢ in (C.2) to

arrive at the desired result. O

2.3.2. Applications: Legendre function and definite integral

Next, we derive some results from the elementary representation of o Fy (1/2,1;2 + n;t) given in (2.25).

Theorem 2.16 For n=1,2,... and t € C\ {1}, we have

Py (\/%) (2.31)
Lt (5 [ A S e ()] e
0, t=0.

where P! (z) denotes the Legendre function [7, Chap. III].

1809
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Proof For t#0,1, we found, in [24, Eqn. 7.3.1(101)],

a,a+3 P (=02 1 (e=1)/2—a pl-c 1
o Fy ( . t) =2°""T"(¢) (—2) (1-1) Pyc. i) (2.32)
Therefore, taking a = 2 and ¢ = 2+ n in (2.32), and considering (2.25) and (1.9), we eventually arrive at

(2.31), as we wanted to prove. For ¢t = 0, apply the hypergeometric representation of the Legendre function
[21, Eqn. 14.3.15]

—u Co—n (2 1\M/2 p—v,ut+rv+1|1l—2x

to conclude that P~ (1) =0, for n =1,2,... O

Theorem 2.17 For n=1,2,... and x,p € C, we have

o0 e—pt

—VT (=D (=p)" ! il z\"
e g G ()] e
Qﬁxn—1/2

on—1 "~

Proof For p#0,take a1 =1, a= % and by = 1+n in (1.14), consider the reduction formula of the Kummer

function [24, Eqn. 7.11.1(14)], i.e.

1 nezt
1F1( 14n It) *WV(T%HL

and apply the result given in (2.25) and the property (1.9), to arrive after some algebra at (2.33), as we wanted

to prove. For p = 0, rewrite the result obtained above as

o0 e—pt

= (3) S ¢ )
kz:o i!k (—ﬂﬁ)kp ko (n— 1)1! (—x)k ,

and take p = 0, to obtain the desired result. O

: - {p"—w—m

Remark 2.18 It is worth noting that we can obtain (2.33) from [23, Eqn. 2.10.3(2)] and (2.25).

2.4. Fourth differentiation formula
Theorem 2.19 For n=1,2,... and t € C, we have

1
~ 1 o - n—1 >
2F1< 3 n,1—n t)z 2(2)nt , n_l,’ (2.34)
1 =1.

2—n

1810
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Proof Set a= %, b=1 and ¢ =2 in the differentiation formula [21, Eqn. 15.5.9],

" _
T e (1 —t)rthe 2F1< ab ‘tﬂ (2.35)
a—n,b—n t> 7

_ o c—n—1 _ patb—c—n
= (c—n),t (1—1) 2F1< c—n

n=0,1,2,...

and apply the result given in (2.2), to obtain

2di 1 9 _tl’"(l—t)_l/z_n I i-nl-n
ar\yi—t )~ T@-n 2 2—n

/).

According to (1.10) for n > 1 and the definition of the regularized generalized hypergeometric function given in

(2.20), we finally get (2.34). For ¢ =0 and n = 1, we obtain an indeterminate expression. However, according
to (1.3), we have that
a,0 .
2F1 ( b ‘t> - 17

thus we obtain the desired result for n = 1. O

Remark 2.20 We can also derive (2.34) taking a =1—2n, k=n, and z =1—1 in (C.2), and applying
(2.24).

2.4.1. Application: Legendre function
Theorem 2.21 The following identity holds true for n=1,2,... and t € C,

R == (2" (5) t-e)t (2.36)

Proof Set a=1—n and ¢=2—n in (2.32), and take into account (2.34), to obtain

which, according to the property [7, Eqn. 3.3.1(1)]:

Pr,_1(2) =P} (2), (2.37)
is equivalent to (2.36). O
3. Case m= 3
In this case, (1.1) becomes
2 —x+t=0. (3.1)
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In order to solve (3.1), we apply the solution of the cubic equation given in Appendix A, considering in
. i 1 ot
(A.1) the negative sign ‘—’, m = 3 and n = 3, i.e.

23 () 1 { cosh (é cosh™! \/E) — 4+/3sinh (% cosh™! \/E) , z>1
3(t)=—F4=

)

V3 | cos (% cos™! \/E) — +/3sin (% cos™ ! \/5) , z ; 1. (3.2)

where z =3 (%)2 Therefore, from (1.5) and (3.2) we have

12
2F1 ( 333 Z> (33)
2

_ 3 [ cosh (;} cosh™! \/E) — 4v/3sinh (% cosh™! ﬁ) , o z>1
2z | cos(3cosTty/z) — V3sin (§cosT! /z), z<1.

Note that we can simplify (3.3) considering that

(i) - (2o

- e () e ()

1 icosh™ z, x> 1,
cos” T = . _
—icosh™tz, z<1,

Since

and cos (iz) = coshx, and sin (iz) = ¢sinhz, we conclude that Vz € C,

z) = \% sin (; sin~! ﬁ) : (3.4)

. 9 sina z
sin“z | = ——,
asin z

taking a = % Nonetheless, by differentiation, we obtain from (3.4) the following interesting identity.

Theorem 3.1 For n=1,2,... and z € C\ {0,1}, we have:

- 12
373
2 Fy ( 8 Z) (3.5)
n—1/2 gn 1
= %ci’” [Sin (3 sin~! ﬁ)} (3.6)
i

62712 I~ . (sintyz 7k
= 7 sin (?)\f + 2) B (h1(2),. o hn—pt1 (2)), (3.7)

k=1
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where By (x1,...,Tn—k+1) denotes the Bell polynomial [5, p. 133]. Also, we have defined

(i) (s —1)! 1-2z
hg )= —————————75 Ps—l D Y )

where P, (x) is a Legendre polynomial.

Proof Set a=13%,b=2,and ¢c=3 in (2.22) to obtain

1/2— 1 2

z) : (3.8)

z> = W\/;/zi; [sin (; sin~* ﬁ)] : (3.9)

In order to calculate the n-th derivative given in (3.9), we apply Faa di Bruno’s formula [5, p. 137]:

LN =Y fP 9] Bur (o (2).9" ()"0 (2)), (3.10)

k=1

1

Set f(z) =sinz and g(z) = $sin”!

z in (3.10) and take into account the differentiation formula [3, Eqn.

1.1.7(7)):
a . -1 (_i)n_l 2 o\—n/2 1 —2a%z
— =——(n—-1Dla" (2 — Py | —— ),
o Sin (av/z) 5 (n—1)la™ (z — a*2?) oovrr—
n>1,
to arrive at (3.5), as we wanted to prove. O

Remark 3.2 On the one hand, according to the Gauss summation formula (1.12), the regularized hyperge-
ometric function is given in (3.5) is divergent for z = 1 and n = 1,2,... On the other hand, for z = 0,
(5.6) and (5.7) yield indeterminate expressions. However, according to (1.3), 2Fy(1/2,2/3;3/2 —n;0) =1 for
n=12...

Next, we provide the elementary representations of (3.5) for n =1,2:

SEEAEING

and

(3—62)cos (£sin™" /z) + /2 (1 — 2)sin (4 sin™" /2)
3(1—2)%? '
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3.1. Other elementary representations

Theorem 3.3 For n=1,2,... and t € C\ {0,1}, the following elementary representation holds true:

2) (3.11)

(o, Sz, 0-n), (G -m),,

- (2—n) Z (2—-2n),(2—2n), plg!

n—1 p=0 ¢q=0

P/2 (1—z)(q+1)/2_nCOS ((; _2n+p+q> 1[ )
Proof Take a = % —2n,k=n—1,f=n—1,and z=sin?z in [26, Theorem 6.1],
atl a _a _p_
( 2 )£2F1< 29 f k 14 sin2x>
5—k

(2).
kot 2p+q( k) (=04 (a), g . -
g g 57, (30, p!q!+ sin? z cos?  cos (ax +(p+q)x— 7p> ’

(\}

to arrive at

5—n)

(3 —n 7 5

3 n—1 6 Thg— M
1

n—ln—19p+a (] — n), (1 —n), (% - 2n)p+q
(2—2n), (2 - 2n), plg!

zp/z(lz)q/zcos(<;2n+p+q> sin~! zgp)

Finally, apply Euler transformation formula (2.6), to obtain (3.11), as we wanted to prove.

p=0 ¢g=0

3.2. Application: Definite integral
Theorem 3.4 For Re (2p — x) > 0, the following infinite integral holds true:

/O ¢ ptDl/g,( \/ﬁ) dt (3.12)

$5/6

2T (3) 1 [ 2 (1 [ 2
= 5 cos gcos B — sin gsm 5 ,
(2p + x) D+ p+x

where D, (z) denotes the parabolic cylinder function [8, Chap. VIII].

Proof Set a; =3, by =3, and o= 2 in (1.14)7, taking into account (3.4), to obtain

< emst 3T (2) 1. 4 [z
/0 YES 1F1 ( ‘xt) dt = sl/ﬁfsm ( sin s) . (3.13)

1t is worth noting that the other choice, i.e. a3 = % and a = %, leads to nonconvergent integrals.

\][Gv VI
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Apply now the following formula with a = % [24, Eqn. 7.11.1(10)]:
a
171 < 3
2
hence the RHS of (3.13) becomes:
e e—st
el

2—13/6 -1 0 e—(s—z/2)t 00 e—(s—z/2)t
0 0

z) - Qj/;fr (a - ;) /2 [ D12 (—V22) = D12 (V22)]

oo =

xt) dt (3.14)

Consider now the infinite integral [8, Eqn. 8.3(11)]:

0o -zt 9l-B—v/2 /=T v B —
/ 16_7,6/2D_V (2\/E> dt = \/7? (/B) 2F1 ( y-zt,-’ﬁ-%-l Zk) 5
X Te TR e
Ref > 0,Rez/k >0,
and the reduction formula [24, Eqn. 7.3.1(83)]:
o F) ( a,l—a z> = cos (2asin™' v/2) ,
2
to arrive at
oo —(s—z/2)t 25/6I‘l (l) 1
e B 3 4, Jx
/0 TDl/S (\/ 2$t> dt = T COS <3 COS \/:) . (315)
Therefore, taking into account (3.13)-(3.15), as well as [17, Eqns. 1.2.1&3]:
re o
FCDIE) ~ ax 2
after some algebra, we conclude (3.12), as we wanted to prove. O
4. Case m= 4
In this case, (1.1) becomes
' —x+t=0. (4.1)
To solve (4.1), we consider p = 0, ¢ = —1 and r = ¢ in the solution of the quartic equation given in
Appendix B, i.e. (B.1). Thereby, (B.5) and (B.6) become
1/, 1
_ 1 1 4.2
= 5. (4.2
t
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Therefore, setting £ = a?, the resolvent cubic (B.4) is

€ —4te —1=0,

4t

which can be solved taking in (A.1) the ‘—’ sign, m = £* and n = —5. Thereby, according to (A.2) and (A.3),

1
5

and defining z =4 (%)3, we arrive at

2/3,1/6 -1
—2 cosh( cosh™ (ﬁ))’ z <1,

—92/3,1/6 ¢og (% cos! (\7—%)) , z>1

£(z) = (4.4)

Note that both branches in (4.4) are equivalent, if we consider z € C, thus let us define the following

function:

Definition 4.1

g(2) = —2'/% cosh (; cosh™! (\‘é)) . (4.5)

By inspection, the solution of (1.1) for n =4 corresponding to (1.6) is just the solution z; in (B.2), i.e

1
n=s (—a+ a2 =18). (4.6)
Therefore, from (1.6) on the one hand, and from (4.2)-(4.6) on the other hand, we finally obtain:

Theorem 4.2 For z € C, we have

11
) b
3F2< 1,2
303

z) = 32*1/3 [\/g (2) + 321/ -9 ] (4.7

1-2[g ()3/2

Remark 4.3 We can calculate the LHS of (4.7) for z =1, taking a = i, c= % and d = % in Whipple’s sum
(1.13), and using the gamma values given in [27], to obtain:

)= TET ?(%)

which is the result that we obtain on the RHS of (4.7).

I

)T (5)

O[Ol

)

113 4
) )
S [ 121 4

(3

M

4.1. Applications: Quadratic transformation and definite integral

Theorem 4.4 For |z| < 1, we have

%75’1 B 1 —4z
o (e Z)‘mH<<1—z>2>’ -
where
/3. /g
H<t>=§t-1/3[\/g<t>+1_t;g( 7 F]

1816
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Proof Take o= %, A= %, and p = f% in the the quadratic transformation [14]:
20, 200 + A\, 200+
3F2< L= 1= p ‘x>
_ 20 a,a+%,1—20¢7)\7u —4x
= (1-2) 3F2< T—A1—p 7(1_@2 ;
to obtain,
151 1 131 4y
B i) - n( B | ) »
342 274 3b2 274
53 1—x ( 33 (1—w)2>
From (4.7) and (4.9), we arrive at (4.8), as we wanted to prove. O

Remark 4.5 We can calculate the LHS of (4.8) for the branch point z = 1 taking a = %, c= %, and d =

wN

in (1.13), as well as the gamma values found in [27], resulting in

§)F(%) :23/2 373/4.

Theorem 4.6 From the result (4.7), we obtain the following identity involving the product of two Legendre

functions:
P ( miﬁ) P ( Hiﬁ) (4.10)
6(1+v1-2) 3213, /9 ()
= 7 21/3 [\/9(2)'1'1_2@(@]3/2—\/9(2)]-

Proof We found in the literature [24, Eqn. 7.4.1(10)]:

)

a,1—a,t
) 1)
3F2( b

b,2 —
a,1—a | 1—+1—2 a,1—a | 1—v1—2
= oF —— | 2FA — |
2—b 2 b 2
thus, taking a:% and b:%,we have
113
3F2( 45230 z) (4.11)
373
131y —>2 13 (112
= 2F1( 434 5 Z) 2F1< 134 B Z>
3 3
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Also, setting a = % and ¢ = %,% in (2.32), we have

z> — 97 13p (g) 216 (1 — z)7%/12 Pl/;jG( ! > (4.12)

1—=z2

4\ _ ~1/12 p—1/3 1
z) — 9ol/3p <3) 27V0 (1 - 2) P <m> . (4.13)

Therefore, inserting (4.12) and (4.13) in (4.11), taking into account the property (2.37), and knowing, according

to [20, Eqn. 43:4:5], that I' (2)T'(3) = 2—\%, we obtain (4.10), as we wanted to prove. O

5. Conclusions

We have considered the solution of 2" —xz 4+t =0 for m = 2, 3,4, both in terms of hypergeometric functions as
well as in terms of elementary functions. Thereby, we have obtained some reduction formulas of hypergeometric
functions. In order to extend the latter results, we have applied the differentiation formulas (2.4), (2.22), (2.26)
and (2.35), as well as the integration formula stated in (1.14). Consequently, we have derived new identities
and infinite integrals involving special functions, i.e. the incomplete beta function, the lower incomplete gamma
function, the parabolic cylinder function, and the Legendre function. Whenever possible, we have derived
other elementary representations of the hypergeometric functions presented throughout the paper by applying
formulas found in the literature, but not explicitly provided in it. All the results have been checked with
MATHEMATICA and are available at https://bit.ly/2PyPz6Y.

A. The solution of the cubic equation

According to [18], in the solution of the depressed cubic equation:
22 +3mz+2n=0, m>0, (A.1)
we may distinguish the following cases:

Case I Sign ‘4’ in (A.1). One real root and two complex roots:

. h—l —-3/2
1 = —2y/msinh (sm (nm )>,

3
. h_1 —3/2 : h—l —3/2
T3 = Vm [sinh <sm <Zm ) + 4v/3 cosh S (gm ) .
Case IT Sign ‘—’in (A.1) and n? —m?® > 0. One real root and two complex roots.

3

h™! —3/2 h—? —3/2
Loz = m [cosh <COS (nm )> + iv/3sinh <COS (nm=*?) .

sh ! —3/2
r1 = —2y/mcosh (COb (nm )> , (A.2)

3 3
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Case III Sign ‘—’in (A.1) and n? —m3 < 0. Three real roots.

cos™! (n m_3/2)

r1 = —2v/mcos <3>, (A.3)
cos™! (nm=3/2 cos™ ! (nm=3/2

e = () (7 )

B. The solution of the quartic equation

According to Descartes solution of the quartic equation [12], the four solutions of the depressed quartic equation:
4 pa?+qr+r=0, (B.1)

are given by:
21y = % (—a + \/M) : (B.2)
T34 = % (a + \/W) , (B.3)

where « is a solution of the resolvent bicubic equation:

a® +2pa’ + (p—4r)a® —¢* =0, (B.4)
and
vy o= %(p—l—OéQ-i-g), (B.5)
«
r
Bo= (B.6)

Note that the resolvent equation can be solved in o? with the solution described in Appendix A.

C. Finite sums

According to [26, Eqn. 3.1], we have

— Zk/? 1 < r k+1,€+1,—/€,—€ @ 1—\/5
- 3 ) )
2 at+k+0+1 2z 2

where the Apell F3 bivariate function is defined as [21, Eqn. 16.13.3]:

ay,az;b1,b
F3< 1 261 2

o= (a1), (az2), (b1), (b2), P4
y) =22y o
4=0

1g!
p=0 ptq PO
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Proposition C.1 For £k =0,1,2,... we have

a a+l
27 2 _

. <1+\f>a+k : ;(;])H(;pl!kﬂ)p(lz_\/f)p'

Proof Take ¢ =0 in (C.1) recalling that

to obtain
a a4+l
2F1( 3—7192 1 ‘1—2) (C.3)
_ k/Q( )Hk - k+1) (—Fk), <\/El>p
1+ =z (a+k+1), \ 22

to rewrite (C.3) as (C.2), as we wanted to prove. O

Proposition C.2 For k=1,2,... we have

a atl
2° _
2F1(a—k—|—1’1 Z) (05)
a—k k—1
1++/2 p:Op!(k—p—l)!(a—k—i-l)p 2z
Proof Perform the substitution k¥ — —k in (C.3) and apply again (C.4) to complete the proof. O
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