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Abstract: In this paper, we investigate the existence of positive periodic solutions of a third-order nonlinear integro-
differential equation with distributed delays, by using the Green function and the Krasnosel’skii fixed point theorem in
cones of Banach spaces, providing new results on this field. Three examples are analyzed to illustrate the effectiveness

of the abstract results.
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1. Introduction

Delay differential equations form an important branch of functional differential equations that take into account
the dependence on their history, which makes it possible to predict the future evolution of the system in a more
reliable and efficient way. Such processes take place in the theories of optimal control, population dynamics,
economics, mathematical ecological models, and other biotechnological systems, but they are characterized by
specific properties which make their study difficult in both concepts and techniques. Note that many results
concerning the theory of delay functional differential equations can be found in the monographs by Hale and
Meyer [16], Hale and Lunel [17], Kuang [19]amongst others.

Third-order differential equations with and without delay have been studied by many authors, since they
describe several models derived from natural phenomena, such as wave propagation in thermally relaxing viscous
fluids or flexible space structures with internal damping, for example, a thin uniform rectangular panel and a
spaceship with flexible attachments, and many others (see, e.g., [5]- [7], [12], [14], [15], [26], [27]). This means
that it is interesting and meaningful to study the properties of the solutions of the differential equations of the
third order with and without delay.

Recently, intensive scientific work has been carried out in various dynamical aspects of third-order delay
differential equations, functional delay differential equations, and many results have been reported in the

literature. For instance, uniqueness of periodic solutions and some other fundamental properties of solutions
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of certain delay differential equations have been discussed in ([1]- [4], [10], [11], [18], [20]- [25], [29], [32], [33]).
Some classical tools have been used to study delay differential equation in the literature, including the fixed
point index theorem [25], Krasnoselskii’s fixed point theorem ([2], [3]), the fixed point theorem in cones ([23],
[24], [29], [33]), fixed point theorem of Leray-Schauder type [11], Mawhin’s continuous theorem [4], and the
continuation theorem of coincidence degree theory [1].

As far as we know, the existence of positive periodic solutions for third-order integro-differential equations
with distributed delay that are considered in the present paper have not been investigated yet. For this reason,
in this paper, we make a first attempt to fill this gap and obtain new sufficient conditions for the existence of one
positive periodic solution thanks to the use of a fixed point theorem on cones. We are particularly motivated
and inspired by the papers [2], [22], [23], [24], [25], [33] and the references therein.

In [28], the following third-order nonlinear delay differential equation with periodic coefficients is consid-

ered:

y"' (@) +pt)y" (t) +q()y’ @) +r(t)y (1) = ft,y (1)) (1.1)
By applying a fixed point theorem index, the authors derived some verifiable sufficient conditions for the
existence of a positive periodic solution to (1.1).

Very recently, Ardjouni and Djoudi [2] considered the following third-order nonlinear delay differential

equation with periodic coefficients:

y"' () +p)y" () +q(t)y () +r()y () = f(t,y (t =7 (1)) + %g(t, y (t =7 (1)) (1.2)

Thanks to the Green function and the Krasnoselskii fixed point theorem, they obtained a set of easily verifiable
sufficient conditions for the existence of positive periodic solutions to equation (1.2).
In 2006, Li and Wang [22] studied the existence of positive periodic solutions of the following two kinds

of nonlinear neutral differential equations

d

2 W) —eyt—7()) =—alt)y () +9(t,y (7)), (1.3)

and

d

0 0
pr <y (t) — c/_ Kryt+r) dr) = —a(t)y (t) —|—b(t)/_ K(r)g(t,y(t+r))dr (1.4)

By using the theory of fixed point index in cones, sufficient conditions are presented for the existence of positive
periodic solutions of two kinds of neutral differential equations with periodic coefficients.

In [33], the authors analyzed the following impulsive equations

y (t) = —a(t)y(t) + fi)oo K(r)g(t,y(t+r))drt#tg, (1.5)
y(th) =yty) + I (y(te)) , t =te, k € Z, ’

y (1) = a(thy(t) = [ K (r) g (t,y (¢4 7)) drt # ti, (1.6)
t t

where y(t;) and y(t; ) represent the right and the left limit of y(t), a € C (R,R*), g€ C (R x R*,RT), I}, €

C(RT,RT), a and g (¢,y) are w— periodic functions, where w is a positive constant. Moreover, K € C (R™,R™)
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with fi)oo K (r)dr = 1. There exists an integer ¢ > 0 such that tx1q = tx +w, Irq) (U (trrq)) = Ir (y (tr)),
k€ Z, where 0 <t; <ty <..<t;<w.
By using the theory of fixed point index in cones, existence theory for single and multiple positive periodic

solutions to a kind of nonautonomous Volterra integro-differential equations with impulse effects (1.5), (1.6)

has been investigated.

Motivated by the above statements, in this paper we study a third-order nonlinear integro-differential

equations with distributed delays of the following form, by using a fixed point on a cone:
y" () +p)y" (t) + )y () +r(t)y (1) (1.7)

0
= %/_wK(r)c(t)y(t—i—r)dr

0
+d(#) L K () f (ty (t+ 7)) dr,

where d € C'(R,R™\ {0}),¢,p,q,7 € C(R,R"). The function f: R x Rt — RT is continuous. Moreover, K

is a continuous and integrable function on |—oo, 0] with fi)oo K (r)ydr=1.

In order to prove our main results in the next section, we need the following definition and theorem.

Definition 1.1. (see [30]) Let X be a Banach space and let K be a closed, nonempty subset of X . K is said
to be a cone if

i) ar + Py € K for all z,y € K and all o, > 0;

it) y,—y € K imply y = 0.

We now state the Krasnosel’skii fixed point theorem.

Theorem 1.1. (see [14], Theorem 2.3.3 on p. 93 ). Let X be a Banach space, and let K C X be a cone in X.
Assume that Qq and Qo are open subsets of X with 0 € Qq, Q1 C Qy and let

@ZKQ(@Q\Ql)—)K,

be a completely continuous operator such that either
o) 19yl < llyll for y € K N0Qy and |By]l > |yl for y € K NoQs; or
b) |1 Pyl > |lyl| for y € KNIy and |yl < |lyl| for y € K NONy.
Then ® has a fized point in K N (ﬁg \Ql) .

This paper is devoted to studying the existence of positive periodic solutions of Equation (1.7) by using the
Krasnosel’skii fixed point theorem and some mathematical analysis techniques. Equation (1.7) is a nonneutral
third-order nonlinear differential equation, including the existing classical third-order differential equations,
as well as the equations considered in ([27, 28]). Therefore, the results of this paper are more general and
better applicable. The research method of this paper is different from the existing research methods (see,
e.g., [2, 25, 28]). For more results about third-order differential equation with and without delays, see, e.g,
(1, 4, 8, 10, 2527, 31]) and cited references.
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The organization of this paper is as follows. In Section 2, we present the inversion of equation and state

some preliminary results needed in later sections. We also describe the Green function of Eq. (1.7), which

plays an important role in this paper. In Section 3, we establish our main results ensuring the existence of

positive periodic solutions by applying the fixed point theorem in cones established previously. In Section 4,

three examples are exhibited to illustrate that our results are feasible and more general than previous ones in

the literature.

2. Green’s function and periodicity

In this section, we state and define the Green function for periodic solutions of third-order nonlinear integro-

differential equations with distributed delays (1.7).

Let
Co={y € C(R,R), y(t+w)=y(t) for t € R},
with the norm
lyll = max, ly(@®)].

te[0,w

It is easy to verify that (Cy,||.||) is a Banach space.

In this paper, we give the assumptions as follows that will be used in the main results.

(A1) There exist differentiable w-periodic functions aj,as € C (R,R") and a positive real constant p such

that

ar () +p=plt),
ay (t) +az (t) + pay (t) = q (),
ay () + pag (t) =7 (t).

(A2) p,q,r € C(R,R*") are w-periodic functions and

/Q(U)du>0,/ p (u) du > pw.
0 0

(A3) The function f € C (R x RT,R") is a w—periodic in ¢, and ¢ € C(R,RT), d € C(R,RT\ {0}) are

w—periodic. For all y € RT,

fty) > pc((gy,w € [0,w].

We consider
y"' () +p)y" (t) +a@)y () +rt)y (t) = h(t),

where h € C,. Obviously, by condition (A1), Eq. (2.1) can be transformed into

{ 2 () +pz(t) =h(t),

y' () +ai )y (1) +az(t)y (t) =z ().
Lemma 2.1 (see [3]). If z,h € C,, then z is a solution of equation

2 () +p= () = h (1),

1825



BENHADRI and CARABALLO/Turk J Math

if and only if

t+w
2 (t) = /t Gr (t5) h (s) ds, (2.2)
where
_exp(p(s—1)
G (15) = SELEL, (2.3)

Corollary 2.1 (see [21]). Green function Gy satisfies the following properties

Gi(t+w,s+w) Gy (t,s),Gy (t,t+w) =Gy (t,t)exp (pw),

G1 (t +w, 5) = Gy (tv 5) exp (7/0‘*)) , Gh (tv s+ W) =Gy (tv 5) exp (pw) )
0
&Gl (ta S) = _PGI (t7 S) 5
Dei(ts) = oG (ts)
68 1,8 = pL1L;8),
and
my S G1 (t,s) S Ml, (24)
where
_ 1 ~exp (pw) (2.5)

exp (pw) — 1’ ™M (pw) —1°
Lemma 2.2 (see [32]). Suppose that (A1) and (A2) hold and

Ry [exp ([ a1 (u) du) — 1]

>1, 2.6
O > (2.6)
where
o= | [ ol alid)
telow] | Sy exp (fy a1 (u)du) —1 ’

Q1 = (1+exp (/Owa1 (u)du>)21{f.

Then there are continuous w— periodic functions a and b such that
b(t) >0, / a (u)du > 0,
0

and
a(t)+b(t)=ar(t), ¥V () +a(t)b(t)=az2(t), forteR.

Lemma 2.3 (see [21]). Suppose the conditions of Lemma 2.2 hold and y € C,,. Then, the equation
y' () +ai ()Y () +ai )y () =h(t),
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possesses an w— periodic solution. Moreover, the periodic solution can be expressed by

t+T
yt)= [ Gat,s)h(t)ds, (2.7)

t

where

Gy (t,s) = ft exp Ut v) dv + f dv} du

[exp (fo du) —1] [exp (fo du) — 1]

[ exp [ft v) dv + fs+w )dv} du

S

. 2.8
+[exp(f0 a(u)du) — 1] [exp (fy b (u)du) — 1] (28)
Corollary 2.2 (see [32]). The Green function Gy satisfies the following properties:
Gg(t+w,8+W) = G ( Gg(tt+OJ) Gg(t,t),
Go(t+w,s) = exp( b(v )
t+w
{GQ (t,5) + /t B (tu) F (u,s)du|,
9 B exp ([, b( dv)
£G2(t,s) = a(s)Gg(t,s)—eXp(fO ) —1
0 B exp (ft dv)
&Gg (t,s) = =b(t)Ga(t,s)+ exp (I a dv)
where
5o _oxp (f7b(v) dv) g = exp ([, a(v) dv)
Bt s) = exp ([ b(v)dv) — 1’F(t’ )= exp ([ a(v)dv) =1’ (2.9)
Lemma 2.4 (see [21]). Let A= [ ai(u)du and B = w?exp (j} Jy In(az (u))du) If
A% > 4B, (2.10)
then
min {/0 a(u)du,/o b(u)du} > |,
max {/0 a(u)du,/o b(u)du} < L,
where
= % (A Az 43) % (A /A 43) (2.11)
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Corollary 2.3 (see [32]). Functions Go, E, and F satisfy

mao S G2 (t, S) S MQ, (212)
ol

E(ts) < a1 (2.13)
F(t,s) < ek, (2.14)

where

v d
iy = w o My = w (exp o al(u)2 u)7 (2.15)
(exp (L) — 1) (exp (1) — 1)
and

exp (L) # 1, exp(l) # 1.
Lemma 2.4 (see [8]). Suppose the conditions of Lemma 2.2 hold and h € C,,. Then, the equation
y"' () + p)y" () + q(t)y () + r(t)y () = b (1),

possesses an w-periodic solution. Moreover, the periodic solution can be expressed by
t+w
y(t) = / G (t,s) h(s)ds, (2.16)
t

where
t+w
G (t,s) = G2 (t,0) Gy (0, s) do. (2.17)

t

Corollary 2.4 (see [25]). The Green function G satisfies the following properties

Gt+w,s+w)=G(ts),G(tt+w)=G(t1)exp(pw),

DG(s) = (exp(—p) ~1) G (1,5)Ca 9
t4w
—b(t) G (t,s) + / F(t,0) Gy (o, s)do,
DGt = oG5,
and
m < G(t,s) <M, (2.18)
where
_— w? M= w?exp (pw + [ a(u)du) ’ (2.19)
(exp (1) = 1)* (exp (pw) — 1) (exp (1) = 1)* (exp (pw) — 1)
and

exp (pw) # 1, exp (I) # 1.
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Before stating the main result of this paper, we establish the equivalent integral formulation for the solution of
equation (1.7).
Lemma 2.5. Assume that (A1)-(A3) and (2.6) hold. The function y (-) is an w— periodic solution of equation

(1.7) if and only if y () is an w— periodic solution of the following equation

y(t) = /t+ [ / K(r)f(s,y(s+r))dr

- ,0/ K (r (s+1) dr] ds
+ (exp (pw) — 1)G(t,t)/7 K (r)c(s)y (s +r) dr. (2.20)

Proof Let y € C, be a solution of (1.7). From Lemma 2.4, we have

y () tt+ths { / K(r)f(s,y(s+r))dr

(/ K (r)e(s)y (s + )drﬂds

t+ths < / K (r sy(s+r))dr>ds
K (r

e ([ Koo ) aas
Performing an fntegration by parts, we obtain

[Taen 2 ([ Kmewisrna)
- G(t,s>(/_mf<<r>c<> (Smd):w

[ [Res) ( | w@eE s rar) i
ST T

e [ xorene i [ [2ows] /_° K O)e(a (o4

- (G(tt)exppw/ K(r)e()y(t+r)dr—G tt/ K (r)e(t)y(t+r)dr

—p/ G(t,s / K (r +7r)drds
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= (exp(pw) — 1) G (t,1) / K (r)g(t,y (t+r))dr

fp/ G(t,s / K (r y(s+r)drds.

We obtain (2.20) by replacing (2.21) into (2.22).

3. Existence of positive periodic solutions

(2.22)

This section is devoted to establish three theorems and two corollaries, which are the main results of our paper.

In the analysis we will carry out, we use the idea and concept of Green’s function for third-order periodic

solutions and transform equation (1.7) into an equivalent integral one. Then, by means of the Krasnosel’skii

fixed theorem in cones of Banach spaces, we show the existence of at least one positive periodic solution of Eq.

(1.7) in three different theorems. Some new and interesting sufficient conditions are obtained to guarantee the

existence of such positive periodic solutions to (1.7).

Since Eq. (2.20) is equivalent to Eq. (1.7), we just have to study the existence of positive periodic

solutions to (2.20). To this end, we will use Theorem 1.1 where we consider (X, |.||) = (Cu, ||.]])-

Now, let

m 1
0= —= € (0,1),
M exp (pw + [y a(u)du) (0.1)

and define K as a cone in C,, by
K ={y() € Cu:y(t) >0, and y(t) > d ||yl .t € [0,w]},

where m, M are given by (2.19). It is not difficult to check that K is a cone in C,,.
Thanks to (2.20), we define operator ® : C,, — C,, by:

(Py) (1) = tt+ths [( / K (r sy(s—i—r))dr)

—p(/OOOK(r)c(s)y(s#-r)dr)} ds
+(exp (o) — 1) G (1, 4) (/_OOOK(r)c(t)y(t+r)dr>.

To simplify our description, we introduce the following constants

= L),d* = max |d(t)|,c* = m t)],b* = max |b(t)],
T exp (L) te[3§]| ®)1, te[a’:}} |e(t)] te[g“;“ (t)]
d = m d(t)|,c= mi t)],0 = w) — 1.
te[(}r:) | ( )| ¢ tE[(},Iclu] |c( )|’ xp (p )

(3.2)

Thus, the existence of a positive periodic solution of equation (1.7) is equivalent to finding a fixed point of

operator ®.
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Lemma 3.1. Assume (A1)-(A3) hold. Then ®: K — K is well defined.

Proof From (3.1), it is easy to verify that (®y) (¢) is continuous in ¢. Moreover, for any y € K,

(@y) (t +w)

Lol f )
(roomnie

+(exp (pw) = 1) G (t + w,t +w) X

(/ K(r)e(t+w)y t—l—w+r)d)

/t+wgt+ws+w){d(8+w (/ K (r f(5+w,y(8+w+r))dr>

—p(/ K (r)ce(s+w)y S+w+))dr)ds]

+ (exp (pw) — 1) G (t + w, t + w) (/ Kr)et+wy(t+w +7"))dr>

:/““’Gts[ ([ 50 ot s
_p(/ K Wdrﬂd
”(/OK o)

= (Py) (1)

Therefore, (Py) € C,,. By condition (A3), we have
(®y)(t) >0, forall y € K.

Also, for y € K, by using (2.19) and (3.1), we deduce

Lo
AL >ws
(/ e+ )|
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Noticing that

0 0
G(t.5)|a) [ K@ I Cyrna—p [ K@) ey ] 2o

we obain
@ = m [ (a6 [ KO iGena)
([ Kretrvtss i)
tew () 1) ([ Kyt e rar)]
> o Iey] > 6|2yl
That is, ®K is contained in K. The proof of Lemmmna 3.1 is complete, .

Lemma 3.2. Assume that (A1)-(A3), (2.6),(2.10) hold. Then ®: K — K is completely continuous.

Proof Now we have to show that ® is continuous. Let y,, (n =1,2,...) be a sequence in K such that
lim |y, — yo| = 0.
n—oo

Since K is closed, we have yg € K. Since y, f (t,y) are w-periodic and continuous functions, f (s,y, (s + 1)) —

f(s,y0 (s + 7)) uniformly, for s € [0,w].
[(@yn) (£) = (Pyo) (1)]

t+w
< [ Gl

t+w 0
+”/t |G<t,s>\/_ K (1) 1f (b yn (¢ 4+ 7)) dr — £ (830 (6 + )| dr

0
[ K () 1f (b (4 7)) — £ (30 (¢ + 7))] dr| ds

_ 0
+9c*M/_ K () lyn (t +7) — yo (£ +1)|)dr.

By Lebesgue dominated convergence theorem and (3.1), we obtain

[(@yn) — (Pyo)|| — 0.

This shows that ® is a continuous on K.
Next, we show that ® is completely continuous. Let A be any positive constant and

Sx={y e K:|lyll <A},
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be a bounded set in K. Then for y € K,

(@y) (0] < M[/Owd<s>|\/:mwf(s,y(sw))dr
wo ([ KOO+ rlar)as
+ ) -1 [ OOO K () ()]l (4 1) |
< i [ KOt VG
+pMe* /0 ) K OOOK(T) drds max [y (s)
+M6c* /_ OOO K (r) dr max ly ()|
< Mwd®* m |f (s,9)| + pwMlc* X + MAGC*

ax
s€0,w][lyll<A

Therefore, for any y € S,

[Pul| < T,

which implies that ® (Sy) is a uniformly bounded set. By taking the derivative in (3.1),

d(®y) (1)
dt

t+w
- / [(exp (—pw) — 1) Gy (£,£) Ga (t,5) — b (£) G (£, )

+ /t WF(W) Gy (t, 1) du} x

s 0
X [d (s)/_ K((r)f(s,y(s+r))dr— p/_ K (r)e(s)y(s+r))dr| ds.
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Consequently, by invoking (2.5),(2.14),(2.15),(2.19),(3.2), we have

t+w
A [ e () < D61 (01) G2 (19) - 00 G (1)
t+w
+ [ ireme <t7u>|du] x
0
X Hd(s)/_ K@) f(s,y(s+r))dr
+p\ | K@+ ] s
< [w(exp (—pw) — 1) M1 Ms + wb*M + wM;y7¥]
x [d SE[OgﬁE”SAIf(s,y)I +pA]
- Q
4(®y) (1)

which implies that is also uniformly bounded, for any y € Sy. Hence, {Py:y € K, |ly]| < A} is a

dt
family of uniformly bounded and equicontinuous functions on [0,w]. In view of the Arzela-Ascoli Theorem (see,

Royden [30]), operator ® is completely continuous. The proof of Lemma 3.2 is complete. O

We can now state and prove our main results.

Theorem 3.1. In addition to conditions (A1)-(A8),(2.6),(2.10), let us further assume that the following

assumptions hold:

(A4)
() : f(ty)
| f—=- =a(t), and 1 =p4(t), 3.3
m i a(t), an m sup = B(t) (3.3)
where «, B are continuous w—periodic functions on R.
(A5)
/ d(s)a(s)dsZp/ c(s)ds+i—§a (3.4)
0 0 m(s
and
/wd(s)ﬁ(s)ds<p/wc(s)ds+i(1—50*). (3.5)
0 —Jo M

Then, equation (1.7) possesses at least one positive w— periodic solution.

fty)

Proof We first construct two sets €2; and 9 in order to apply Theorem 1.1. Since lim i(r)lf
y— Yy

=« (t) >
there exists R1 > 0 such that
fty) > a(t)y, for 0 <y < Ry.

Define now the open subset

O ={y() € Cu:lyll < Ba}.
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by noticing inequality (3.4) and the definition of ®, we obtain

(@y) ()

Y]

v

v

t+w
t

0
+m9/_ K (r)et)y (t+r))dr
m [ 1) ae) = pe (] (5) ds + mie 1)y ()

mIRy /0 [d(s) o (s) — pe(s)] ds + mOR, 0

m5R1

— mSR10¢ + mSR,0¢

Ry = lyll-

Therefore, we conclude that

Next we construct the set Q5. Since limsup

Let

where

Define now the openset Qg = {y(-) € Cy, : |ly|| < R2}, E1 ={y(:) € C, : |lyll < N}, Bz ={y(*) €

[@y[| > Jly]| for y € K N OQ.

4
fty) = B (t), there exists N such that
Y

Y—>00

g(t,y) <pB(t)y, fory > N.

R2>max{ — — MO 7N}>R17
1—c50— M [ (d(s)B(s) — pei (s))ds
0= w(@m(f) +pcsN), m(f) =  max  f(ty).

(t,u)€[0,w] X [0,N]

€ Cy : |lyll = R}, while y € K N0Qy, that is ¢ ||y|| <y < ||y|| = R:. Noticing that

[d(s)/OOOK(r)f(s,y(err))dr - p(/omK(r)c(s)y(sw)drﬂ ds

Co :llyl > N},
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obviously Q; C Qy. If y € KN 9O, by (3.1),(3.5),(2.19), and (A3), we have

w [ (/_OOOKw)f(s,y(sw))dr)

—p(/_OmK(r)c(s)y(s—l—T)dr)] ds

0
M (exp (o) 1) [ K (1) els)y (54 r)ar

(®y) ()

IA

IN

v [d(s) (/_OOOK(r)f(s,y(s+r))dr>
—p(/_OOOK(r)c(s)y(s-l—r)dr)]ds
[ [d(s) ( [ OOOK(T) f(s,y(s+r))dr> (3.8)

—p(/_omK(r)c(s)y(s—l—T)dr)] ds+M§/_0mK(r)c(s)y(s+r)dr

Mwd* max s,y (s+7r))+ Mwpc*N
(s,u)E[O,w]X[O,N]f( y( )> P

IN

0 0
+M . [d(s)/_ooK(r)f(s,y(s—i—r))dr—p/_OOK(r)c(s)y(s+r)dr ds

+M§C*R2

IN

Mw (d*m (f) + pc*N) + MRy /Ow [d(s) B (s) — pc(s)] ds + MBc* Ry

IN

M6+ MR, /w [d(s) B (s) — pc(s)] ds + MBc* Ry
0
< R27

and therefore
[@yll > [lyll,Vy € K NOQw. (3.9)

By Lemma 3.2, ® is a completely continuous operator; from (3.7) and (3.9), condition (i) of Theorem 1.1 is
fulfilled. Thus, ® has at least one fixed point y € KN (ﬁg \Ql) . By Theorem 1.1, we can conclude that & has
a fixed point y € KN (Q2\ Q1) and with Ry < ||y|| < Rs, and y > §[|y|| > 6R; > 0. In other words, equation
(1.7) has at least one positive periodic solution. O

Theorem 3.2. Suppose that (A1)-(A3),(2.6),(2.10) hold, and the following conditions are fulfilled,

fty) =5y

Ap = lim max =0, 3.10
O yli50 tefo.w) Iyl (3.10)
fty) —psily
Ay = lim min M = (3.11)
YEK ||yl o0 t€[0,w] lyll
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Then equation (1.7) has at least one positive w—periodic solution.

Proof i) In view of (3.10), there exist € > 0 and corresponding R; > 0, such that

1—6Mc*
- <
0<e< U , (0< OMc* < 1),

and

I (ty) —pfl%y <elyl, for yll < Rurt € [0,w].

Define the open subset Q3 = {y(-) € Cy, : |ly|| < R1}, while y € K N 9Qy, that is 0 ||y <y < |ly|| = R1, we

can have

@ = [ e [( / K0 f o4 )
—p</ K (r (s—&—)dﬂds

+ (exp (pw) — 1) G (£, 1) </Ooo K(r)e)y(t+r) dr>

< M/t+wd(s) /_0 K (r) {f (s,y(s+r)) _'Occl((z; y(s+r)dr] drds
+0M</ K(r (t+r)d)

< Mde |yl +0Mc" |y

< -

Hence,

[yl <yl

namely

@yl < llyll, for each y € K N 0Q;. (3.12)

i) In view of (3.11), there exist D and corresponding Ry > Ry (8)”" such that

~ o~ c(t
SDmd + med > 1, f (t,) — pdigy > Dlyll, for y > 8|lyll, and |ly| > 6R..
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Define Qs = {y(-) € C, : |ly|| < Ra}, obviously, Q; C Qa. For y € K N €, we can have

@0 = [ ews|(a) [ K066t

—p</OOOK(r)c(s)y(s+7")dr>] ds

T (exp (pw) = 1) G (t,1) (/_Ooomr)c(t)y(tw) dr)

t4w 0 c (S)

> m d(s) K (r) f(s,y(er'r))prS) y(s+r)dr|drds

t —o0

/0

+mb (/ K(r)c(t)y(t+r)dr>
> mdSDR; + mcfdR,
> (mdDs +meds) Ry
> Ry =|lyll,
which leads to
(®y) (t) > |lyll, for each y € K N INa. (3.13)

By Lemma 3.2, ® is a completely continuous operator; from (3.12) and (3.13), condition (i) of Theorem 1.1 is
fulfilled. Thus, ® has at least one fixed point y € K N (ﬁg \Ql) ,and y > d|ly|| > dRy > 0 which means y (+)

is a w—periodic positive solution of (1.7). This completes the proof. O

For convenience and simplicity in the following discussion, we use the following notations:

F§ = inf min <f(t’y) - c(t)> (3.14)

yEKNSQ, te[0,w] Yy pd(t)

F¥ = sup max (f(t’y) pc(t)). (3.15)

yeKNsQ tE[0.] Yy d(t)

Theorem 3.3. Suppose that (A1)-(A3), (2.6),(2.10) hold, and there are positive constants Ry, Re with Ry < Ry
such that:

M (d*F;;j +§c*) <1, (3.16)

and
m (dFS +6¢) > 1. 3.17
(rf, +0¢) (3.17)

Then, there exists an w—periodic solution which is a fized point of ® and satisfies Ry < |ly|| < Ra.
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Proof Define two open sets Q; and Q2 with Ry < Ry. Let Q1 = {y(-) € Cy, : |ly|]| < R1}. Then for any
y € KN JQy, we have ¢ |ly| <y < |lyl| = Ry. From this, the definition of ® and FF;, it follows that

@0 - | e [(d o [ 0@K<r>f<s,y<s+r>>dr)
ey

(exp (o) — 1) G (1) (/_OOOK(r)c(t)y(t+r) dr)

< M/tt+wd(s) /OOOK(T) {f(s,y(s—i—r)) —p;Ei)) y(s+r)dr] drds
VoM (/_OOOK(r)c(t)y(t—i—r)dr)
< (Md*ng +§Mc*) lyll - (3.18)

Hence, in view of (3.16) and (3.18), we obtain
[@y[l < [lyll, for each y € K N IQy. (3.19)

On the other hand, let Q, = {y(:) € C,: |ly|| < R,}, obviously, Q; C Qs For y € K N9Q,, then §|y|| <y <
llyll = R,. From this, the definition of ® and FJ%Q , it follows that

t+thsK / K(r sy(s+r))dr>
—p(/ K (r (s+r)d>]ds

+ (exp (pw) — 1) G (¢, 1) </_OOOK(r)c(t)y(t+r) dr)

(®y) ()

> m/tt+wd(s)/_oooK(r) {f(s,y(s%-T))—pZEZ; y(s—&-r)} drds
+m0</ K (r (t+7")d)
> (mJFgl +m65) lyll- (3.20)

Hence, from (3.17) and (3.20), we obtain
(Py) (t) > ||lyll, for each y € K N ONy. (3.21)

By Lemma 3.2, ® is a completely continuous operator, from (3.19) and (3.21), condition (i) of Theorem 1.1 is
fulfilled. Thus, ¢ has at least one fixed point y € K N (ﬁg \ Ql) . Tt follows that y (-) is an w—periodic positive
solution of (1.7) and y > d |ly|| > dRy > 0. This completes the proof. O

1839



BENHADRI and CARABALLO/Turk J Math

As consequence of Theorem 3.3, we state a corollary whose proof is similar to the proof of Theorem 3.3

and hence we omit it.

Corollary 3.1. Suppose that (A1)-(A3),(2.6),(2.10) hold, and there are positive constants Ry, Ry with Ry < Ra
such that:

M (d*ng + 'éc*) <1, (3.22)
and
m (EF;;; + 56) > 1. (3.23)

Then, there exists an w — periodic solution which is a fized point of ® and satisfies Ry < |ly|| < Raz.
As a consequence of Theorem 3.3, we have the next Corollary.

Corollary 3.2. Suppose that (A1)-(A3),(2.6),(2.10) hold, and there are positive constants Ry, Ra, ..., Ryy1
with Ry < Ry < ... < Ryp41 such that:

M(&Fg+0c) < 1,
m(JFI%1+E§) > 1,

M(&Fg +0e) < 1,

m (EF,%n +E§) > 1.
Then, Eq. (1.7) has n positive w— periodic solutions y1, Yz, ..., yn with |Jyi|l < lly2] < ... < |lynl|-

Remark 3.1. In our main results, condition (A3) is very important to guarantee that operator ® maps K

into itself.

4. Examples
Let us discuss three examples to illustrate our abstract theory.

Example 4.1. Let us consider the following third-order nonlinear integro-differential delay equation:

y"' () +p(t)y" () + )y (£) +r(t)y (1)
d 0

=5 | K@yt (4.1)

0
+d(t)/_ K (r) (¢ + 7)) dr.
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Corresponding to equation (1.7), we let

p(t) = 31x1072,¢(t) =23 x 1073 w = 2m,
c(t) = 140.1]sint|,r(t)=2x 107%
Also assume that
f(t,y)zﬁ Y4 ﬂy

dty1+y  Pdn”
where d € C (R,RT \ {0}) is an arbitrary 27— periodic function.
Moreover, K € C (R™,R") is an arbitrary function satisfying

/_OOOK(r)drzl.

Thanks to direct computations, we obtain

m
t) = 0.2,b(t) =0.01,0 = — ~0.151
a(t) () =0.01,5 = :
ai(t) = 21 x107% ax(t) =2x 1073 p=0.1,
¢ = l1l,e=1

It is clear that, Yy € R ¢ € [0, 27], we have

c(t) 04 y
f(t,y)—pmy—%m_

Again by straightforward computations, we have

f(ty) 04 c(t) _

lizn_j(r)lf v dD pﬁ a(t),
and

) -

h;r:boop ; p 0 B(t).

It is easy to check «, 3 are continuous 27 —periodic functions on R.

From the above parameters, it follows that

/wd(s)a(s)ds—/wpc(s)ds—L—!—(exp(pw)—l)’c\
0 0

mé

1
= 04w — p—- + (exp (pw) — 1) ¢

12

2.6 > 0.

and

[ a@ s ["etds - 570 e () - 1))
1

= (= (e ()~ 1))

l

—54 x 1078 < 0.
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Consequently, all conditions of Theorem 3.1 are fulfilled. Hence, we conclude that Equation (4.1) possesses at

least one positive 27— periodic solution y € K N (QQ \ Ql) .
Example 4.2. Let us consider the following third-order nonlinear integro-differential delay equation:
y"' () +p(t)y" () + at)y (t) +r(t)y (1)

0
_ %KMK(r)c(t)y(t+r))dr (4.2)

0
+d (t)/_ K () f (ty (t+ 7)) dr.

Corresponding to equation (1.7), we let
p(t) = 31x107%¢(t) =23 x 1072, w = 27,
c(t) = 4|cost|+2,7(t) =2 x 107 d(t) = 0.2|cost| + 0.1.

Also assume that
f(t,y) = 0.4y + 2y.

Moreover, K € C'(R™,R") is an arbitrary function satisfying

/OOOK(T)dT—l.

Thanks to direct computations, we obtain

m
t) = 0.2,b(t) =0.01,6 = — ~0.151
a(t) 0.2,b(t) = 0.01,6 = 7 ~ 0.151,
a1(t) = 21 x1072 ay(t) =2x1073,p=0.1,
¢t = 6,c=2.

It is clear that, Yy € RT ¢ € [0, 27], we have

c(t

) 2
ty) — p——ay = 0.49% > 0.
fty) T y* >
It is easy to verify that
. f(ty) - p5By
Ay = lim max ————~—
llyl|—0t€[0,w] Iyl

0.492
lim max e A ,
lyll—otefow] |yl

and

f(ty) = p53y

Ay = lim min
yEK [|y||—~oote[0,w] lyll
0.4/ _

lim min =
yeK [yl —ootef0.w] [|y]|
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It is straightforward to show that all conditions of Theorem 3.2 are fulfilled. Hence, we conclude that equation

(4.2) possesses at least one positive 27— periodic solution y € K N (ﬁz \Ql) )

Example 4.3. Let us consider the following equation:

y"' () +p(t)y" () + )y (£) +r(t)y (1)

0
— 4 | E@e@yrmar (4.3)

0
—|—d(t)/_ K (r) (6 y (t+ 7)) dr.

Corresponding to equation (1.7), we let

p(t) = 31x107% q(t) =23 x 1073, 7(t) =2 x 10~ * w = 27,
d(t) = 107*(0.2+0.2sint|),c(t) = 107 (1 4+ 0.5 |cos t]) .
Also assume that
0.1 (14 102 x 0.1517 [sint) 1 1+ 0.5]|cost|
fty) = 3 Y+ s X oY
0.001 +y 100 © 0.2+ 0.2[sint|

and K € C(R™,R") satisfying

/OOOK(r)d'rl.

Then we can check that

a(t) = 0.2, b(t) =0.01,p=0.1,
ar(t) = 21 x107% ay(t) =2 x 1073,
m =~ 10735.730, M ~ 70706.185,
m
0 = — ~0.151.
~f =015

It is clear that, Yy € R ¢ € [0, 27], we have

t)  0.1(1+10%x 0.151%[sint|) y -

= O-
)Y 0.001 + 32 =

f(t,y)—pflgt

There are positive constants Ry = 0.02, Ry = 10, such that

Flty) c(t))

FS = inf  min (
f 0]

yEKNéQte(0,w]

. . 0.1 (1 + 10282 |sint|)

= inf  min
yEKNSN te[0,w] 0.001 + g2

. 0.1
= lnf 2
yeKN3 <o.001 + |yl )

0.1
= —  ~ T71.428.
0.001 + 0.0004 7 8
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Fr, = sup ~max (f(t’y) _pc(t))

yeKN6Q,tE[0,w] y (t)

0.1 (1 +10%6? |sint|)
= su max
yeKﬂ%QQtG[va] 0.001 + 2

0.1 (1 + 10252)
= sup ———
yEKN6Q: 0.001 +y

0.1 (14 10262
= —( 2) ~ (0.143.
0.001 + 42 R;3

Now, some simple calculations show that V (¢,s) € R x R,
10735.730 ¥ m < G (¢t,s) < M ~ 70706.185.

For the above parameters, it is easy to verify that

M (d*F}?g; + §c*) ~0713<1,

and
m <JF,%1 +E§) ~15.430 > 1,
where
d* = maxd(t)=04x10"% d= min d(t)=0.2x 107%,
te[0,w] te[0,w]
¢ = maxc(t)=0.5x10"°¢= min c(t) = 1075,
te[0,w] te[0,w]
0 = exp(pw)—1~0.874.

All hypotheses of Theorem 3.3 are fulfilled and, therefore, Eq. (4.3) has at least one positive 2w—periodic
solution y € K N (ﬁg \Ql) satisfying

0.2=R; < [ly|| < R = 10.

Remark. 4.2. Observe that Example 4.1 and Example 4.2 cannot be analyzed by applying Theorem 3.1 in
[25] (see also Theorem 3.1 in [2]). Indeed, in order to apply Theorem 3.1 in [2] or [25], we need to construct

two mappings ®; and ®o, ®; is a contraction and Py is compact. Therefore, we express (4.1) or (4.2) as

(@) (t) = (P12) (t) + (P2) (1),

where &1, P, : C, — C,, are given by
0
(P12) (t) = (exp (pw) — 1) G (¢, 1) / K(r)c(s)x(s+r)dr,
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@ = [ aws i) [ K@i

p/OOOK(r)c(s)x(s+r)dr} ds.

However, notice that
Iy > 1,Va,y € Co, |01z — Pryl < vz —yll,
where
v =M (exp (pw) — 1) c*.
This implies that ®; is not contraction. Thus, Theorem 3.1 in [2] and [25] cannot be applied to equations (4.1)
and (4.2). Therefore, the results in [2] and [25] are not applicable. However, the results obtained in our work

are quite significant compared to the ones in the aforementioned papers [2, 25].

Acknowledgments

The research has been partially supported by the Spanish Ministry of Science and Innovation (MCI), State
Investigation Agency (AEI) and European Regional Development Fund (FEDER) under the project PID2021-
122991NB-C21, and by Regional Government of Andalusia (Department of Economy and Knowledge) and
FEDER under project P18-FR-4509.

Conflict of interests

The authors declare that they do not have any conflict of interest.

References

[1] Abou-El-Ela AMA, Sadek AI, Mahmoud AM. Periodic solutions for a kind of third-order delay differential equations
with a deviating argument. Journal of Mathematical Sciences, The University of Tokyo. 2011; 18 (1): 35-49.

[2] Ardjouni A, Djoudi A. Existence of positive periodic solutions for third-order nonlinear delay differential equations
with variable coefficients. Mathematica Moravica 2019; 23 (2): 17-28. https://doi.org/10.5937/MatMor1902017A

[3] Ardjouni A, Djoudi A. Existence of positive periodic solutions for a nonlinear neutral differential equations with
variable delay. Applied Mathematics E-Note 2012; 12: 94-101.

[4] Balamuralithran S. Periodic solutions for third-order nonlinear delay equation impulses with Fredholm operator of
index operator zero. Konuralp Journal of Mathematics 2016; 4 (2): 158-168.

[5] Bose SK, Gorain GC. Exact controllability and boundary stabilization of torsional vibrations of an internally
damped flexible space structure. Journal of Optimization Theory and Applications 1998; 99 (2): 423-442.
https://doi.org/10.1023/A:1021778428222

[6] Bose SK, Gorain GC. Exact controllability and boundary stabilization of flexural vibrations of an inter-
nally damped flexible space structure. Applied Mathematics and Computation 2002; 126 (2-3): 341-360.
https://doi.org/10.1016,/S0096-3003(00)00112-0

[7] Bose SK, Gorain GC. Uniform stability of damped nonlinear vibrations of an elastic string. In:
Mathematical Sciences-Proceedings of the Indian Academy of Sciences; India; 2003. pp. 443-449.
https://doi.org/10.48550/arXiv.math /0311527

1845



(8]

[11]

[12]

[13]

[14]

[22]

[23]

[24]

[25]

[26]

1846

BENHADRI and CARABALLO/Turk J Math

Cheng Z, Ren J. Existence of positive periodic solution for variable coefficient third-order differential
equation with singularity. Mathematical Methods in the Applied Sciences 2014; 37 (15): 2281-2289.
https://doi.org/10.1002/mma.2975

Cheng Z, Xin Y. Multiplicity results for variable-coefficient singular third-order differential equation with a param-
eter. Abstract and Applied Analysis 2014; 2014 (1): 1-10. https://doi.org/10.1155/2014/527162

Cai G, Bu S. Periodic solutions of third-order integro-differential equations in vector-valued functional spaces.
Journal of Evolution Equations 2017; 17 (2): 749-780. https://doi.org/10.1007/s00028-016-0335-5

Cheng Z, Lv L, Liu J. Positive periodic solution of first-order neutral differential equation with infinite distributed
delay and applications. AIMS Mathematics 2020; 5 (6): 7372-7386. https://doi.org/10.3934/math.2020472

Gregus M. Third Order Linear Differential Equations. Series, Mathematics and its applications, Dordrecht, Boston,
Lancaster, Tokyo: Reidel Publishing Company, 1987. https://doi.org/10.1007/978-94-009-3715-4

Guo D, Lakshmikantham V. Nonlinear Problems in Abstract Cones. Academic Press, New York, USA: Elsevier,
1988.

Gorain GC. Exponential energy decay estimate for the solutions of internally damped wave equation
in a bounded domain. Journal of Mathematical Analysis and Applications 1997; 216 (2): 510-520.
https://doi.org/10.1006/jmaa.1997.5678

Gorain GC. Boundary stabilization of nonlinear vibrations of a flexible structure in a bounded domain in R™. Journal
of Mathematical Analysis and Applications 2006; 319 (2): 635-650. https://doi.org/10.1016/j.jmaa.2005.06.031

Hale JK, Meyer KR. A class of functional equations of neutral type. Memoirs of the American Mathematical Society
1967; 76: 1-65. https://doi.org/http://dx.doi.org/10.1090/memo/0076

Hale JK, Lunel SMV. Introduction to Functional Differential Equations. Applied Mathematical Sciences, New York,
USA: Springer, 1993. https://doi.org/10.1007/978-1-4612-4342-7

Jiang D, Wei J, Zhang B. Positive periodic solutions of functional differential equations and population models.
Electronic Journal of Differential equations 2002; 2002 (71): 1-13.

Kuang Y. Delay Differential Equations with Application in Population Dynamics. Boston, New York, USA: Aca-
demic Press, 1993.

Liu B, Huang L. Existence and uniqueness of periodic solution for a kind of first order neutral func-
tional differential equations. Journal of Mathematical Analysis and Applications 2006; 322 (1): 121-132.
https://doi.org/10.1016/j.jmaa.2005.08.069

Liu Y, Ge W. On the positive periodic solutions of nonlinear Duffing equations with delay and vari-
able coefficients. Tamsui Oxford Journal of Information and Mathematical Sciences 2004; 20 (2): 235-255.
https://doi.org/10.36045/bbms/1093351383

Li Z, Wang X. Existence of positive periodic solutions for neutral functional differential equations. Electronic Journal
of Differential equations 2006; 2006 (34): 1-8.

Li J, Shen J. On positive periodic solutions to impulsive differential equations with delays. Results in Mathematics
2004; 45: 67-78. https://doi.org/10.1007/BF03322998

Meng Q, Yan J. Existence and m- multiplicity of positive periodic solutions for impulsive functional differential
equations with two parameters. Boundary Value Problems 2015; 2015 (212): 1-10. https://doi.org/10.1186/s13661-
015-0478-2

Nouioua F, Ardjouni A, Djoudi A. Periodic solutions for a third-order delay differential Equation. Applied Mathe-
matics E-Notes 2016; 2016 (16): 210-221.

Poblete V, Pozo JC. Periodic solutions of an abstract third-order differential equation. Studia Mathematica 2013;
215 (3): 195-219. http://doi.org/10.4064/sm215-3-1



[27]

[28]

[32]

[33]

BENHADRI and CARABALLO/Turk J Math

Padhi S, Pati S. Theory of third-order differential equations. New York Dordrecht London: Springer New Delhi
Heidelberg, 2014. https://doi.org/10.1007/978-81-322-1614-8

Ren J, Siegmund S, Chen Y. Positive periodic solutions for third-order nonlinear differential equations. Electronic
Journal of Differential Equations 2011; 2011 (66): 1-19.

Raffoul YN, Tisdell CC. Positive periodic solutions of functional discrete systems and population models. Advances
in Difference Equations 2005; 2005 (3): 369-380. https://doi.org/10.1155/ADE.2005.369

Royden HL. Real Analysis. Stanford University, New York, USA: MacMillan Publishing Company, 1998.

Tiryaki A, Aktas MF. Oscillation criteria of a certain class of third order nonlinear delay differen-
tial equations with damping. Journal of Mathematical Analysis and Applications 2007; 325 (1): 54-68.
https://doi.org/10.1016/j.jmaa.2006.01.001

Wang Y, Lian H, Ge W. Periodic solutions for a second order nonlinear functional differential equation. Applied
Mathematics Letters 2007; 20 (1): 110-115. https://doi.org/10.1016/j.aml.2006.02.028

Zhang X, Jian D, Li X, Wang K. A new existence theory for single and multiple positive periodic solutions to
integro-differential equations with impulse effects. Computers and Mathematics with Applications 2006; 51 (1):
17-32. https://doi.org/10.1016 /j.camwa.2005.09.002

1847



	Introduction
	Green's function and periodicity
	Existence of positive periodic solutions
	Examples

