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Abstract: The purpose of this paper is to establish the eigenvalues and the eigenfunctions of both the g-Durrmeyer
operators D, 4 and the limit g-Durrmeyer operators Do 4 introduced by V. Gupta in the case 0 < ¢ < 1. All moments
for Dy, and D4 are provided. The coefficients for the eigenfunctions of the operators are explicitly derived and the

eigenfunctions of these operators are illustrated by graphical examples.
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1. Introduction

After the Bernstein polynomials [2] had been constructed to uniformly approximate continuous functions on
[0,1], there were very few works on these polynomials until the 30th. In 1930, when Bernstein organized a
mathematical congress in Kharkiv, breakthrough results were presented on these polynomials by a few speakers
including such mathematicians as Kantorovich, Khlodovskii and Voronovskaya, see [22].

Kantorovich used polynomials of the form

O (fir) =Y on(f)pnk(@), (L.1)
k=0
where pyi(z) = (})a*(1 —2)"*, k=0,1,...,n are the Bernstein basis polynomials and ¢,x(f) are positive

functionals which are not necessarily linear. Obviously, ¢,r(f) = f(k/n) gives the Bernstein polynomials.

Kantorovich selected

(k+1)/(n+1)
o) = (1) [ (o)t
k/(n+1)

and obtained the polynomials—called, nowadays, the Kantorovich polynomials K, (f;x)—which converge to f
almost everywhere whatever measurable function f is, see [13].

Later, Lorentz [15] proved that the sequence {K,(f;z)} approximates f € L,[0,1] in the L,-norm. It
turned out that the Kantorovich polynomials approximate functions f € C[0,1] with respect to the uniform
norm, as well. After the congress, the situation has been changed drastically concerning the investigation and

application of Bernstein polynomials and related linear positive operators. The research in this field is still going
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on due to its wide range of applications, both in mathematics and engineering like computer aided geometric
design [9].
The idea of Kantorovich to replace the coefficients of Bernstein basis polynomials by integrals rather than

the values at given points was further developed in 1967 by Durrmeyer [6] who proposed to take @, (f) in (1.1)
as

onk(f) = (n+1) / F(Opan(t) dt,

which leads to the new positive linear operators given below.

Definition 1.1 Let f € C[0,1]. The Bernstein-Durrmeyer operators are defined by

n 1
Da(fi) = (n+ DY pur(e) [ FOpua®)dt, n=1.2..... (1.2)
k=0 0
where ppr(x), k=0,...,n are the Bernstein basis polynomials.

Along with the development of g-calculus, a variety of g-analogues of classical linear positive operators
occured. Starting from the well-known papers by Lupag [16] and Phillips [20], the researches on g-analogues
have been going extensively revealing new applications [3, 17].

As for the Durrmeyer operator, the first g-analogue was introduced by Derriennic [5] in 2005. Derriennic
proved that, when considered in C[0, 1], the polynomials D,,(f;x) provide uniform approximation and possess
degree-reducing properties on polynomials. Moreover, the operators D, (f;x) are self-adjoint in L2[0,1] and
converge almost everywhere to f when f is integrable on [0,1]. Other g-analogues were defined by Gupta [10]
and Gupta and Wang [11].

In the present paper, the g-Durrmeyer operators given in [10] are studied. For the convenience of the
reader, let us recall the needed notations and definitions associated with g-calculus, see [1, Chapter 10].

Let ¢ > 0. For any nonnegative integer n, the g-integers [n], are defined by
0],:=0, [n]y:=14+q+--+¢"", n=12....

The following two expressions are g-analogues of the factorials and binomial coefficients which are called ¢-

factorials and ¢-binomial coefficients, respectively, given by

and

For integers 0 < k < n, the g-binomial coefficient can be expressed as

n (@ Q)n
[L (Q§Q)Z(§;Q)n7k'
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where (z;q), stands for the g-analogue of the Pochhammer symbol defined by, for each x € C,

n—1 [e%s}
@ o=1, (@qhn:=][0-2¢), @0 :=]]0-2¢)
=0 =0

The Gauss g-binomial formula is valid, see [1, Chapter 10, Corollary 10.2.2]:

n

(—2:q)n =) [Z}qqk(k‘”/%’“. (1.4)

k=0

Two binomial formulae, which are the generalization of Taylor’s expansion in g-calculus (see [1, Chapter 10,

Corollary 10.2.2]), are presented. The first one is the Euler identity

Z s el < L2 < 1, (1.5)

(I Doo = (

the other one is the Rothe identity

Il
|M8
3
_|_
I

1
} a2z < 1. (1.6)
(@500 = .

The g¢-integral in the interval [0, a], first introduced by Thomae [21] and later by Jackson [12], is defined as

F@)dgt == (1 —q)a )y _ ¢’ flag?). (1.7)
j=0

0

Definition 1.2 [10] Let 0 < ¢ < 1, f € C[0,1]. The g-Durrmeyer operator D, 4 : C[0,1] — C|0,1] is given
by

n ,q fa ZAnk pnk q;T )7 (18)
k=0

where
Ank(q; f) = [n+ 1]y / F(®)pnr(q; qt) dgt, (1.9)

and

k(ﬂQ)nfk’ k:0>17'-'7n

@) =[]

[x) = x
Pnk\q k p
Observe that, for ¢ = 1, (1.8) gives the classical Bernstein-Durrmeyer operators (1.2). In this paper, new results
on the operator (1.8) are presented.

The present paper aims to highlight the eigenvalues and the eigenfunctions of the g-Durrmeyer operators

D,, 4 and their limit operators Dy, 4. For the Bernstein type operators, the intensive research on the eigen-

structure was initiated in [4] and, afterwards, has been carried out in a number of papers, see, for example,
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[5, 7, 14, 19]. This paper is organized as follows. In Section 1, some preliminary results, which will be used in
the next sections, are presented. In Section 2, all moments of the g-Durrmeyer operators D,, ;, are obtained by
means of the recurrence relation which is derived in the same section. Section 3 deals with the eigenvalues and
the corresponding eigenfunctions of D, ;. To derive the explicit formula for the coefficients of the eigenfunc-
tions, a similar technique is used with that of S. Cooper and S. Waldron found in [4]. Section 4 is devoted to
some results concerning the limit g-Durrmeyer operators such as moments, eigenvalues and eigenfunctions. It
should be noted that the moments of D, 4, are proved with a different point of view from [10]. The last section

contains some illustrations of the eigenfunctions of Dy, 4 and D 4.

2. Moments of D, ,

n [10, Theorem 1], Gupta obtained D, ,(t%;z), i = 0,1,2 by using the integral representation of g-Beta
function. It is noted that, unlike the g-Bernstein operators, the operators D,, 4(f;z) leave invariant only the

constant functions, not all of the linear ones. In this section, all moments will be evaluated, explicitly.

Lemma 2.1 For f(t) =t™, m=0,1,..., the coefficients Ani(q; f) in (1.8) have the form
(@ Q)m
Anp(git™) = L_Dm b1 n.
( ) (qn+27Q)m

Proof By the definition (1.9) of A,x(q; f), one has

1 1
_ n
Ank(q;tm) — [n + 1]qq k/ tmpnk(q; qt) dqt — [n + 1}(1 |:l€i|q/ tm-i-k(qt;q)n,k dqt.
0 0

Taking (1.3) and (1.7) into account, one obtains

1 . [eS)
Ank(q;t ) [Tl+ 1] (é q) q; q q & Z m+k+1 J+1;Q)n—k-
n—k 574

As (" @) n—k = (¢ Qn-r+5/(¢:q); , one gets

Al t”) =t L (f(z'q k(g q Z Y ((;)T;)k+J

— [n+ 1]q (qu)’ﬂ(l B q) i |:n - k+]:| (qm+k+1)j.

(@Gar = j
Applying the Rothe identity (1.6) to the last sum, one obtains

(@5 @)nt1 (q
A k atm = = 9
i (@:17) (@ Q) r(@m 4 Qg (q”+2, m

which completes the proof. O

At this stage, one has

m - m 1 q)m
Dy (™ 2) = ZAnk(Q;t )Pk (q; ) = Z mpnk(q;@«
k=0 o \d yd)m
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Expanding the product (¢**1;q),, in powers of [k],, one can express the moments of g-Durrmeyer operators

in terms of the moments of ¢-Bernstein polynomials as follows:

m 1 % T T
Dy g(t752) = ——5—— > B(rym)[n]; By (" 2), (2.1)
(@ 0)m =
in which B4(r,m) > 0 are coefficients defined by
(@@ m =D By(r,m) [k} (2.2)
r=0

In the next lemma, we propose the recurrence relation for the coefficients S, (r, m).

Lemma 2.2 For m = 0,1,..., the coefficients B,(r,m) in (2.2) obey the conditions: B,(0,m) = (¢;Q)m,
By(m,m) = (1 —q)mg™m+D/2 B (r,m) =0 if r >m or r <0 and

5q(ram):(]'7qm)6q(r7m71)+qm(17q)ﬂq(r717m71)7 T:].,Q,...,TIL*L (23)

Proof Obviously, for m = 0, equality (2.2) implies that 3,(0,0) = 1. Also, it is evident that B,(r,m) =0 if

r >m or r < 0. Further, assuming such an expression as in (2.2), one has

> By(rm) K]y = (" O = (@ Qo (1= )
r=0
m—1
=(1—q"+q"(1—q)kly) > By(r,m — 1)k}
r=0
_ z_: (1= ™ol — DK + 3 a™ (1 — 0)By(r — Lm — [k
r=0 r=1

As B,(m,m —1) = B,(=1,m — 1) = 0, the sums on the right side can be written as a single sum:

m

> Belrm)[k]y = (1= q™)By(r,m — 1) + ™ (1 — q)By(r — 1,m — 1)) [K]}.

r=0 r=0

T

Comparing the coefficients of [kl

on both sides, for » = 0, one gets
Bq(0,m) = (1 —¢")B(0,m — 1)
which gives
Be(0,m) = (1 —¢™) (L= q" ™) - (1 = 9)B34(0,0) = (¢ ¢)m.-
Also, for r = m, one finds
@fl(m’m) = qm(l - q)ﬂq(m —1,m— 1)5
which gives

By(m,m) = (1—q)™q"q" " - B4(0,0) = (1 — ¢)"g™ ™D/,
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Finally, for r =1,2,...,m — 1, one receives (2.3). O

The next theorem gives the explicit formula for the moments D,, ,(t";x). To present the result, one

needs ¢-Stirling numbers of the second kind [8],
1 : (r-1)/2 |J '
G R — —1Tq”—12H j—rli, 2.4
‘I( ) []]q!q](Jil)/Z 1n:o( ) r q[ ]q ( )

with S4(0,0) =1, S4(4,0) = 0 for ¢ > 0, S4(4,5) = 0 for j > ¢ and the eigenvalues /\fnq of the g-Bernstein
operators [19],

n n 1 2 - 1

W = () (- ) (B g
’ ' ' [n]q [n]q [n]q

With the help of the numbers §,(r,m), one can evaluate D, ,(t";x).

Theorem 2.3 For m =0,1,..., there holds

m
= Z p,q(r,m)x
r=0

where

T )\7(21) m
n q(r,m) = (q[n]JrQ Zﬂq i,m)Sq(i, 7). (2.5)

Proof It is known that B, ,(t",z) is a polynomial of degree min {r,n} (see [18]) and has the form [§],

, " Sy (ry 1) (n) s
Bog(t'2) =" [q A (2.6)
iz [nla
Putting (2.6) into (2.1), one obtains
Dug(t"52) = 7= Z By (rym)n]} Sy (r, i) A 2.
r=07=0

Changing the order of sums and swapping the roles of r and ¢, one obtains

Dn’q(tm;x)zz<( nHT, i Zﬁqzm ))x

r=0

as desired. O

3. On the eigenconfiguration of D, ,

In this section, the eigenvalues and the corresponding eigenfunctions of D, , are obtained. Notice that, in

distinction to B, 4, all eigenvalues of D, , are simple.
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Theorem 3.1 For all 0 < g < 1, the operator D, 4 has (n+1) simple eigenvalues ngﬁ)q given by

(] Ay

) =01, (3.1)

n,(,z)(] = Qp,q(Mm,m) =

Proof Notice that D, 4(1;2) =1 and, for m =1,...,n, the polynomial D, ,(t™;x) can be written as
Dy g(t™;2) = i a™ + Pro_i (), (3.2)

where P,,_1 is a polynomial of degree at most m — 1 and n,(,z)q are given by (3.1). For j < m < n, the fraction

Mg /nlls equals
e, - q)™ i glm(m+ D=3 G+1)1/2)\ ()
(n) — ntj+2. 3 (n)
Mg (@"7%% )i /\j,q
Obviously,
DFl U K A
n+j+2. . _ o n+k
(@2 q)m—y 20,14

and

n m—1
)‘5"’)‘1 = H ( —[k]q> <1

( (n)

(?)q < njz) for j < m, meaning that 7,4 are distinct.

Therefore, n,(ff)q / nj(-z) < 1, which gives ny,

By (3.2), the matrix representation of D,, ; in the standard basis {1, x, 2%, ... ,x"} has the form

M1 * * * *
0 ngflq) * * *
0 O né’:;) * *
o 0 o0 7" x
: *
0o 0 0 0 o
Therefore, the numbers 777(,?,),1, m =0,...,n are the eigenvalues of D, ,. O

(n)

m,1

Remark 3.2 It is worth pointing out that n are the eigenvalues of the classical Bernstein-Durrmeyer

operators.

Theorem 3.3 For n € N and m =0,1,...,n, the monic polynomials @S,?) (g; ), which are the eigenfunctions

of Dy q(f;x) corresponding to the eigenvalue of 77,(,?7)(1, have the form

m
eI (@ 2) = cnglr,m)a’, (3.3)
r=0
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where ¢p q(m,m) =1 and

1 =

Cn,q(mijam) = Wch,q(m7i7m)an,q(m7j7m7i)7 j = 1,27...,77?,* 1.
n

m,q — Im—j,q i=0

Proof Let the eigenfunctions of D,, 4(f;x) be represented by
(n) g, chq r,m)x’,  cpq(m,m):=1.

Since 90%") (g;x) are the eigenfunctions of D,, 4(f;x), one can write

Dy (05 (g5 2); ) = ) o' (g5 @)

In view of the expression (3.5), (3.6) becomes

nm7qzcnvq5mx —ch,qrm Dy q(t"; )

m T m m
= Z Cnq(r,m) Z anq(s,m)z’ = Z Z Cng(rym)an,q(s, )2’
r=0 s=0

s=0r=s

Comparing the coefficient of z°, one gets

(n)
Ny Crg (S, M) cnq T, M)Ay q(S,T).

Replacing s by m — 7 and r by m — i yields

777(77,)qcn,q Z Cnq( m)an,q(m — j,m — i)
which gives
Cn.q (m —J m) ) (n) (n) Z Cn,q )an,Q(m J,m i)a
77m T hm—j,q i=0

as desired.

4. On the limit operators

(3.5)

The focus is on the limit ¢-Durrmeyer operator introduced in [10]. This operator emerged as a limit of

D, 4(f;x). More precisely, it was shown that {D,, ,} = Doo 4 as n — o0 in strong operator topology.

Writing

2*(25¢) oo

k=0,1,...,
(4 )k

Pock (@5 ) = Jim Pnk(q; ) =

the operator D, 4 can be expressed as follows:
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Definition 4.1 [10] Let ¢ € (0,1), f € C[0,1]. The limit q-Durrmeyer operator is defined by

Do y(f37) = { > oheo Acore (5 fpock (g3 ), €10,1),

f (1), r=1
where
g "
Acer(q; f) / J(t)poor(q; qt) dyt,
and
(z,9) 00 2"
Pook(q;2) = ———, k=0,1,...
k( ) (q7q)k:
Lemma 4.2 For all m =0,1,..., one has

Acok(g:t™) = (65 0)m,  k=0,1,...
Proof Using (4.1) with f(¢) =t™, one can write

1 1
Acor(@:t™) = 2 /0 t"poor(g; qt) dgt = (1_(1)((I,q)k/0 " (gt @)oo dyt-

I—gq
Applying (1.7) and the relation (¢;¢)e = (¢;¢);(¢"**; ¢)oo , One obtains

(qu)oo s (qm+k+1)j
ek & (69)s

oo

]+1.

$0) oo

Aook (Q7

]:0

By virtue of the Euler identity (1.5), one arrives at

gy (45 9)0 (L,
Aook(q,t )* (q;q)k(qm+k+1;q)oo - (q 7q)m7

as stated.

The next theorem gives the explicit formula for the moments of D q.

Theorem 4.3 For all m =0,1,..., one has
x) = ZaZ(k,m)xk
k=0

where

_ Xm: [TZL [ZL (— 1)kt gs(s+)+R(R=1))/2,

s=k

Proof Using (4.1) and (4.2) results in

oo oo k
ZAook Q7 pook(qa .’E q 0o Z
k=0

=0

+1 lc

(4.3)

(4.4)
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Employing Gauss ¢-binomial formula (1.4) leads to

s i{ } ) e 1)/2( k+1>s)

s=0 q

which allows to write

) m Ll'k
Do q(t™; ) = OOkZ:O (;[ L Sa e )6> (43 9)k
e ST s pols-)2,0 (3 (@2)"
( 7‘1)00;0{5}(1( Ve ! (kZ_O(Q§Q)k>

By Euler identity (1.5), one gets

Doo i [ } )" T2 (2; ).

s=0

Again, taking into account Gauss ¢-binomial formula (1.4), one comes up with

D, ZZ{ ] { } (= 1)Fts g(s(sHDHR(E=1))/2 o

s=0 k=0
LS [P 2], e
% S lq k q ,

which completes the proof. O

The previous theorem will be used to describe the polynomial eigenfunctions of D q.

Theorem 4.4 For each m = 0,1,..., the operator Ds 4 has a polynomial eigenfunction of degree m,

corresponding to the eigenvalue ny, , = qm2, The monic polynomial ¢, (q;x) has the explicit representation
O (gx) =Y ch(r,m)a”, (4.5)

where c;(m,m) =1 and for j=1,2,...,m,
1 =
cy(m —j,m) = P Zcé(m —i,m)ay(m — j,m —1).
i=0

Proof Using (4.3), one writes

Do o(t™; ) = ag(m,m)z™ + lo.t.,

where, by (4.4), aj(m,m) = g™ and Lo.t. stands for “lower order terms”. Also, (4.3) implies that the vector
space P, of polynomials of degree at most n is invariant under D, , and that the matrix representation of

D q in the standart basis {1,x,x2, . ,x"} of P, is upper triangular matrix with diagonal entries being
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Mg = qmz, m = 0,1,...,n. Therefore, ny, , = qm2 are the eigenvalues of Dy 4. As the eigenvalues are

distinct, there exists a one-dimensional eigenspace associated with qm2 which is spanned by a polynomial of

degree exactly m.

Let 5, (g;z) be a monic eigenpolynomial of degree m given by (4.5) with ¢;(m,m) = 1. Using the fact

that Do q(¢h,;x) = ™ ¢, (¢; @) results in

m m m T m m
" Z cq(s,m)x® = Z Cq(r;m)Dog o(t"52) = Z cq(r,m) Z ay(s,r)z® = Z Z cq(rym)ay(s,r)x®.
s=0 r=0 r=0 s=0 s=0 r=s
Comparing the coefficient of z® in both sides brings about
5 m m
q" cy(s,m) = Zcq(r m)ag(s,r) = c(s,m)ay(s,s) + Z cg(rym)ag(s,r)
r=s r=s+1
Hence
1 m
cy(s:m) = —5——s D cy(rm)ay(s,r).
q q r=s+1
Replacing s by m — j and r by m — 4, one obtains the desired result. O

In the remaining part of the paper, the asymptotic behaviour, when n — oo, of the eigenfunctions (3.3)

is investigated. To this aim, one needs the following auxiliary results.

Lemma 4.5 Let 8,(r,m) be as in (2.2) and Sq(i,r) be the q-Stirling numbers of the second kind as in (2.4).

Then, for 0 < r < m, one has
Zﬁq(i7m) 1—q Z|: ] [} 1)T'+qu(s+1)/2.

Proof Using S,(i,7) =0 for r > i and (2.4), one has

Zﬁqu,m)sq(i,r):Wzﬁq@m) H N
pa aq =0 i=o La

r(r 1/2Z|: :| 3G 1)/2251171771 7’*]] .

7=0 q 1=0

By virtue of (2.2),
> Auli-m)Sy i) = MZH IR i),

Taking into account the Gauss ¢-binomial formula (1.4), one obtains

gﬂq(i’m)sq(iar) r(r 1/2 Z|: :| j(] 1)/22{ } S s(s 1)/2( T— j+1)s

T

sssl2r+1s r ) 3(71—1)/27 —s\7J
7"(7” 1)/22[ ] (=072 (gt uq(—l)%ﬂ(] V2(gme).

Jj=0
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Using (1.4) again, one ends up with

m

- 1
D Balism)Sy(0r) = e 3 7 Gt )

Since (¢~%;¢), =0 for s =0,1,...,7—1 and

one arrives at

S nsimsiin) =l S5 [7] e 20

[r]q! P (¢ 9)s—r
Zrm s
—(1—=¢)" |: ] [ :| -1 r—+s s(s+1)/27
a-ar 3 [7], [, o
which completes the proof. O

The next result is on the limits of the coefficients of the moments (2.5) and (4.4).

Lemma 4.6 For 0 < r < m, one has

nlgr;o an,q(r,m) = ay(r,m).

Proof Indeed, lim, o [n]; = (1 —¢)~" and lim, A&fﬁ} = ¢"("=1/2_ Hence, using Lemma 4.5 and the fact

that (¢"*2;q)m — 1 as n — oo, one receives the result on taking the limit on both sides of (2.5). O

Corollary 4.7 For r = m, the following result is valid:

lim 7](") qm2, m=0,1,...

n—oo M4

The assertion below demonstrates the uniform convergence of the eigenfunctions of D, , to those of D, on

any compact set.

Theorem 4.8 For 0 < r < m, one has

nhﬁ\rr;o Cnq(r,m) = c;(r, m).

*

Proof Obviously, the statement is true for » = m. Suppose that lim,, o ¢, q(m —4,m) = ¢}

for i=0,1,...,7 — 1 where 1 < r < m. Notice that

(m—i,m) exists

Tim Gt =, .

Now, taking the limits of both sides of (3.4) and using the induction hypothesis together with Lemma 4.6, one

gets,
1 r—1
Aim en,g(m —r,m) = 7 —qmi” Z;Cq(m —dym)ag(m —r,m —i) = cg(m —r,m),
i
which gives the desired result. O
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5. Simulations

This section consists of some illustrative graphs for the eigenfunctions cpgff)(q;x) and ¢F (¢;x). Figure 1

shows the eigenfunctions 9052) (¢;x), for m =0,1,...,6, normalized to have the uniform norm 1. In Figure 2,

several members of the sequence {(pfln) (g; )} together with their limit ¢}(¢;z) are drawn. As supported by
graphics, the eigenfunctions of D,, , converge to those of D, 4. Figure 3 indicates the eigenfunctions ¢%,(¢; ),

m =0,1,...,5 of the limit g-Durrmeyer operator D . In Figures 4 and 5, unlike in the previous ones, the

parameter ¢ is varied and the eigenfunctions {<p(55) (g;x)} of the operators D5 , and {¢f(g; )} of the operators

D q, respectively, for several values of ¢, are shown.

Figure 1. The normalized eigenfunctions of Ds 4 for ¢ = 0.5.

! &
— ¢
6
— 0
8
-
10
—¢y
0.5
(pilZ)
= -l
0r d
-0.5 I I I I
0 0.2 0.4 0.6 0.8 1

Figure 2. The eigenfunctions gaff”(q; z) for different values of n and ¢j(gq;z) for ¢ =0.8.

1655



1656

GUREL YILMAZ/Turk J Math

0.5r 1

Figure 3. Several normalized eigenfunctions of D 4 for ¢ = 0.8.
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Figure 4. The eigenfunctions 9025)(q; z) for a few values of q.

Figure 5. The eigenfunctions ¢3(q; x) for a few values of g.



GUREL YILMAZ/Turk J Math

Acknowledgement

I would like to express my sincere gratitude to the anonymous referee for his/her thorough reading of the

manuscript and valuable comments.

1]

References
Andrews GE, Askey R, Roy R. Special Functions, Encyclopedia of Mathematics and Its Applications. Cambridge:
The University Press, 1999.

Bernstein SN. Démonstration du théoremé de Weierstrass fondée sur le calcul des probabilités. Communications of
the Kharkov Mathematical Society 1912; 13: 1-2 (in French).

Castellani L, Wess J. (eds.): Quantum Groups and Their Applications in Physics: IOS Press, 1996.

Cooper S, Waldron S. The eigenstructure of the Bernstein operator. Journal of Approximation Theory 2000; 105:
133-165. https://doi.org/10.1006/jath.2000.3464

Derriennic MM. Modified Bernstein polynomials and Jacobi polynomials in g-calculus. Rendiconti Del Circolo
Matematico Di Palermo, Serie II 2005; 76: 269-290.

Durrmeyer JL. Une formule d’inversion de la transformee de Laplace: Applications e la theorie des moments. These
de 3e cycle, Faculte des Sciences de I"Universite de Paris; 1967 (in French).

Gonska H, Rasa I, Stanila ED. The eigenstructure of operators linking the Bernstein and the gen-
uine Bernstein-Durrmeyer operators. Mediterranean Journal of Mathematics 2014; 11 (2):  561-576.
https://doi.org/10.1007/s00009-013-0347-0

Goodman TNT, Oru¢ H, Phillips GM. Convexity and generalized Bernstein polynomials. Proceedings of the
Edinburgh Mathematical Society; 1999. pp. 179-190. https://doi.org/10.1017/S0013091500020101

Gordon WJ, Riesenfeld RF. Bernstein-Bézier methods for the computer-aided design of free-form
curves and surfaces. Journal of the Association for Computing Machinery 1974; 21: 293-310.
https://doi.org/10.1145/321812.321824

Gupta V. Some approximation properties of g-Durrmeyer operators. Applied Mathematics and Computation 2008;
197(1): 172-178. https://doi.org/10.1016/j.amc.2007.07.056

Gupta V, Wang H. The rate of convergence of g-Durrmeyer operators for 0 < g < 1. Mathematical Methods in the
Applied Sciences 2008; 31 (16): 1946-1955. https://doi.org/10.1002/mma.1012

Jackson FH. On g-definite integrals. Quarterly Journal of Pure and Applied Mathematics 1910; 41: 193-203.

Kantorovich LV. La representation explicite d'une fonction mesurable arbitraire dans la forme de la limite d’une
suite de polynomes. Matematicheskii Sbornik 1934; 41: 508-510.

Koroglu B, Tasgdelen Yesildal F. On the eigenstructure of the (a,q)-Bernstein operator. Hacettepe Journal of
Mathematics and Statistics 2021; 50 (4): 1111-1122. https://doi.org/10.15672/hujms.779544

Lorentz GG. Zur theorie der polynome von S. Bernstein. Matematicheskii Sbornik 1937; 2 (44): 543-556 (in German).

Lupag A. A g-analogue of the Bernstein operator. In: Seminar on numerical and statistical calculus; University of
Cluj-Napoca; 1987. pp. 85-92.

Orug H, Phillips GM. g-Bernstein polynomials and Bézier curves. Journal of Computational and Applied Mathe-
matics 2003; 151: 1-12. https://doi.org/10.1016/S0377-0427(02)00733-1

Ostrovska S. The g-versions of the Bernstein operator: from mere analogies to further developments. Results in
Mathematics 2016; 69 (3): 275-295. doi: 10.1007/s00025-016-0530-2

Ostrovska S, Turan M. On the eigenvectors of the g-Bernstein operators. Mathematical Methods in the Applied
Sciences 2014; 37 (4): 562-570. https://doi.org/10.1002/mma.2814

1657



GUREL YILMAZ/Turk J Math

[20] Phillips GM. Interpolation and Approximation by Polynomials. CMS Books Mathematics, New York, NY, USA:
Springer-Verlag, 2003. https://doi.org/10.1007/b97417

[21] Thomae J. Beitrage zur Theorie der durch die Heinsche Reihe. Journal fiir die Reine und Angewandte Mathematik
1869; 70: 258-281 (in German).

[22] Videnskii VS. Papers of L.V. Kantorovich on Bernstein polynomials. Vestnik St. Petersburg University: Mathematics
2013; 46 (2): 85-88. https://doi.org/10.3103/S1063454113020088

1658



	Introduction
	Moments of Dn,q
	On the eigenconfiguration of Dn,q
	On the limit operators
	Simulations

