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Abstract: We give an extended calculus over the function algebra on h-deformed superplane. For this, we extend
the (h1, h2)-deformed differential calculus on the h-deformed superplane by adding inner derivations. We reformulate
the results with an R-matrix and present the tensor product realization of the wedge product. We also discuss Cartan

calculus via a contraction.
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1. Introduction
Noncommutative differential geometry continues to play important roles in different fields of mathematics and
mathematical physics in recent years. A differential calculus on an associative (super) algebra is one of the
fundamental structures that make up noncommutative geometry. In the language of quantum groups, there
are two types of deformations: standard (or g-deformation) and nonstandard (or h-deformation). The g-
deformation of Lie groups and algebras are presented in [17] and nonstandard deformation in [24] and [15].
A differential calculus over the quantum hyperplane was introduced in [25]. This calculus is very interesting
from the point of view of noncommutative geometry. The natural extension to g-superspaces [22] of differential
calculus was introduced in [3-7, 16, 20]. Differential calculus on h-deformed spaces and superspaces was studied
in [1, 2, 810, 19, 21].

The extended calculus on the quantum plane was introduced in [12] using the approach of [23]. The
Cartan calculus on the g-superplane was introduced in [11].

The present paper might be divided into three parts; the first of which is the extension of the differential

calculus on the h-deformed superplane (C}L‘1 in such a way to include the inner derivations, while the second part
is to use the R-matrix of the quantum supergroup GLj, j/(1|1) in the presentation of the differential calculus,

and the final part is to upgrade the discussion to the (g, h)-deformed setting.

This paper is organized as follows. In Section 2, we give some information on (’)((C,llu) from [8, 10]. In
Section 3, we present the differential calculus from [10], in a more formal and systematic way, which we will

use to construct our notions and we introduce the commutation rules of the inner derivations with functions
on the quantum superplane, differential forms and partial differentials. In Section 4, we reformulate the results
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we got in the previous section with an R-matrix and we introduce the tensor product realization of the wedge

product. In the last section, we note that a Cartan calculus can be constructed on the superalgebra O(C;!,ll)
using a contraction procedure.

We denote the degree of a homogeneous element a; of a Zs-graded vector space by p(a;) = i, where i is
in Zy. If p(a;) =0 then q; is said to be even and if p(a;) = 1 then a; is said to be odd. As in the classical case,

throughout this paper we will assume that odd (Grassmann) elements are anticommutative among themselves.

2. Review of the superalgebra O(Ci‘l)

Elementary properties of the two-parameter h-deformed superplanes are described in [8, 10]. We briefly mention

some concepts as we will need them in this study.

2.1. The algebra of functions on the (h,h')-deformed superplanes

Let us start with the definition of the coordinate ring of (Cill. Let C(z,0) be a free superalgebra with unit

generated by z and 6 such that x is of degree (or parity) zero and 6 is of degree one. We assume that h? =0

and, h and @ are anticommutative.

Definition 2.1 Denote by I}, the two-sided ideal of the free superalgebra C{x,0) with elements x0 — 0x — ha?
and 0% 4+ hOx. The Zs -graded, associative, unital algebra

o(C,") = Cl,0)/1

is the algebra of polynomials on (C,ll‘l.

According to this definition, we have [8, 14]
20 = 0z + ha?, 6* = —hbz, (1)

where h? = 0.
Interestingly, although the deformation parameter in standard deformation is a nonzero complex num-

ber and the generator 6 is nilpotent, the deformation parameter in nonstandard deformation is an odd or

Grassmann parameter whose square is zero and the generator 6 is parafermionic, that is, 63 = 0.

Definition 2.2 Let Ah/((C,llll) be the superalgebra with ¢ and y obeying the quadratic relations

©* =h'oy, @y=uyp+h'y? (2)

where p(p) =1 and p(y) =0, and b’ is a Grassmann parameter whose square is zero and anticommauting with

w. We call Ay ((C}L‘l) the exterior algebra of C}Lll.

Remark 1 In [10], the generators of the superalgebra Ahf((C}llll) are defined as differentials of x and 6. Since

h and h' are both Grassmann parameters, we assume that hh' + h'h = 0 for consistency.
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2.2. The quantum supergroup GLj, 5/ (1]1)

Let us consider the free superalgebra C(a, 3,7,b) where a, b are of degree 0 and /3, v are of degree 1, and
write T' = (t;;) where t;; € {a, 3,7, b}.

Definition 2.3 [8] A matriz T belongs to GLy, 1 (1]1) if and only if the matriz elements of T satisfy the

relations

af = Ba — h'(a® — By — ab), b3 = Bb+ K (b* + By — ba),

ay = va + h(a® + B — ab), by = vb — h(b* — v — ba),

B2 = h'Bla—b), By = =B+ (hB —h'y)(b - a), (3)
7 = hy(b - a), ab = ba + hB(a —b) + h'(a — b)y

provided that 8 and v anticommute with h and h'.

The superalgebra O(GLy, 5/(1]1)) is a Hopf superalgebra [8] and it is called the coordinate algebra of the
quantum supergroup GLjp, p/(1[1).

Theorem 2.4 Superalgebras O((C,ll‘l) and Ay (C}llll) are left O(GLy, 1 (1|1)) -comodule algebras.

3. Extension of left-covariant differential calculus on O(C,ll‘l)

In the first subsection, we will review left-covariant Z,-graded differential calculus on the superalgebra (’)((C,ll‘l)
generated by two generators and quadratic relations [10] with some new theorems and formulas. We start with

the definition of a super (or Zs-graded) differential calculus on a superalgebra A.

Definition 3.1 A Z;-graded differential calculus over A is a Zs -graded algebra Q = @, , Q" where Q° = A
and the space Q" of n-forms are generated as A-bimodules via the action of a C-linear mapping d : Q — Q

of degree one such that

1. d&*>=0,

2. dlaAB)=(da)AB+ (=P a A (dB) for a,B €.

3. Q" =Lin{ap-da; A--- Aday : ag,a,...,a, € A} for n € N.

3.1. Review of left-covariant differential calculus on O(C,ll‘l)
We know, from [10], that there exists a unique left-covariant differential calculus Q over O((C}llll) with respect

to O(GLpn(1]1)):

Theorem 3.2 There is a unique Zo-graded first order differential calculus Ql((C}lll) over (’)((C,ll“) which is
left-covariant according to O(GLy, 1/(1|1)) such that the set {dx,d0} is a free right O((C,llll)—module basis of

Ql((C}LH), The bimodule structure for this calculus is determined by the relations

u-drj = (—1)Prdz;) Z dz; - 05(u), (4)

K2
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where the action of the map o : O(Ci‘l) — MQ(O(Czll)) on the generators of O(C}LH) is as follows:

[ =Rz — WO hx—hi6 [ 6—ha ho
ol@)=1" Ty w—wo | O Zwo s hne) (14w - hal )

Remark 2 We can also define a map 7 : (’)((C,ll‘l) — Mg((’)((C,llll)) by the formulas

d.%‘j U = Z(_l)p(u)p(dri) Tji(u) . dxi,

i
where

(o) = [(A=hR) 00 W (0 [0+he WO—hi'a
=N he+nwo z+nol TV T e (14RO + k|

Theorem 3.3 The maps o and T are Zs-graded left-linear homomorphisms such that

fig vy = 3" (~1)PED @) £y (0) fii(0), Va0 € O(CY),
k

for fe{o,T}.
Remark 3 As can be easily shown, the relations (1) are preserved under the action of the maps o and .

To obtain higher order differential forms, we apply the differential d to 1-forms using the fact that the
square of d is zero and the Leibnitz rule. Then we have to apply the differential d to both sides of the relations

in (4) to obtain the relations satisfied between differentials of the generators of the algebra (’)((C,lz‘l). However,
the expression on the right side of (4) contains the operator o and we need to establish a relationship between

this operator and the differential d. So let us define a map o as
o0 —Q, Uyk(du) = doji(u), Yu € O(Cill), (6)

where cr?j(u) =0y (u) for all u e O(Cgll). Then we have

Theorem 3.4 The relations between the differentials are as follows

du A dx; = (—1)+pldlpde;) Z(—l)p(d’“) dx; A\ O’in (du). (7)

7

Naturally, the map o is also a linear homomorphism acting on 0-forms, with the same properties as the
map o:

Theorem 3.5 The map 0% is a Zo-graded left-linear homomorphism such that

o} (du A dv) = Z(—1)p<du>[p<dwk>+p<d%'ﬂ oir(du) Aoy (dv), (8)
k

for all u,v € O(Ctll),
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Proof One derives from the fact that the differential algebra ) is associative. Really, from (7), we can write

(du A dv) A dzj = (—1)F+p(dudvlp(de;) Z(— WP das A o (du A dv),

for all u,v € O(C}"). On the other hand, using (du A dv) A d; = du A (dv A dz;), one obtains

du A (dv A dzxj) = (—1)Hp(@)p (dwﬂ)du/\z 1P dgs A o ;(dv)

= (—1)lt+p(dv)lpdzs) Z pldwp(dea)+p(der) o, A o (du) A of (dv)

If we substitute k for ¢ and ¢ for k in the second equality, we obtain the equality in (8). O

In the next section, we will also need the action of ¢ on the elements such as « - dv.
Corollary 3.5.1 The map o together with o has the following properties
Q(u dv) = Z(_1)p($i)+p(wk)+p(u)[p(aij)+p($k)] o () - J,?j(dv),

l]
k

0'2 (du . 'U) — Z(_1)[1+P(du)][p(93])+p($k)] Ugc(du) . ka(v)7 (9)
k

for all u,v € (’)((Clll)
Remark 4 [t is easy to see that the relations (4) are invariant under the action of the map o't.

Now, we want to obtain commutation relations of the generators of O((Cllu) with partial derivatives.

Therefore, let us first define the partial derivatives of the generators of O(Clll)

Definition 3.6 The linear mappings 0,0y : O(C}l‘l) — O(Cill) defined by

du = dx 0, (u) + d6 9p(u), ue OC,") (10)

are called the partial derivatives of the calculus (2, d), where p(0y) =0 and p(dy) =

Theorem 3.7 [10] The partial derivatives with the generators of O(C}L‘l) obey the following relations

O; - X, = O3, + Z p(Tk)p(a o (l‘k) (9 , (11)
where 0y := 0y, O3 := 0y and x1 = x, o = 0. The partial derivatives satisfy the following commutation
relations

009 = 090y — h’é)g, 83 = h'0,0p. (12)

Let us denote by Ql(T(C,ILH) the vector space formed by 0., s satisfying (12). This vector space is

called the tangent space.
Corollary 3.7.1 The set {0;,00} is a basis of the right O(C}L‘l)—module Ql(T(Cill).
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3.2. An exterior differential
We know, from Subsection 3.1, that the cotangent space Q!(T *(C,ll‘l) is a O(C,ll‘l)—bimodule spanned by the

basis {dz,df} with the relations (4) and that the tangent space QI(T(C}LH) is a O((C}L‘l)—bimodule spanned
by the basis {9,,09} with the relations (12). Therefore, we can define an inner product in analogy with the

corresponding objects of the theory of ordinary manifolds. The general inner product between Ql(TC,lLH) and

Ql(T*(C,llll) is of the form
@(dxk) =< 8j,d1‘k >= 5jk~

In this section, we wish to set up an extended calculus on (’)(C,ll‘l) . Let us start by introducing an exterior

derivative operator D that maps k-forms to (k4 1)-forms (with functions being 0-forms) and obeys
DoD:=D*=0
D(wy Awg) = (Dwy) Awg + (—1)P) wy A (Dws)

= dw; A wy + (=1)PD) wy A dwy (13)

where w;’s are any differential forms. (Actually, we assume that the action of D on w; (and then ws) in (13)

is the same as the differential of wy, that is, dw;.)

The exterior derivative D on the superalgebra O((C}L‘l) is given by
Du = dx 0, (u) + db g (u), (14)

so that it verifies (13) and the rule
Da = do + (=1)P) aD, (15)

where « is a differential form on the superspace (C,ll‘1 . In particular,

Duy, = duy + (—1)P) . D. (16)

3.3. Inner derivations
To extend the differential calculus on the h-deformed superplane to a larger calculus, it is necessary to add

inner derivations to this calculus.
While starting we wish to give some information about inner derivations. An inner derivation is defined

to be the contraction of a vector field with a differential form. So, if X is a vector field on a manifold M , then
the inner derivation ix is a linear operator which transforms k-forms to (k — 1)-forms. The inner derivation

is an antiderivation of degree —1 on the exterior algebra and
iX(a1 A 042) = (iXal) N Qo + (_1)p(a1)p(ix) a1 N (iXag)
where «;’ are any differential form. The action of the inner derivation ix on 0- and 1-forms is

ix(f) =0, ix(df)=X(f).
The anticommutativity of forms gives

ixoiy = —iy oiy, ixoiy:=ix =0.

1679



CELIK/Turk J Math

From now on, unless we say otherwise, we will write ixiy instead of ix oiy.

In this and the next two subsections, we will consider the vector fields as the partial derivatives of
generators.

Now we will find the relations of the generators =, 6 of the algebra (’)((C,ll‘l) with the inner derivations.
The commutation relations (4) satisfied by the generators with their differentials allow us to write the possible

relations of both the generators and their differentials with inner derivations as

J

iak CU = Z&kj(u) . iaj, iak -du = iak (du) =+ Zé’kj(du) . iaj (17)
y -

for all u € (’)((C}lll), where O € {0,,09}. So our goal will be to express & and ¢ in terms of the operators o

and o2, respectively.

Theorem 3.8 The relations of the generators with inner derivations are given by the formulas

ig, -u= Z(_l)p(u)p(iaj) O'k;j(u) . iaj, (18)
J

or all u € OCYY. The commutation relations of differentials of the generators with inner derivations are
h

given by the formulas

i, - du = g, (du) + (=1)02) Y "(—1)HFPEIR0) 6 (qu) -4y, (19)
J

for all we O(C}M).

Proof Assuming that there is a sum over the repeated index, if we start from (4) and use relations (17), after

a few operations, we write (i := i, )
0 =i (u ~dxj — (—1)p(“)p(dwﬂ')dmi . Uij(u))
= Gk (1) - iy - daj — (= 1)PPE) (535 4 6y (da) - i) 0745 (w)
= Gt (W) [Omg + Gms (dz)is] — (—1)POIPE2) [0 (u) + G (A7) Fnr (075 (w) )i
= Gpj(u) — (=1)PPED gy (1) + (G (W) s (dy) — (—1)PPED Gy (A )ms (035 (1)) s
There are two conclusions we can deduce from here: the first is that
Gri(u) = (~L)POPE) g (1) = (~1)POPE) gy (0),  Yu e OC,).

The second is that
&1 (du) = (—1)PER)FIH+p(duwlpG;) ol(du), Vue (’)((C,llll).

Thus, the proof is complete. O

1680



CELIK/Turk J Math

We can check the correctness of the second equality above as follows: we can write

iy (udz;) = Z(*l)p(u)p(i’")% ( mj + Z p(1m)+p zj)p(in) & Q (d:Ej)in)

m

_ (_l)p(U)P(dﬂﬂj)a )+ Z p(z;)p(dzn)+p(du)p(dem) (U)O}%n(dxj)in

n,m

_ (_ ) (u)p(dm] +Z p(dzy)+[p(du)+p(dz;)]p(dzy) ’? (udxj)in
using the first equality in (9). On the other hand, using the second equality in (9) we can write

i, (dzi0ij () = (61” ‘“Z plopin) m<dxi>im> 7ij(u)

= Opioij(u) + Z p(der)+p (@i (W)p(den) +p@p(dem) 6 (de g, (05 (1))in
= Spioi;(u) + Z(_1>p(dxk)+[p(du)+p(dxj)] p(dzn) 5 Q  (daioj(u))in

and so

i ((_1)p(u)p(drg) demm(@) = (—1)P(u)p(drj)okj(u) + Z( )p(drk)+[p(du)+p(dr1)]p(drn) Q L (udz)in

% n

Therefore, iy, (u - dx;) — (—=1)PWPz), (S dr;o(uw)) = 0.
To find the relations of the partial derivatives with the inner derivations, let us assume the possible

relations are of the form

i, 0; =Y B¥" 0o, (20)

m,n

where the constants ijl possibly depend on h and/or h'.

Theorem 3.9 The relations between the partial derivatives and the inner derivations are of the form
ip,0p = (1 — hh') Dyia, + h(Dpis, — Ozis,),
ip, 0y = —Opis, — h Opis, + ' Ois, + hI D,ip,, (21)
i9,0r = Ozls, + h Opio, + 1/ O,in, — hI Dpis,,
i9,00 = (1 + hh') Dgig, — h' (O,is, + Opia, ).

Proof If we apply the inner derivations ip, and is, from the left to relations (11), we find

Bi-1-ml,  BR-BY--BR--BE-i.  BE--Bfi--L
B22 =1+ hh, Bn = BH = 312 = 321 =h, 321 = 312 = —hh'.
All other constants are zero. O
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Lemma 3.10 The partial derivatives in terms of the exterior derivative and the inner derivations are expressed

below:
ip, D = 0, — Dip,, 1is,D = 0y + Dip,. (22)

Proof To obtain the desired expressions, we apply the inner derivations from the left to D = Y duj0) which

is given by (14) and use the relations (19) and (21). O

Theorem 3.11 The commutation relations between the inner derivations are
i2 = —hiy.i ig ip, = ig.iy. — hi’ (23)
Oy 0910, 5 0,109 — 10910, Do *

Proof Possible commutation relations between the inner derivations can be in the form of iy, ip, = ais,in, +
bi(%z + cige and ip,ip, = ki, ip, with the constants a, b, ¢, and k. Therefore, the goal will be achieved when

these constants are found. We use Lemma 3.10 for this. For example, one has, by the use of the inverse relations
to (21),

0 = D(ip,is, — ais,ip, — bi} —ci?)
= (0, — i, D)ig, + a(dy — ig, D)is, — (—1)PP) (8, — ia, D)ig, + (—1)P((8y — ip, D)ia,
= —(ip,in, — aig,ip, + (~1)PPbi} + (-1)P9ci3 )D
+[1 = (1 +hhYa — (—1)PPObh + (=1)P ki, 0,
+[(a — DR + (=1)PDbhh/ig, 8, + [(1 — a)h + (=1)P©chh]is, Dy

+[1 = hh —a— (=1)PPbh 4 (=1)Pch)ig, By.
So it must be a =1, b =0 and ¢ = —h. The other relation can be obtained by doing similar operations. O

Remark 5 Using Lemma 3.10, one can easily see that
DO, = (—=1)"'?) 9,D, (24)

where Oy € {0y, 09} .

4. The R-matrix formalism
The (h, h')-deformation of GL(1|1) was obtained through a contraction [8]. In this section, we will reformulate

all the relations obtained in the previous section using the R matrix found in [8].

We know from Theorem 3.2 that there exist a left-covariant differential calculus over O(C}LH) with respect
to the Hopf superalgebra O(GLy, 5/ (1]1)). So, we can use the R-matrix of the quantum supergroup GLj, 5/ (1]1)

to formulate the calculus.

4.1. Commutation relations of calculus

The relations in (1) can be rewritten as

Ty = Z RY 2y (25)

m,n
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with the matrix R, where [§]

1—hh —h W 0

. h —hh' 1 R

Baw =1 _ 1 —hh R
0 ~h  —h —1—hW

This matrix has the property fii n = 1, as well as providing the graded Yang-Baxter equation and braided
group relation.

Now, if we apply d to both sides of (25), keeping in mind that some elements of the matrix R are odd,

we can express the relations of generators with their differentials (see, eq. (4)) as

;- dog = (—1)P=) Z 1P B BRIk . (26)
m,n
From here, we see that
daj Adxy, = p(dxf) Z p(dw’”) Rjk Az, N dx,,. (27)

We can express the relations (11) and (12) in the form

O = 1 + Z DP@OIPRE Rl ), (28)
;05 = y_(—1)PO2REL) pum g 5, (29)

with the help of the R-matrix.

4.2. Commutation relations with inner derivations
Proofs of the formulas given below can be made by direct calculations, but it is necessary to do a lot of processing

and play with indices.

km ~
16]‘ . — ﬂik) g [1+;D(lg RJn )R‘I;;Zl Ty - 18m7
m,n
km
i, - dzj, = §j — (—1)P(tr) E 1)Pio; J+p(R)] ka dz, - g, ,
m,n
pnm ~
i, ), = p(Ok) E ' [1+p(1a )+p(9r)]p(RE; )Rﬁ}-" O is,
pnm ~
ip,ig, = (—1)Plio)+1 Z pyPtion) +Hplio, ) +p(io)IP(RET) prim g 5,

4.3. Tensor product realization of the wedge
The relations (19) can be used to define the wedge product A of forms as an antisymmetrized tensor product.

Since dx; ® dx; is an element in the tensor space of QI(T*(C;LH) ® QI(T*(C;LH), we can define the product of
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two forms in terms of tensor products as

dzj Adzy = dz; @ doy, — Z(_l)?(dajj)JrP(dzm)Rzrlfn Az, @ dz,,.

m,n

These equations give implicit commutation relations between the dxy’s. So we have

< 81', dl‘j A dl‘k >= 5ij dl‘k — Z(_l)p(dzj)—b—p(dzm)éf%n 6mi dl‘n

m,n

We can also define iy, to act on this product by contracting in the first tensor product space, that is,

ig, (dz; A daj) = Opidaj — (_1)p(dwi) Z(_l)p(dwm)+p(iak)p(Riin)R%’n St Ay

Explicitly,
ip, (dx A dz) = hh'dz — h'd0, i, (dz A dz) = h'dz,
ip, (dz A df) = (1 + hh')dO + hdz, i, (dz A df) = dz + h'df,
ip, (dO A dz) = df + hdz, i, (d0 A dx) = (1 + hh')dz — h'd6,
ip, (d0 A dB) = hdb, i, (dO A df) = (2 + hh')dO — hdzx.

A tensor product decomposition of products of inner derivations are in the form

ip, A lg, = g, ®1ig, — (—1)Pliox) Z 1)P(Gom)Hlpia; fo, Ip(RE VR i, @ g,

5. An aspect to the contraction
With the singular limit ¢ — 1 of a linear transformation from the g-deformed plane, the h-deformed plane can
be obtained [2]. This method is known as the contraction procedure [18]. The h-deformation of the superplane

and some of the superspaces was also made using the same method (see, for example, [8-10, 14]). Using such

a contraction method, a two-parameter differential calculus on the superalgebra (’)((C}L‘l) is established in [10].
Our aim in this section is to expand the situation to Cartan calculus. The first two subsections are given to
form the background of the next subsection. The information in these subsections is taken from [10] and [11],
but presented in a more formal and systematic way.

In this section, we will denote (g, ¢’)-deformed objects by capital letters. Lower case letters will represent
transformed coordinates. The lemmas in each subsection contain the (g, ¢’)-deformed relations. Four parame-
ters, including ¢ and ¢', will appear in the relations that emerge in the following theorems. The corresponding

relations in Section 3 are obtained in the limits ¢ — 1 and ¢’ — 1 of the resulting relations.

5.1. Generators and their differentials

The g-deformed superalgebra of functions on «:;‘1 generated by X and © defined by the relations [22]

X0 =¢0X, ©0%=0, (30)
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where ¢ € C — {0}. We now introduce new even generator & and odd generator 6 in terms of X and © by
(8, 10]

h ( hh' > h
r=X—-——0, =1+ e — X, 31
71 G- -1)% =1 (31
where h and h’ are both Grassmann parameters (that is, hh’ = —h’h and h? = 0 = h/?) and ¢’ is a nonzero

complex parameter. Then, in the limits ¢ — 1 and ¢’ — 1, the relations (30) changes to the relations (1).

Remark 6 If we do not get to the limit, we can talk about the two-parameter deformation of the superalgebra
O(C'"), denoted by O(C;li). One of the deformation parameters is a nonzero complex number and the other

is a Grassmann parameter:
z0 = gz + ha?, 0% = —hbz.

The ¢ -deformed exterior algebra Aq/((Céll) of the g-deformed superplane is generated by ® and Y with

the relations [22]
=0, OV =4 'V (32)
If we choose ® = dX and Y = dO, the differential d is uniquely determined by the conditions d? = 0 and the

Zs-graded Leibniz rule and from (31) we write

!/

q -1

hh'

=X CESCASY

do, df = (1 + ) e + q_Ll dx. (33)

Inserting (33) to (32), we see that the transformed objects obey the relations (2) in the limits ¢ — 1 and ¢’ — 1.

Remark 7 If we do not get to the limit, we can mention the two-parameter deformation of the superalgebra
A((Clll) .
dr Add=q 1 (dOAdx+ 1 dO AdB), dxAdx=h dodx.

The quantum de Rham complex Q((Céll) is formed by adding to the relations (30) and (32) four cross-

commutation relations satisfied between the elements of O((C}]ll) and Ay ((Cé‘l) , which are given by the following

lemma.

Lemma 5.1 [11] The (q,q’)-deformed relations of the elements of (’)((Cé‘l) and their differentials are as follows:

U-dX; = (~1)PWPEXIN"aX; - 03;(U), U, X € O(C) (34)
where
'X '~ 1)0 ‘0 0
o (X) = {qqo (qqu ) ] () = [qo @} . (35)

Theorem 5.2 The generators of O((C;!;L) and their differentials satisfy the following (q,q’, h,h’)-deformed
commutation relations
w-drj = (—1)PWridz;) dei coyi(u), u,x € (’)((C;!,ll) (36)

3
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where

(q¢ —hh)x — 10 hx+ (q¢ —1—hh')H | d(0—ha) q'ho

olz) = ghe oz — H'0) } » 00)= [—(h’e +hh'z) (14 hh)0 — ha |

(37)
Proof Substituting (31) and (33) into (34), we see that the transformed objects satisfy the relations (36). O
Remark 8 We arrive at the relations (4) in the limits ¢ — 1 and ¢’ — 1.

5.2. The partial derivatives

If we introduce relations of the coordinates of the g-deformed superplane with the partial derivatives after
obtaining the derivatives 9, and Jy in terms of dx and Jg, we can find the relations (11) (and also (12)) given

in Theorem 3.7.

Lemma 5.3 [11] The relations between the generators of O(C;u) and partial derivatives are as follows

0i- X = G+ 3 (-1 (X -, (39)
J

where 01 :=0x, o := 00 and X1 =X, X5 =0.

Theorem 5.4 The (q,q', h,h')-deformed commutation relations of the generators of the superalgebra O((C;!}ll)

with partial derivatives are as follows

8; - x = 0ip + Z(_l)p(mk)p(aj)o-ij(xk) -0, (39)
J

with the matrices o in (37).

Proof We can transform the partial derivatives 0, and 0y of the elements of O((C(lllb in terms of dx and

0o of the generators of O((Ctlzll) as

hl

Oy =(1- S — Ox + N 0 g = 0o — 0 (40)
o (G- -1)) " Tg-17 T g1t
Substituting (40) together with (31) into (38), we get the relations (39). O

Remark 9 Relations (39) contain four parameters, and we reached the relations (11) in the limits ¢ — 1 and

qg —1.

5.3. The exterior differentials
In the g¢-deformed case, it is known that the exterior differential can be written in terms of differentials and

partial derivatives as follows:

def = (dX0x + dO0e)(f)

1686



CELIK/Turk J Math

where f is a differentiable function. If (33) and (40) are considered, then the differential dj, := d preserves its

form

df = (dx0y + db0y)(f).
Let us introduce an exterior derivative D, which maps k-forms to (k + 1)-forms and obeys the rules
Dg =0 and
Dy(an A ag) = (Dgay) Aag 4+ (=1)P@) ay A (Dyag)

= dgo1 A ag + (—1)P) ay Adgag (41)

where «;’s are any differential forms. The exterior derivative D, on the superalgebra O(Cé'l) is given by

qu = (dX Ox +dO 8@)(]"),

so that it verifies (41) and the rule D,a = da + (—=1)?(® aD,, where « is a differential form on (Cé‘l. In

particular, D, X} = dX}, + (—1)?X%) X, D, .
As a note, the case for the operator d above is also valid for the operator D,. That is, the operator

Dy, := D also preserves with the same form as D, .

5.4. The inner derivations

As we mentioned in Section 3, we use partial derivatives of generators as vector fields. We connected the
coordinates of the h-deformed superplane to the coordinates of the g-deformed superplane with a singular
transformation above. Hence, both differentials and partial derivatives of generators are affected by this
situation. Naturally, inner derivations and Lie derivatives will also be affected.

Let us introduce the inner derivations ip, and ip, in terms of iy, and ip, by

hh' h b
i - 1_— i —i i :' - 1 . 42
” ( <q1><q'1>>‘ax+q1‘8@’ 100 = oo ™ Ty Tox (42)

We will see below that although the expressions in (42) in the limits ¢ — 1 and ¢’ — 1 have no limits,

the resulting relations are well defined.

Lemma 5.5 [11] (i) The relations of the generators with the inner derivations are given by

lox - X =qq'X -igy + (q¢' — 1)© g, igg - X = qX - g,

ioy O =—¢0 iy, ige - © =0 -ig,. (43)
(ii) The relations of differentials of the generators with the inner derivations are given by

ioy - dX =1—dX -ig, + (¢ '¢'7" = 1)dO -ip,, ioy -dO =q 'dO iy,

ig - dO =1+q '¢71dO g, lg dX =¢ 'dX -ip,. (44)
(iii) The relations of the partial derivatives with the inner derivations are given by

ioy - Ox = ¢ '¢ "' Ox oy, ige - Ox = ¢ 'Ox - o,

ioy - 0o = —¢' 0o oy + (¢’ — a7 ")Ox oo, ige - 0o = Oo + igg - (45)
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Theorem 5.6 (i) The (q,q', h,h')-deformed relations between the generators and the inner derivations are

given, in a compact form, by
o, u=Y (1)) o) -, uwe OC))) (46)
J

with the matrices o in (37).

(i) The (q,q', h,h')-deformed relations of the differentials with the inner derivations are given, in a compact
form, by
i, + A = Opm + (qq') "1 (—1)P00) Y (- )PP 00) oy () g, (47)

J

for all x,, € O(C;!}L) with the matrices o in (37).

(iii) The (q,q', h,h')-deformed commutation relations of the partial derivatives with the inner derivations are

given by
ip,  0p = q ¢ (1 — )0y - 19, + h(Dp - 1o, — q' Oy - ia,),
i, - 09 = (qq')"'[~q0s - 19, + qh' 0 - 15, — hp - 19, + hW' O, - i9,] + [1 — (q¢')"]0s - ia,,
ig, 0 = ¢ Y(0p -1, + ¢ W0y -in, +hOg-in, —q' " hh 0y - ia,), (48)
ig, 0= (1+q ¢ hh)0y - 19, — ¢ ¢/ H/ (0, - ia, + q0p - ia, ).
Proof (i) Inserting (31) and (42) to (43), directly only after long calculations we obtain explicit relations as
follows:
io, -z = [(qq' — hh")x — 1'0] - ig, + (hx — hh'0) - ip, + (¢4’ — 1)0 - ia,,
ip, 0= —q'(0 — hz) - ip, +q'h8 - ip,,
ig, -x=q(x —h'0)-is, — qh'z - ig,,
ig, -0 =[(1+ hh')0 — hx] -ig, + (W0 + hh'z) - ip,.

These relations are the same as the relations in (46). In the limits ¢ — 1 and ¢’ — 1, we get the relations (18).

(ii) Inserting (42) and (33) to (44), we obtain explicit relations as follows:
ig, dv=1—[1—q '¢ "W )dz +q "¢ "W dO] - is, +q ¢’ ' (hdz + hH dO) - ip,
+ (g gt = 1)db - iy,,
ip, - df = ¢~ (dO + hdx) - i, +q *hdf - ig,,
ig, - dx = ¢’ "' (dx + 1 db) -ip, + ¢ W dx - ip,,
ig, - d0 =1+ (q¢") " [(1 + hh')dO + hdzx] - ip, — (q¢') " (W dO — hh'dx) - g, .

These relations are the same as the relations in (47). In the limits ¢ — 1 and ¢’ — 1, we get the relations (19).

(iii) Inserting (40) and (42) to (45), we obtain the desired relations. O
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Lemma 5.7 [11] The q-deformed relations between the inner derivations are given by

i3, =0, igcise = qioeioy- (49)
Theorem 5.8 The (g, h)-deformed commutation relations between the inner derivations are given by
i, = —hig,do,, io,is, = qig,ia, — hi3,. (50)

Proof Inserting (42) to (49), we obtain the desired relations. O

Remark 10 The dependence of the inner derivations and the partial derivatives are the same as the standard
deformed forms:

i0,D = 9; +q ¢~ (-=1)"1%) Diy,.

5.5. The Lie derivatives

Let us introduce the Lie derivatives £g, and £y, in terms of £5, and Lg, by

hh/ h£ o, W £s
Lo, = (1(q—1)(q’—1)> £8x+qﬁ, Loy = Log — q’—)1(' (51)

Then, one can easily show that the Lie derivatives £5, and £g, preserve their undeformed forms:

£aj = iajD — (71)p(iaj)Di3j.

Lemma 5.9 [11] (i) The commutation relations of the Lie derivatives with the generators of (’)((C(l]ll) are as

follows:
Loy X =14q¢'X - Loy +(a¢ = 1)[0 - £og +dX -igy + (1 — ¢ '¢)dO -],
Loy O =40 Lo+ (¢ —¢)dO iy,
£oo - X =qX - £og + (¢ — q)dX - i, (52)

Lo O=1-0 Ly, + (¢ ¢ —1)dO - ip,.
(ii) The relations between the Lie derivatives and the differentials are as follows:
Loy dX =dX - Loy + (1 —q ¢ NdO - Loy, Loy dO =q 1dO- Lo,

Loo - dX = —q¢ 71X - Loy, Loy -dO =q 1¢71dO - £o,. (53)

(7ii) The relations between the Lie derivatives and the partial derivatives are as follows:

Loy -0x =0x - Loy, Loy 00 =q0e - £oy + (1 —qq" )0y - £o,,

Loo - Ox =q'0x - £a,, Loo 00 = —qq'06 - £, . (54)
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Theorem 5.10 (i) The (q,q’, h, h') -deformed relations between the generators of the superalgebra O((C;‘}L) and

the Lie derivatives are given, in a compact form, by

Loy T = O + D_(~DPEPE g (@) Lo, + (¢ T = D(=DPE) S 0 () dp,  (55)
J J

for all x,, € O(C}I!,IL) with the matrices o in (37).
(it) The (q,q’, h, h") -deformed relations of the differentials with the Lie derivatives are given, in a compact form,
by
Lo - diy = (qq/)71(71)p(£8k) Z(il)[up(dm)]p(&j)Jlsczj(xm) Lo, (56)
J

for all x,, € O(C;!i) with the matrices o in (37).
(iii) The (q,q’, h,h')-deformed commutation relations of the partial derivatives with the Lie derivatives are given
by

Jf:am <0y = (1 + hh’)@m . f@m — h(q’ Oy - £ae — g - faz),

£am - O0p = Oy - fax — h’az . .fam + h 0y - £69 — hh’é)m . £39, (57)

Loy 0p=—q 0 Lo, +h 0 Lo, +qhOg- £y, —hh'Og- £y,

Lo, - Op = f(qq/ — hh/)ag - Lo, + B (0g - £, + qh’ Oy - £a,)-

Proof (i) Substituting (31) and (51) into (52), directly only after long calculations, we obtain explicit relations

as follows:

Lo, v=1+(q¢ —hh )z — N0 - £, + (q¢ —1—hh")0- £y,

+ (¢ Y7t = 1) (hdx - ig, — h'dO - in, + hh'dzx - i5, + hh'd6 - ip,)
+(q¢ = Dldx -ia, + (1 — ¢ '¢'71)db - i, ],

Lo, - 0=q(0—hx) - Lo, —qh0- Lo, + (¢ — ) [Mdx-ip, +d-ip,) +db -ip,],

Loy x=—qh'z- Lo, +qlx—N0)- Lo+ (¢ —q)[W(dx-ip, +db -ip,) + dz - ip,],
£, 0=1— (AW x4+ h0)- £, + [hx — (1 +hh)0] - £a,
+ (¢ g7t = D[(hW dx — 1'dB) - ip, + (hdx + (1 + hh')dB) - ia,].
(ii) Substituting (33) and (51) into (53), we obtain explicit relations as follows:
Lo, ~dr=1—q "¢ "W )dx - £o, +q "¢ WA Lo, — hdx - £5, — hH'dO - £5,]
+(1—q ¢ 1)do - £a,,
Lo, -d0=q 'd0Ly, +q  hdx - £, +q  hdf - £,,

Loy -dr = —q¢ rdx- £y, — ¢ hdx - £o, — ¢ hdb - £,

0

Lo, -d0 =g ¢ [(1+hh)dO - £9, — hd6 - Lo, + W dx Ly, + hhdx - £4,).

(iii) Substituting (40) and (51) into (54), directly only after long calculations, we obtain desired relations. O
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Lemma 5.11 [11] The relations between Lie derivatives are given by the formulas

Loy Loo :q/_1£5e£3x7 f(% =0. (58)

©

Theorem 5.12 The (¢, h')-deformed relations between the Lie derivatives are given by
£oa,La, :q/—l (faefam —n ‘fgl), "{’%9 =h £a,La,- (59)

Proof Inserting (51) to (58), directly only after long calculations, we obtain desired relations. O

Lemma 5.13 [11] The relations between the inner derivations and the Lie derivatives are given by the formulas

Loyiay =lox Loy, Loyioe = qive Lox + (q4" — 1)iay £

.fa(_)iax = —q/iax .fa@, .ffaeia@ = qq/ia(_) .fa(_). (60)
The proof of the following theorem follows from (51) and (60).

Theorem 5.14 The (q,q’, h, h')-deformed relations between the inner derivations and the Lie derivatives are
given by

Lo g, = (1 —hh')ig, £o, + h(q 1o, £5, + 18, L0, ),

Lo 19, = qig, Lo, — qh’'is, £o, — hig, Lo, + (q¢ — 1+ hh' )iy, £a,,

Loygig, = —q 19, Lo, +h' i, Lo, — ¢ hig, Lo, — hh'ig, £, (61)

£Lo,19, = (aq' + hh')ig, £, — I’ (ia, £5, — qio, £0,)-

6. Discussion

We know that none of the transformations (31), (33), (40), (42), and (51) exist within the limits ¢ — 1 and
q' — 1. However, all relations obtained using those transformations are well behaved. In the limits ¢ — 1 and

¢ — 1, the relations (55)-(57), (59), and (61) are dropped due to Remark 10, leaving only an extended calculus

containing the inner derivations on (’)((C,llll).
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