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Abstract: In this work, we consider a velocity-vorticity formulation for the g-Navier—Stokes equations. The system
is constructed by combining the velocity-pressure system which is included by using the rotational formulation of the
nonlinearity and the vorticity equation for the g -Navier—-Stokes equations. We prove the existence and uniqueness of

weak and strong solutions of this system with the periodic boundary conditions.
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1. Introduction

The velocity-vorticity formulation of the Navier-Stokes equations has been studied extensively by many re-
searchers [1, 7, 10, 19]. The velocity-vorticity model is important to study the properties of the asymptotic
behavior of the solutions decay rates [6] and this model is more realistic to understand for strongly rotating flow,
and excellent numerical results are given for the system in [1, 10, 15, 18, 19]. In recent years, the velocity-Voigt
model has been considered a good approach to study fluid motion. The model has extremely attracted the
attention of researchers [3, 11, 28, 29]. Afterward, Larios, Pei, and Rebholz suggest a new model called 3D
velocity-vorticity-Voigt (VVV) model in [14]. They prove global well-posedness and regularity of the solutions
of the equations which is given of this model. Due to the advantage of the velocity-vorticity models mentioned
above, we consider the velocity-vorticity model for the g-Navier—Stokes (¢gNS) equations:

ou

a+yAu+(u~V)u+Vp:f, (1)

V- (gu)=0 (2)
where g is suitable smooth real-valued function. These equations have applications in lakes and shallow waters
[4, 16, 17]. For the details of the derivation of the gNS equations, the readers can refer to [23, 25]. Firstly, Hale
and Raugel [8, 9] have studied thin domain problems. Then Raugel and Sell [21] and Temam and Ziane [27]

have studied Navier—Stokes equations in thin domains which is given by Q. = Q x (0,¢) where Q C R? and

0 < € < 1. Taking a smooth enough real-valued g function instead of €, Roh derives gNS equations using
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thin domain techniques given in [8, 9, 20]. Roh et al. [2, 13, 24] studied the existence and uniqueness, stability,
and long-time behavior of the solutions and attractors of gNS equations. Kaya and Celebi [12] investigated
the existence and uniqueness of g-Kelvin Voigt equations. In this study, we adapt some of the ideas of Larios
et al. in [14] for proving the existence and uniqueness of the solutions of the velocity-vorticity model for gNS

equations. Of particular interest herein are the velocity-vorticity system of the gNS equations over the two

dimensional periodic box € = (0,1)° in the following form:

%—VAgu+V$(Vg~V)u+wqurVP:f, (3)
1
a—w—uAgw+uf(Vg~V)w+u~Vw:V><f—i—w(ﬁ-u), (4)
ot g g
V- (gu) =0, ()
u(z,0) = ug, w(z,0) = wo (6)

where we define g-Laplacian operator

—Agu = —l(V cgV)u = —Au — l(Vg -V)u.
g g

We consider this problem under periodic boundary conditions. Here we use the equality %V(u cu) = (u-V)u+
u X (V X u) to rewrite nonlinear term in the gNS equations. In this system, u is the fluid velocity, p is the
pressure and P = p + % |u|2, w which play the role of vorticity, f is the external forcing term. We obtain (4)
by taking curl of gNS equations where w = ug, — w1y is a scalar vorticity and w x u := (—uqw, uyw)? . Note
that the vorticity equation reduces to a scalar equation. This paper is arranged as follows:

In Section 2, we give some necessary notation and preliminary results for the analysis of the system

(3) — (6). In Section 3, we establish the existence and uniqueness of the weak and strong solutions of the

velocity-vorticity model for the gNS equations.

2. Preliminaries and functional setting

In this part, we introduce some symbols and concepts (see, e.g., [5, 25, 26]).

L?(Q,g) denotes the Hilbert space with the inner product and norm

(u,v)g = /Q (u-v) gz and [[ul2aqy) = (1,10)g,

respectively. The norm in H'(Q, g)

2 2

||UHH1(Q,9) = [(uau)g + Z(Dz‘U,DiU)g

i=1

where D; = % . We consider spaces of real functions defined on R? and are periodic with period 1 in z; and
o directions,
u(z+e)=u(z), i=12
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where e; and ey are the canonical basis of R?. In this case, we denote by Cp2,.(€2) or L2,.(2,g) the space of

restrictions to 2 of periodic functions in the sense of above equations. We define spaces in the periodic setting
for the g NS equations

V= ue(C;jr(ﬂ)fzv-guzo,/udx:O ,
Q

H, = the closure of V; in (L*(Q, g))2 ,
. 1 2
V, = the closure of V; in (H (Q,g)) ,
H = the dual space of Hy,

V, = the dual space of V,

in two dimensions. Vorticity is considered a scalar, we define vorticity space as follows:

Vo= uEC’;jT(Q):Vyu:O,/udx:O ,
Q

H, = the closure of V5 in L*(2, g),
V, = the closure of Vs in HY(Q,9),
Vg/ = the dual space of V,
H = the dual space of Hy,
H'={feHy:VxfeL*Qgq)}.

The inner product and norm in Hy and H, are the same of L?({,g). The norm in V, and V, are the same

as that of H'(2,g). Let the function g = g(z1,72) be the suitable smooth real-valued function. We assume
that ¢ satisfies the following conditions:

(i) g(x1,22) € C2,(Q)
(i1) 0 < mg < g(x1,22) < My where mg and My are positive constants for all (x1,x2) €

(i1) Vgl = sup [Vg(z1,22)| < oo
(z1,22)EQ

Two spaces L?(Q2) and L?((2,g) have equivalent norms and the following inequalities are satisfied:

vmo l[ull 2y < lullp2q,g) < vV Mollull 2 q)

where mgy and M, are positive constants. Now we define g-Stokes operator and some notations as follows:
(see, e.g., [14, 25] )

Agu=P, [—;(v : gV)u} .
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Ay has countable eigenvalues that satisfy the following inequality
0<)\g§)\1§)\2§>\3§

471'2m0

where g = =fz¢. The Poincaré inequality

VAgllellze < Vel L2

is satisfied for all ¢ € V; where A; is the first eigenvalue of the Stokes operator A,. Since the operator A,

and P, are self-adjoint, using integration by parts we have

(Agu,u), = / (Vu: Vu) gdz = (Vu, Vu),, = IVl
o)

“

where the operation “ : ” denoted by “ dot product ” of two matrices. Now we write the following compact

embedding
V,CH,=H,CV,.

1
g per

We define the operator Cyu = P, [ (Vg~V)u} and (Cgu,v), = by (%,u, v), Py L2,(Q,9) — Hy(Q)

Helmholtz-Leray orthogonal projection. The bilinear operator By : Vy x V; — Vg’
By (u,v) = Py(u-V)v
and the trilinear form b, is defined as
2
bg(u, v, w) = Z /ui(Divj)wjgdar = (Py(u-V)v,w),, forall u,v,w € V.
Q=19
We have the following properties

i) bg(u,v,w) = —bg(u, w,v), (7)
it) bg(u,v,v) =0 (8)

for sufficiently smooth functions. Through the paper, c is a constant that changes from line to line. Now we

will give the following lemma (see [22, 26]).

Lemma 2.1 The bilinear operator By and by satisfy the following inequalities in the case n =2:

1 1 1 1
(By(u,v),w)y,| < cllull L2 IVull L2 [Vl 2 [[Av] £ 1wl g2 for all w e Vg, v € D(Ag), w € Hy, 9)
1 1 1 1
lbg (u, v, w)| < ¢ lull L2 [Vull 22 [Vl 2wl Z2 IVwliza - for all u,v,w € Vy, (10)
1 1
|By(u, 0)| < ellull 2 [[Aull L2 (V][ 25 for allu € D(Ag), v e V. (11)
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3. Existence and uniqueness of weak and strong solutions

In this section, we define weak and strong solutions and give proof of the existence and uniqueness of solutions
of the velocity-vorticity model for gNS equations. Using the notation in Section 2, we apply P, to (3) — (6),
the equivalent system of equations is obtained in the following similar to Navier—Stokes equations (see, e.g.,
126]).

d
ditl +vAu+vCou+ Py (w x u) = Pyf, (12)
d \Y
d—lf +vAw+vCyw+ By (u,w) = Py (V x f)+ Py (w <gg U)) ) (13)
u(0) = uy, w(0) = wo. (14)

Here we consider the definition of weak solution of the system (12) — (14) in the following form.

Definition 3.1 Let T > 0, f € L?(0,T; H;“”), ug € Hy, and wo € L*(Q,g). Then (u,w) is called a weak
solution on the time interval [0,T] to system (3) — (6), if u € C(0,T;H,) N L*(0,T;V,), us € L*(0,T; Vlg) ,
we C(0,T; Hy) NL*(0,T;Vy), wy € L*(0,T; Vg/) ; moreover, (u,w) satisfies system (3) — (6) in the weak sense
following equations

(ut7¢)g +v (VU, V’l/i)g + (w X u7¢)g +v (Cgu’ '(/")g = (f’ w)gv (15)
(wer ), + (Y, V), + (By(,0), ) + v (Cqw, ), = (V % f,46), + (w (Vj u) ,¢> (16)

for any ¥ € L*(0,T;V,) and ¢ € L?(0,T;V,). Note that by taking ¥ = ve(t) and 1 = ve(t) for v € V,
pe (C’Cl((),T))2 and v € Vy, ¢ € CX0,T), it follows that formulation (12) — (13) is equivalent to formulation

(15) — (16), interpreted as an operator equation holding in an appropriate distributional sense.
Theorem 3.2 Let f € L*(0,T; Hg“”), up € Hy, and wy € L*(Q,g). Then the velocity-vorticity system
(3) — (6) has a unique global weak solution (u,w) in the sense of Definition 3.1 that satisfies V - (qw) = 0.

Proof We prove the theorem using the well-known Feado-Galerkin method [22, 26]. We consider the following

finite-dimensional Galerkin ordinary differential equations for (12) — (13).

duy,

% + Z/Agum + chum + Pm (wrn X Um) = mea (17)
dw,
% + l/Ag'lUm + l/ngm +Bg (Urmwm) =Py (V X f) + P (wm (Zg um)) (18)

with initial data w,;, (0) = uom, wm (0) = we,. We will use (17) — (18) to obtain converges for w,, and wy,.
Now using standart technique (see, e.g., [26]), we define an approximate solution for (12) — (14). Since V is

separable and V; is dense in 'V, there exists a sequence {xj}j ey Which forms a complete orthonormal system

in H, and a base for V. Likewise there exists a sequence {y; }j ey Which constructs a complete orthonormal
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system in L?(2,g) and a base for H,. Let m be arbitrary fixed positive integer. For each m, we define an

approximate solution (um,(t),wm,(t)) of (12) — (14) as follows:
U (t) = Zgjm(t)l'ja Wi (1) = Z hjm(t)yj
j=1 j=1

and

(u;n(t)wi)g + v (Vun(t), in)g + vb, (Vgg, U (T), :1:2> + (wm (t) x um(t)wi)g

= (f(t)x), (i=1,..m) te[0,T], (19)

(wn0),) 2 (Vo (6), V93), + vy (Vgg w1, y) 1 by (wn (£), win (t), 9:)

= (V x f(t),ys), + (wm(t) ( -um(t)> y)g (i=1,..,m) te[0,T], (20)

U (0) = ugm, Um (0) = uom (21)
where ug,, and wg,, are the orthogonal projections in Hy, and H, of ug and wg, respectively, onto the space

spanned by x1, ..., &, and y1, ..., Ym , respectively. The equations (19)—(20) give nonlinear differential equations

for gjm, hjm- j=1,...,m in the following form

Gim () = F(gim (1)),

’

Pjm (t) = G(hjm (1))
and the condition (21) is equivalent to 2m equations
gim(0) = (tom, z;),

hjm(0) = (Wom, Y;) -
This system forms a nonlinear first order system of ordinary differential equations for the function g;,(t) and
hjm(t) and has a maximal solution defined on some interval [0,¢,,], t, < T'. We shall prove later the priori
estimates for the solutions of (19) — (20) so we obtain ¢,, =7 [26]. We multiply (19) and (20) by g;m(t) and
hjm(t) respectively, and add these equations for j =1,...,m. We get

(100 @)) (T 0, T 0) 4 9y (St (0t (1)) = (0 0 (22)

(w0 w0n(0)) 47 (T (0), T (1)) + v, (Vj W (1), wm<t>) byt (£), Wi (8), W (1))

= (7 5 £, 0n (), + (10O ) m1)) (23
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Using Cauchy-Schwarz and Young inequalities for (22), we obtain the following inequalities:

d % s 2 2 v 2v Vgl 2
i e Ol + 5 IOl < ZISOIZ + | 5+ =70 ) a1 (24
From the last inequality, we write:
d 2 2 2 2
g lum @Iz < —IF @Ol + o llum ()] 22 (25)

2v||VallZ,
2

where o = § + —— . Again using Gronwall inequality for (25), we get
0

T
2
Sup [[um(s)|[7 < €7 ||uO||2+*/Hf(s)lliz ds | . (26)
s€[0,T] v ;

T
Let us denote right hand side of (26) by K;(T) = €7 <|U0||2 + 2 [11£)]3e ds) . Using Cauchy-Schwarz and
0

Young inequalities and (10) are applied for (23), we obtain the following inequalities:

d 2
7 lem®l7z + v [Vom®lz2 < 2V % fOlz2 + 8 llwm B)lI72 (27)

v 2Vl |, 2¢Val2, . . . .
where = { ¢ + — 5= + === K (T') ¢ . Neglecting the last term in the left hand side of (27), we obtain
0

d
Com(®2s < 219 FOIZ + 8 lwm DI (28)

Again using Gronwall inequality for (28), we get

T
2
sup_[Jwm ()72 < € [ Jlwol® + */HV x f(s)|7ds | - (29)
s€[0,T] v )

T
Let us denote right hand side of (29) by Ky(T) = AT <||w0||2 + 21V x £(s)]3 ds) . From (26) and (29), we
0

imply that the sequences {u,,}, and {w,,},, remain in a bounded set of L>(0,T;H,) and L>(0,T; L*(12,g)),
respectively. Then we integrate (24) from 0 to T, we get

T T T
3v 2 2 | 2 2 2
(T + 5 [ IV @12 e < lion -+ > [ 1FOI e+ [ fun(®2 .
0 0 0

Neglecting the first term in the left hand side of above equation, we write
T T
2 2 2 | 2 2
IVum @)llz2 dt < o q luoll™ + > [ IOz dt + Ky (T)T . (30)
0 0
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Let us denote right hand side of (30) by

T

2 2

Ka(T) = o ol + 2 [ IO de+ akir(1)7
0

and then we integrate (27) from 0 to T, we get

T T T
2
om0 [ 190 Ol dt < oo+ [ 17 £t + 5 [ (@)1 .
0 0 0

Neglecting the first term in the left hand side of above equation, we have

1

T T

2
J19wn Ol de < 3 ol + 2 [ 1V x @)1 de + pRa()T T (31)
0 0

Let us denote right hand side of (31) by
T
1 2, 2 2
Ey(T) = — 4 lwoll” + = [ IV < f(O)ll12 dt + BE(T)T
0

Here using the hypothesis of theorem on data (30) and (31), we imply that the sequences {u,},, and {wy,,},,
remain in a bounded set of L?(0,T;V,) and L?*(0,T; H'(,g)), respectively. Due to the estimates (26) and

(30), we assert the existence of elements
Uy € L=(0,T;H,) N L2(0,T;V,). (32)
Due to the estimates (29) and (31), we assert the existence of elements
W, € L®(0,T; L*(2, 9)) N L*(0, T; H' (€, 9)). (33)
Multiplying (18) by ¢ and then taking divergence of this equations and denoting v, = V - (gw,,), we obtain

dv,,

W + Bg(um,vm) = 0. (34)

Then, multiplying (34) by v, and integrating from 0 to 7', we get

lom (T)II72 < Jom (0172 - (35)

Let us use [22, Lemma?7.5] and the initial data wo € Hg, then we have v,,(0). This implies V- (gw,) = v, =0
in L2(0,T;L%*(Q,g)). Since L?(0,T;H,) is closed in L?(0,T;L?*($,g)), we write V - (gwg) = 0. Namely, we
get

wy, € L(0,T; Hy) N L2(0,T; V). (36)
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Now, we will show that ds—tm is uniformly bounded in L?(0,T; V;). We take the inner product of (17) with

¥ € L?(0,T;V,) for all test functions.

1 1
< cllumll 22 [[Vuml| £z l[wmll 22 1] s

[P X ) ),

(7 (5050) 9.,

Thus, Pp,(wm X tm) and Cyu, are uniformly bounded L2(0,T;V;) and it is easily seen that f and Agju.,,

< clVlla IVumll 2 9l -

are bounded in L?(0, T} V;) uniformly in m. We obtain that

d /7
Z;” is uniformly bounded in L(0,T; V). (37)

Now, we will show that ‘ﬁc‘l’—tm is uniformly bounded in L?(0,T}; Vg/). We take the inner product of (18) with

¢ € L*(0,T;V,) for all test functions.

g v/

9

1 1 1 1
< ¢Vl lwmllZo IVwmll 22 lumll 2o Vel 22 [0 g1

1 1 1 1
‘(Bg(um,wm),wvgf < cllglloe llumll 22 IVumll 22 1V wm g2 191 72 VI Z2

<Pm (;(Vg ~ V>wm> ,w>vl

Thus, P, w.m, (% . um) , Bg(tm,wn) and Cyw,, are uniformly bounded L?(0,T; Vg/) and it is easily seen that

< ¢Vl IVwmll 2 191l 1 -

V x f and Agw,, are bounded in L?(0,T; Vg/), uniformly in m, we obtain that

d !
Ziutm is uniformly bounded in L?(0, T; Vi) (38)

From (32) and (37) and Aubin compactness theorem (see, e.g., [22, 26]), we conclude that there is a subsequence

(which we shall relabel ) u,,(¢) and a function u(¢) such that

Uy, — u weakly in L*(0,T;V,), (39)

Uy, — u weak-* in L°°(0,T; Hy). (40)
(39), (40), and (37) give us

Uy, — u strongly in L?(0,T; H,). (41)

Similarly, from (36) and (38) and Aubin compactness theorem, there is a subsequence (which we shall relabel)

Wy, (t) and a function w(t) such that

Wy, — w weakly in L*(0,T;V,), (42)

1702



KAZAR and KAYA /Turk J Math

Wy, — w weak-* in L°°(0,T; Hy). (43)
(42), (43), and (38) give us
Wy, — w strongly in L?(0,T; H,). (44)

In order to pass to the limit, we consider the scalar functions 1 € CC1 ([0,T];Vy) and ¢ € C’C1 ([0,T];Vy).

Now taking inner product of (17) and (18) by % and 1, respectively, and then integrating in time over [0, ],
0 <t < T and using integration by parts, we have

t

= [ )y s+ (1 (0,606, — (0 (0), 0 +u/’A%uA'¢
0 0
t t - t

+/(um xwm,Pmi/J)gds—i—u/bg (gg,um,w) ds:/(f,'t/))gds, (45)
0 0 0

t

= [ )y ds + (0. 6(0), ~ (wn(0).6(0),

0

t t

+u0/t(A2 Azw)gds—i—u/bg (Vgg,wm,w> ds—l—/bg(um,wm,w)ds

0 0

t t
O/ V x f,) ds+0/<wm (Vgg~um),sz/)>gd5. (46)

Using the standard arguments, as in theory of Navier—Stokes equations (see, e.g., [22, 26]), we can pass to limit
(45) and (46). Considering the selection of 1 and v in (45) and (46), respectively, we have expressed the
convergence of each term as in the following. The sequence u,,(t) converges weakly in L2(0,T}; H,) and this

implies that
(um (t),%(t)) = (u(t), (1)),

(um (0),%(t)) = (u(0),%(t))

for a.e. ¢ € [0,7]. Similarly, the sequence wy,(t) converges weakly in L?(0,T; H,) and this implies that
(wm (t), (1)) = (w(t), ¥(t)),
(wm (0),9(t)) = (w(0),9(t))
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for a.e. t € [0,T]. Concerning the nonlinear term in (45), we get

t

¢
Of(um X Wi, P ¢)gds—0f(uxw,1p)gds

< C||¢||Loo(o,t;L2) ||¢||Loe(0,t;Hl) meHL2(0,t;H1) llwm — U||L2(o,t;L2)
+c H"/)HLoo(o,t;H) H"/’HLw(o,t;Hl) | wm — wHL?(o,t;LZ) HumHL2(O,t;H1)

+e ‘|Pm¢_¢||Loo(o,t;L2) ||Pm¢_/l:b||L0°(07t;H1) ||wm||L2(o,t;L2) ||Um||L2(o,t;H1) ‘

This nonlinear term converges to 0 in view of (41) and (44) and the uniform bounds on u,, and w,,. On the

other hand, we have
t t
[ b ( . mzp) -/ bg( )ds < Vgl | Prto— o oy N 2 0.0
0 0

+c ||V9||oo [tm — u”L?(O,t;L?) ||1/J||L2(07t;H1)

which converges to 0 in view of (41) and using [22, Lemma 7.5]. Now for the other term in (46) as in the
following

t

qu(um7wm,Pm'(/J)dS - jbg(U, w,w)ds
0 0

<c||Pntp — ¢||Lm(0,t;L2) ||wm||L2(o,t;H1) ||Um||L2(o,t;H1)
e llumll 20,1y 1Wm — Wl 20,012y 191 Loo 0,611
+c ||¢||Loo(o,t;H1) ||wm||L2(0,t;H1) [[tm — u”L"’(O,t;L?)

which converges to 0 in view of (41) and (44) and also using [22, Lemma 7.5]. And then we consider the last

term in the left hand side of (46), we write
/ \Y / \%
/(wm (g-um>,sz/1> ds—/(w<g~u>,w> ds
0 g g 0 g g

< c|Vyllw HwHLOO(O,t;L?) ||1/JHL°°(O,t;H1) ||wm||L2(o,t;H1) ||um||L2(0,t;H1)

+ ¢Vl ”wHLW(O,t;Lz) ‘W”Lw(o,t;Hl) [[wm — w”Lz(O,t;L?) ||um||L2(O,t;H1)

1 1
+ IVl 1Pmt = ¥l 20,62y 1wmll 20,60y 16 e (0,4:12) 16l Foc 0,621
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which converges to 0 in view of (41) and (44) and also using [22, Lemma 7.5] and the uniform bounds on w,,
and Uy, .

Similarly, we will show to pass to the limit for the equation (34). Taking inner product of the equation

(34) by ¥ € C., ([0, T] ; V) and then integrating over [0,¢], 0 <t < T and using integration by parts we get

[ 0 s+ (0n (0. 50, = (0,00 + [ By, vm). P} ds =0, (47)
0 0

For the nonlinear term in (47), we write

t

bf{Bg(um,vm),Pml/)»ds — [ (Bg(u,v),)) ds

0

<c||Pnt - w”LOO(O,t;L?) ||um||L2(o,t;H1) ||vm||L2(0,t;H1)
+ell¥ll Lo om0y 10l L2045y 1um — ull 20,412
+cllumll 20,450y [vm = vl p20,4:12) 191 poc 0,011y -

Using the results about convergences in above, we will pass to the limit in (47) then we get the following weak

formulation for v =V - (gw) in view of (34)
<Utaw> + <Bg<u? U)aw> =0.

Now all the above convergences are valid if we take 1 = ve(t) and 1) = ve(t) where v € V, ¢ € (C* (O,T))2

and v € V,, p € C*(0,T). In particular, the convergences are valid for all ¢ € (C2[0,7])* and ¢ € C[0, T};
thus, (15) and (16) hold in the sense of distributions, which in turn implies that (12) and (13) are valid as an
equation of operators. In other words, (3) — (6) hold in the weak sense by Lemma 1.2 in [26]. Furthermore, it
is easy to show that the initial condition is satisfied in a weak sense similar to the problem for Navier—Stokes
equations in [26]. So we prove the existence of weak solutions of our system in the means of Definition 3.1.
Now we prove the uniqueness of the weak solutions. We suppose (u1,w;) and (ug,ws) are two weak
solutions to system (3) — (6) with the same initial condition and forcing term f. Let u = wu; — ua and

w = w; — ws. Then we obtain

21; vAgu+v— (Vg V)u+w X uy +we X u+ VP =0, (48)

%—VA w—+ v— (Vg Vw+u - Vw —u- ng—w(vg u1>—w2(vg.u>, (49)
g g

u(z,0) =0, w(z,0) =0 (51)



KAZAR and KAYA /Turk J Math

when (48) and (49) are multiplied by u(t) and w(t) respectively, and add these equations, we get

d
= (lu@®lZ: + lw(®)]72) + 20 [Vl F2 +2v [ Ve )7

by (vgg,u(t),u(t)> ’ +2v

< 2/ ) x uq (t))ugde + 2v
Q

o (5

Vg

- 2by (ult), ws(6), w(t)) +2 ! ()(Vgg-u1<t>)w<t>gdx+2 Q/ w2<t><-u(t>)w<t>gdx. (52)

g

Cauchy-Schwarz and Young inequalities are applied for each term in the right hand side of (52), we write

& ()2 + ho@)12:) + 5 19u(t)2s

2y||Vg|| 2¢
_{mg + e a2 Va3 + 2 Vgl lea®l f lu(e) 3

2
vVl
m2

0

2c 2c
+ { IV )72 + + =92, |u1<t)||‘;} o ®)13

When necessary arrangements are made, we obtain

d
2 (le@Z: + Iw@)72) < K (@2 + lo@]:) (53)
where
v[|Vylla 2
K = max {m 2 N2 22 19222 + 2 IV, lwa(e)
0

2
2v|IVylls
m2

2c 2
= IV @2, +
0

2c 2 2
+ = Vgl ||u1<t>|Lz} -
By using Gronwall inequality, we conclude that

(k@32 + lw®)lF2) < O (JluO)]F: + ()32 ) -

Thus, u(t) =0 and w(t) =0 for all ¢ > 0 since we have u(0) = 0 and w(0) = 0. Thus, the theorem is proved.
O
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Definition 3.3 Let T >0, f € L?(0,T; Hg“”), up € Vg, and wo € V. The pair of functions (u,w) is called

a strong solutions on the time interval [0,T] to system (3) — (6), if it is a weak solution as in Definition 3.1

and satisfies additionaly u € L?(0,T; D(Ay)) N L>®(0,T;V,), and w € L*(0,T; D(A,)) N L>®(0,T;V,).

Now we will give theorem the existence of the strong solutions for the system (3) — (6).

Theorem 3.4 Let the initial data ug € V4, wo € Vg, and f € L?(0,T; Hg””), Then, there exists a unique

strong solution (u,w) in the sense of Definition 5.3.

Proof Now we multiply the Galerkin approximation (17) by Agu,, and integrate by over Q, we will show

priori estimates for the higher order regularity of the solution of (3) — (6). Hence, we obtain

1d

Vg
3 [Vt ()72 + v | Agum (B)l[72 < —vbg <g,um(t),Agum(t))

- (wm X U, Agum(t))g + (fv Agum(t))g .
Here using the Cauchy-Schwarz, Young inequalities, and (9), we get

d 1
- IVum(t iz + 5 IIA un (t)]17 < ” IF11Z2

2v||Vg
v ("m'+ (DI ||Vwm<t>||i2> IVun@E. (59

0

Neglecting the second term in the left hand side of (54), we write

d 1
VOl < 3 11+ p1 IV um (O

where
2';“’” ()2 V(0
Using Gronwall’s lemma, we have
t t t
IVun®l3 < Vol e | [ ma(ar |+ [ 1705 exp | [ | s
0 0 0

Similarly, we multiply (18) by Ajw,, and integrate by over 2, we get

331 170 Ol 5 1450 O = =y (S, 00), At (1)) = by (0,10 (8, Ay ()

+ (wm(t) (vg ~um(t)> ,Agwm(t)> + (V x f, Agwn, (1))

g
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Using the Cauchy-Schwarz, Young inequalities and the inequality of (9), we see that

d v 4
7 IVwmOllzz + 5 1 Agum )72 < IV % £z

2cv Vg||
n (' & O Va2
O
2 | Vg2 ) )
700 5 m t 5.
208 19 01 ) 1901 (55)

Neglecting the second term in the left hand side of (55), we obtain

d 4
7 IVwm DIl <~V % fll72 + p2 [ Ve (®)] 12

where

_ 2ev||Vg|l3,

> 3 S w172 [Vt

my
By using Gronwall inequality, we get

t

V()12 < [Vwolzexp | [ patriar

0

N7 +

L2

I/mo

t

t
4
5 [IVx s exp | [ patriar | s
0

0

To obtain a priori estimates for strong solution, we use the following estimates which are given in Theorem 3.2;

sup [[um(s)|7. < K1,
s€[0,T]

sup ”wm(5)||2L2 < Ko,
s€[0,T

where the constants Ky = Ki(ug,v, f,T), Ks

Therefore, we obtain

T
SV (t)][72 dt < K3,
0

T
{IIVwm(t)lliz dt < Ky

= K2<w0,y7f7T)a K3 = K3(u0al/af7T)’ K4 = K4(’LUO,I/,f,T).

t
WwT |V wT|\Vglls, | e
/p1 dr < || g“oo + s[up me HL?/vam )HL dr <%+5K2K4:K6
0

mé 0
and
t
2cvT ||Vg 4c||Vg
[ pa(ryir < ﬁﬁ, sp i ||L2/||v N dr +'”/||v ()12 dr
m3 v
0
2 T 4
2T e g delVoll
m3 v

1708



KAZAR and KAYA /Turk J Math

Moreover, we have

1
sup (| Vum (£)[|72 < e [Vuoll 7o + =Te || £l 7200102 = Ks (56)
s€[0,T] v
and
K7 4 K7
S[%PT] [Vwn, (t )”L2 <e HVU)OHL2 + Te [V x f||L2(0T 2y = Ko. (57)
sE

Then we integrate (54) and (55) from 0 to T', we get

2VIIVQH

T
2 v 2 2 1 2 oo
[V (172 + g/llAgum(t)lle < Vuollze + — £ Z2 0,722 + K+~ K2K4K3

O

and

2 14 2 2 4 2
IVun @I+ [ 1Agon @13 < [Fw0ls + 5 19 % 307,00
0

2 4
2T e, IO g
m3 vm3
Neglecting the first term in the left hand side of above equations, we write
/ 2 2w [Vl
v
/IIAgum(t)Hsz < - (IVUOIILz + - ||fHL2(0TL2) + o Koy + K2K4K3> = Kio, (58)
0 Y 0
T
A 2 4 2 4 2
lAgwm )z < > | IVwollza + ~ IV X fllLaor:12)
0
2 4
S22Vl KKK+ NVl e )
m3 vm3
= Kn (59)

where Ko and Kj; are the positive constants. From above estimates,
Um € L(0,T5V,y) N L2(07T§ D(Ay)),

Wy, € L(0,T;V,) N L0, T; D(A,)).

Now we note that
T T T T T
/ | Dt (8) 2 dt < / lwm(t) X (|22 dt + v / | Ayt (8)|1 2 dt + v / |Gyt (8)] 22 dt + / £ dt
0 0 0 0 0
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and

T T T
J 101z de < [ 1By (un @) wn @) de+ v [ |40 (0] de
0 0 0

2

T T T
\Y
w0 (10Ot [ o) (2 wa)) | ar+ (19 50015
0 0 0

The boundedness of the terms in the right hand side of the inequalities is shown below using Cauchy-Schwarz
and (9) and (11).

T T
/ 0 (E) X i (8) 2t < / et ()2 [t () 0 ()] o [t ()] 2
0 0

1
2

=

T T
<c| sw Jun@s [IVun®lidt] | sw fon@®Is [ IVon©l3d
te[0,T] ) te[0,T] )

é C\/ K1K3\/ KQK = Klg.

Therefore, Wy, (t) X um,(t) belongs to the space L*(0,T;H,).

T T
[ 1Coun@)1sdt < Vg1 [ V@)1 de < [Vl Ko = Ko,
0 0

Hence, C,ju,,(t) also belongs to the space L?(0,T;H,). As a result,

du,
% belongs to L*(0,T; H,). (60)

Similarly,

T T
J1Ba @), 0132 e < [ m Ol 1 A0 [T ()
0 0

[N

T T
<c| swp fun®lF [IAun®lfadt ] | sup [l [ 1T d
te[0,T] 4 t€[0,71] 3

<cv K1 Koy KoKy = Kiy.
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Therefore, By (um(t), wm(t)) belongs to L*(0,T; Hy).

T 2 9 T
[ |wm@® (52 - un®)]|, dt < cI991% [ lwm @l 19w E) 2 ltm O 2 [V O] 2 dt
0 0

1

2

T % T
< | Vgl (t S[up]IIwm(t)IIZLaOf\\Vwm(t)l\i2 dt) ( sup Hum(t)llizbfllvltm(t)lliz dt)

t€[0,T]

)

< c||Vg|’, VEaKivEi K3 = Ki6.
Hence, w,,(t) (% U, (t)) also belongs to the space L?(0,T; H,). As a result,

dwp,
% belongs to L2(0, T H,). (61)
Thus, using standard techniques in [26], from the above estimates, we conclude that there exist a subsequence

of u,, and w,, which are convergent to v and w such that

u € L>(0,T;V,) N L*(0,T; D(A,)),

w € L>=(0,T;V,) N L*(0,T; D(A,)).

Using (60), (61), and the last two results u € C([0,7];V,) and w € C([0,T]; V) (by [22, theorem 7.7]) which
makes the initial conditions meaningful. Therefore, we prove the existence of strong solutions.

Now we show that strong solutions continuously depend on the initial conditions and the given data
as well as the uniqueness of the strong solutions. We suppose (u1,w;) and (ug,ws) are two strong solutions
to system (3) — (6) with (u1(0),w1(0)) and (u2(0),w2(0)) initial conditions and forcing terms fi, fa. Let
u=u; — U, w=w; —wsz. u(0)=ui(0) —uz(0), w(0) = w1(0) —wz(0) and f = fi— f2. Then we obtain the

following system:

%—i—vAgu—i-vC’gu—waul—i—ngu:f, (62)
d \% \%
d—qf + vAgw 4+ vCyw + By(ur,w) — Bg(u,we) =V X f+w (gg .ul) — we <gg u> . (63)

Now (62) and (63) are multiplied by Agu(t) and Agzw(t) respectively, we get

d
T IVa()ll7e + 20 | Agu(t)ll; < 2v

Vg
by (g,u(t),Agu(t)) ‘ + [2(w(t) x ui(t), Agu(t))ql

+ [2(wa(t) x u(t), Agu(t))g] + 2(f (1), Agu(t))g
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and

Here Cauchy-Schwarz and Young inequalities are applied for each term in the right hand side of these equations,

we write

d v|Vg
dtwu)n;s(”' % |vu <>||iz> (o) 2
mp

2c 2 2 2 2
+ IV O 1w + > 17172

and

4CHVgll

d v 4c
pn IVw ()7 + 3 1Agw(t)|7. < (V | Agwa(8)]72 + 2 [ Vws (t )II%z) [Vu()]7

||Vl
+ <2 -3 ()22 |V ()12
my
40va||c2>o 2 2 4 2
t— [Vur ()72 | [Vw(®)]|72 + > IV x fllzz2 -

Adding (64) and (65) and also making necessary arrangements, we obtain

d 2 4
= (IVa®I3: + 1V @3:) < L (IVe@®s + IVa@):) + 2 1£15: + 1V x £

where
4c 4c||Vyg io v||Vg
Lzmax{||Agw2(t)||2Lz+H”||Vw2(t)||2L2 Ve 2000 2,
12 12 mo
4v||Vy] 4c|| Vg5 2¢
IV s s I 1901 + 27 s )2, + 2 o b
0

1712
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By using Gronwall inequality, we conclude that

T
IVu(T)IIze + [Ve(T)| 72 < exp /Lva (IVa)l13= + Vw13 )
0

T

2T 4T
(S + 517 112 ) exo [ 2ty
0

Here if f1,fo € L*(0,T; Hg“”), ©1(0),u2(0) € Vg, wi(0),w2(0) € V,, then we can conclude that strong

solutions continuously depend on the initial conditions and the given data. Moreover, the strong solutions are

unique when u1(0) = u2(0), w1(0) = wz(0) and f1 = fo. O
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