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Abstract: Given an indexed family {(Si,-,<;),¢ € I} of disjoint ordered semigroups, we construct an ordered
semigroup having (S;, -, <;), ¢ € I as subsemigroups (with respect to the operation and order relation of each (S;, -, <;),

i € I). This ordered semigroup is the free ordered product II *S; of the family {S;,i € I} and we give the crucial
el

property which essentially characterizes the free products. Next we study the same problem in the case that the family
{(Si,"i,<;),1 € I} of ordered semigroups has as intersection the ordered semigroup (U, v, <y;) which is a subsemigroup

of (Ss,+i,<;) for every i € I (with respect to the operation and order relation of each (S;,,<;), ¢ € I). To do this,

we first consider the ordered semigroup amalgam A = [{(Ss,,<;),i € I} (U, v,<y);{pi: U — Si,i € I}] (where

{pi : U — S;,i € I} is a family of monomorphisms) and then we construct the free ordered product IIj; S; of the
iel

ordered semigroup amalgam 2 considering the ordered quotient of the free ordered product IT *S; by an appropriate
iel
pseudoorder of II *S; through which for each 4,5 € I and for each w € U, ¢; (u) € S; is identified (by means of
iel

monomorphisms) with ¢; (u) € S;. We give a sufficient and necessary condition so that an ordered semigroup amalgam
is embedded in an ordered semigroup. At the end of the paper, we introduce the notion of ordered dominions. An
element d of an ordered semigroup S is dominated by a subsemigroup U of S if for all ordered semigroups (7}, <)
and for all homomorphisms 3,7 : S — T such that 8 (u) = v (u) for each u € U, we have [ (d))é N[y (d))g # o.

In the last Theorem of the paper, we give an expression of the set of elements of S dominated by U based on ordered

semigroup amalgams.

Key words: Ordered semigroup, pseudoorder on an ordered semigroup, ordered quotient of an ordered semigroup by
a pseudoorder, free ordered product of ordered semigroups, ordered semigroup amalgam, free ordered product of an

ordered semigroup amalgam, ordered dominions

1. Introduction
A semigroup amalgam 2 may conveniently be thought of as a family {(S;,-;),i € I} of semigroups intersecting
pairwise in a common subsemigroup (U,-y) (i.e. S;NS; =U for i,j € I with i #j and .y =, N (U xU)

for every i € I'). In general the set |J S; is not a semigroup with respect to the operations of S; (i € I'). The
i€l
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main question concerning a semigroup amalgam is whether or not the set |J S; is embeddable in a semigroup
i€l
(T,-r) with respect to the operations of S;, ¢ € I, that is, whether or not there exists an one-one mapping

f: US; = T with the property that for each ¢ € I and for all a,b € S;, f(ab) = f(a) rf(b). We can
i€l

answer the above question considering the free product of the semigroup amalgam A (see [2, §9.4] and [3,
§VIL.1]). The aim of the paper is to study ”similar concepts” in the case of ordered semigroups, also taking into

account the order relation of S;, i € I. We follow the same steps as in the case of semigroups, that is, if
A= [{(Sulagz)al S I}?(U,U;SU)7{SOZ U — S“’L S I}]

(where {p; : U — S;,i € I} is a family of monomorphisms) is an ordered semigroup amalgam, we first construct

the free ordered product II *S; of the family {S;,7 € I} and then the free ordered product IIj; S; of the ordered
i€l iel

semigroup amalgam 2 which is the ordered quotient of IT *5; by the pseudoorder of II *.S; generated by the
il i€l

set of those words of II *5; that need to be “identified”. In particular, in IIf; S; for each 4,j € I the image
i€l il

©; (u) of an element u € U in S; is identified (by means of monomorphisms) with its image ¢; (u) in S;. Then,

based on the previous identification, we construct the new equality relation and order relation of I *S;. We
i€l

prove that an ordered semigroup amalgam is embeddable in an ordered semigroup if and only if it is naturally
embedded in its free ordered product. The concepts of free ordered product and of free ordered product of
an ordered semigroup amalgam was introduced by the author in his Doctoral Dissertation (cf. [9]). As an
application of ordered semigroup amalgams, we introduce the notion of ordered dominion which is “analogous”
to the notion of dominion of semigroups in the case of ordered semigroups. Following Isbell [4], if U is a
subsemigroup of a semigroup S and d € S , we say that U dominates d if for all semigroups T and for all
homomorphisms 3,7 : S — T such that 5 (u) =7 (u) foreach u € U, we have 8 (d) = v (d). The set of elements
of S dominated by U is called the dominion of U in S. According to Howie [3, §VII.2] there is a connection
between dominions and semigroup amalgams. In the last chapter of the paper we study ”similar concepts” in
the case of ordered semigroups, first defining the notion of ordered dominion and then characterizing ordered
dominions in some more accessible way (by means of ordered semigroup amalgams). The results provided by the
paper generalize the analogous ones concerning semigroups without order because a semigroup without order
can be considered as an ordered semigroup with order relation being its equality relation and so one can easily

obtain the corresponding results on semigroups without order from those presented in the paper.

2. Prerequisites

Let X be a nonempty set and B (X) be the set of all binary relations on X. If p,0 € B (X) we define
poo:={(a,b) e X x X : (3ce X) (a,c) € pand (¢,b) € o}

It is well known that (B (X),o) is a semigroup (see [1, §1.4] and [3, §1.4]). If R € B(X) and n € N we

write R" instead of Ro Ro...o R and we define R := (J R™. Then (see [1, §1.4] and [3, §.4]) ) R™ is

“— n times — et

the smallest transitive relation on X containing R (called transitive closure). An equivalence relation p on a
semigroup (.5,-) is called congruence if for o, b, ce S, («,b) € p implies (a-¢,b-¢) € p and (c-a,c-b) € p
(see [1, §1.5] and [3, §1.5]). We denote by (z),, x € S, the p-class containing x, i.e.
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(), ={y €S/ (z,y) € p}

For a congruence p on S, the quotient set /p is the set of all p-classes and is a semigroup endowed with the

ki ”

operation "% ” [3, §L.5]
(a), % (b), = (D), a,b€S
If (S,-) is a semigroup and the “symbol” 1 does not belong to S, then (Sl, @) is the semigroup obtained from
S by adjoining an identity (see [1, §1.1], [3, §1.1] and [7]), that is S! := S U {1} and
a-b, a,bes

a®b:= «Q, b=1, a,be St
b, a=1

Clearly 1 is the identity of S*. For any «,b € S! it is customary to write ab instead of a ® b (just as we do

for a-b, a,b € S). An ordered semigroup (S,-, <) is a semigroup (S,-) with an order relation ”<” which is

”

compatible with the operation (i.e. for @, b,c € 5, a < b implies «-¢ <b-c and ¢-a < c-b). For a

nonempty subset A of S we define
[A)i ={zxeS/(BaeAd)a<z} and (A]i ={zreS/(Baec Az <a}

For a € S we usually write [a)i instead of [{a})i and (a]i instead of ({a}]i, that is

[a)i ={z e S/a<z} and (a]‘z ={zxeS/z<a}
A mapping f:(S,-,<) = (T,., <) between two ordered semigroups is (see [6, 10])
e a homomorphism if

o fla-b)=f(a).f(b),a,bes
o f(a)=< f(b), a,b €S such that a <b.

o reverse isotone (or antitone) if for av, b € S, f ()< f(b) implies o < b.

e a monomorphism if it is a reverse isotone homomorphism.
¢ an isomorphism if it is a monomorphism and onto (in this case we write S ~T').
It is easy to see that
 a reverse isotone mapping is one-one (in general the reverse statement doesn’t hold).

e the composition of homomorphisms (resp. monomorphisms, isomorphisms) is a homomorphism (resp.

monomorphism, isomorphism).

Proposition 2.1 Let (S,-, <), (T,., <) be ordered semigroups and f:S —T, g:T — S be homomorphisms
such that fog=1r and go f = 1g (where 17, lg are the identity mappings on T, S respectively). Then
S~T.
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Proof We shall prove that f is an isomorphism. Since f is a homomorphism, it suffices to show that f is a

reverse isotone and onto mapping.

o Let a,b € S such that f(a)=< f(b). Since g is a homomorphism, then g (f (a)) < g (f (b)). Thus (since
gof=1g) a<b.

e Let b€ T. Then for a:=g(b) € S we have f(«) :f(g(b))(f = )
og=lr

O

Definition 2.2 (/5, 6, 10]) Let (S,-,<) be an ordered semigroup and o C S x S (: o is a binary relation on
S ). The relation o is called pseudoorder if

i) < Co
i) o is transitive
iii) for x,y,z € o such that (z,y) € 0 we have (xz,yz) € 0 and (zz,zy) € 0.
Now let (5,-, <) be an ordered semigroup and ¢ be a pseudoorder on S. Then we define (see [5, 6, 10])
gi=0nNo !
where 071 := {(a,b) € S x S/ (b,a) € o}, that is,
:={(a,b) € Sx S/ (a,b) € 7,(b,x) € 7}

The relation & is a congruence on S (see [5, 6, 10] — given a congruence p on an ordered semigroup S, it
has been constructed [8] by the author and N. Kehayopulu a pseudoorder o on S such that p C & using the

quasi-chains modulo p). We can define an order relation ”<,” on the quotient semigroup /5 as follows (see
[5, 6, 10]):

(0),<,(b), < (x,y) € 0 for some z € (a),, y € (b);
It can be proved that
(@);<,(b), if and only if (z,y) € o for any z € (a),, y € (b),
(see [5, 6, 10]). Therefore
(a);<,(b), if and only if (a,b) € o

Then (%/5,*,<,) is an ordered semigroup (called ordered quotient of S by ¢) and the mapping o7 : (S,-, <) —
(%/5,%,<,) defined by

o? (z)=(2),, z €S

is an onto homomorphism called natural homomorphism (see [5, 6, 10]). For any relation R on S we define
(see [3, §1.5] and [10])

1860



TSINGELIS/Turk J Math

R¢ := {(xay,:cby) €S xS :xye S (a,b) e R}
Proposition 2.3 Let (S,-,<) be an ordered semigroup and R C S x S. Then
i) (R°U <) is a pseudoorder of S.
i) RC (RUL)™
iii) If T is a pseudoorder of S containing R then (R°U <) CT.

Proof

i) It is evident that < C (R°U <) and (R°U <)™ is transitive. Since for «a,b,c € S with (a,b) €
(R°U <) we clearly have (ac,bc), (ca,cb) € (R°U <) then for a,b,c € S, (a,b) € (R°U <)™ implies
(ae,be), (ca, eb) € (R°U <), So (R°U <) is a pseudoorder of S.

ii) It follows immediately from R C R¢ C (R°U <) C (R°U <)
iii) First we prove that (R°U <) CT. For (a,b) € (R°U <) we have («o,b) € R® or a <b.

a) If (a,b) € R® then there exist x,y € S! and (c,d) € R such that a = xcy and b = zdy. Since
R C T we have (¢,d) € T which implies that (zecy,xzdy) € T (T is a pseudoorder on S). Therefore
(a,0) €T.

B) If a <b then, since T is a pseudoorder on S, (a,b) € T.

Consequently (R°U <) C T and so T is a transitive relation on S containing (R°U <) and hence, since

(R°U <) is the smallest transitive relation on S containing (R°U <), it follows that (R°U <)> C T.

O
From the above Proposition, (R°U <)™ is the smallest pseudoorder on S containing R (called pseudoorder on

S generated by R) denoted by or® (if no confusion arises, we usually simplify the notation to o).

Let now S, T be ordered semigroups and f: S — T be a homomorphism. We define (see [5, 6, 10])
fr={la.b) € 5% 8 fla) < f(b)}
and
ker f = {(a,b) € S x S f (a) = £ (B))
Then (see [5, 6, 10])

e f is a pseudoorder on S

. kerf:]:”(:{ﬂjj_l)

Theorem 2.4 Let S, T be ordered semigroups, f:S — T be a homomorphism and o be a pseudoorder on S
such that o C f. Then there exists a homomorphism 1:° /5 — T such that noo#* = f and f(S)=n(%/5).
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Proof Define :°/5 — T by

n((@),) = f(a), a€s

Since 0 C f we immediately have & C ker f and hence 7 is well-defined. Also for all a,b € S

n((@); * (0)5) = n((ab);) = f(ab) = f (@) f(b) = n((a)5)n ((b)5)

n((b),) for (a),<,(b):

So in order 7 to be a homomorphism, it suffices to show that 7 ((a),) <
< f(b) and hence 7 ((a),) <1 ((b);)-

Let a,b € S such that (a),<,(b),. Then (a,b) € o0 C f. Thus f(«)

Since for any a € S we have

it is clear that noo# = f and f(S)=n(%/5). O

Remark If v: /5 — T is a homomorphism such that v o o# = f then for every a € S we have
v((@),) =7 (6% (@) = f (@) = n((@),)

and hence v = 7. So there is a unique homomorphism 7 : ¥/5 — T such that yoo# = f (this is 7).

3. Free ordered products

Let {(Si,,<;),i € I} be an indexed family of disjoint ordered semigroups. Let S := |J .S;. Then for any
i€l

a € S we denote o («) the unique xk € I with the property that a € S,;. If no confusion arises, we shall not

use index for the order relation on S;, ¢ € I (i.e. we shall just write < instead of <;) and also we shall not

use any symbol for the operation of S;, i € I (i.e. we shall just write ab instead of a-;b for all a,b € S;).

Now let n € N.

o If n=1 we denote F} := {(a) : « € S}

o If n > 2 we denote

< n times —

F, = {(al,ag,...,an) ESXxSx..xS:0(ay)#o(art1), A =1,..,n— 1}

We define I *S; := |J F,. The set II *S;
i€l neN il

o consists of all finite strings

(a1,09, .. a,) €S XS x..x8
N—_———

n

where if n > 2 then o (ay) # o (art1), A=1,..,n—1, and

e is a semigroup with operation ”e” defined by the rule that

1862



TSINGELIS/Turk J Math

(a1, 01,0, 00)  if o (au) # o (b1)
(1, ) @ (b, o br) 2= {(all,...,ozmb:...,br) Dol Zo )

(see [2, §9.4] and [3, §VIL.1])

It is evident that II *S; is generated by the strings of length one (i.e. by (o), « € S;, i € I). On II *S; we

i€l el

define a binary relation ”<” as follows

m=r = q(say)
(a1, s ) = (b1, .., b)) & (o () =0(bj), j=1,...,q
aj <bj, j=1,...q

Theorem 3.1 (H *Si, o,-<> is an ordered semigroup.

el

11 g1

Proof It suffices to show that ”<” is an order relation on S with respect to the operation "e”. It is clear

that ”<” is an order relation on S. Now let a = (ay, ..., ), b = (b1,...,b,.) and ¢ = (¢, ..., ¢,) be elements

of TI *S; with a < b. We shall show that aec < bec and cea < ceb. Since a < b then

i€l

Hence a = (v, ...,aq) and b = (b1, ...,b,). We distinguish two cases:

i)

ii)

0 (ag) # o (1)

Then aec = (ai,...,aq)®(c1,...,¢n) = (1, ..., g, €1, ..., ¢) . Since o (aq) = o (by) we have o (by) # o (c1)
and hence bec = (b1,...,by)®(c1,...,cn) = (b1,...,bg, €1, ..., ¢n). Since o (o) =0 (b;), a; <bj, j=1,...,q

we immediately have aec < bec.

o (ag) =0 (c1)

Then aec = (a1,...,aq) ® (C1,...,¢n) = (@1, ..., @4C1, ..., &) . Since o (o) = o (by) we have o (by) = o (c1)
and hence bec = (by,...,bq) ® (c1, ... ) = (b1, ..., bgC1, ..., ¢p) . Since o (aqc1) = 0 (ag) = 0 (by) = 0 (byer)
we have o (agc1) = 0 (bge1). Also since o (ay) = 0 (by) = 0 (c1) = k (say) we have ay, by, c1 € S and so
ay < by implies agc1 < byer. Thus, since o (o) = o (b;), a; <bj, j=1,...,¢ — 1, we immediately have

aec<bec.

Similarly we show that cea < ceb. O

The ordered semigroup ( I *S;, o,<) is called free ordered product of the family {(S;,;,<;),i € I'}. For every
i€l

j € I we consider the mapping

Gj:Sj — HI*SZ/ [ d (O[)
S

It is evident that 6; is a monomorphism for any j € I.

1863



TSINGELIS/Turk J Math

Proposition 3.2 Let (T,0,<7) be an ordered semigroup and {¢; : S; = T,i € I} be a family of homomor-
phisms. Then there exists a unique homomorphism v : 11 *S; — T such that yo8; =, for each j € 1.
iel

Proof We define v: II *S; — T by
iel

Y (o1, 02, o0y ) 1= (Yo(ay) (1)) © (Vo(as) (@2)) © o 0 (Yoo (@m))

i) Let (a1,..., m), (b1,...,by) € ‘le_II*Si' Then

Y ((alv ceey am) i (blv 7b7“)) =7 ((alv ey O[m)) o ((bl? 7b7“))

(see [2, §9.4] and [3, §VIL.1]).

Since ; is a homomorphism for every ¢ € I and o (ap) = o(by), p = 1,...,¢, then «a, < b, implies

Vo(ay) (@) <rVo@,) (bp), p=1,...,q. Therefore ((T,0,<r) is an ordered semigroup)

(Vo(ay) (1)) © (Vo(as) (@2)) © o0 (Yo(a,) (4g)) S (Yoy) (1)) © (Yo(by) (B2)) © o0 (Yovy) (b))

and hence (m =r = q) we have

v (a1, az, oy i) <y (b1, b2, ..., b))

Consequently, v is a homomorphism.

Now for j € I and o € S; we have
7 (05 () =7 () = Yo(a) (@)

But o (a) = j and s0 9y (a) (@) = 9 (). Thus 7 (0; (a)) = 1; (o). Therefore o 0; = ; for every j € I.

The uniqueness of 7 follows immediately from the fact that II *S; is generated by strings of length one (see
iel

(2, §9.4] and [3, §VIL.1]). O

Proposition 3.3 Let H be an ordered semigroup and {p;:S; — H,i € I} be a family of monomorphisms
having the following property (say (+)):

«For any ordered semigroup T and for any family of homomorphisms {8; : S; — T,i € I} there exists a
unique homomorphism § : H — T such that 6 o ¢; = B; for each j € I»

Then I *S; ~ H.
i€l
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Proof

From the given property (4) for T'= II *S; and the family of homomorphisms {Hj 28y = I1*S5;,5 € I} it
i€l i€l

follows that there exists a unique homomorphism 6 : H — I *5; such that § o p; = 6; for every i € I. From
iel
Proposition 3.2 for T = H and the family of homomorphisms {¢; : S; — H,i € I} it follows that there exists

a unique homomorphism ~ : II *S; — H such that yo06; = ¢; for every ¢ € I. Then yod: H — H is a
icl

homomorphism such that

pi=70b; =y0(0op;)=(ycd)oy;

for any i € I.
Now from the given property (+) for T'= H and the family of homomorphisms {y; : S; — H,i € I} it follows
that there exists a unique homomorphism ¢’ : H — H such that §’ o ¢; = ¢; for every i € I. Since clearly the
identity homomorphism 1y : H — H has this property, we immediately have yod =6 =1g. So yod = 1g.
Also do~y: 41;1 *S; — 41&[1 *S; is a homomorphism such that

K3 K3

fj=bopj=0d0(yob;)=(607)0b;
for any j € I.

From Proposition 3.2 for T = TI *S; and the family of homomorphisms {Hj 28y = I1 %8, € I} it follows
i€l il

that there exists a unique homomorphism +" : II *S; — II *S; such that ' o 6; = 6; for every j € I.
iel i€l

Since clearly the identity homomorphism 1 «g, : II *S; — II *S; has this property, we immediately have
iel i€l el
doy=v =1q=~s5,. So oy =1y «g,. From this and the fact that v o d = 1y (shown above), we now
i€l i€l
immediately deduce that I *S; ~ H as required. O
il

4. Ordered semigroup amalgams

An ordered semigroup amalgam
A=[{(Si,,<i),i €1}t (Uv,<py);{pi:U—S;,i €T}
consists of
o a family {(S;,,<;),é € I} of disjoint ordered semigroups

« an ordered semigroup (U, -y, <g;) (called the core of the ordered semigroup amalgam) such that S;NU = &
for each 1 € I

e a family {¢; : U — S;,i € I} of monomorphisms.

We simplify the notation 2 = [{(S, i, <;),i € I};(U,-uv,<p);{pi: U— Si,i € I}] to A = [S;;U; 4,1 € 1]
when the context allows. We shall say that the ordered semigroup amalgam 2 is embedded in the ordered
semigroup 7T if there exists a monomorphism A : U — T and a family {); : S; — T,i € I} of monomorphisms

with the following properties:

1865



TSINGELIS/Turk J Math

e Nop;,=A\forany i€l
o X (Si)NA;(S;) =A(U), i,j €I such that ¢ # j.
Let now
R={(a,b) e F1 x Fy : (3(u,4,5) e U xIxI) a=0;(p;(u),b=10;(p;(u)}
It is evident that R is a binary relation on IT *S; and hence we can consider the pseudoorder on I *S;

el i€l
generated by R, op = (R°U <) where

1
RC = {(xayazby)G 11 *Six 11 *Si:xvye (H *SZ) ’ (a’b)eR}

i€l el iel

Then the ordered quotient of TI *S; by og is called free ordered product of the ordered semigroup amalgam A
il
" . " ‘HI *S; - _1
and denoted IIj; S; (i.e. II}; S; = €' /7 where Gr =orNor™").
il iel

For each ¢ € I we define u; = or* 00;, where og# is the natural homomorphism

or? I *S; — 103 i, or” ((a1, a9, .y n)) = ((041,042,...,0171))ﬁ
el iel

It is clear that for every ¢ € I the mapping g, is a homomorphism (pu; : S; — II}; S, pi (@) = ((a))=).
iel

Proposition 4.1 For any i,j € I we have 11; 0 @; = j1; 0 o, .
Proof Let uc U. Then
wi (@i (w)) = or# (0; (¢i (w))) = (6; (¢i (u0))orr
and similarly 1) (5 (u)) = (6; (¢ (). Since
o (0 (@i (u),0; (¢ (v)) € RCor
o (0 (pj (u),0i (pi(u)) € RCor

it follows immediately that (6; (¢; (v)),0; (¢;j (u))) € orNor™* = T and thus (6; (p; (u))o7 = (05 (5 (u)))ﬁ
Conseauently p1s (: () = 15 (15 (). .

We define = p; 0@;, i € I (from the above Proposition, the definition of p does not depend on the choice of
i € I). Clearly

o u:U— l_ef;U Siy o (u) = ((wi (U)DH

e 4 is a homomorphism.
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Proposition 4.2
i) Let j € I such that i is reverse isotone. Then p is reverse isotone.
i) w(U) C ;i (S;) foralliel.
Proof
i) Since u = pj o p;, p; is reverse isotone and ¢; is a monomorphism then clearly 1 is reverse isotone.

ii) For every i € I we have pu(U) = p; (i (U)) C u; (S;).

Definition 4.3 The ordered semigroup amalgam A is naturally embedded in its free ordered product if
e, is reverse isotone for all i € I

o ;i (S)) N (S;) Cwu(U) forall i,j €I such that i #j.

Proposition 4.4 If the ordered semigroup amalgam A is naturally embedded in its free ordered product then

the ordered amalgam 2 is embeddable in an ordered semigroup.

Proof Since p; is reverse isotone for all i € I then clearly { i Sy = I 81 el } is a family of monomor-
iel

phisms and also p is a monomorphism. Moreover p = p; o; for every i € I. Now let 4,5 € I such that i # j.

We shall prove that p; (S;) N (S;) = 1 (U). Indeed:

o By Definition 4.3 we have p; (S;) Ny, (S;) C p(U).
o By Proposition 4.2 ii) it follows immediately that p (U) C p; (S;) N gy (S;).
Thus u; (S;) Ny (S;) = p(U) and hence the ordered amalgam 2 is embedded in the ordered semigroup II3; S;.
iel
O

Proposition 4.5 Let Q be an ordered semigroup and {v; : S; — Q,i € I} be a family of homomorphisms such

that v o p; = vjo; for all i,5 € I. Then there exists a unique homomorphism ¢ : 1If; S; — Q such that
iel
dop; =v; foreach iel.

Proof By Proposition 3.2 we obtain a unique homomorphism ~ : II *S; — @ such that v o 6; = v; for every
iel
1 € I. Then for 4,5 € I and v € U we have
v (05 (i (w) = vi (@i (w) = v; (g5 (u)) =7 (6; (¢; (u)))

and hence (0; (¢; (u)),0; (p; (v))) € kery which clearly means that R C kervy. Since kery = ynN~y~!

where ~ := {(a, b) € (H *Sl) X <H *S’Z) :’y(a)%’y(b)}7 it follows immediately that R C . Thus v
i€l i€l - o

is a pseudoorder on IJ *S; containing R and so og C . Then by Theorem 2.4 there exists a (unique)
i€l ~

homomorphism & : IT}; S; — @ such that § o og# = . Consequently for each i € I and «a € S; it follows that
iel
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8 (1 () = 6 (((@)7) = 0 (mo () =7 () = 7 (6: () = vi ()

and hence dou; =v; forall 1 € 1.
Now let ¢ : II}; S; = @ be a homomorphism such that ¢ o y; = v; for each i € I. We shall prove that ¢ =9.

Indeed: “
For (o, s, ...,ap) € iEI*Si (n € N) we have
C (1, a2, 00))5z) = C (1)) g ((@2)) gz ((an) ) 5) =

= C(((@1))55) ¢ (((@2))az) € (((n)g) =
= C (Ho(ar) (1)) € (Ho(az) (@2)) € (Ho(a,) (an)) =
= Vo(ar) (1) Vo(ay) (@2) - Vo(a,) (an) =
=0 (Ho(a) (1)) 0 (Ho(as) (02)) -0 (Ho(a,) (an)) =
=6 (((01)zz) 0 (((@2))5) -0 (((an))gz) =
=0 (((a1))gg((@2))gr-((an)) ) = 0 (@1, Q2 ooy n) ) o)

and so the proof is complete. O

Theorem 4.6 Let A = [{(S;,,<:),i €1} (U, v, <v);{pi: U — Si,i € I}] be an ordered semigroup amal-

gam. The following are equivalent:

i) A is embeddable in an ordered semigroup

it) A is naturally embedded in its free ordered product.

Proof Since ii)=-i) is obvious, it suffices to show only i)=-ii). So suppose that 2 is embeddable in an ordered
semigroup (7T, -7, <r), i.e. that there exists a monomorphism A : U — T and a family {\; : S; — T,i € I} of
monomorphisms such that A; o p; = X for every i € I and A; (S;) N A; (S;) =A(U) for all i,j € I with i # j.

By Proposition 4.5 there exists a unique homomorphism ¢ : 1I; S; — 1" such that d o y; = A; for each i € I.
iel
Then for every 7 € I, u; is reverse isotone since for x,y € S; we have

pi () =, 10 (Y) = 0 (s () <70 (s (y)) = Xi (@) i (y) = 2 Xy

So the first condition of Definition 4.3 holds. For the second condition of Definition 4.3, suppose ¢,j € I such
that ¢ # j. We shall prove that u; (S;) N p; (S;) € p(U). Indeed:

Let z € p; (S;) N pj (S;). Then there exist o € S; and b € §; such that z = p; (o) = p; (b) and hence
0(2) =0 (s (@) = Ai (@) € A; (S;). Similarly 6 (z) € A; (S;) and so § (2) € A; (S;)NA; (S;) = A(U). Therefore
there exists u € U such that 6 (2) = A (u), i.e. A\ () = X; (¢; (w)). Since A; is a monomorphism (and hence
one-one), it follows that o = ¢; (u). Thus

z = pi(a) = pi (i (w) = p(u) € p(U)
Consequently, we have shown that both the conditions of Definition 4.3 hold, and hence 2l is naturally embedded

in its free ordered product as required. O
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5. Ordered dominions
Let S be an ordered semigroup and let U be a subsemigroup of S. We say that U dominates an element d € S
if for all ordered semigroups (T, -, <) and for all homomorphisms §,v : S — T such that 5 (u) = (u) for each

u € U, we have

BNy ()L #2

The set of elements of S dominated by U is called the ordered dominion of U in S and is written Domg (U).

Proposition 5.1 Let U be a subsemigroup of an ordered semigroup S. Then
i) U C Domg (U)C S
1) Domg (U) is a subsemigroup of S

Proof

i) Let w e U C S, (T,-,<) be an ordered semigroup and 3,7 : S — T be homomorphisms such that
B(uw) = v(u) for each v € U. We will prove that w € Domg (U). For this it suffices to show that

[8(w)Z N[y (W)L # . Since w € U we have 8 (w) = (w). Thus f(w) € [8(w))Z N[y (w))% and so
[B(w)Z N[y (W) #2.

ii) From i) it immediately follows that @ % Domg (U) C S. Let now dy,ds € Domg (U). We will prove that
dydy € Domg (U). To do this, take an ordered semigroup (T,-,<) and homomorphisms 8,y : S — T

such that f(u) = v (u) for each u € U. We need to show that [3 (dldg)):g N[y (dldg))g # &. Since

dy,dy € Domg (U) then [B(d1)z N[y (d1)z # @ and [B(d2))Z N [v(d2)) # @. Thus there exist
t1,t2 € T such that S (d1) <t1, v(d1) <t1, B(d2) <ty and v(da2) < ta. Since 3, v are homomorphisms
and T is an ordered semigroup, it is clear that S (di1ds) < t1to and v (dids) < t1ty. Hence

tit € [B(did2))E N [y (drd2)) L

and so [ (dldz)):; N[y (d1d2))§ FO .

O
Let (S,-,<), (Si-,<;), ¢ € I, U be ordered semigroups, «; : (S,-,<) — (5;,+,<;) be isomorphisms and

f:U — S be a monomorphism. We consider the ordered semigroup amalgam
=[{S,S;,i € I};U;{f,;0 f,i € T}]

and the free ordered product of 2, say P. Denote “<p” the order relation of P. Let also the associated (with
the free ordered product P of 2) homomorphisms

0S5 P, (s) = (5))on

I
—
—

8]
N
=
q

&
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Proposition 5.2 The homomorphisms u, p;, © € I are reverse isotone.
Proof For any i,j € I we define
fi,j = Oy O()zji1 : Sj — S;

Clearly &; ; is an isomorphism for all 4,5 € I and also &;; = 1g, for every i € I.
Let now k € I.

A anOf:anoa)\_lOa)\of:gn,)\o(a)\of)a rel

1

e Loolmof)=awoamtomof=asof=aoa, tomof=¢ o(aof), vAel.

Then, by Proposition 4.5 (taking S, as @ with homomorphisms ay : S — Sk, & x @ Sy — Sk, A € I), there
exists a homomorphism 6 : P — S, with the property

dop=oy, 6opur=Ex, AET

A) p is reverse isotone

Let s1,$2 € S such that p(s1) <pp(s2). Then

w(s1) <pu(s2) = 0 homomorphism)

(
6 (1 (51)) <pb (11 (s2)) = (0op=ag)
ay (81) <y (s2) = (s reverse isotone)
oy (s1) <pau (s2) = (o Teverse isotone)

s1 < 89

B) . is reverse isotone

Let x1,x9 € Sk such that p, (1) <pux (z2). Then

pire (1) <ppir (T2) = (6 homomorphism)
6 (s (1)) <i0 (s (22)) = (6o =&np =1s,)
11<,T2

Since f:U — S is a homomorphism, then obviously f (U) is a subsemigroup of S.

Theorem 5.3 Domg (f (U)) = wLeJP (,u_l ((w]gp) N (i o ;)™ ((w]gp)) ,iel.

Proof Leticl.

A) Doms (F(U) € U (s (wlZ, ) Nmioa)™ (wlf,))

weP

Let d € Domg (f(U)). By Proposition 4.1 we have po f = p; o (a;o f). Therefore u(f (u)) =

(i 0 @) (f (u)) for each u € U and thus p(v) = (u; o @) (v) for any v € f(U). Since d € Domg (f (U))
and p, i o oy S — P are homomorphisms, then
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(@) O [(gioa) (@) # o
Hence there exists w € P such that p(d) <pw and (u; o ;) (d) <pw. Therefore

p(d) € W2, (w0 ai) (d) € (w]<

P

that is, d € p=! ((w]gp) N (s 0 ;)™ ((w]gp)

U (it (@l2,) N o0 ™ (wl2,)) € Doms (F ()

weP

Let we P and d € p~! ((w];j) N (pioag)™ " ((w}l;p) Thus

depu?! ((w]gp), d e (u Oai)_l ((w]l;,)

and hence

that is, p(d) <pw and (u; o ;) (d) <pw.

Let now (T, -7,<7) be an ordered semigroup and 8,7 : S — T homomorphisms such that 8 (v) = v (v)

for any v € f(U) which means that o f =~o f. For any j € I we define
Gj zvoaj_l :8; =T
Clearly (; is a homomorphism for all j € I.

o fof=rqof=voa, to=(so(axof), keI

o (wo(agof)=yoa,toasof=yoatoayof=C0o(arof), KAET

Then, by Proposition 4.5 (taking T as @ with homomorphisms §: S =T, (. : Sx = T, k € I), there

exists a homomorphism 7 : P — T with the property

nop=p,nops=_q, kel
B Since 7 is a homomorphism and u(d) <pw, we have
B(d) =n(u(d) <rn(w)
that is, n (w) € [8(d))Z .

B Since 7 is a homomorphism and (; o a;) (d) <pw, we have

Y(d) = (voa; ) (a (d) = G (@i (d) = (0 i) (i (d)) =0 (i © ;) (d)) <rn (w)

T
<7

that is, 7 (w) € [y (d))
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Consequently n(w) € [B (d))gT N[y (d))gT and thus [8 (d))gT N[y (d))gT # @. Therefore d €
Doms (f(U)).

O

Since every semigroup without order can be considered as an ordered semigroup with its equality relation being

its order relation, then we immediately have that the notions and results presented in the paper generalize the

analogous ones of semigroup without order.
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