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Abstract: We prove that there are no 6-cycles of the form z,t3 = x; f(z;,xk), with 4,5,k € {n,n+1,n+ 2} pairwise
distinct, whenever f : (0,00) x (0,00) — (0,00) is a continuous symmetric function, that is, f(z,y) = f(y,z), for all
x,y > 0. Moreover, we obtain all the 6-cycles of potential form and present some open questions relative to the search

of p-cycles whenever symmetry does not hold.
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1. Introduction

Given the autonomous difference equation of order k
Ttk = f(xn+k—1a"'7xn+laxn)7 n>1, (11)

where f:Q C X¥ — X is defined on some subset Q of a finite Cartesian product of a set X , the main objective,
from the qualitative point of view, is to analyze the asymptotic behaviour of the sequences (), generated by
the deterministic law of recurrence, Eq. (1.1), from certain initial conditions z1,...,z; in X. In this sense,
the most simple dynamics corresponds to periodic solutions. Recall that a solution (x,),, is a periodic solution
of the difference equation if z,,, = z, for all n > 1 and some positive integer m. The smallest of such values
m is called the period of the solution.

In this paper we are interested in the topic of global periodicity, namely, we require that every solution
of the autonomous difference equation (1.1) be periodic. In this case, according to [19], the set of periods
is bounded, so there exists a positive integer p that is the least common multiple of their periods. Then,
we say that the difference equation (1.1) is a p-cycle or is globally periodic of period p. For instance, if

Q =X = (0,00), it is immediate to check that x,4o = Ii is a 4-cycle since all the solutions generated by

recurrence from general initial conditions z1, x5 are periodic with period either 1 or 4, so p = lem(1,4) = 4.

Furthermore, to reinforce the concept of global periodicity, we can highlight the following well-known p-cycles:

1+Tn41
Tn 7

1+Tnio+Tny1
Ty

Lyness’ Equation x,4o = a b-cycle; Todd’s Equation z,43 = , an 8-cycle; the piecewise

linear difference equation 2 = |zp41| — z, + 1, which is known as Gingerbreadman’s Equation, a 126-cycle.
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The reader is referred to [15] to consult another example as well as to have a first encounter with the subject
of periodicity for difference equations.

Notice that in the non-autonomous case, Tyt = fn(Tnik—1,---,Tnt1,Tn), contrary to the autonomous
one, we can find globally periodic equations whose set of periods is unbounded (this is called an co-cycle), see
[7].

The subject of global periodicity has attracted the attention of researchers in the last decades, especially
from the nineties of the last century (see, for instance, [18], [14], [12], to mention a few of them). Furthermore,
for a brief historical digression about global periodicity, see [17] or [11]. In the literature, we can find different

approaches to attack the problem of global periodicity. Mainly, we have the following:
o The resolution of functional equations (see, for instance, [4], [9] and [18]).

e The application of techniques of discrete dynamical systems. In particular, when the maps have a certain
degree of differentiability (consult, for example, [7], [8], [13] and [21]).

o The application of direct arguments of real analysis (for instance, see [1] and [23]).

Obviously, we could search for conditions breaking the global periodicity character. To this respect, the
existence of solutions asymptotically stable avoids the existence of p-cycles (see [2] and [3] to consult results in
this line).

An interesting question on the topic of global periodicity is the search for families of p-cycles exhibiting
a determined typology. In this sense, in [4] the authors concentrated their attention on different equations of

third order of type

Tn43 = xzf(xj; xk)v (12)

where 4,7,k € {n,n +1,n+ 2} are pairwise distinct and f : (0,00)? — (0,00) is continuous. In concrete, they

proved the following:

e The unique 3-cycle of Eq. (1.2) is @43 = 2.

Tn42

o The unique 4-cycle is given by 2,43 = =53 -

B
. _ Tn42 _ Tn42 @ _ 14+V5 _ —1
e There are two 5-cycles: 13 =z, Tt and Tp43 =z, o) where & = =52 and ¢ = —®7".
n n

It is worth pointing out that the difference equation (1.2) appears in different applied models. To this
regard, let us mention an extension of the Baumol-Wolff productivity model appearing in [22], an economical
model which establishes levels of production in sectors according to the R&D (research and development)
information and the time period that each sector takes in order to integrate suitably this information; if
yn denotes the output level of the R&D sector in each period, the model leads to the difference equation
Yn = Yn—1 (L+g (R[>~ fi(yn—i)])), where g,h, f; are appropriate continuous real functions (see [22] for
more information; for the original model, consult [5]). Also, the classical Pielou’s discrete equation with delay

Nip1 = %, with k& a non-negative integer, follows the pattern of (1.2) (see [20] and [6] for more details,

here the reader will also find a large list containing rational difference equations of order three of type (1.2)).
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In this paper, we extend the study to the case of 6-cycles having the form of Eq.(1.2). In Section 2
we prove that, whenever we impose the additional assumption on f of being symmetric, f(z,y) = f(y,x),

then Eq. (1.2) is not a 6-cycle. If one relaxes the above additional condition on the symmetry of f, it is

2
possible to find the 6-cycle given by z,13 = x, (M) . In fact, this is the unique 6-cycle of potential form

Tn41
(see Section 3). Finally, in Section 4 we propose some open questions related to global periodicity for similar

families of difference equations.

2. The symmetric case does not generate new 6-cycles
Unless otherwise stated, we assume that in each case the corresponding difference equation (1.2) is a 6-cycle
and f:(0,00)? — (0,00) is continuous.
On the other hand, in the sequel, we will denote by x1,z2 and x3 the initial conditions that will generate
a solution. Moreover, every time we say by global periodicity we mean that, since we are assuming that Equation
(1.2) is a 6-cycle, then, by the definition of 6-cycle, the following relations hold: x; = x7, x2 = xg and x3 = 9.
Before starting the study of each difference equation x,43 = x;f(z;,2r), let us recall that Z is an
equilibrium point if and only if T is a constant solution, which occurs when = = Zf(Z, ), i.e. f(Z,Z) = 1.

Thus, the set of equilibrium points of Equation (1.2) can be described by the closed set
F={x>0: f(z,z) =1}.

Notice that belonging to F is equivalent to be an equilibrium point of the difference equation, or a fixed

point of the discrete dynamical system F' associated with the difference equation, namely
F: (07 OO)S — (07 00)3, F(xtha 1'3) = ($2,$37$if($j,l'k))7

where i, 7,k € {1,2,3} are pairwise distinct.

Since the difference equation is a 6-cycle, then F® = Id](0,00) » Where Id|(g o) is meant the identity map
on (0,00), so F' is a periodic homeomorphism. In that case, being F' defined in a space homeomorphic to R?,
it is well-known that F' possesses a fixed point (see [16], where the reader will find a brief explanation on the
fact that any periodic homeomorphism on R™ has fixed points if n < 4), that is, the initial difference equation

has an equilibrium point, and F ## (). Therefore, we obtain the non-emptiness character of F:
Lemma 2.1 F # ().
Given = > 0, by f, : (0,00) = (0,00) we understand the fiber map defined by

fo(y) = f(z,y), for all y > 0. (2.1)

For some cases of Equation (1.2), we can show that the fiber map f, is bijective.

Lemma 2.2 Suppose that Tpi3 = Tpiof(Tnt1,Tn) O Tpis = Tni1f(Tny2,Tn) are 6-cycles. In both cases,

fz 1s bijective for all x > 0.
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Proof Firstly, we focus on z,43 = Tpiaf(Tnt1,2,). Let us fix z > 0 and consider the initial conditions
x1 = x,29 = 1,23 = 2. If the difference equation is a 6-cycle, z = x5 = xg = xsf(x7,26) = xof(v1,26) =
f(z,z¢), which proves the surjectivity of f, since the value z is arbitrarily taken. On the other hand, to
prove the injectivity of the fiber map, suppose that f(x,y) = f(x,z) for some y,z > 0. Then y = z since
the initial conditions y; = y,y2 = z,y3 = 1, and z; = 2,29 = x,23 = 1 generate the same solution, namely,
ys = f(x,y) = f(z,2) = 24, ys = yaf(y3,y2) = 24f(23,22) = 25, ... and so on. Therefore, z = z; = y; = y.
Now, the proof for z,+3 = @nt1f(Tnte,z,) is analogous and will be omitted. In this case, it suffices
to take the initial conditions 1 = 1,29 = x,23 = y for the surjectivity, and the groups of initial conditions

uy = y,us = 1,u3 =z and v; = z,v9 = 1,v3 = z for the injectivity. O

Corollary 2.3 Suppose that T,43 = Tpiof(Tnt1,Tn) OT Tnts = Tp1 f(Tnt2, Tn) are 6-cycles. In both cases,

f s surjective.

Remark 2.4 Notice that Lemma 2.2 and Corollary 2.3 also hold for any p-cycle, p > 4. Moreover, no

additional condition on the symmetry of f is assumed.
We will use the notation f;n)(-), n > 1, to denote the iteration

(f:cofmo )()

eo. Oofs

n times

In the sequel, we divide our study into three subsections, one for each of the three possible difference

equations displaying the form of Equation (1.2).

2.1. The case ;13 = Tpirof(Tni1, Tn)

We start studying the third-order difference equation
Tnt+3 = $n+2f($n+1a zn) (22)

Before the analysis of symmetric maps f, we can establish some general results without the assumption

of symmetry for f.
Lemma 2.5 Consider Equation (2.2). It holds:
(a) The inverse map of f.(-) is given by

o(2) = 2f(L,z) - f(z,1) - f(zf(1,2),2).

As a particular case, the inverse of f1(-) is
p1(z) =zf(1,1)- f(z,1)- f(2f(1,1),2).

(b) If f(a,8) = f(B,) =1 for some a, 8 € (0,00), then a = 5.
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Proof (a) Take initial conditions x1 = =, o = 1 and z3 = z. Bearing in mind that Equation (2.2) is a

6-cycle, by global periodicity, x5 = xg, so x5 = 2z = 29 = xsf(x7,26) = 2 f(x1,26) = f(x,26), and we obtain
z= [, 2f(Lx)- f(z,1)- f(zf(1,2),2)) = fu(2f (1, 2) - f(2,1) - f(2f(1,2),2)).

(b) If 1 = a,x9 = B,23 = «, then 4 = o,25 = a,26 = af(a,«). From the global periodicity,
a =21 = a7 = x6f(v5,24) = af(a,a)f(,a) = a(f(a,a))?. Therefore, f(a,a) = 1. To obtain that
f(B,B8) = 1, proceed analogously by taking y; = 5,y2 = a,y3 = B. Finally, if we set the initial conditions
21 = o,2p = a,23 = 3, we have z4 = 8,25 = B,26 = f3,..., z; = 8 for all j > 3. Since z; = 27, we conclude
that a = 3. O
Remember that F = {x > 0: f(z,x) = 1} is the set of equilibrium points of Equation (1.2), with F # ().

Here, in particular, we focus on the set of Equilibrium points of Eq. (2.2).

Lemma 2.6 If v € F, then ~ = f(xz, f(1,z)- f(1,1)).

Proof Use the initial conditions z; = 29 = =, x3 = 1, to generate the periodic sequence of period 6
(x1,29, -+ ,x6). We iterate the considered initial conditions by (2.2) in order to obtain the remaining terms of
the 6-cycle, that are, x4 = f(x,2) = 1,25 = f(1,2),26 = f(1,2) - f(1,1). Then, by global periodicity,

1 =3 =xg = asf(x7,26) = x2f(w1,26) = xf (x, f(1,2) - f(1,1)),

so it follows that % = f(x, f(1,2) - f(1, 1)) O

Lemma 2.7 Consider Equation (2.2). It holds:
(a) xf(z,1)- f(z,z)- f(af(z,1),2) = [f(1, 1]?- f(f(1,1),1), for all x> 0.
(b) y=f(z,y f(La) fly.1) fyf(1,2),y)) for all 2,y >0.

Proof (a) Regard the initial conditions z7 = 1,29 = 1,23 = 1 to obtain x4 = f(1,
ze = [f(1,1)]*- f(f(1,1),1). Then 1 = x3 = g = x5 f(x7,26) = x2f(z1,76) = f(1, [f(

On the other hand, if we iterate y; = 1,y2 = x,y3 = x, we find ys = xf(z,1),y5 = zf(z,1) - f(z, z),
yo = 2§ (1) f(z,2) - f (wf(, 1), 2) . Hemee,

T =Y3 =Yg = y8f(y77y6) = y2f(y17y6) = xf(l,xf(a:, 1) : f(a:,a:) : f (a:f(a:, 1),1‘)),

and 1 = f(1,zf(z,1)- f(z,z)- f (xf(z,1),2)). Taking into account that the fiber map f1(-) = f(1,-) is bijective
by Lemma 2.5, we deduce that xf(z,1) - f(z,z) - f (zf(z,1),2) = [f(1,1)]*- f(f(1,1),1).
(b) It suffices to set &1 = x,29 = 1,23 = y and use that y = x3 = zof (z1,26) = f(z,x6). The details

are left in charge of the reader. O

Once we know some general properties for the 6-cycles of the form x,45 = z,y2f(Tnt1,2y), indepen-

dently on the symmetry of f, from now on we assume that f is symmetric.

Lemma 2.8 In the symmetric case, the following properties hold:
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(a) If f(z,y) =1, then z=1y.
(b) f(1,1)=1.

(¢c) f(z,z)=1 forall x >0, that is, F = (0,00).
(d) L= f(z, f(1,2)) forall z>0.

Proof (a) Use the symmetry of f and Lemma 2.5-(b).

(b) Put x; = w5 = 23 = 1, and denote \ := f(1,1). Then, iterating (2.2), we get x4 = \, x5 = A\?,
r¢ = A2f(A\,1). Since (2.2) is a 6-cycle, recall that zg = x5 = 1, which implies that 1 = z7f(z6,75) =
xlf()\Qf()\,l),)\z) = f()\zf()\,l),)\g). Thus, 1 = f()\2f()\,1)7)\2). By Part (a), A2f(\,1) = A2, that is,
1= f(A1). Again by Part (a), A =1.

(c) Take initial conditions x; = 1,29 = l,z3 = z. By Part (b), 24 = z, 25 = zf(z,1), 2 =
xf(xz,1)f(x,z). Therefore, by global periodicity, 1 = xo = zg = z7f(x¢,x5) = f(xf(x,l) . f(x,x),xf(m,l)).
Applying Part (a), zf(x,1) - f(x,x2) = 2 f(x,1), that yields to f(z,z) =1, as desired.

(d) Once we know that F = (0,00) according to Part (c), we use Lemma 2.6 to deduce that 1 =

[, f(Lx) - f(1,1) = f(x, f(1,2)). =

We are now in a position to prove the main result of this subsection.

Proposition 2.9 There are no 6-cycles of third order having the form Tpi+s = Tpiaf(Tnt1,2n), whenever

f:(0,00)%2 = (0,00) is a symmetric continuous map.

Proof Let x > 0 be an arbitrary positive real number. Taking into account that f is symmetric, by
Lemma 2.8-(c) we know that f(z,z) =1 for all z > 0. Then Lemma 2.7-(a) yields

zf(1,2) - f(zf(l,z),z) = 1. (2.3)

On the other hand, Lemma 2.7-(b), with = y, implies

7

By replacing (2.3) into (2.4), we deduce that = = f(z, f(1,2)). Finally, from Lemma 2.8-(d), we have z = 1

so x = 1, which contradicts that x was arbitrarily chosen. O

It is an open question to determine whether the result remains true or not when we suppress the

assumption on the symmetry of f(x,y).

2.2. The case x,13 = Tni1f(Tni2, Tn)

In this subsection we consider the particular case of Equation (1.2) given by

Tn4+3 = xn+1f($n+2u xn) (25)

As we have proceeded in the previous study, our first results in this subsection will be established without
the symmetric assumption on f. Recall that F = {z > 0: f(z,z) =1} # 0 (see Lemma 2.1). We assume that

Eq. (2.5) is a 6-cycle and that f is continuous.
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Lemma 2.10 Let x € F. Then
(a) 1= f(zf(1,1),2)- f(z,zf(1,1)).
(b) 1= f(1,1) f(f(=f(1,1),),1).
(¢c) 1= f(1, f(zf(1,1),2)).

Proof Let z € F and consider the initial conditions x; = z, x5 = 1,25 = x to generate x4 = 1,25 = zf(1,1),
and z¢ = f(zf(1,1),z). Then

= a1 =7 =x5f (w6, 4) = xf(1,1) - f (f(2f(1,1),2),1),
1 = x9 = a3 = z6f(27,25) = w6 f (1, 25) = f(xf(1,1),2) - f(z,2f(1,1)),
x = 13 =19 = 27 f (28, 26) = w1 f(22,76) = xf (1, f(xf(1,1),)),
so we deduce that
L= f(L,1) f(f(2f(1,1),2),1), 1= f(af(1,1),2) f(z,2f(1,1), 1=[(1 f(zf(1,1)2)),
respectively. O

Next, we need to impose to f the condition of symmetry f(z,y) = f(y,x), for every =,y > 0.

Lemma 2.11 Suppose that f : (0,00)? — (0,00) is continuous and symmetric. Then:
(a) f(z,x)=1 for all x>0, or equivalently F = (0,00).

(b) If f(z,y) =1, then v =y.

Proof (a) By Lemma 2.1, F # (), so we can take a z € F. Next, by Lemma 2.10-(b)-(c), if additionally
f is symmetric, we can deduce that f(1,1) = 1. Now, take an arbitrary point x > 0, and set 27 = 1,25 =
x,x3 = 1. Then z4 = zf(1,1) = z, 25 = f(z,x), g = :cf(f(a:,x),l). Since Eq. (2.5) is a 6-cycle,
x =9 = xg = xsf(x7,25) = vef(x1,25) = mf(f(x,x),l) -f(l,f(gc,sc))7 thus 1 = [f(l,f(gc,a:))P7 which
implies 1 = f(1, f(z,x)). Finally, recall that f;(-) is a bijective map (see Lemma 2.2), and also 1 = f(1,1), to
deduce that f(z,z) =1.

(b) Let f(x,y) = 1. At the same time, by Part (a), f(x,z) = 1, and due to the bijectivity of the fiber
map f, obtained in Lemma 2.2, it follows that x = y. O

The following result is immediate and we leave its proof in charge of the reader.

Lemma 2.12 Let ¢ : (0,00) — (0,00) be an increasing (decreasing) homeomorphism. Then:
(a) o) is an increasing (decreasing) homeomorphism.

(b) The map g(x) := ﬁ is a decreasing (increasing) homeomorphism.

Lastly, we are able to prove the main result of this subsection.
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Proposition 2.13 There are no 6-cycles of third order having the form x,13 = Tpy1f(Tnio, ), whenever

f:(0,00)2 — (0,00) is a continuous symmetric map.

Proof Suppose that x,13 = Zpt1f(Tnr2,x,) is a 6-cycle. By taking initial conditions z1 = x,z9 = 23 = 1:

v = f(L2) = file), 25 =f(1 (@) = £ @), 26=f) Q@) = h@)- (D).

From here, and the fact that Eq. (2.5) is assumed to be globally periodic, we infer that

1= x5 =19 = w7 f(2s,26) = o1 f (22, 26) = xf1(f1(2) - fl(g)(ff))~

So, L = fi(fi(z)- fl(g) (z)). Now, notice that g(z) = 2 is a decreasing map. On the one hand, if f;(z) is
increasing, by Lemma 2.12, fl(s) is also increasing. Thus, fi(z) - f1(3)(m) and fi(fi(z)- fl(g) (z)) are increasing
too. On the other hand, if fi(x) is decreasing, by Lemma 2.12, f1(3) is also decreasing. So, fi(z) - 1(3)(33)

1

is decreasing, which implies that f1(f1(z) - fl(g)(x)) is increasing. In both cases, we get that g(x) = + and

fi(fi(z)- fl(?’) (z)) do not present the same type of monotony. This contradiction gives finally the non-existence

of 6-cycles of the form z,+3 = Tpi1f(Tnto,Tn). O

It is worth mentioning that the problem of determining the 6-cycles of the form 43 = @41 f(Tnio, zn)

when f is not a symmetric map is still open.

2.3. The case z,13 = T, f(Tpt2, Tnt1)

At last, we study the remaining case of Eq. (1.2), that is,
Tp43 = xnf(mn+27 xn+1)~ (26>

As usual, unless otherwise stated, we assume that the difference equation is a 6-cycle. Before imposing
the additional condition on the symmetry of the continuous map f : (0,00)? — (0,00), we can establish some
general results which are also true without the symmetric restriction. Again, F denotes the set of equilibrium

points of Eq. (2.6). In the first result, we employ the notation Im(-) to denote the image of a map.

Lemma 2.14 It holds 1 € Im(f) and Im(f) adopts one of the following forms
1 1
|:ma :| ) <m7 > ’ (Oa OO);
m m

Proof We assume that f is not constant, since on the contrary, the difference equation reduces to the 3-cycle

where 0 < m < 1.

Tpis = Ty, because F # 0, so f(x,x) = 1 for some z > 0 and, consequently, f = 1. Now, by Lemma
2.1, we get 1 € Im(f). We take arbitrary initial conditions =1 = x,22 = y,x3 = z. By Eq. (2.6), we get

xa=2xf(2,y), x5 =yf(xs,2), 6 = zf(x5,24). As a consequence of the global periodicity, we obtain
z =1y = a9 = x6f(23,27) = @6 f (22, 71) = 2f (25, 24) - f(y, ).
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Therefore 1 = f(x5,24) - f(y,z). By using a direct argument of continuity and connectivity, if f(y,z) < 1

(the other case f(y,x) > 1 is analogous) it is immediate to conclude that the closed interval [f(y,z), ﬁ] is
included in Im(f). Let u = sup{f(z,y) : ,y > 0}. It is clear that u > 1. With similar reasoning as in the
above paragraph, it is immediate to prove that Im(f) = <ﬁ, u>, where (,) denotes either an open interval (,)

or a compact one [,], and p can be finite or infinite. O

Lemma 2.15 [t holds 1 € Im(f;) NIm(f'), where f1(-) = f(1,-) and f1(:) = f(-, 1).

Proof By Lemma 2.14, 1 € Im(f), so there exists (a,3) € (0,00)? such that f(a,3) = 1. Let us consider
21 =1,29 = 8,23 = a. Hence 24 =1, x5 = Bf (1, ), 26 = af (Bf(1,a),1), and

B =y =us = a5f(xr,26) = Bf(L,0) - fz1,0f (Bf(1,@),1)) = Bf(L,e) - f(1,af (Bf(1,),1)).

From here, 1 = f(1,a) - f(1,af (8f(1,a),1)), which means, 1 = fi(a)- fi(af(Bf(1,a),1)). Then, the
continuity of f; yields to the existence of a point z > 0 for which f;(z) = 1, as desired. On the other hand,

we find

Q@ =T3 = T9 = Jfﬁf(ﬂfs,m?) = O‘f(ﬁf(La)?l) : f(l‘g,.]?l) = Oéf(ﬁf(l,Oé),l) : f(ﬁ?l)v

that is, 1 = f! (/J’f(l,a)) - fY(B). From here, we deduce that f!(w) =1 for some w > 0. O

Lemma 2.16 Let (o, ) € (0,00)? satisfy f(a,B8) = f(B,a) =1. Then f(a,a) = f(B,8) =1, a,f € F.
Proof Set x1 = «, 29 = a, 3 =  and apply the recursion defined by the 6-cycle. Then,
Ty =, 75 =, 16 = ff(a,a).

In this situation, 8 = x3 = 29 = z6f(vs,27) = x6f (22, 71) = B[f(a,)]?. Consequently, 1 = [f(a,a)]?, so
fla,a) =1, a € F. Finally, if we take y; = 8,y2 = B,y3 = «, in an analogous way we obtain f(3,8) = 1,
BeF. O

From now on, we will move into the symmetric case.
Lemma 2.17 Let f: (0,00)? — (0,00) be a symmetric continuous map. Then, f(1,1) =1, or 1 € F.
Proof By Lemma 2.15, there exists « > 0 such that f(1,«) = 1. Since f is symmetric, also f(«a,1) =1,

and in that case Lemma 2.16 implies that f(1,1) = 1. O

Lemma 2.18 Let f : (0,00)%2 — (0,00) be a symmetric continuous map. If f(1,2) =1 for all z > 0, then
flz,y) =1 for all z,y > 0.

Proof Let z1 = y,29 = x,23 = 1. Then, x4 = yf(l,2) = y, x5 = xaf(x4,23) = zf(y,1) = z, and
xe = z3f(25,24) = f(z,y). Since Eq. (2.6) is a 6-cycle, 1 = 23 = x9 = z6f(zs,27) = f(z,y)f(z2,21) =
f(x,y)f(z,y) = [f(x,y)]?>. Therefore, f(x,y)=1. O

As a consequence of the last lemma, if we look for 6-cycles, notice that it must be fi(-) = f(1,-) £ 1,

otherwise we would arrive to the difference equation x,3 = x,,, which is a 3-cycle.
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Lemma 2.19 If f : (0,00)?> — (0,00) is a symmetric continuous map, for each x > 0 there exists a
z=z(x) >0 such that f(x,z(z))=1.

Proof By taking initial conditions z1 = z,22 = x5 = 1 and using that f(1,1) = 1 (see Lemma 2.17), it
follows x4 = x, x5 = f(x,1), z¢ = f (f(z,1),z), and the following requisite imposed by global periodicity:

l=a3 =29 = x6f(xs,27) = f(f(x, 1),:E) - f(1, ).

Thus, 1 = f, (f(l, x)) - fz(1). By the continuity of the fiber map f,, it is immediate to deduce the existence of
a point z = z(z) such that 1 = f,(z) = f(z, 2(z)). O

Lemma 2.20 Let f: (0,00)% — (0,00) be a symmetric continuous map. Then, F = (0,00).

Proof Given an arbitrary = > 0, by Lemma 2.19 we find z = z(z) > 0 such that f(x,z(z)) = 1. Then, the
symmetry of f and Lemma 2.16 imply that f(z(z), 2(z)) = f(x,2) = 1, which ends the proof. O

Lemma 2.21 If f: (0,00)? = (0,00) is a symmetric continuous map, it holds

f(@,y) - f(z,yf(x,y) =1 forall z,y > 0.

In particular,

Proof Put 1 =x,29 =y,x3 = y; by Lemma 2.20 and global periodicity of Eq. (2.6):
wy =, w5 =yf(r,y), vs=yf(yf(2,9) ),

jointly with y = x5 = 29 = ¢ f(zs,27) = yf (yf(z,y),z) - f(y, ). By simplifying, 1 = f(yf(z,y),z)f(y,z). O

Lemma 2.22 Assume that f : (0,00)2 — (0,00) is a symmetric continuous map. Then, for all y > 0 it holds

= (0w

Proof Put z= f(l,y). If weset z1 =1, 20 =1, 235 =y, we get x4 = z, x5 = f(2,¥), 6 = yf (2, f(2,9)).
Consequently, since Eq. (2.6) is a 6-cycle,

1= 1 = T7 = (E4f(£l}6,$5) = Zf(yf(zvf(z7y))7f(z7y))v

1= Ty = X8 = $5f(1'7,$6) = xSf(xlaxG) = f(zvy) : f(lvyf(zvf(zay)))v

Yy = 23 =129 = T6f(28,27) = 6 f (12, 21) = yf(z, f(Zay)) f(L,1) = yf(z,f(z,y)).

From the last equality, 1 = f (2, f(z,y)). Hence, the first equations can be rewritten as

1L =2zf(y f(zv), (2.7)
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respectively. Thus, Equation (2.8) gives ﬁ = f(z,y) = f(y7 f(l,y)). Then, if in Equation (2.7) we replace

f(y,z) = f(ya f(l,y)) by f(ll,y) , we obtain % = f(ya f(ll,y))» that is, f(llyy) = f(y7 f(llyy)) . o

Lemma 2.23 Assume that f : (0,00)? — (0,00) is a symmetric continuous map. Given a >0, let b be a fized
point of the fiber map fq(-). Then

a) f(a,b?) = 1.
b) f(1,6%) =1.

Proof a) Regard the initial conditions x; = a,x9 = b,x3 = b. Then, by Lemma 2.20, we have z4 = a,
x5 = bf(a,b) = b?, and x6 = bf(b?,a). By global periodicity,

b=ux3 =1x9 = x6f(78,77) = 6 f (T2, 71) = bf(bz, a)f(b,a) = be(b27 a).
Thus, % =f (a, bz).
b) On the other hand,

a=x1 =x7 =x4f(x5,26) = af(bQ,bf(bQ,a)).

So, 1 = f(b%,bf(b% a)). Now, by the symmetry of f, 1 = f(b% bf(a,b?)), and applying Part a),
1=f (b2,b- %) = f(b%,1). Finally, the symmetry of f yields f(1,b%) = 1. O
Define

F:_{f(ix):x>0}. (2.9)

Obviously, F # (). Moreover, we say that z € F? if and only if 2 = u? for some u € F.

Lemma 2.24 F is connected, with non-empty interior, and fi|p2 = 1.

Proof F is connected inasmuch f is a continuous map. Moreover, F' cannot be the singleton {1}, otherwise

fi1 =1 and Lemma 2.18 would imply that f(u,v) =1 for all u,v, reducing the initial difference equation to

Tpi3 = Tn,a 3-cycle. We now prove that f(1,z) =1 forall z € F?. Let 2 € F?, z = (f(llm))Q . By Lemma 2.22,

f (m, ﬁ) = ﬁ, and then Lemma 2.23 (with a = z and b = ﬁ) implies that f (1, m) =1, that

is, f(1,z)=1. O

Lemma 2.25 Assume that Eq. (2.6) is a 6-cycle, with f : (0,00)%2 — (0,00) a symmetric continuous map.
Let u,v € (0,00), u <w, satisfy f(1,u) = f(1,v) = 1. Then, there exists w € (u,v) such that f(1,w)=1.

Proof Suppose, on the contrary, that either f(1,z) > 1 for all z € (u,v) or f(1,2) <1 for all z € (u,v).
Define g(z) := zf(1,z),x > 0 and observe that g(u) =u,g(v) =v.

On the one hand, if f(1,2) > 1 for all € (u,v), then g(x) > w in (u,v), and the continuity of g(z)
allows us to find a value z sufficiently close to u in such a way that u < g(z) < v, that is, u < zf1(2) < v (see

Figure 1).
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9(z) = =f(1,2)

L v

Figure 1. wu is repeller from the right for the map g(x) = zf1(x).

Therefore, f(1,zf(1,z)) > 1, and f(1,2) - f(1,2zf1(2)) > 1, in contradiction with Lemma 2.21.
On the other hand, if f(1,z) <1 for all z € (u,v), now it suffices to take a value y in (u,v) sufficiently
close to v so that g(y) > u. Then yf(1,y) >u and yf(l,y) <v-1=wv,s0 u<yfi(y) <v (see Figure 2).

Figure 2. v is attractor from the left for the map g(z) = xf1(z).

In this situation, we have f(1,y)- f(1,yf1(y)) < 1, which contradicts again Lemma 2.21. O

Now, we can show the non-existence of 6-cycles of the form of Eq. (2.6), whenever we add the extra

assumption of f being a symmetric continuous map.

Proposition 2.26 There are no 6-cycles of third order having the form x,13 = Tnf(Tni2,Tnt1), whenever

f:(0,00) x (0,00) = (0,00) is a symmetric continuous map.

Proof Consider the sets F' and F? given by Equation (2.9). Notice that by Lemma 2.14, if w € Im(f), then
also % € Im(f1). Furthermore, by Lemma 2.21 we infer that w € Im(f;) if and only if w € F. Consequently,
w € F if and only if % € F. Since 1 € Int(F) # 0 and F is connected by Lemma 2.24, we get that

F = {a,w) =Im(f1), (2.10)

where a > 0,00 < 1, w = é (if o =0, we understand that w = c0), and (-) is meant either an open interval
(-) or a compact interval []. At the same time, F? = (a2, 1;).

If « =0 and F = F? = (0,00), then Lemma 2.24 implies that the fiber map f; is constant, f; = 1,
and Lemma 2.18 gives f(z,y) =1 for all z,y > 0, but then the initial difference equation reads as 13 = =,
which is not a 6-cycle. Therefore, if the difference equation is a 6-cycle, necessarily 0 < a < 1.

We already know that fi(z) =1 for all z € F? = (a?, %) (see Lemma 2.24). We are going to prove
that, in fact, fi(z) =1 for all > 0, which will lead us to derive a contradiction, and the proof of the present
proposition will end. Realize that if 0 < o < 1, then, from the continuity of the fiber map, we have that at
least fi(z) =1 for all = € [a27 %] . Our first step is to prove that there exists a point 2; € (0,a?) such that

f(1,21) = 1. Suppose, on the contrary, that either fi(z) > 1 for all z € (0,a?) or fi(x) <1 for all z € (0,a?).
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— In the first situation, if fi(z) € (1,w) or fi(z) € (1,w] for all z € (0,a?) (we use (2.10)), we can
choose a point y such that 0 < yf(1,y) < yw < a? (it suffices to take y < o). Then, we use Lemma 2.21 to
obtain 1= f(1,y) - f(1,yf(1,y)), and consequently f(1,yf(1,y)) = ﬁ <1, with 0 < yf(1,y) < o2, which
contradicts our hypothesis on fi(x) > 1 in (0,a?).

— In the second situation, if a < fi(z) < 1 for all x € (0,a2), now zf(l,z) < = < o2 Again

by Lemma 2.21, an analogous reasoning as in the previous case gives f(1,yf(1,y)) = ﬁ > 1, with
0 <yf(l,y) < a?, a contradiction.
Thus, we conclude that there exists at least a point z; € (0,a?) such that f(1,z;) =1.

Next, we are going to prove that f(1,x) =1 for all = € [z1,a?]. To do it, firstly by Lemma 2.25 there
exists zo in (z1,a?) holding f(1,22) = 1. By applying repeatedly Lemma 2.25, we find that at the same time
there exist points z3 € (21,22) and z4 € (22,a?) for which f(1,z;) =1,j = 3,4. An argument of density leads
us to finally conclude that f(1,z) = 1 for all x € [21,a2] (notice that if some subsequence of values (z,)n
accumulates in an interior point, we can continue the extension to new points x for which fi(z) =1 due to the
continuity of the fiber map f; and Lemma 2.25).

Let m := inf{z > 0 : f(1,x) = 1}. From the above discussion, m < z;. Moreover, if m > 0 (so
f(1,m) = 1 by continuity), the same reasoning we used to prove the existence of the point z; € (0,a?)
satisfying f(1,z1) = 1 can be translated to the interval (0,m) and we could find a positive value ¢ < m such
that f(1,q) =1, in contradiction with the definition of m as an infimum. Therefore, m = 0 and the argument
of density explained to prove that f(1,z) =1 for all = € [z1, 0]
We then infer that f(1,z) =1 for all z € (0,a?). In fact, we already know that f(1,z) =1 for all = € (0,w?)
(see Figure 3).

can be extended to the whole interval (0, a?).

Figure 3. At least, f(1,2) =1 in (0,w?].

Next, we show that there exists a point w; > w? such that f(1,w;) = 1. At the beginning of the proof,
we have seen that Im(f;) = (o,w). Being f; = 1 in the interval (0,w?], with a < 1 < w, there exist values
u,v € (w?,00) such that f(1,u) <1 and f(1,v) > 1, and then the continuity of the fiber map f; implies the
existence of a point w; > w? satisfying f(1,w;) = 1. In fact, fi(x) = 1 for all (w? wy), since it suffices to
consider Lemma 2.25 to obtain it by an argument of density.

Put M :=sup{z > 0: f(1,z) = 1}. By similar considerations to the above paragraph, we have M = oo,
because in the contrary, if M < oo, we would deduce by Lemma 2.25 and by density that f; = 1 in (0, M],
and the fact that Im(f;) = (o, w) would imply the existence of a point x > M for which f(1,z) = 1, which

would contradict the definition of M .
Finally, given an arbitrary point z > 0, from our study we can find two values x,y such that = < z < y,

f(1,2) = f(1,y) = 1. A repeated application of Lemma 2.25 gives us a sequence (g,), of positive values
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tending to z with f(1,¢,) = 1, and by continuity we conclude that f(1,z) = 1. Therefore, f; =1 on (0,00).
This means that really the difference equation can be written as x,,+3 = =, , a 3-cycle. This contradiction ends
the proof. O

It is worth mentioning that if we suppress the assumption of symmetry, we can find a 6-cycle of potential

form (see Section 3), namely,

2
Tpys = Tn (x"“) : (2.11)

Tn+1

Now, a natural question that arises is if we can find more 6-cycles of the form x,4+3 = z, f(n12,Znt1), and
in this case, if they are topological conjugate to (2.11).

As colophon to this section, we gather Propositions 2.9-2.13-2.26 in order to establish our main result:

Theorem 2.27 There are no 6-cycles of third order having the form x,i3 = x;f(x;,xr), whenever f :

(0,00)2 — (0,00) is a symmetric continuous map, and i,j,k € {n,n + 1,n + 2} are pairwise disjoint.

Notice that if the order k of the difference equation is not equal to three necessarily, and if by a symmetric

map f : (0,00)*=! — (0,00), we understand that f(zi,...,zp_1) = f(a(xl,...,xk,l)), where o represents
any permutation of the variables, then it is possible to find 6-cycles. For instance, consider the 5-order difference
equation
TnTn+2
Tpgs = Tpga— o, (2.12)
Tn+1Tn+3

Here f(x,y,z,t) = %, o(x,y,2,t) = (z,t,x,y) and it is easy to check that it is a 6-cycle (see [8]).

3. Potential cycles

o
n+1

the difference equation (put y; = log(z;)) we arrive to the p-cycle ynt3 = Qaynt2 + @1Yn41 + QoYy, a linear

Following the ideas of [10], if we are looking for p-cycles of potential form x,3 = x,% 2z} 25°, by linearizing

finite difference equation whose characteristic equation is given by
)\3 70&2A2 70[1)\70&0 =0. (31)

Since all the solutions of a p-cycle are periodic, all the roots pui,us,ps3 of the characteristic polynomial
P(A) = A® — a2A? — oy — ap must lie in the boundary of the unit disk, |u;| = 1 for j = 1,2,3, and
they have to be simple.

Taking into account that P()\) is a third-degree polynomial, necessarily one of its roots, say up, is real.
For the other roots, by force, they have to be conjugated complex roots of the unity. Even more, if the difference
equation is a 6-cycle, the complex roots are the sixth roots of the unity. Denoting by r1 =1 and r4 = —1 the

real sixth roots of the unity, the other four roots are

9 = COS 3 isin 3)=3 12, r6—r2—2 12,
r3 = COS n + 1sin 2 ——14—2'@ T —T——l—iﬁ
2 3 3) 7 27 27 ST T Ty Ty
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Therefore, in order to obtain 6-cycles, we have the following possible combinations for the roots of the

characteristic equation (3.1):

(i) {ri,72,76} = {1, : +i§7% - z@} Here, it is easily seen that

PA)=(0A-1)- (A— (;H\f)) : (A— (;—H\f)) =A% —2X2 4 2x -1,

SO ag = 2,1 = —2, a9 = 1, and the difference equation is

2
Tn+42

Tni43 = Tn <Jf 1) .
n+

(ii) {r1,rs,r5} = {1, —% + i?, —% — z?} Now, P(\) = A3>—1, so, in fact, we obtain a 3-cycle, 7,13 = 7,

instead of a 6-cycle. Notice that rq,r3, 75 are third roots of the unity.

(iii) {r4,73,75} = {—17 -1+ i§7 -1- z?} The characteristic polynomial is P(A) = A® + 2A%2 + 2\ + 1,

and the associate potential cycle is

1
Tn43 = 5
Tn (xn+1xn+2)

(iv) {ra,ro,16} = {—1, % +i§, % - 2?} In this case, P(\) = A3 + 1, thus ay = a; = 0,9 = —1 and we

obtain the potential 6-cycle

Tp43 = —-
n+ T

Summarizing, we have:

Proposition 3.1 The unique 6-cycles of third order and potential form are given by

2
Tn42 1 1
Tn43 = Tn y Int3d = —— 57 Lnt3 = -
Tn+1 Tn ($n+2xn+1) In

As an immediate consequence, we obtain:

Corollary 3.2 The unique potential 6-cycle of the form xni3 = x;f(xj,xx), with i,j,k € {n,n+1,n+ 2}

pairwise distinct and f : (0,00)% — (0,00) continuous, is given by

2
Tn+42

Tn4+3 = Tn <.’IJ ) .
n+1
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4. Forthcoming lines of research

As we have seen, one of the possible directions in the study of the global periodic phenomenon for difference
equations consists in searching for new families of p-cycles. In this sense, we have proved that there are no
6-cycles exhibiting the form x,13 = x;f(x;, x;) whenever i,j,k € {n,n+ 1,n + 2} are pairwise disjoint and
f:(0,00)2 — (0,00) is a continuous symmetric map, that is, f(z,y) = f(y,z). Throughout the work, we have
been emphasizing some open questions related to the developed results. In order to clarify, we gathered them

in the following statement:

Open Problem 1 Consider the family of third order difference equations xnys = x;f(x;,xx), with 4,5,k €
{n,n+ 1,n + 2} pairwise distinct, where f : (0,00)%> — (0,00) is continuous. If we do not assume the extra

condition of being f symmetric, does the result of Theorem 2.27 remain true?

In particular, if the difference equation is of type 13 = z;h(x;)g(zr), with 4,5,k € {n,n+1,n + 2}
pairwise distinct and h, g : (0,00) — (0,00) are continuous, we announce here that the only 6-cycle is just the
potential one described above. In this way, we extend a result of [9], where the case i =n,j=n+1,k=n+2
was already treated. We hope we can present in brief the proof in a forthcoming paper.

Furthermore, assuming extra conditions to f, such as the differentiability of the map, could help to solve

Open Problem 1.

2
As we have seen in Section 3, we have the potential 6-cycle x,+3 = =, (;jﬁ) , but it is an open question

whether there exist or not another 6-cycle displaying the form z,4+3 = z;f(x;,xx). In the affirmative case, it

would be interesting to determine if it is topological conjugate to the above potential one. Even, it is an open
question:

Open Problem 2 To determine if the unique p-cycles of the form given by Equation (1.2), with p > 6, are

precisely the potential ones.

Also, in view of the example given by Equation (2.12), we propose to extend the above open questions

to difference equations of order k > 4:
Open Problem 3 Consider the difference equation

ok = 4, f(2),, ..., 25,), (4.1)

where jyi,...,jk € {n,...,n+k — 1} are pairwise distinct and f : (0,00)*"1

— (0,00) is a continuous map
satisfying that f(uy,...,up—1) = f(a(ul7 . ,uk,l)) for all uy,...,up—1 € (0,00), where o is any non-trivial
permutation of the variables. Determine the possible p-cycles displaying the form (4.1). In particular, solve the
problem when k=4 and p <6.

Apart from x,,43 = x; f(z;, zx), we can consider difference equations of the form z,43 = w%f(xj, xy) or,
more general, ,43 =z f(x;,2%), where a € R, and propose the same questions for the searching of 6-cycles
(see [6] for an extensive amount of literature concerning dynamical aspects of third order rational equations

presenting this form; notice that in [9], for & = —1, the case p < 5 was completely described).

2058



LINERO BAS and NIEVES ROLDAN/Turk J Math

Evidently, there are some other open questions relative to global periodicity. To know some of them, the

reader is referred to [17] or [11], where on the other hand he/she can explore the different approaches to the

global periodicity problem.
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