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Abstract: In this paper, we study the Cauchy problem for the 3D incompressible axisymmetric Hall-MHD system with
horizontal velocity dissipation and vertical magnetic diffusion. We obtain a unique global smooth solution of which in
the cylindrical coordinate system the swirl velocity fields, the radial and the vertical components of the magnetic fields
are trivial. This type of solution has been studied for the MHD system in [17], [16] and [15] and for the Hall-MHD
system with total dissipation and diffusion in [11]. Some new and fine estimates are obtained in this paper to overcome
the difficulties raised from the Hall term and the loss of vertical velocity dissipation and horizontal magnetic diffusion.

Finally we can show that the estimates
∫ T

0
∥∇u(t)∥L∞dt and

∫ T

0
∥∇b(t)∥L∞dt are finite in a priori way and hence obtain

the global well-posedness to the system under considered.

Key words: Hall-magnetohydrodynamics system, global regularity, axis-symmetric solutions, horizontal dissipation, ver-
tical magnetic diffusion

1. Introduction
The three-dimensional incompressible Hall-magnetohydrodynamics (Hall-MHD) system reads as ∂tu− µx∂xxu− µy∂yyu− µz∂zzu+ u · ∇u+∇π = b · ∇b, (t, x) ∈ R+ × R3,

∂tb− γx∂xxb− γy∂yyb− γz∂zzb+ u · ∇b+∇× ((∇× b)× b) = b · ∇u, (t, x) ∈ R+ × R3,
∇ · u = ∇ · b = 0, (t, x) ∈ R+ × R3,

(1.1)

where u = u(x, t) and b = b(x, t) denote the velocity and magnetic fields, respectively, and p is a scalar
pressure and µx, µy, µz, κx, κy, κz are nonnegative real parameters which denoting the fluid viscosity,
resistivity (electrical diffusivity) in all directions, respectively. In the following context, for simplicity, we denote
π = p + 1

2 |b|
2 . Moreover, if b=0, this system becomes the incompressible Navier-Stokes equations. Moreover,

the initial data to (1.1) are imposed as

(u(x, t), b(x, t))|t=0 = (u0(x), b0(x)), x ∈ R3. (1.2)

The Hall-MHD system (1.1) is widely used in current physics, such as those of magnetic reconnection in space
plasmas, star formation, neutron stars, and geodynamos (see [7, 8, 13, 14, 22]). In comparison with standard
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2010 AMS Mathematics Subject Classification: 35Q35, 76D05,76D03

This work is licensed under a Creative Commons Attribution 4.0 International License.
910

https://orcid.org/0000-0002-2513-3964
https://orcid.org/0000-0001-7144-8265
https://orcid.org/0000-0002-8839-7051


JIN et al./Turk J Math

MHD system, there appears a Hall term ∇×((∇×b)×b) in Hall-MHD system (1.1)2 . The Hall effect plays a sig-
nificant role in capturing the essential characteristics of the magnetohydrodynamics with strong magnetic recon-
nection. Lighthill pioneered the systematic study of the Hall-MHD system in [19]. Acheritogaray et al. in [1] for-
mally derived the Hall-MHD system both from a two fluids system and a kinetic model. Then, in [3], Chae
et al. showed the global existence of weak solutions and the local well-posedness for initial data (u0, b0) ∈
Hs(R3)×Hs(R3), s > 5

2 . Chae and Lee [4] obtained blow-up criteria for smooth solutions. In [23], Wan
and Zhou weakened the initial condition in [3] to (u0, b0) ∈ Hs(R3)×Hs(R3), s > 3

2 . Furthermore, Dai
in [10] showed that the solution is locally well-posed for initial data (u0, b0) ∈ Hs(R3)×Hs+1−ε(R3) for s > 1

2+ε

with ε > 0 an arbitrary small number. Danchin and Tan [9] obtained the global well-posedness for small ini-

tial conditions u0, B0 and ∇ × B0 in critical spaces Ḃ
3
p−1

p,1 with 1 ≤ p < ∞ . For the case µz = 0 and
µx = µy = κx = κx = κz = 1 in (1.1)1 , Fei and Xiang in [12] investigated the global well-posedness of
the smooth solution for small initial data (u0, b0) ∈ H3(R3) . In [6], it is shown that the nonresistive system
(κx = κy = κz = 0 in the system (1.1)) is not well-posed in any Sobolev space Hm(R) with m > 7

2 in the
sense that either it is locally ill-posed or it is locally well-posed but there exists an axisymmetric solution that
loses the initial regularity in finite time.

In this paper, we consider the global regularity for the 3D axis-symmetric Hall-MHD system with µz =

γx = γy = 0 and µx = µy = γz = 1 in (1.1) , that is ∂tu−∆hu+ u · ∇u+∇π = b · ∇b, (t, x) ∈ R+ × R3,
∂tb− ∂zzb+ u · ∇b+∇× ((∇× b)× b) = b · ∇u, (t, x) ∈ R+ × R3,
∇ · u = ∇ · b = 0, (t, x) ∈ R+ × R3.

(1.3)

A vector field u(x, t) is called axis-symmetric if it can be written as

u(x, t) = ur(r, z, t)er + uθ(r, z, t)eθ + uz(r, z, t)ez,

where
er = (cosθ, sinθ, 0), eθ = (−sinθ, cosθ, 0), ez = (0, 0, 1),

which means that u(x, t) does not depend on the θ coordinate in the cylindrical coordinate systems. More-
over, an axis-symmetric vector field u without swirl means that uθ = 0 . In this paper, we are concerned with
the solutions satisfying:

u(r, z, t) = ur(r, z, t)er + uz(r, z, t)ez, b(r, z, t) = bθ(r, z, t)eθ. (1.4)

This type of solution was first studied by Lei in [17] on the MHD system and was further studied in [16] and [15].
And Fan et al. [11] showed the global well-posedness to the Hall-MHD system with total velocity dissipation
and magnetic diffusion under assumptions of (1.4). Notice that the gradient operator ∇ and the Laplacian
operator ∆ in the cylindrical coordinates are

∇ = er∂r +
1

r
eθ∂θ + ez∂z, ∆ = ∂2

r +
1

r
∂r +

1

r2
∂2
θ + ∂2

z .

Thus, under assumptions (1.4) , direct calculation yields

∇× (∇× ((∇× b)× b)) = −2

r
(∂zbθ · ∂zbθ + bθ∂

2
zbθ)er +

2

r
(∂rbθ · ∂zbθ + bθ · ∂r∂zbθ)ez.
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In the rest of this article, we denote ur(r, z, t) by ur for convenience and others are similar. Then, under
assumptions (1.4) , the system (1.3) can be rewritten as

∂tur − (∆h − 1
r2 )ur + u · ∇ur = −∂rπ − b2θ

r , (t, x) ∈ R+ × R3,
∂tuz −∆huz + u · ∇uz = −∂zπ, (t, x) ∈ R+ × R3,

∂tbθ − ∂zzbθ + u · ∇bθ = urbθ
r +

∂zb
2
θ

r , (t, x) ∈ R+ × R3,
∂rur +

ur

r + ∂zuz = 0, (t, x) ∈ R+ × R3,
(u, b)|t=0 = (u0, b0), x ∈ R3,

(1.5)

where ∆h = ∂2
r + 1

r∂r . It is easy to verify that if the initial data satisfy (1.4) , then the smooth solution to
(1.5) will keep the form (1.4) .

Throughout the paper, we write R3 = R2
h × R1

v , and we agree that ∇h = (∂1, ∂2, 0) . The main result of
the paper can be stated as follows.

Theorem 1.1 Let (u0, b0) ∈ H2(R3) × H2(R3) be axis-symmetric divergence free vector fields satisfying
uθ
0 = br0 = bz0 = 0 and

∇bθ0 ∈ L∞(R3),
bθ0
r

∈ L∞(R3),
bθ0
r2

∈ L∞(R3). (1.6)

Then the system (1.3) with the initial data (u0, b0) has a unique global classical solution (u, b) satisfying (1.4) ,
and for any T > 0 ,

(u, b) ∈ C([0, T ];H2(R3)), (∇hω, ∂zk) ∈ L∞([0, T ];H1(R3)), (1.7)

where ω = ∇× u and k = ∇× b .

New difficulties will be encountered in this paper. The first one is due to the partial dissipation and
magnetic diffusion and hence much more complicated estimates are required when we make higher regularity
estimates. The second one is due to the Hall term ∇× ((∇× b) × b) which is quadratic in the magnetic field
and involves the second-order derivatives. As an example, intend to obtain the H2 estimates of the solution,
we invoke the vorticity and current equations to yield

1

2

d

dt
∥∇ω∥2L2 + ∥∇h∂zω∥2L2 + ∥∇2

hω∥2L2 =

∫
R3

(u · ∇ω − urω

r
)∆ω dx+

∫
R3

∂zb
2
θ

r
eθ ·∆ω dx (1.8)

and
1

2

d

dt
∥∇k∥2L2 + ∥∇h∂zk∥2L2 + ∥∂zzk∥2L2 =

∫
R3

u · ∇k ·∆k dx−
∫
R3

α ·∆k dx−
∫
R3

β ·∆k dx, (1.9)

where

α = [∂zur · ∂rbθ + ∂zuz · ∂zbθ −
1

r
∂zurbθ +

1

r
∂2
zb

2
θ]er,

β = [u · ∇(
bθ
r
) +

1

r
∂r(urbθ)−

1

r
∂r(ru) · ∇bθ −

1

r
∂r(∂zb

2
θ)]ez.

It will be quite difficult and complicated to close the H2 estimates since on the left hands of (1.8) and (1.9)
there are only partial higher dissipation and magnetic diffusion, while in the end of the expressions of α and β
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there appear higher order derivatives of the solution which are from the Hall term. In order to overcome these
difficulties, we will prove a new estimate of ∥ bθ

r2 ∥L∞ under the assumptions of Theorem 1.1 (see Lemma 2.6).
And we will apply the anisotropic inequalities (see Lemma 2.3) and obtain some delicate estimates to close the
H2 estimates of (u, b) . We refer to Lemma 3.2 in Section 4 for more details. In comparison with [11] in which
full dissipation and magnetic diffusion are dealt with, and [18] in which horizontal dissipation and full magnetic
diffusion are dealt with, we are concerned with the Hall-MHD system with only horizontal velocity dissipation
and vertical magnetic diffusion.

This paper is organized as follows. In Sections 2 and 3, we will focus on making H1 and H2 estimates
respectively. Section 4 is devoted to the proof of the main theorem.

2. H1 estimates
In this section, we will give a priori H1−estimates of the solution. Before we make estimates, we first state

some useful facts which will be used later.

Lemma 2.1 ([5], [20], [21] ) Suppose that u is a smooth and axisymmetric velocity field defined in R3 , satisfying
divu = 0 and ω = ∇× u = ωθeθ . Then it holds that

(1) ∥∇ũ∥Lp ≤ C∥ωθ∥Lp , p ∈ (1,∞), (2) ∥ur

r
∥L∞ ≤ C∥ωθ

r
∥

1
2

L2∥∇h(
ωθ

r
)∥

1
2

L2 ,

(3) ∥∂z(
ur

r
)∥Lp ≤ C∥ωθ

r
∥Lp , p ∈ (1,∞), (4) ∥ur

r
∥
L

3p
3−p

≤ C∥ωθ

r
∥Lp , p ∈ (1, 3),

where ũ = urer + uzez .

Lemma 2.2 ([20] ) For any smooth scalar function or vector fields u , there exists a constants C such that

∥u∥L∞ ≤ C∥∇u∥
1
2

L2∥∇h∇u∥
1
2

L2 . (2.1)

For the convenience of readers, the proof is given as follows.
Proof. It suffices to prove 2.1 for the scalar function.

By using the interpolation theorem, we get

∥u(xh, ·)∥L∞(R1
v)

≤ C∥u(xh, ·)∥
1
2

L6(R1
v)
∥Λ

2
3
v u(xh, ·)∥

1
2

L2(R1
v)
,

where Λ := (−∆)
1
2 is the fractional Laplacian operator, defined through the Fourier transform as

F(Λγf)(ξ) = |ξ|γF(f)(ξ).

This together with the Minkowski inequality and the embedding theorem gives

∥u∥L∞(R3) ≤C∥∥u∥L∞(R1
v)
∥L∞(R2

h)

≤C∥∥u∥
1
2

L6(R1
v)
∥Λ

2
3
v u∥

1
2

L2(R1
v)
∥L∞(R2

h)

≤C∥∥Λ
1
3
v u∥

1
2

L2(R1
v)
∥Λ

2
3
v u∥

1
2

L2(R1
v)
∥L∞(R2

h)

≤C∥∥Λ
1
3
v u∥L∞(R2

h)
∥

1
2

L2(R1
v)
∥∥Λ

2
3
v u∥L∞(R2

h)
∥

1
2

L2(R1
v)
. (2.2)
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By the same way, we obtain

∥Λ
1
3
v u(·, z)∥L∞(R2

h)
≤C∥Λ

1
3
v u(·, z)∥

2
3

L6(R2
h)
∥Λ

5
3

hΛ
1
3
v u(·, z)∥

1
3

L2(R2
h)

≤C∥Λ
2
3

hΛ
1
3
v u(·, z)∥

2
3

L2(R2
h)
∥Λ

5
3

hΛ
1
3
v u(·, z)∥

1
3

L2(R2
h)
, (2.3)

and

∥Λ
2
3
v u(·, z)∥L∞(R2

h)
≤C∥Λ

2
3
v u(·, z)∥

2
3

L6(R2
h)
∥Λ

4
3

hΛ
1
3
v u(·, z)∥

1
3

L2(R2
h)

≤C∥Λ
1
3

hΛ
2
3
v u(·, z)∥

2
3

L2(R2
h)
∥Λ

4
3

hΛ
2
3
v u(·, z)∥

1
3

L2(R2
h)
. (2.4)

Inserting (2.3) and (2.4) into (2.2), and using the Hölder inequality, we get

∥u∥L∞(R3)

≤C∥∥Λ
1
3
v u∥L∞(R2

h)
∥

1
2

L2(R1
v)
∥∥Λ

2
3
v u∥L∞(R2

h)
∥

1
2

L2(R1
v)

≤C∥∥Λ
2
3

hΛ
1
3
v u(·, z)∥

2
3

L2(R2
h)
∥Λ

5
3

hΛ
1
3
v u(·, z)∥

1
3

L2(R2
h)
∥

1
2

L2(R1
v)
∥∥Λ

1
3

hΛ
2
3
v u(·, z)∥

2
3

L2(R2
h)
∥Λ

4
3

hΛ
2
3
v u(·, z)∥

1
3

L2(R2
h)
∥

1
2

L2(R1
v)

≤C∥Λ
2
3

hΛ
1
3
v u∥

1
3

L2(R3)∥Λ
5
3

hΛ
1
3
v u∥

1
6

L2(R3)∥Λ
1
3

hΛ
2
3
v u∥

1
6

L2(R3)∥Λ
4
3

hΛ
2
3
v u∥

1
3

L2(R3)

≤C∥∇u∥
1
2

L2(R3)∥∇h∇u∥
1
2

L2(R3).

2

The following are some anisotropy inequalities.

Lemma 2.3 ([20]) Suppose that f, g, h are smooth functions in R3 . Then it holds that

(1)

∫
R3

|fgh|dxdydz ≤ C∥f∥
p−1
p

L2(p−1)∥∂xf∥
1
p

L2∥g∥
p−2
p

L2 ∥∂yg∥
1
p

L2∥∂zg∥
1
p

L2∥h∥L2 , p ∈ (2,∞),

(2)

∫
R3

|fgh|dxdydz ≤ C∥f∥
1
2

L2∥∂zf∥
1
2

L2∥g∥
1
2

L2∥∇hg∥
1
2

L2∥h∥
1
2

L2∥∇hh∥
1
2

L2 ,

(3)

∫
R3

|fgh|dxdydz ≤ C∥f∥
3
4

L6∥∂zf∥
1
4

L2∥g∥
1
2

L2∥∇hg∥
1
2

L2∥h∥L2 .

In the following, we will make use of the vorticity and the current equations to make a priori estimates.
It is noted that under assumption (1.4), the vorticity of the velocity is

ω = ∇× u = ωθeθ,

where

ωθ = ∂zur − ∂ruz.

And the current of the magnetic fields is k = ∇× b = krer + kzez with kr = −∂zbθ, kz = 1
r∂r(rbθ). One

914



JIN et al./Turk J Math

can rewrite the equations of the vorticity and the current as

∂tωθ − (∆h − 1

r2
)ωθ + u · ∇ωθ =

ur

r
· ωθ − k · ∇bθ +

bθkr
r

,

∂tkr − ∂zzkr + u · ∇kr =
ur

r
· kr + ∂zu · ∇bθ −

bθ
r
∂zur + 2(k2r − bθ∂zkr),

∂tkz − ∂zzkz + u · ∇kz = u · ∇(
bθ
r
) +

1

r
∂r(urbθ)−

1

r
∂r(ru) · ∇bθ

− 2

r
[−kr · bθ − r∂rkr · bθ − rkr · (∂rbθ)] .

(2.5)

For the smooth solution to (1.3) , it is easy to deduce

1

2

d

dt
(∥u∥2L2 + ∥b∥2L2) + ∥∇hu∥2L2 + ∥∂zb∥2L2 = 0, (2.6)

in which we have used the fact that∫
R3

b · (∇× ((∇× b)× b))dx =

∫
R3

(∇× b) · ((∇× b)× b)dx = 0. (2.7)

Hence, the usual energy estimate is

∥u∥2L2 + ∥b∥2L2 + 2

∫ T

0

(∥∇hu∥2L2 + ∥∂zb∥2L2)dt ≤ C(∥u0∥2L2 + ∥b0∥2L2), (2.8)

where C is an absolute constant.
In the following, to make a priori estimates, we always assume that the solution to (1.3) is smooth. To

achieve H1 estimates, we first make a priori estimates of bθ
r in L∞([0, T ], L2) and ωθ

r in L∞([0, T ], L2) .

Lemma 2.4 For any p ∈ (1,∞] , one has

∥bθ
r
∥Lp ≤ ∥b

θ
0

r
∥Lp , (2.9)

where bθ(x, 0) = bθ0 .

Proof. By virtue of (1.5)3 , the quantity Φ = bθ
r solves

∂tΦ− ∂zzΦ+ u · ∇Φ = 2Φ∂zΦ. (2.10)

It follows that
∥Φ(t)∥Lp ≤ ∥Φ0∥Lp , p ∈ (1,∞).

Letting p → ∞ yields
∥Φ(t)∥L∞ ≤ ∥Φ0∥L∞ .

Thus, we have derived
∥Φ(t)∥Lp ≤ ∥Φ(0)∥Lp , p ∈ (1,∞].

2
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Lemma 2.5 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∥ωθ

r
∥2L2 + ∥bθ

r
∥2L2 +

∫ T

0

(∥∇h(
ωθ

r
)∥2L2 + ∥∂z(

bθ
r
)∥2L2)dt ≤ C(∥u0∥2H2 + ∥b0∥2H1)exp∥

bθ0
r ∥2

L∞T ,

where bθ(x, 0) = bθ0, ωθ(x, 0) = ωθ
0 and C is an absolute constant.

Proof. Let us rewrite the vorticity equation in (2.5)1 in terms of Γ = ωθ

r as follows:

∂tΓ + u · ∇Γ = (∆h +
2

r
∂r)Γ− ∂zΦ

2. (2.11)

Taking inner product of (2.10) and (2.11) with Φ, Γ respectively, and integrating on R3 , we have

1

2

d

dt
(∥Γ∥2L2 + ∥Φ∥2L2) + (∥∇hΓ∥2L2 + ∥∂zΦ∥2L2) =−

∫
R3

Γ∂zΦ
2dx

≤∥Γ∥L2∥Φ∥L∞∥∂zΦ∥L2

≤1

2
∥∂zΦ∥2L2 +

1

2
∥Γ∥2L2∥Φ∥2L∞ .

Using u0 ∈ H2 , it holds that

|∇(∇× u)|2 = |(er∂r +
1

r
eθ∂θ + eθ∂z)ω

θeθ|2 = |∇ωθ|2 + |Γ|2.

Hence, we have

∥Γ0∥L2 ≤ ∥u0∥H2 .

Furthermore, noting that

|∇b|2 = |(er∂r +
1

r
eθ∂θ + eθ∂z)b

θeθ|2 = |∇bθ|2 + |Φ|2,

and using Sobolev imbedding, one also has

∥Φ0∥L2 ≤ ∥b0∥H1 .

Finally, using the Gronwall inequality, one can reach that

∥Γ∥2L2 + ∥Φ∥2L2 +

∫ T

0

(∥∇hΓ∥2L2 + ∥∂zΦ∥2L2)dt ≤ C(∥Γ0∥2L2 + ∥Φ0∥2L2)exp∥
bθ0
r ∥2

L∞T

≤ C(∥u0∥2H2 + ∥b0∥2H1)exp∥
bθ0
r ∥2

L∞T ,

where C is an absolute constant. 2

Lemma 2.6 For any p ∈ (1,∞] , one has

∥ bθ
r2

∥Lp ≤ C∥ b
θ
0

r2
∥Lp , (2.12)

where bθ(x, 0) = bθ0 , and C depends on T, ∥u0∥H2 and ∥ bθ0
r ∥L∞ .
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Proof. By virtue of (1.5)3 , the quantity bθ
r2 solves

∂t(
bθ
r2

)− ∂zz(
bθ
r2

) + u · ∇(
bθ
r2

) = −ur

r
· bθ
r2

+ 2
∂zbθ
r

· bθ
r2

. (2.13)

Taking inner product of (2.13) with | bθr2 |
p−2( bθr2 ) , and integrating on R3 , we have

1

p

d

dt
∥ bθ
r2

∥pLp +
2(p− 1)

p

∫
R3

[∂z(
bθ
r2

)
p
2 ]2 dx

=−
∫
R3

ur

r
· bθ
r2

· | bθ
r2

|p−2 · bθ
r2

dx+
2

p

∫
R3

bθ
r

· ∂z|
bθ
r2

|p dx

≤∥ωθ

r
∥

1
2

L2∥∇h(
ωθ

r
)∥

1
2

L2∥
bθ
r2

∥pLp +
2

p
∥bθ
r
∥L∞(

∫
R3

[∂z(
bθ
r2

)
p
2 ]2 dx)

1
2 ∥ bθ

r2
∥

p
2

Lp .

Using Lemmas 2.4-2.5 and Cauchy inequality, we obtain

1

p

d

dt
∥ bθ
r2

∥pLp +
2(p− 1)

p

∫
R3

[∂z(
bθ
r2

)
p
2 ]2 dx

≤C∥ bθ
r2

∥pLp +
p− 1

p

∫
R3

[∂z(
bθ
r2

)
p
2 ]2 dx+

C

p− 1
∥ bθ
r2

∥pLp ,

which implies, together with the Gronwall inequality, that

∥ bθ
r2

∥Lp ≤ C∥ b
θ
0

r2
∥Lp (2.14)

for any p ∈ (1,∞) , where C is a constant depending on T, ∥u0∥H2 and ∥ bθ0
r ∥L∞ . Letting p → ∞ yields (2.12)

and the proof of the lemma is finished. 2

Lemma 2.7 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∥bθ∥L∞ ≤ C∥bθ0∥L∞expT
3
4 (∥u0∥2

H2+∥b0∥2
H1 )exp

T∥
bθ0
r

∥2
L∞

, (2.15)

where bθ(x, 0) = bθ0, ωθ(x, 0) = ωθ
0 and C is an absolute constant.

Proof. By Lemma 2.1 and Lemma 2.5 , it holds that∫ T

0

∥ur

r
∥L∞dt

≤C sup
0≤t≤T

∥ωθ

r
∥

1
2

L2

∫ T

0

∥∇h(
ωθ

r
)∥

1
2

L2dt, (2.16)

≤CT
3
4 sup
0≤t≤T

∥ωθ

r
∥

1
2

L2(

∫ T

0

∥∇h(
ωθ

r
)∥2L2dt)

1
4

≤CT
3
4 (∥ω

θ
0

r
∥2L2 + ∥b

θ
0

r
∥2L2)expT∥ bθ0

r ∥2
L∞ ,
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where C is an absolute constant.
For p > 1 , taking inner product of (1.5)3 with |bθ|p−2bθ and integrating on R3 , noting that∫

R3

1

r
∂zb

2
θ |bθ|

p−2
bθdx = 0,

we finally obtain
d

dt
∥bθ∥Lp ≤ ∥ur

r
∥L∞∥bθ∥Lp . (2.17)

It follows from Gronwall inequality that

∥bθ∥Lp ≤ ∥bθ0∥Lpe
∫ T
0

∥ur
r ∥L∞dt. (2.18)

Letting p → ∞ derives

∥bθ∥L∞ ≤∥bθ0∥L∞e
∫ T
0

∥ur
r ∥L∞dt

≤C∥bθ0∥L∞expT
3
4 (∥ωθ

0
r ∥2

L2+∥ bθ0
r ∥2

L2 )exp
T∥

bθ0
r

∥2
L∞

≤C∥bθ0∥L∞expT
3
4 (∥u0∥2

H2+∥b0∥2
H1 )exp

T∥
bθ0
r

∥2
L∞

,

where C is an absolute constant. 2

Lemma 2.8 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∥ω∥2L2 + ∥k∥2L2 +

∫ T

0

(∥∇hω∥2L2 + ∥∂zk∥2L2)dt ≤ C1, (2.19)

where the constant C1 depends only on T, ∥u0∥H2 , ∥b0∥H2 , ∥ bθ0
r ∥L∞ .

Proof. Taking inner product of (2.5)1 with ωθ and integrating on R3 lead to

1

2

d

dt
∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ωθ

r
∥
2

L2
=

∫
R3

ω2
θur

r
dx−

∫
R3

ωθ∂zb
2
θ

r
dx,

Using Lemma 2.3 and Lemma 2.6 , one has

1

2

d

dt
∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ωθ

r
∥2L2 ,

≤∥ur

r
∥

3
4

L6∥∂z(
ur

r
)∥

1
4

L2∥ωθ∥
1
2

L2∥∇hωθ∥
1
2

L2∥ωθ∥L2 + ∥bθ
r
∥L∞∥∂zbθ∥L2∥ωθ∥L2

≤∥ωθ

r
∥L2∥ωθ∥

3
2

L2∥∇hωθ∥
1
2

L2 + ∥∂zbθ∥2L2 + ∥bθ
r
∥2L∞∥ωθ∥2L2

≤1

2
∥∇hωθ∥2L2 + C(∥ωθ

r
∥

4
3

L2 + ∥bθ
r
∥2L∞)∥ωθ∥2L2 + ∥∂zbθ∥2L2 .
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It follows from the Gronwall inequality that

∥ωθ∥2L2 +

∫ T

0

(∥∇hωθ∥2L2 + ∥ωθ

r
∥2L2)dt

≤C∥ωθ
0∥2L2e

∫ T
0

(∥ωθ
r ∥

4
3
L2+∥ bθ

r ∥2
L∞ )dt +

∫ T

0

∥∂zbθ∥2L2dt

≤C∥ωθ
0∥2L2eT

1
3
∫ T
0

∥ωθ
r ∥2

L2dt+T∥ bθ0
r ∥2

L∞ +

∫ T

0

∥∂zbθ∥2L2dt

≤C∥ωθ
0∥2L2eT

1
3 (∥ωθ

0
r ∥2

L2+∥ bθ0
r ∥2

L2 )e
T∥

bθ0
r

∥2
L∞+T∥ bθ0

r ∥2
L∞ + T∥bθ0∥2L2 .

(2.20)

Taking inner product of (2.5)2 and (2.5)3 with kr, kz and integrating on R3 respectively, it is easy to
get

1

2

d

dt
(∥kr∥2L2 + ∥kz∥2L2) + ∥∂zkr∥2L2 + ∥∂zkz∥2L2

= 2

∫
R3

∂zur∂rbθ · krdx−
∫
R3

(2∂zuz + ∂rur)krkrdx+

∫
R3

(∂ruz − ∂zur)krkzdx

+

∫
R3

ur∂r(
bθ
r
) · kzdx+

∫
R3

(
bθ
r

− ∂rbθ)∂rur · kzdx+ 2

∫
R3

(k2r − bθ∂zkr)krdx

+2

∫
R3

[kr ·
bθ
r

− ∂z(∂rbθ) · bθ + ∂rbθ · kr]kzdx

=:

7∑
i=1

Ii.

(2.21)

In the following context, we make the estimate on each term on right hand side of (2.21) respectively.
Applying Lemma 2.3 , one can reach that

I1 = 2

∫
R3

∂zur · ∂rbθ · krdx

= −2

∫
R3

ur · ∂z∂rbθ · krdx− 2

∫
R3

ur · ∂rbθ · ∂zkrdx

≤ ∥ur∥L∞(∥kr∥L2∥∂zkz∥L2 + ∥kz∥L2∥∂zkr∥L2)

≤ 1

10
(∥∂zkz∥2L2 + ∥∂zkr∥2L2) + C∥ur∥2L∞(∥kr∥2L2 + ∥kz∥2L2)

≤ 1

10
(∥∂zkz∥2L2 + ∥∂zkr∥2L2) + C∥∇ur∥L2∥∇h∇ur∥L2(∥kr∥2L2 + ∥kz∥2L2)

≤ 1

10
(∥∂zkz∥2L2 + ∥∂zkr∥2L2) + C(∥ωθ∥2L2 + ∥∇hωθ∥2L2)(∥kr∥2L2 + ∥kz∥2L2).
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For the term I2, we have

I2 = −
∫
R3

∂zuzkrkrdx+

∫
R3

ur

r
krkrdx

≤ C∥uz∥L∞∥kr∥L2∥∂zkr∥L2
+ ∥ur

r
∥
L∞

∥kr∥2L2

≤ C∥∇uz∥
1
2

L2∥∇h∇uz∥
1
2

L2∥kr∥L2∥∂zkr∥L2 + ∥ur

r
∥L∞∥kr∥2L2

≤ 1

10
∥∂zkr∥2L2 + C∥∇uz∥L2∥∇h∇uz∥L2∥kr∥2L2 + ∥ur

r
∥L∞∥kr∥2L2

≤ 1

10
∥∂zkr∥2L2 + C(∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ur

r
∥L∞)∥kr∥2L2 .

For the term I3, we have

I3 =−
∫
R3

∂ruz∂zbθkzdx−
∫
R3

∂zur∂zkrkzdx

=

∫
R3

(∂r∂zuz)bθkzdx+

∫
R3

∂ruzbθ∂zkzdx+

∫
R3

ur∂zkzkrdx+

∫
R3

urkz∂zkrdx

≤∥bθ∥L∞∥∇hωθ∥L2∥kz∥L2 + ∥bθ∥L∞∥ωθ∥L2∥∂zkz∥L2 + ∥ur∥L∞∥kr∥L2∥∂zkz∥L2

+ ∥ur∥L∞∥kz∥L2∥∂zkr∥L2

≤ 1

10
(∥∂zkz∥2L2

+ ∥∂zkr∥2L2
) + ∥bθ∥2L∞(1 + ∥ωθ∥2L2

) + C(∥ωθ∥2L2
+ ∥∇hωθ∥2L2

)(∥kr∥2L2
+ ∥kz∥2L2

).

For the term I4, we have

I4 =

∫
R3

ur∂r(
bθ
r
) · kzdx

=

∫
R3

ur

r
∂rbθ · kzdx−

∫
R3

ur

r

bθ
r

· kzdx

≤∥ur

r
∥L∞∥kz∥2L2 + ∥bθ

r
∥2L∞ + ∥ωθ∥2L2∥kz∥2L2 .

For the term I5, we have

I5 =

∫
R3

(
bθ
r

− ∂rbθ)∂rur · kzdx

=−
∫
R3

(
bθ
r

− ∂rbθ)
ur

r
· kzdx−

∫
R3

(
bθ
r

− ∂rbθ)∂zuz · kzdx

=−
∫
R3

(
bθ
r

− ∂rbθ)
ur

r
· kzdx+

∫
R3

∂z(
bθ
r

− ∂rbθ)uz · kzdx

+

∫
R3

(
bθ
r

− ∂rbθ)uz · ∂zkzdx
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≤∥ur

r
∥L∞∥kz∥2L2 + C(∥uz∥L∞∥kz∥L2)∥∂zkz∥L2

≤ 1

10
∥∂zkz∥2L2 + C∥ur

r
∥L∞∥kz∥2L2 + C∥uz∥2L∞∥kz∥2L2

≤ 1

10
∥∂zkz∥2L2 + C∥ur

r
∥L∞∥kz∥2L2 + C∥∇uz∥L2∥∇h∇uz∥L2∥kz∥2L2

≤ 1

10
∥∂zkz∥2L2 + C(∥ur

r
∥L∞ + ∥ωθ∥2L2 + ∥∇h∇ωθ∥2L2)∥kz∥2L2 .

For the term I6, we have

I6 =2

∫
R3

(k2r − bθ∂zkr)krdx

=4

∫
R3

bθ · ∂zkr · krdx− 2

∫
R3

bθ · ∂zkr · krdx

=2

∫
R3

bθ · ∂zkr · krdx

≤C∥bθ∥L∞∥∂zkr∥L2∥kr∥L2

≤ 1

10
∥∂zkr∥2L2 + C∥bθ∥2L∞∥kr∥2L2 .

For the term I7, we have

I7 =2

∫
R3

[kr ·
bθ
r

− ∂z(∂rbθ) · bθ + ∂rbθ · kr]kzdx

=2

∫
R3

bθ
r

· kr · kz + (kz −
bθ
r
)bθ · ∂zkzdx

=2

∫
R3

bθ
r

· kr · kz − ∂z(kz −
bθ
r
) · bθ · kz + (kz −

bθ
r
) · kr · kzdx

≤C∥bθ
r
∥L∞∥kr∥L2∥kz∥L2 + C∥bθ∥L∞∥∂zkz∥L2∥kz∥L2

≤ 1

10
∥∂zkz∥2L2 + C∥kr∥2L2 + C(∥bθ∥2L∞ + ∥bθ

r
∥2L∞)∥kz∥2L2 .

Substituting the estimates on Ii(i = 1..., 7) above into (2.21), we have

∥kr∥2L2 + ∥kz∥2L2 +

∫ T

0

(∥∂zkr∥2L2 + ∥∂zkz∥2L2)dt

≤ ∥k0∥2L2e
∫ T
0

(∥∇hωθ∥2
L2+∥ωθ

r ∥2

L2 )dt +

∫ T

0

(∥∇h∇ωθ∥2L2 + ∥bθ∥2L∞∥ωθ∥2L2 + ∥bθ
r
∥2L∞)dt

≤ C(T, ∥ω0∥L2 , ∥ω0

r
∥L2 , ∥bθ0∥L∞ , ∥b

θ
0

r
∥L2 , ∥b

θ
0

r
∥L∞ , ∥k0∥L2).

(2.22)

Since ω = ωθeθ, k = krer + kzez , combining the estimates (2.20) and (2.22) , one can derive that

∥ω∥2L2 + ∥k∥2L2 +

∫ T

0

(∥∂zω∥2L2 + ∥∂zk∥2L2)dt ≤ C(T, ∥u0∥H2 , ∥b0∥H2 , ∥b
θ
0

r
∥L∞).

2
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3. H2 estimates
This subsection is devoted to getting H2 estimates of (u, b) . To begin with, we first make estimate of

∥∇( bθr )∥L∞([0,T ],L2).

Lemma 3.1 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∥∇(
bθ
r
)∥2L2 +

∫ T

0

∥∇∂z(
bθ
r
)∥2L2dt ≤ C, (3.1)

where the constant C depends only on T, ∥b0∥H2 , ∥ bθ0
r ∥L∞ , ∥u0∥H2 .

Proof. Since Φ = bθ
r solves

∂tΦ+ u · ∇Φ = ∂zzΦ+ 2Φ∂zΦ. (3.2)

Taking inner product of (3.2) with −∆Φ and integrating on R3 yield

1

2

d

dt
(∥∇hΦ∥2L2 + ∥∂zΦ∥2L2) + ∥∇h∂zΦ∥2L2 + ∥∂zzΦ∥2L2

=

∫
R3

u · ∇Φ ·∆hΦdx+

∫
R3

u · ∇Φ · ∂zzΦdx− 2

∫
R3

Φ · ∂zΦ ·∆Φdx

=:J1 + J2 + J3.

Now, we estimate the terms Ji, i = 1, 2, 3 , respectively. Making use of Lemma 2.1 -Lemma 2.3 , one can
reach that

J1 =

∫ +∞

−∞

∫ +∞

0

(ur∂r + uz∂z)Φ · ∂r(r∂rΦ)drdz

=−
∫
R3

∂rur∂rΦ∂rΦ dx−
∫
R3

∂ruz∂zΦ∂rΦ dx

=−
∫
R3

uz∂rzΦ∂rΦ dx+

∫
R3

ur

r
(∂rΦ)

2 dx−
∫
R3

∂ruz∂zΦ∂rΦ dx

≤C∥uz∥L∞∥∇hΦ∥L2∥∇h∂zΦ∥L2 + ∥ur

r
∥L∞∥∇hΦ∥2L2

+ ∥∂ruz∥
1
2

L2∥∇h∂ruz∥
1
2

L2∥∂zΦ∥
1
2

L2∥∇h∂zΦ∥
1
2

L2∥∂rΦ∥
1
2

L2∥∇r∂zΦ∥
1
2

L2

≤1

4
∥∇h∂zΦ∥2L2 + C(∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ur

r
∥L∞)(∥∇hΦ∥2L2 + ∥∂zΦ∥2L2),

J2 ≤∥u∥L∞∥∇Φ∥L2∥∂zzΦ∥L2

≤1

4
∥∂zzΦ∥2L2 + C∥u∥2L∞∥∇Φ∥2L2

≤1

4
∥∂zzΦ∥2L2 + C∥∇u∥L2∥∇h∇u∥L2∥∇Φ∥2L2

≤1

4
∥∂zzΦ∥2L2 + C∥ωθ∥L2∥∇hωθ∥L2∥∇Φ∥2L2 ,
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J3 =− 2

∫
R3

Φ · ∂zΦ · 1
r
∂r(r∂rΦ)dx− 2

∫
R3

Φ · ∂zΦ · ∂zzΦdx

=− 2

∫ +∞

−∞

∫ +∞

0

Φ · ∂zΦ · ∂r(r∂rΦ)drdz − 2

∫
R3

Φ · ∂zΦ · ∂zzΦdx

=2

∫
R3

(∂rΦ · ∂zΦ+ Φ · ∂r∂zΦ)∂rΦdx− 2

∫
R3

Φ · ∂zΦ · ∂zzΦdx

=2

∫
R3

∂rΦ · ∂zΦ · ∂rΦ+ Φ · ∂r∂zΦ · ∂rΦdx− 2

∫
R3

Φ · ∂zΦ · ∂zzΦdx

=− 2

∫
R3

Φ · ∂r∂zΦ · ∂rΦdx− 2

∫
R3

Φ · ∂zΦ · ∂zzΦdx

≤C∥Φ∥L∞∥∇h∂zΦ∥L2∥∇hΦ∥L2 + C∥Φ∥L∞∥∂zΦ∥L2∥∂zzΦ∥L2

≤1

4
(∥∇h∂zΦ∥2L2 + ∥∂zzΦ∥2L2) + C∥Φ∥2L∞(∥∇hΦ∥2L2

+ ∥∂zΦ∥2L2).

Thus, summing up estimates on J1 − J3 above and making use of Gronwall inequality yield

∥∇hΦ∥2L2 + ∥∂zΦ∥2L2 +

∫ T

0

(∥∇h∂zΦ∥2L2 + ∥∂zzΦ∥2L2)dt (3.3)

≤C(T, ∥b0∥H2 , ∥b
θ
0

r
∥L∞ , ∥u0∥H2).

2

Lemma 3.2 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∥∇ω∥2L2 + ∥∇k∥2L2 +

∫ T

0

(∥∇h∂zω∥2L2 + ∥∇2
hω∥2L2)dt+

∫ T

0

(∥∇h∂zk∥2L2 + ∥∂zzk∥2L2)dt ≤ C,

where the constant C depends only on T, ∥ b0
r ∥L∞ , ∥ b0

r2 ∥L∞ , ∥b0∥H2 , ∥u0∥H2 .

Proof. Note that ω = ωθeθ solves the following equation

∂tω −∆hω + u · ∇ω =
urω

r
− ∂zb

2
θ

r
eθ. (3.4)

Taking inner product on both sides of (3.4) with −∆ω and integrating on R3 , we find

1

2

d

dt
(∥∇hω∥2L2 + ∥∂zω∥2L2) + (∥∇h∂zω∥2L2 + ∥∇2

hω∥2L2)

=

∫
R3

(u · ∇ω − urω

r
)·∆ωdx+

∫
R3

∂zb
2
θ

r
eθ ·∆ωdx

=L1 + L2,

L1 =

∫
R3

(ur∂r + uz∂z)ω · ∂r(r∂rω)drdz +
∫
R3

(ur∂r + uz∂z)ω · ∂zzωdx−
∫
R3

(ur∂r + uz∂z)ω · ω

r2
dx

−
∫
R3

urω

r
· ∂r(r∂rω)dx−

∫
R3

urω

r
· ∂zzωdx+

∫
R3

urω

r
· ω

r2
dx
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=

∫
R3

(∂rur∂rω · ∂rω + ∂ruz∂zω · ∂rω) + (∂rur∂rω · ∂zω + ∂zuz∂zω · ∂zω)dx−
∫
R3

(ur∂r + uz∂z)ω · ω

r2
dx

+

∫
R3

(∂rur
ω

r
· ∂rω +

ur

r
∂rω·∂rω)dx+

∫
R3

(
∂zur

r
ω·∂rω +

ur

r
∂zω·∂zω)dx+

∫
R3

urω

r
· ω

r2
dx

=L11 + L12 + L13 + L14 + L15.

By Lemma 2.1 and Lemma 2.3, one can reach that

L11 ≤∥∂rur∥
1
2

L2∥∇h∂rur∥
1
2

L2∥∂rω∥
1
2

L2∥∇h∂rω∥
1
2

L2∥∂rω∥
1
2

L2∥∂z∂rω∥
1
2

L2

+ ∥∂ruz∥
1
2

L2∥∇h∂ruz∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2∥∂zω∥
1
2

L2∥∂z∂rω∥
1
2

L2

+ ∥∂zur∥
1
2

L2∥∇h∂zur∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2

+ ∥∂zuz∥
1
2

L2∥∂zzuz∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2

≤∥ωθ∥
1
2

L2∥∇hωθ∥
1
2

L2∥∂rω∥L2∥∇2
hω∥L2 + ∥ωθ∥

1
2

L2∥∂zωθ∥
1
2

L2∥|∂zω∥L2∥∇h∂zω∥L2

+ 2∥ωθ∥
1
2

L2∥∇hωθ∥
1
2

L2∥|∂rω∥
1
2

L2 |∂zω∥
1
2

L2∥∇h∂zω∥L2

≤1

8
(∥∇h∂zω∥2L2 + ∥∇2

hω∥2L2) + (∥ωθ∥2L2 + ∥∇hωθ∥2L2)(∥∂rω∥2L2 + ∥∂zω∥2L2),

L12 =−
∫
R3

ur

r
∂rω

ω

r
dx+

1

2

∫
R3

∂zuz(
ω

r
)2dx

≤C∥ur

r
∥L∞∥∇ω∥2L2 + C∥∂zuz∥

3
4

L6∥∂zzuz∥
1
4

L2∥
ω

r
∥

1
2

L2∥∇h(
ω

r
)∥

1
2

L2∥
ω

r
∥L2

≤C∥ur

r
∥L∞∥∇ω∥2L2 + C∥ω∥

3
4

L6∥∂zω∥
1
4

L2∥
ω

r
∥

1
2

L2∥∇h(
ω

r
)∥

1
2

L2∥
ω

r
∥L2

≤C∥ur

r
∥L∞∥∇ω∥2L2 + C∥ω

r
∥L2∥∇ω∥

3
2

L2∥∇h∇ω∥
1
2

L2

≤1

8
∥∇h∇ω∥2L2 + C(∥ω

r
∥

4
3

L2 + ∥ur

r
∥L∞)∥∇ω∥2L2 ,

L13 ≤C∥∂rur∥
1
2

L2∥∇h∂rur∥
1
2

L2∥∂rω∥
1
2

L2∥∇h∂rω∥
1
2

L2∥
ω

r
∥

1
2

L2∥
∂zω

r
∥

1
2

L2 + C∥ur

r
∥L∞∥∂rω∥2L2

≤1

8
(∥∇h∂zω∥2L2 + ∥∇2

hω∥2L2) + C(∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ur

r
∥L∞)∥∇hω∥2L2 ,

L14 ≤C∥∂z(
ur

r
)∥L2∥ω∥

3
4

L6∥∂zω∥
1
4

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2 + C∥ur

r
∥L∞∥∂zω∥2L2

≤C∥ωθ

r
∥L2∥∇hω∥

3
4

L2∥∂zω∥
3
4

L2∥∇h∂zω∥
1
2

L2 + C∥ur

r
∥L∞∥∂zω∥2L2 + C∥ωθ

r
∥L2∥∂zω∥

3
2

L2∥∇h∂zω∥
1
2

L2

≤1

8
(∥∇h∂zω∥2L2 + ∥∇2

hω∥2L2) + C(∥ω∥2L2 + ∥∇hω∥2L2 + ∥ur

r
∥L∞)∥∇hω∥2L2 ,

L15 ≤C∥ur

r
∥L∞∥ω

r
∥2L2 ≤ C∥ur

r
∥L∞∥∇ω∥2L2 .
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To estimate L2 , we rewrite it as follows:

L2 =2

∫
R3

bθ∂zbθ
r

eθ ·∆hωdx+ 2

∫
R3

bθ∂zbθ
r

eθ · ∂zzωdx

=

∫
R3

bθ∂zbθ
r

eθ ·∆hωdx− 2

∫
R3

∂z(
bθ
r
)∂zbθeθ · ∂zωdx− 2

∫
R3

bθ
r

· ∂zzbθeθ · ∂zωdx

≤∥bθ
r
∥L∞∥kr∥L2∥∆hω∥L2 + C∥∂z(

bθ
r
)∥

1
2

L2∥∇h∂z(
bθ
r
)∥

1
2

L2∥kr∥
1
2

L2∥∂zkr∥
1
2

L2∥∂zω∥
1
2

L2∥∇h∂zω∥
1
2

L2

+ ∥bθ
r
∥L∞∥∂zω∥L2∥∂zkr∥L2

≤ 1

10
(∥∇h∂zω∥2L2 + ∥∇2

hω∥
2

L2) + (∥bθ
r
∥2L∞ + ∥∂zω∥2L2)∥kr∥2L2 + C(1 + ∥∂z(

bθ
r
)∥2L2)∥∂zkr∥2L2

+ ∥bθ
r
∥2L∞∥∂zω∥2L2 + ∥∇h∂z

bθ
r
∥2L2 .

Adding up the estimates L1 and L2 yields
1

2

d

dt
∥∇ω∥2L2 + (∥∇h∂zω∥2L2 + ∥∇hω∥2L2)

≤C(∥ωθ∥2L2
+ ∥∇hωθ∥2L2 + ∥ur

r
∥L∞ + ∥ω

r
∥

4
3

L2 + ∥bθ
r
∥2L∞ + ∥k∥2L2)∥∇ω∥2L2

+ ∥bθ
r
∥2L∞∥k∥2L2 + ∥∇h∂z(

bθ
r
)∥2L2 + C(∥∂z(

bθ
r
)∥2L2 + 1)∥∂zkr∥2L2 .

Combining with Gronwall inequality, it is clear that

∥∇ω∥2L2 +

∫ T

0

(∥∇h∂zω∥2L2 + ∥∇2
hω∥2L2)dt

≤C(∥ω0∥L2 , ∥∇ω0∥L2 , ∥ω0

r
∥L2 , ∥b0∥L∞ , ∥b0

r
∥L∞ , ∥∇(

b0
r
)∥L2 , ∥k0∥L2).

Similarly, by (2.5)2 and (2.5)3 , k = krer + kzez solves

∂tk − ∂zzk + u · ∇k = α+ β, (3.5)

where

α =

[
∂zur · ∂rbθ + ∂zuz · ∂zbθ −

1

r
∂z(urbθ) +

1

r
∂2
zb

2
θ

]
er,

and

β =

[
u · ∇(

bθ
r
) +

1

r
∂r(urbθ)−

1

r
∂r(ru) · ∇bθ −

1

r
∂r(∂zb

2
θ)

]
ez.

Taking inner product of (3.5) with −∆k and integrating on R3 , it follows that
1

2

d

dt
∥∇k∥2L2 + ∥∇h∂zk∥2L2 + ∥∂zzk∥2L2

=

∫
R3

u · ∇k ·∆kdx−
∫
R3

α ·∆kdx−
∫
R3

β ·∆kdx

=M1 +M2 +M3.
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For the first term on the right hand side, we can decompose it as

M1 =

∫
R

∫ ∞

0

(ur∂r + uz∂z)k · ∂r(r∂rk)drdz +
∫
R3

u · ∇k · ∂zzkdx−
∫
R3

(ur∂r + uz∂z)kr ·
kr
r2

dx

=

∫
R3

∂zuz∂rk · ∂rkdx+

∫
R3

ur

r
∂rk · ∂rkdx−

∫
R3

∂ruz∂zkdx · ∂rkdx

+

∫
R3

u · ∇k · ∂zzkdx−
∫
R3

(ur∂r + uz∂z)kr ·
kr
r2

dx

=−
∫
R3

∂ruz∂zk · ∂rkdx+

∫
R3

ur

r
(∂rk · ∂rk − ∂rkr ·

kr
r
)dx

−
∫
R3

uz(
∂zkr
r

· kr
r

+ 2∂rk · ∂rzk)dx+

∫
R3

u · ∇k · ∂zzkdx

≤∥∂ruz∥
1
2

L2∥∇h∂ruz∥
1
2

L2∥∂zk∥
1
2

L2∥∇h∂zk∥
1
2

L2∥∂zk∥
1
2

L2∥∂r∂zk∥
1
2

L2 + C∥ur

r
∥L∞∥∇kr∥2L2

+ ∥uz∥L∞∥∂zkr
r

∥L2∥kr
r
∥L2 + ∥u∥L∞∥∇k∥L2(∥∂zzk∥L2 + ∥∂zrk∥L2)

≤1

4
(∥∇h∂zk∥2L2 + ∥∂zzk∥2L2) + C(∥ωθ∥2L2 + ∥∇hωθ∥2L2 + ∥ur

r
∥L∞)∥∇k∥2L2 ,

M2 =−
∫
R3

[∂zur∂rbθ + ∂zuz∂zbθ −
1

r
∂z(urbθ)] · [

1

r
∂r(r∂rkr)−

kr
r2

+ ∂zzkr]dx

−
∫
R3

1

r
∂2
zb

2
θ · [

1

r
∂r(r∂rkr)−

kr
r2

+ ∂zzkr]dx

=M21 +M22,

M21 =−
∫ ∞

−∞

∫ ∞

0

[∂zur(∂rbθ −
bθ
r
)− ∂zuzkr]∂r(r∂rkr)drdz

−
∫ ∞

−∞

∫ ∞

0

urkr∂rrkrdrdz +

∫
R3

∂zur(∂rbθ −
bθ
r
)
kr
r2

dx

−
∫
R3

(∂zuz −
ur

r
)kr ·

kr
r2

dx−
∫
R3

∂zur(∂rbθ −
bθ
r
)∂zzkzdx+

∫
R3

(2∂zuz + ∂rur)kz · ∂zzkzdx

=

∫
R3

∂r[∂zur(∂rbθ −
bθ
r
)− ∂zuzkr]∂rkrdx+

∫
R3

[∂zur(∂rbθ −
bθ
r
)− (2∂zuz + ∂rur)kz]∂zzkrdx

+

∫
R3

−ur

r
· ∂rkr · ∂rkr + 2uz ·

∂zkr
r

· kr
r

+
ur

r
· kr
r

· kr
r
dx

≤∥∂rkr∥
1
2

L2∥∂r∂zkr∥
1
2

L2∥k∥
1
2

L2∥∇hk∥
1
2

L2∥∂zωθ∥
1
2

L2∥∇h∂zωθ∥
1
2

L2 + ∥ωθ∥
3
4

L6∥∂zωθ∥
1
4

L2∥k∥
1
2

L2∥∇hk∥
1
2

L2∥∂zzkr∥L2

+ ∥ur

r
∥L∞∥∇k∥2L2 + ∥uz∥L∞∥∂zkr

r
∥L2∥∇k∥L2

≤1

4
(∥∇h∂zk∥2L2 + ∥∂zzk∥2L2) + (1 + ∥k∥2L2 + ∥∇ωθ∥2L2 + ∥ur

r
∥L∞ + ∥uz∥2L∞)∥∇k∥2L2

+ (1 + ∥∇ωθ∥2L2)∥k∥L2 + C∥∇h∂zωθ∥2L2 ,

M22 =

∫
R3

1

r
∂2
zb

2
θ(−

1

r
∂r(r∂rkr) +

kr
r2

− ∂zzkr)dx
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=−
∫
R3

bθ
r

kr
r
∂rzkrdx+ 3

∫
R3

bθ
r
∂rkr∂rzkrdx+

∫
R3

bθ
r
∂rkr∂zzkzdx+

∫
R3

bθ
r
∂zkz∂rzkrdx

+

∫
R3

kr
r
kz∂rzkrdx+

∫
R3

bθ
r2

∂rkr∂zkrdx+ 2

∫
R3

bθ
r2

kr
r
∂zkrdx+ 10

∫
R3

bθ
r
∂zkr∂zzkrdx

≤1

8
(∥∇h∂zk∥2L2 + ∥∂zzk∥2L2) + C(∥k∥2L2 + ∥bθ

r
∥2L∞ + ∥ bθ

r2
∥2L∞)∥∇k∥2L2 ,

M3 =−
∫
R3

[u · ∇(
bθ
r
) +

1

r
∂r(urbθ)−

1

r
∂r(ru) · ∇bθ](∂rr +

1

r
∂r + ∂zz)kzdx

−
∫
R3

1

r
∂r(∂zb

2
θ)(∂rr +

1

r
∂r + ∂zz)kzdx

=M31 +M32,

M31 =−
∫
R3

[u · ∇(
bθ
r
) +

1

r
∂r(urbθ)−

1

r
∂r(ru) · ∇bθ](∂rr +

1

r
∂r + ∂zz)kzdx

=−
∫
R3

[ur · ∂r(
bθ
r
) + r∂rur∂r(

bθ
r
)](∂rr +

1

r
∂r)kzdx−

∫
R3

[ur · ∂r(
bθ
r
) + r∂rur · ∂r(

bθ
r
)]∂zzkzdx

−
∫
R3

∂ruz · kr(∂rr +
1

r
∂r + ∂zz)kzdx

=N1 +N2 +N3,

N1 =−
∫
R3

[r∂rrur · ∂r(
bθ
r
) + r∂rur · ∂rr(

bθ
r
)− ur · ∂rr(

bθ
r
)]∂rkzdx

−
∫
R3

∂rrur(∂rbθ −
bθ
r
)∂rkzdx+ 2

∫
R3

ur

r
[∂rrbθ + 2

bθ
r2

− 2
∂rbθ
r

]∂rkzdx

+

∫
R3

∂zuz[∂rrbθ + 2
bθ
r2

− 2
∂rbθ
r

]∂rkzdx

≤∥∇ω∥
1
2

L2∥∇2
hω∥

1
2

L2∥k∥
1
2

L2∥∇k∥
1
2

L2∥∇h∂zk∥
1
2

L2 + ∥ur

r
∥L∞∥∇k∥2L2

+ ∥u∥L∞∥∇k∥L2∥∇h∂zk∥L2

≤1

4
∥∇h∂zk∥2L2 + C(∥ωθ∥2L2 + ∥∇ωθ∥2L2 + ∥ur

r
∥L∞)∥∇k∥2L2 + C∥∇2

hω∥2L2 ,

N2 =−
∫
R3

ur · ∂r(
bθ
r
)∂zzkzdx+

∫
R3

∂rur(∂rbθ −
bθ
r
)∂zzkzdx

≤(∥u∥L∞∥∇k∥L2 + ∥∂rur∥
3
4

L2∥∂z∂rur∥
1
4

L2∥kz∥
1
2

L2∥∇hkz∥
1
2

L2)∥∂zzk∥L2

≤1

4
∥∇h∂zk∥2L2 + C(∥ωθ∥2L2 + ∥∇ωθ∥2L2)∥∇k∥2L2 + ∥k∥2L2∥∇ωθ∥2L2 ,

N3 =−
∫
R3

∂ruz · kr∂r(r∂rkz)drdz −
∫
R3

∂ruz · kr · ∂zzkzdx

=

∫
R3

∂rruz · kr · ∂rkzdx+

∫
R3

∂ruz · ∂rkr · ∂rkzdx−
∫
R3

∂ruz · kr · ∂zzkzdx

≤∥∂rruz∥
1
2

L2∥∇h∂rruz∥
1
2

L2∥kr∥
1
2

L2∥∇hkr∥
1
2

L2∥∂rkz∥
1
2

L2∥∂r∂zkz∥L2

+ ∥∂ruz∥
1
2

L2∥∇h∂ruz∥
1
2

L2∥∇k∥2L2 + ∥∂ruz∥
3
4

L6∥∂r∂zuz∥
1
4

L2∥kr∥
1
2

L2∥∇hkr∥
1
2

L2∥∂zzkr∥L2
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≤1

4
∥∇h∂zk∥2L2 + C(1 + ∥ωθ∥2L2 + ∥∇ωθ∥2L2)∥∇k∥2L2 + ∥k∥2L2∥∇ωθ∥2L2 + ∥∇2

hωθ∥2L2 ,

M32 =− 2

∫
R3

1

r
(∂rbθ∂zbθ + bθ∂rzbθ)

1

r
∂r(r∂rkz)dx− 2

∫
R3

1

r
(∂rbθ∂zbθ − bθ∂rzbθ)∂zzkzdx

=− 2

∫
R3

1

r2
(∂rbθ∂zbθ + bθ∂rzbθ)

1

r
∂rkzdx+ 2

∫
R3

1

r
∂r(∂rbθ∂zbθ + bθ∂rzbθ)∂rkzdx

− 2

∫
R3

1

r
(∂rbθ∂zbθ − bθ∂rzbθ)∂zzkzdx

=P1 + P2 + P3,

P1 =−
∫
R3

(
2

r2
∂rbθ∂zbθ +

2

r2
bθ∂r∂zbθ)∂rkzdx

=−
∫
R3

2

r2
∂rbθ∂zbθ∂rkzdx−

∫
R3

2

r2
bθ∂r∂zbθ∂rkzdx

=

∫
R3

2bθ
r2

(∂z∂rbθ∂rkz + ∂rbθ∂z∂rkz)dx−
∫
R3

2

r2
bθ∂r∂zbθ∂rkzdx

=

∫
R3

2bθ
r2

∂rbθ · ∂z∂rkzdx

=

∫
R3

2bθ
r2

(kz −
bθ
r
) · ∂z∂rkzdx

=

∫
R3

2bθ
r2

kz · ∂z∂rkzdx− 4

∫
R3

bθ
r2

kr
r

· ∂rkzdx

≤ 1

10
∥∇h∂zk∥2L2 + C∥ bθ

r2
∥2L∞∥k∥2L2 + C∥ bθ

r2
∥L∞∥∇k∥2L2 ,

P2 =2

∫
R3

1

r
∂rr(bθ∂zbθ)∂rkzdx

=2

∫
R3

(kz −
bθ
r
)[∂r(

bθ
r
)− bθ

r2
]∂rzkzdx

=2

∫
R3

kz · ∂r(
bθ
r
)∂rzkzdx+ 2

∫
R3

bθ
r

· bθ
r2

· ∂rzkzdx− 2

∫
R3

(
bθ
r

· ∂r(
bθ
r
) + kz ·

bθ
r2

)∂rzkzdx

=2

∫
R3

kz · ∂r(
bθ
r
)∂rzkzdx+ 4

∫
R3

bθ
r2

· kr
r

· ∂rkzdx+−2

∫
R3

(
bθ
r

· ∂r(
bθ
r
) + kz ·

bθ
r2

)∂rzkzdx

≤C∥∂r(
bθ
r
)∥

1
2

L2∥∂z∂r(
bθ
r
)∥

1
2

L2∥kz∥
1
2

L2∥∇kz∥L2∥∂z∂rkz∥L2 ++C∥ bθ
r2

∥L∞∥∇k∥2L2

+
1

10
∥∇h∂zk∥2L2 + C∥bθ

r
∥2L∞∥k∥2L2 + ∥bθ

r
∥2L∞∥∇(

bθ
r
)∥2L2 ,

P3 =

∫
R3

1

r
∂r(∂zb

2
θ) · ∂zzkzdx

=

∫
R3

2

r
(∂rbθ∂zbθ + bθ∂r∂zbθ)∂zzkzdx
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=− 2

∫
R3

∂r(
bθ
r
) · kr · ∂zzkzdx+ 2

∫
R3

bθ
r

· kr
r

· ∂zzkzdx− 2

∫
R3

bθ
r
∂rkr · ∂zzkzdx

≤C∥∂r(
bθ
r
)∥

1
2

L2∥∂z∂r(
bθ
r
)∥

1
2

L2∥kr∥
1
2

L2∥∇k∥L2∥∂zzk∥L2 + C∥bθ
r
∥L∞∥kr

r
∥L2∥∂zzk∥L2

≤ 1

10
∥∂zzk∥2L2 + C(∥∇(

bθ
r
)∥2L2 + ∥∂z∇(

bθ
r
)∥2L2 + ∥k∥2L2 + ∥bθ

r
∥2L∞)∥∇k∥2L2 .

By Gronwall inequality, we have

∥∇k∥2L2 +

∫ T

0

(∥∇h∂zk∥2L2 + ∥∂zzk∥2L2)dt

≤C(T, ∥b0
r
∥L∞ , ∥ b0

r2
∥L∞ , ∥b0∥H2 , ∥u0∥H2).

(3.6)

The proof of the lemma is finished. 2

4. Proof of Theorem 1.1
4.1. L1

tL
∞
x estimates.

Lemma 4.1 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

∫ T

0

(∥∇u∥L∞ + ∥∇b∥L∞)dt ≤ C, (4.1)

where the constant C depends only on T, ∥ b0
r ∥L∞(R3) , ∥ω0∥H1(R3) and ∥k0∥H1(R3) .

Proof. We first prove ∫ T

0

∥∇u∥L∞dt ≤ C.

Since u solves
∂tu−△hu+ u · ∇u = −∇π + b · ∇b,

and

u · ∇u = (∇× u)× u+
1

2
∇|u|2,

it follows that

∂t(∇× u)−∆h(∇× u) = ∇× ((∇× u)× u)− ∂z(
b2θ
r
)eθ. (4.2)

Thanks to (2.8) and Lemma 3.2, one has

∇× u ∈ L∞([0, T ], L6), u ∈ L∞([0, T ], L2).

Since divu = 0 , thus by imbedding inequality, one can get that

∥u∥L∞([0,T ],L∞) ≤ ∥u∥L∞([0,T ],L2) + ∥∇ × u∥L∞([0,T ],L6),
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which along with the Hölder inequality implies that

∥(∇× u)× u∥L1([0,T ],L6) ≤ ∥u∥L∞([0,T ],L∞)∥∇ × u∥L∞([0,T ],L6)T. (4.3)

Moreover, Lemma 2.6 and Lemma 2.7 give that

∥b
2
θ

r
∥L1([0,T ],L6) ≤ ∥bθ∥L∞([0,T ],L∞)∥

bθ
r
∥L∞([0,T ],L6), (4.4)

which implies that b2θ
r eθ ∈ L1([0, T ], L6) .

Therefore, making use of estimates (4.3), (4.4) and regular estimates of the velocity in the horizontal
direction for (4.2), see Lemma 3.4 in [20], one has

∥∇h∇× u∥L1([0,T ],L6) ≤ C, (4.5)

which along with the Sobolev embedding implies that

∥∇hu∥L1([0,T ],L∞) ≤ C. (4.6)

Then (4.6) ensures that

∥∂rur∥L1([0,T ],L∞) + ∥∂ruz∥L1([0,T ],L∞) ≤ ∥∇hu∥L1([0,T ],L∞) ≤ C. (4.7)

Moreover, it follows from Lemma 2.2 and Lemma 3.2 that

∥∂zur∥L1([0,T ],L∞) ≤ C

∫ T

0

∥∂z∇u∥
1
2

L2∥∇h∂z∇u∥
1
2

L2dt

≤ CT
1
2 ∥∂zω∥

1
2

L∞([0,T ],L2)∥∇h∂zω∥
1
2

L2([0,T ],L2)

≤ C. (4.8)

Due to (2.16) , (4.7) , (4.8) , one can reach that

∥∇u∥L1([0,T ],L∞) ≤ C∥∂rur∥L1([0,T ],L∞) + ∥ur

r
∥L1([0,T ],L∞)

+ ∥∂ruz∥L1([0,T ],L∞) + ∥∂zur∥L1([0,T ],L∞) + ∥∂zuz∥L1([0,T ],L∞)

≤ 2∥ur

r
∥L1([0,T ],L∞) + 2∥∂rur∥L1([0,T ],L∞) + ∥∂ruz∥L1([0,T ],L∞) + ∥∂zur∥L1([0,T ],L∞)

≤ C. (4.9)

Now we prove ∫ T

0

∥∇b∥L∞dt ≤ C.

By (1.5)3 , one has

∂t∇bθ − ∂zz∇bθ + u · ∇∇bθ = −∇u · ∇bθ +
ur

r
· ∇bθ + (∇ur −

ur

r
)
bθ
r

+ 2(∂z∇bθ −
∂zbθ
r

)
bθ
r

+ 2
∂zbθ · ∇bθ

r
. (4.10)
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Then for any p > 1 , taking inner product with |∇bθ|p−2∇bθ and integrating on R3 , one obtains

d

dt
∥∇bθ∥Lp ≤ C(∥∇u∥L∞ + ∥bθ

r
∥L∞)∥∇bθ∥Lp .

By Gronwall ineuqlity, there holds that

∥∇bθ∥Lp ≤ ∥∇b0∥L∞eC
∫ T
0

(∥∇u∥L∞dt+∥ bθ
r ∥L∞ )dt.

Together with estimates (4.9) and Lemma 2.6 , it can be reached that

∥∇bθ∥Lp ≤ ∥∇b0∥L∞eC
∫ T
0

∥∇u∥L∞dt+CT∥ bθ0
r ∥L∞ .

The proof of the Lemma will be finished after letting p → ∞ . 2

4.2. Proof of Theorem 1.1.
Theorem 1.1 can be shown by the classical Friedrichs method (see [2] for more details). For n ≥ 1 , let Jn

be the spectral cut-off defined by

Ĵnf(ξ) = 1[0,n](|ξ|)f̂(ξ), ξ ∈ R3,

and P is the projection operator. Recall that J2
n = Jn, P2 = P and JnP = PJn .

We consider the follow approximate system:
∂tun −∆hun + PJndiv(un · ∇un) = PJn(bn · ∇bn),
∂tbn − ∂zzbn + PJn(un · ∇bn) + PJn(∇× ((∇× bn)× bn)) = PJn(bn · ∇un),
∇ · un = ∇ · bn = 0,
(un, bn)|t=0 = Jn(u0, b0).

(4.11)

Then for any T > 0 , the system (4.11) has a unique solution (un, bn)n∈N satisfying

un ∈ C([0, T );H2(R3)), bn ∈ C([0, T );H2(R3)). (4.12)

Furthermore, by using a priori estimates obtained in (2.7) , Lemma 3.2 and Lemma 4.1 and applying
standard compactness argument, we obtain that the approximate solutions (un, bn)n∈N converge to (u, b) ∈
C([0,∞);H2(R3)) which is a solution of system (1.3) . Moreover, the uniqueness of the solution can be shown
by standard energy method. We omit the details here.
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