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Abstract: In this paper, we study the Cauchy problem for the 3D incompressible axisymmetric Hall-MHD system with
horizontal velocity dissipation and vertical magnetic diffusion. We obtain a unique global smooth solution of which in
the cylindrical coordinate system the swirl velocity fields, the radial and the vertical components of the magnetic fields
are trivial. This type of solution has been studied for the MHD system in [17], [16] and [15] and for the Hall-MHD
system with total dissipation and diffusion in [11]. Some new and fine estimates are obtained in this paper to overcome

the difficulties raised from the Hall term and the loss of vertical velocity dissipation and horizontal magnetic diffusion.
Finally we can show that the estimates fOT [[Vu(t)]|Leedt and fOT IVb(t)||Leodt are finite in a priori way and hence obtain

the global well-posedness to the system under considered.

Key words: Hall-magnetohydrodynamics system, global regularity, axis-symmetric solutions, horizontal dissipation, ver-

tical magnetic diffusion

1. Introduction

The three-dimensional incompressible Hall-magnetohydrodynamics (Hall-MHD) system reads as

04t — Py Ot — fyOyytt — P20z u+u-Vu+ V1 =b-Vb, (t,z) € RT x R3,
Otb — 2022b — Yy Oyyb — 7:0.:0 +u - Vb +V x (V x b) x b) =b-Vu, (t,z) € RT x R3, (1.1)
V-u=V-b=0,(tz) € RT x R3,

where u = w(z,t) and b = b(z,t) denote the velocity and magnetic fields, respectively, and p is a scalar
pressure and iz, [y, Mz, Kg, Ky, K. are nonnegative real parameters which denoting the fluid viscosity,
resistivity (electrical diffusivity) in all directions, respectively. In the following context, for simplicity, we denote
T=p+ %|b|2. Moreover, if b=0, this system becomes the incompressible Navier-Stokes equations. Moreover,

the initial data to (1.1) are imposed as

(u(z,t),b(x,t))]|t=0 = (ug(x),bo(z)), x € R3. (1.2)

The Hall-MHD system (1.1) is widely used in current physics, such as those of magnetic reconnection in space

plasmas, star formation, neutron stars, and geodynamos (see [7, 8, 13, 14, 22]). In comparison with standard
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MHD system, there appears a Hall term V x ((V xb) xb) in Hall-MHD system (1.1)2. The Hall effect plays a sig-
nificant role in capturing the essential characteristics of the magnetohydrodynamics with strong magnetic recon-
nection. Lighthill pioneered the systematic study of the Hall-MHD system in [19]. Acheritogaray et al. in [1] for-
mally derived the Hall-MHD system both from a two fluids system and a kinetic model. Then, in [3], Chae
et al. showed the global existence of weak solutions and the local well-posedness for initial data (ug,by) €
H*(R®) x H*(R%), s > 2. Chae and Lee [4] obtained blow-up criteria for smooth solutions. In [23], Wan

and Zhou weakened the initial condition in [3] to (ug,by) € H*(R®) x H*(R®), s > 2. Furthermore, Dai
in [10] showed that the solution is locally well-posed for initial data (ug,by) € H*(R?) x H*T1=¢(R3) for s > J+¢

with € > 0 an arbitrary small number. Danchin and Tan [9] obtained the global well-posedness for small ini-

tial conditions ug, Bp and V x By in critical spaces Bp%;l with 1 < p < oco. For the case pu, = 0 and
Po = Wy = Ky = Ky = Kk, = 1 in (1.1);, Fei and Xiang in [12] investigated the global well-posedness of
the smooth solution for small initial data (ug,by) € H3(R?). In [6], it is shown that the nonresistive system
(ks = Ky = Kk, = 0 in the system (1.1)) is not well-posed in any Sobolev space H™(R) with m > I in the
sense that either it is locally ill-posed or it is locally well-posed but there exists an axisymmetric solution that
loses the initial regularity in finite time.

In this paper, we consider the global regularity for the 3D axis-symmetric Hall-MHD system with pu, =
Yo =7 =0 and piz = py, =7, =1 in (1.1), that is

Ou— Apu+u-Vu+Vr=>b-Vb, (t,r) € Rt x R3,
Ot —0..b+u-Vb+V x (Vxb) xb)=b-Vu, (t,r)€RT xR3, (1.3)
V-u=V-b=0, (t,z) € RT xR3.
A vector field u(z,t) is called axis-symmetric if it can be written as
U(JJ, t) = UT(T, 2, t)€7. =+ ug(’/‘, 2, t)eg + Uy, (’I“, Zy t)em

where
e, = (cos, sind,0), eg = (—sinb, cosb,0), e, = (0,0,1),

which means that u(x,t) does not depend on the 6 coordinate in the cylindrical coordinate systems. More-
over, an axis-symmetric vector field v without swirl means that ug = 0. In this paper, we are concerned with

the solutions satisfying:

u(’r7 Z’ t) = ur(lr’ Z7 t)er + uz(r) Z7 t)ez7 b(’r7 Z’ t) = be(r7 Z’ t)ee' (1'4)

This type of solution was first studied by Lei in [17] on the MHD system and was further studied in [16] and [15].
And Fan et al. [11] showed the global well-posedness to the Hall-MHD system with total velocity dissipation
and magnetic diffusion under assumptions of (1.4). Notice that the gradient operator V and the Laplacian

operator A in the cylindrical coordinates are
1 5 1 1 9
V= 67‘67“ + ;696@ + ezaz, A= 87‘ + ;6’,« + ﬁag + 62.
Thus, under assumptions (1.4), direct calculation yields

2 2
V x (V X ((V X b) X b)) = —;(821)9 - 0,bg + bgagbg)er + ;((%bg - 0,bg + bg - arazb.9>6z.
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In the rest of this article, we denote wu,(r,z,t) by w, for convenience and others are similar. Then, under

assumptions (1.4), the system (1.3) can be rewritten as

dur — (Ap — H)up +u- Vu, = —0,m — 1773’ (t,r) € Rt x R3,
Ou, — Apu, +u-Vu, = 0,7, (t,z) € Rt x R3,
2 -
Oibg — D.bg + u - Vg = Urbe 4 %06 (4 4y € RY x RS, (1.5)
Orup + 2% + 0u, =0, (t,x) € RT x R3,
(uab)|t:O = (u07b0)a T e R37

where A;, = 02 + %5‘7,. It is easy to verify that if the initial data satisfy (1.4), then the smooth solution to
(1.5) will keep the form (1.4).
Throughout the paper, we write R?* = R? x R}, and we agree that V), = (01, 92,0). The main result of

the paper can be stated as follows.

Theorem 1.1 Let (ug,bg) € H?(R3?) x H?(R3) be awis-symmetric divergence free vector fields satisfying
ud = b = b =0 and

bg bg
Vb € L=°(R?), 70 € L=(R?), 73 € L>=(R?). (1.6)

Then the system (1.3) with the initial data (ug,bg) has a unique global classical solution (u,b) satisfying (1.4),
and for any T >0,
(u,b) € C([0,T); H*(R?)), (Vaw,d-k) € L=([0,T); H' (R?)), (L.7)

where w =V xu and k=V x b.

New difficulties will be encountered in this paper. The first one is due to the partial dissipation and
magnetic diffusion and hence much more complicated estimates are required when we make higher regularity
estimates. The second one is due to the Hall term V x ((V x b) x b) which is quadratic in the magnetic field
and involves the second-order derivatives. As an example, intend to obtain the H? estimates of the solution,

we invoke the vorticity and current equations to yield

1d . d.b2
—— Vw2 + | VhO.w| 22 + || Viw|22 :/ (u- Vo — 2 Aw dm+/ e - Aw dx (1.8)
th R3 T R3 T
and
1d
——||VE|3s + [|[VROK|22 + [|022K]22 :/ u-Vk- Ak dx —/ a-Akdr— | B-Akdx,  (1.9)
2.dt R3 R3 R3
where

1 1
a = [0uy - Opbg + Oyu, - D.bg — ;8zurb9 + ;(‘33()3]&,

be

B=u- V(7) + %&(url)g) - %&(Tu) - Vbg — %QT(azbg)]ez.

It will be quite difficult and complicated to close the H? estimates since on the left hands of (1.8) and (1.9)

there are only partial higher dissipation and magnetic diffusion, while in the end of the expressions of o and [
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there appear higher order derivatives of the solution which are from the Hall term. In order to overcome these
difficulties, we will prove a new estimate of ||:Z—;’|| e under the assumptions of Theorem 1.1 (see Lemma 2.6).
And we will apply the anisotropic inequalities (see Lemma 2.3) and obtain some delicate estimates to close the
H? estimates of (u,b). We refer to Lemma 3.2 in Section 4 for more details. In comparison with [11] in which
full dissipation and magnetic diffusion are dealt with, and [18] in which horizontal dissipation and full magnetic

diffusion are dealt with, we are concerned with the Hall-MHD system with only horizontal velocity dissipation

and vertical magnetic diffusion.

This paper is organized as follows. In Sections 2 and 3, we will focus on making H' and H? estimates

respectively. Section 4 is devoted to the proof of the main theorem.

2. H! estimates

In this section, we will give a priori H'—estimates of the solution. Before we make estimates, we first state

some useful facts which will be used later.

Lemma 2.1 (/5], [20], [21] ) Suppose that u is a smooth and azisymmetric velocity field defined in R® | satisfying
divu =0 and w =V X u = wgeg. Then it holds that

~ Uy we 1 we ., 1
() [[Vul[zr < Cllwglize, p € (1, 00), @) -z < Cl=ZIZ: VR (=)l 2,
Uy wo Uy we
319 (e <Oy pE (1,00), (4 1] 50 <O 21w, pe(1,3),
(3) 18- < C1L o, pe (Loo), (@) 10 2 < CI2 e, pe (1,3)
where U = upe, + u e, .
Lemma 2.2 (/20] ) For any smooth scalar function or vector fields u, there exists a constants C such that

lullzee < ClIVul[ 22 VRVl Lo (2.1)

For the convenience of readers, the proof is given as follows.
Proof. It suffices to prove 2.1 for the scalar function.

By using the interpolation theorem, we get
1 2 1
[w(@n, M@y < Cllu(@n, )l Foge) 1AS ul@h, )2y,
where A := (—A)% is the fractional Laplacian operator, defined through the Fourier transform as
FATF)E) = 1€ F(F)(&)-
This together with the Minkowski inequality and the embedding theorem gives
[ull oo sy <Clllullpe @)l @2)
1 2 1
SCH||UH26(R£)||ASUH1§2(R9”L°°(R$L)
PN 2 1
SC””AguHi%R}))||A5UH22(R11))”L00(R$1)

1 1 2 1
<CIAFull o ) 2y NAT ull o 3 | (2.2)
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By the same way, we obtain

1 1 2 5 1 1
IAF )l e qary <CIAFUC, 2 o I AT 2]
<CIAF ATl 2) o AR AT, ) (2.3)
and
2 2 2 4 1 1
[AG uls 2)l| Lo mz) <CNAGuls 2| Lo g 105 Ad s 2) | L2 2
<CIIAZ AT u(,2)| 70 mn JAF AZu(-, 2)| 2.4
—= ” h Uu(vz)”[g(]]gi)” h UU(VZ)HLZ(]REL)' ()

Inserting (2.3) and (2.4) into (2.2), and using the Holder inequality, we get
[[ull oo (r2)
1 1 2 1
<Ol gy 1 ey ATl o o) |
2 1 2 51 1 1 12 2 4 2 1 1
<ONIAF AUl 2)l oy IAS AT DI e ey AT A2y I AT, ) e ey
2 1 1 5 1 1 12 1 4 2 1
SC”A;:ASu||z2(R3)HA}\iA'gu”zQ(]RS)”A;iAgUHEQ(R3)HA2A5U||22(R3)

1 1
§C||VU||22(R3) ||VhVuH22(R3).

The following are some anisotropy inequalities.
Lemma 2.3 (/20]) Suppose that f, g, h are smooth functions in R®. Then it holds that
p=1 1 p=2 1 1
(U/RS |fghldzdydz < CI\fIl 200 102 flI 219l 3 10497211029l f2 (IRl L2, p € (2,00),
(2) /3 | fghldzdydz < C||f[|72110:f11 721190 221V gl 22 1R 22 IV AR 2
R

3 1 1 1
(3) /Rg |fghldzdydz < CI|fI| 16 l10=fII £2ll9l 72 IV agll 211l L2

In the following, we will make use of the vorticity and the current equations to make a priori estimates.

It is noted that under assumption (1.4), the vorticity of the velocity is

w =V X u=uwgey,

where

wy = O,uy — Opu.
And the current of the magnetic fields is k = V x b = ke, + ke, with k, = —0,by, k, = %ar(rbg). One
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can rewrite the equations of the vorticity and the current as

bokr

)
r

1 r
5tw9—(Ah—ﬁ)WQ+u~VwQ=UT-Wg—k“Vbe-l-

. b
Oiky — Ounky + 1~ Vhy = L - ky + Oy - Vb — —203u, + 2(k2 — bgdsky),
T T

b 1 1 (2.5)

Oiky — Osky +u-Vk, =u- V(f) + 0, (urbg) — ~0r(ru) - Vg

2
— ; [—k,« . bg — T@rkr . b9 — T’k,« . (&l}g)] .
For the smooth solution to (1.3), it is easy to deduce
1d 2 2 2 2
5 gz lllze + l18lz2) + [IVhulzz + [10:0]z2 =0, (2.6)
in which we have used the fact that
b (V x (V% b) x b))da = / (V x b) - (V x b) x b)dz = 0. 2.7)
R3 R3
Hence, the usual energy estimate is
T

lullZe + 1Bl Z2 + 2/0 (IVnulZe + 19:0]122)dt < C(lluollZ2 + 1bollZ2), (2.8)

where C' is an absolute constant.

In the following, to make a priori estimates, we always assume that the solution to (1.3) is smooth. To

achieve H' estimates, we first make a priori estimates of ng in L>*([0,T],L*) and “¢ in L*([0,T], L?).

Lemma 2.4 For any p € (1,00], one has

b bg
1=l < 122 e (2.9)
where by(z,0) = bf.
Proof. By virtue of (1.5)3, the quantity ® = b79 solves
8® — 8.0 +u - VO = 209, 0. (2.10)

It follows that
[2(®)[lr < [|PollLr, p € (1,00).

Letting p — oo yields
@) < [[Pollzo

Thus, we have derived
[@@)]|zr < [|2(0)][Lr, p € (1,00].
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Lemma 2.5 Suppose that the assumptions of Theorem 1.1 hold true. Then we have
8 12
||7HL2 + || HL2 +/0 (IVa (22 )HL2 +110- ( D)72)dt < Cllluol3z + lboll 3 )eap! 7 12T,

where b9 (x,0) = b3, w?(z,0) = wf and C is an absolute constant.

Proof. Let us rewrite the vorticity equation in (2.5); in terms of I' = #2 as follows:

2
Ol +u- VI = (Ap + ;ar)r—azqﬁ. (2.11)

Taking inner product of (2.10) and (2.11) with ®, ' respectively, and integrating on R?, we have

1d

5 i ITIE= + [012) + (1ALl + [0.8]) =~ [ T0.0%
R3

SIT L2 12 Lo 1|0 1| 2
<510-312: + SITIZ. 2]
Using ug € H?, it holds that
IV(V x u)|? = |(e,0, + 1695'(9 + €90, )wleg|? = VWO 4+ T2
Hence, we have
ITollz2 < lluoll a2

Furthermore, noting that
1
IVb|? = |(e,0r + —eo0y + €90:)b feg|? = |VVP|? + |2,

and using Sobolev imbedding, one also has

[Pollz2 < [|boll -

Finally, using the Gronwall inequality, one can reach that

T
2 2 2 2 -
TNz + 1] +/ (VAT 72 + 110:®72)dt < C(Tol|72 + [®olI72)ewp! ™ Lt
0
C(lluol1%2 + lIbolZ Jeap! ™ ”L""T
where C' is an absolute constant. O
Lemma 2.6 For any p € (1,00], one has
b9
|| sl < Cll—5 e, (2.12)
T

where bg(x,0) = b, and C depends on T, ||ug| g2 and ||§||Loo.
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Proof. By virtue of (1.5)3, the quantity ﬁ—g solves

bg bg bg Uy bg azbg bg
0(3) = 0(5) tu-V(g)=——"-5+2=— 5. (213)
Taking inner product of (2.13) with |$—3|p*2(£—2), and integrating on R?, we have
1d by, ( 1)/ by . »
—_— 0. d
Sl + = . a
Uy b@ bg p—2 bg 2/
=_ Bl A e 224 z 0,12 1P de
Rs T T2 ‘T2| 72 x+p RS T | 2|
2 by bo | »
<||—||L2||Vh( )HLzH 17 *II HLoo(/ [0-(—5)%]? dx)? || s
R3 r
Using Lemmas 2.4-2.5 and Cauchy inequality, we obtain
1d bo (p—1) N
pdtn Iz, —/3[8 (29)5)? do
3 C
<CIS I, + 2= [ 0088 do+ 25115
which implies, together with the Gronwall inequality, that
b6
H 2l < Cl 3 les (2.14)

o
for any p € (1,00), where C is a constant depending on T, ||ug||z2 and ||b7°||Loo . Letting p — oo yields (2.12)
and the proof of the lemma is finished. O

Lemma 2.7 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

0 T% 2 boll? T||ig||%oo
ol < Ol eap™ (ol olascar 1 (215)
where b%(z,0) = b, w?(z,0) =wf and C is an absolute constant.
Proof. By Lemma 2.1 and Lemma 2.5, it holds that
[ o
<c s 14214 [ 19s (2.16)

T
3 UJQ 1 UJ@ 1
<or? swp L[ IVa(DlRan?
o<t<T T 0 r
AEAT
<CT“(H ||L2+|| HL exp” T IE>,
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where C' is an absolute constant.

For p > 1, taking inner product of (1.5)3 with |bg[P~2by and integrating on R3, noting that
1 2 p—2
;azbo |bg| bedx = 0,
R(}
we finally obtain
d U
i ollze < H?T|\Lm||b9||m,
It follows from Gronwall inequality that
bol Lo < (1G]] oo I Inedt,
Letting p — oo derives
||b0||Loo <||b0||L e’o H“T HLOOdt
wf 9 4
SC’HbgHLxexpT%(IITDIIZLQ+\|”TO\|222)HPTII$||2LOO
bB
<OIB8]], w eap™ F Uuolfat ol eap™ Ve

where C' is an absolute constant.

Lemma 2.8 Suppose that the assumptions of Theorem 1.1 hold true. Then we have
2 2 T 2 2
lwllz + IIFIIZ- +/0 (IVawllL2 + [10:k[|72)dt < Ch,

6
where the constant Cy depends only on T, ||luo| gz, ||bollm2, HbT"HLoc .

Proof. Taking inner product of (2.5); with ws and integrating on R? lead to

1d wiu wp0, b3
g gl 4 Vol + 12207, = [ 0o [ <00,

Using Lemma 2.3 and Lemma 2.6, one has

S ollZa + [Vl + 1213,
<D 0N ol P el + 12 e ol 2ol

<||*||L2IIWHHLzIIVhwalle + 1102017 + || [ a2

*IIVhWeIILz + (1= ||L2 + || 2 lwollZ2 + [10:Dal7-

918
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It follows from the Gronwall inequality that

T
we
lwall72 +/0 (IVnwollZz + 1= 172)dt

w é b T
SONfgaef? VA4 [y,
0 (2.20)

1 w 134 T
<Ofwl|22eTd I N N2t e +/0 10.bo |2 dt

w,

1 4 %4 8 2 %4
§C||wg||%2eT3(H%Hizﬂl%\liz)em Lo 17| 202 +T||bg||2L2.

Taking inner product of (2.5)2 and (2.5)3 with k,, k. and integrating on R? respectively, it is easy to
get

1d

5 k3 + [ 32) + 1923 + -k 132

=2 0,u,0pbg - kpdx — /

(20,u, + Opuy)krkydx + / (Oruy — Oyuy)kpk dx
R3 RS

R3

by be / 2
O (22 - ks = — 0,b) 0y - kydr + 2 k; — bg0k;)k,d
+/Rs“8(r) kdw—k/RS(T ,be)Oru T+ Rs(r 00:kr )k d (2.21)

—|—2/ [k’r . bﬁ — az(arbg) - by + Oybg - kr]kzd;v
R3

r

7
= Z Ii~
i=1

In the following context, we make the estimate on each term on right hand side of (2.21) respectively.

Applying Lemma 2.3, one can reach that

L =2 O u, - Opbg - kydx
RS

= 72/ Uy - 0,0,bg + kydx — 2/ U, - Opbg - O,k dx
R3 R3

< Nl (ke 22 10:Ke 22+ 1Kl 22 10kl 22)

< %(HaszHQLQ + 10k 172) + Cllur | F (1er 72 + 12ll72)

< 110k + 10:k 32) + Vel |9V sl 2 + 1)
< g0kl + 10krl3) + OllkollEs + [ TasnlZ) (Vo s + e 2.
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For the term Iy, we have

L=— | Ouukkede+ | Lkkde
R3 R3 T

u
< Clluzllzellkr 2 l10:ke e + 1711 kel

1 1 U
< O Vuel 21 VaVus 22 2 10k [z + 1= e e 172

A

1 Uy
< 1510k l22 + ClVusll 2| Vi Vus ez llkr 1 Z2 + 1= sl Z2

IN

1 U
Tollazkr\liz +C(l|lwollZz + I Vawol 22 + IIfIILw)IIer%m
For the term I3, we have

I3 =— Oru,0,bgk dx — 0 u,. 0.k k. dx
R3 R3

:/ (0,0 u,)bok.dx + aTuzbgazkzdm—&—/ urazkzkrdx—i—/ Urk, 0,k dx
R3 R3 R3 R3

<lIboll o= [Vl 2]kl L2 + [[bol| Lo llwoll L2 102 F= || L2 + [lurll oo [[r | L2 (|0 K| L2
+ lurllzoe k=l 22 102K [l L2

1
<15 9=k, + 19:kr1Z,) + 106llze (1 + lwsllZ,) + ClllwollZ, + [ Vnwoll2) 1K 12, + [1K:[1Z,)-

For the term Iy, we have

R3 T
Uy U, by
= —O,by - kdx — — — - k,dx
RS T RS T T

(7 bg
<=l kel + 123w + a3 - 3.

For the term I5, we have
be
Is = (= — 0vb9)Oruy. - ko dx
rR3 T

f/ (o _ aTbg)% kyda f/ (bf — 3,bg)du, - kuda
RS

b - b
- / (2~ 0,b9) L kpdr + | 9222 — O,bg)us - koda
R3 T r R3 r

3 T

+/ (b—e — Opbg)u, - 0.k dx
R
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<|| “llzeellkslZe + Cllusllnoe Izl 2) 102 K2 | 2

0k 25 +CII*IIL°°||k 72 + Cllualee 1K= 172

=10
_10||5 kel + CII CllreellkalZe + CllVusllz2 Ve V| e | k-]
_lolla 2k |72 + C(II Fllzee + llwollZe + Ve Vwol72)llKI7-

For the term Iz, we have

Is =2 / (k2 — byd.k, ) kepda
R3

:4/ bo - 0.k, - kpdx — 2/ bo - 0.k, - kpdx
R3 R3

:2/ bo - Ozky - krdx
R3

<Cllbg|| L |0:kr | 2 |[Fer[l L2
_mllf) krllZ> + Cllbol|Zoe 1 172

For the term I7, we have

I :2/ ey - 22— 0.(0,b9) - by + Dobe - klluda
R3 T

b b
=2 2ok ok (k. —i)bg 0. k.dx
rR3 T
b b b
=2 [ 2ok k= 0.(ks — ) bp ko + (ke — ) Ky - knda
T T

rR3 T

<CH oo el 2 |2l 22 + Cllboll Lo |02k || 2 [|R- | 2

_10||3 ko2 + Cllke 122 + C(lboll3 + 1122 HLOO)Hk IZ-

Substituting the estimates on I;(i = 1...,7) above into (2.21), we have

T
k25 + [[E= |22 + / (0o 20 + 0- |22t

T 2 w 2
< ko F2elo (IVneollua HISEIL2)E /0(”vhvaHL?+||b9||L°°||w9HL2+|| 7 )dt (2.22)
0 b6 b6
< C(T, [lwoll 2 || Pz, 1080z 1520z, 12z [1kollz2)-

Since w = wyey, k = ke, + k,e,, combining the estimates (2.20) and (2.22), one can derive that

T (%
b
lwllZa + 15117 +/O (10=072 + [10:kl72)dt < C(T, Jluolluz [Ibollaz, [I=>lze)-
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3. H? estimates
This subsection is devoted to getting H? estimates of (u,b). To begin with, we first make estimate of

IV )z (o.1).22)-
Lemma 3.1 Suppose that the assumptions of Theorem 1.1 hold true. Then we have

b T b
IVGOIZ2 + / Vo () 72dt < C. (3.1)

.
0
where the constant C' depends only on T, ||bo|| g2, ||b7°||L°°a l[woll = -

Proof. Since ® = bT" solves

O+ u- VO = 0,.P + 250, . (3.2)

Taking inner product of (3.2) with —A® and integrating on R? yield

d
1 (IVa@lZz +110:2[172) + V20|72 + [|0--®] 72

| =

z/ u-V@-Ah@daL‘—t—/ u-V<I>~6ZZ<I>da:—2/ D0,  Addx
R3 RS R3

=:J1 +J2 + Js3.

Now, we estimate the terms J;,7 = 1,2, 3, respectively. Making use of Lemma 2.1-Lemma 2.3, one can
reach that

400 ptoo
—o0 0

=— Or, 0,90, P dx — 0ru,0,90,P dx
R3 R3

= —/ w0y, 80,8 dz +/ 0,02 de — | 9,u.0.00,® dx
R3 r3 T R3

Uy
<Clluz L= ||Va®| L2 [|VrO: @[ 2 + ||7||L°e||Vh<I>H%2

1 1 1 1 1 1

+ 1001z 22 I VROruz | £ (|05 @ 72 (VRO @ £ [|0- @ 72 (I V-0 @] £ »

1 Uy
<71Vr0-@ll%: + Cllwollzz + [IVawollZe + -l (IVA®]72 + [10:@]72),

Jo <[|ul[L< |V @[ L2 (|02 P] 12
1
<710-:2072 + Cllullz< V|7
1
< 10=2@0 72 + ClIVull 2| Vi Vul| 2| VOIIZ:

1
<710=:@072 + Cllwoll 2 Vawol 2 [ VI 72,
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J3 :72/ <I>~3Z<I>'18T(T8T<I>)da:72/ D-0,®-0,,Pdr
R3 r R

3

+oo +oo
:—2/ / <I>-62<I>-8T(7"3T<I>)drdz—2/ ®.0,9-0,,Pdr
—00 0

R3

:2/ (0,P-0, 2+ P-0,.0.9)0,Pdx — 2/ ®.0,®-0,,0dx
R3 R

3

=2 0r®-0,2-0,2+P-9,.0,P-0,Pdx — 2/ $-0,®-0,,0dx
R3 R3

:—2/ <I>-8T8Z<I>-8,«<I>dx—2/ ®-0,9-0,,Pdx
R3 R3
<O[[®ll=IVr0: @l L2 Vi@l L2 + C|| @] o< [|0: D] £2[|0-- ]| 2

<7 (VRO @[22 + [10:2@172) + Cll@IL (IVh@IIZ, + [10:2]72).

NGRS

Thus, summing up estimates on J; — J3 above and making use of Gronwall inequality yield

T
IVh@[Z2 + [10-2]7 +/0 (IVhO-@[|Z> + [10:- P72 )t (3-3)

b9
<C(T, |boll 2, ||70||L°°7 lluol|r2)-

O
Lemma 3.2 Suppose that the assumptions of Theorem 1.1 hold true. Then we have
T T
IVwlZ: + I VEZ: +/0 (IVadzwlZ2 + I\V%W\I%z)dﬂr/o (IVhO:kl[72 + (102 k]|72)dt < C,
where the constant C depends only on T, [|% ||, |28 || o<, [|bo| g2, [|uol a2 -
Proof. Note that w = wyey solves the following equation
- 0.b2
Ow — Apw +u-Vw = e Oep. (3.4)
r r

Taking inner product on both sides of (3.4) with —Aw and integrating on R?, we find

1d

5 IVl + 10wl22) + (IVndawlZa + [ V3w]3)

2
:/ (u-Vw — urw).Awdx +/ 0:b; eg - Awdzx
R3 r rR3 T
=L1+ Lo,

Ll :/ (u'rar + uzaz)w . 8T<7“8TW)deZ + / (U”l‘ar + uzaz)w . azzwdx _ / (u’r‘a'r + Uzaz)w A %d.’l)
R3 R3

]RB
f/ Urtd - Op(royw)dx 7/ Ut - 0, wdx +/ iy
RS R3

T R T rr?
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:/ (0rturOrw + Opw + Ot Orw - Opw) + (OpttyOrw + Oyw + O, 0w - Oyw)da — / (urOp + 1,0, )w - %dw
R3 R3
+ / Our - Oyw + L 0,w0-0,0)da + / (32“%.3@ + 9, w-0,w)ds + / Ut idm
R3 T T R3 T T R3 T T

=L + L1z + Lig + Lia + Ls.
By Lemma 2.1 and Lemma 2.3, one can reach that

1 1 1 1 1 1
Luy <N10rur |22 IV aOrur || 22 10rw]| 22 IV aOrw ]| 2 | 0rw]| 22 102 0r w1
1 1 1 1 1 1
F0ruzl| 22 1VaOruz| 22 100 £ [[ViO:w| £ 2 [|0:w] 72 102 0rw]| 7.
1 1 1 1 1 1
00|22 1VROzur |22 10:0]| 72 [[VRO:w]| f2[|0:w] 72 [ VRO-w]l 7.
1 1 1 1 1 1
+ 102z 2102wz || 2202wl £2 [ VRO- | L2 02w 22 [ VRO=w £,
1 1 1 1
<lwoll 221V rwol 2 llorwl L2 [Viwl L2 + llwol 2210wl 22 1102wl 2 | Va2 ]| 2

1 1 1 1
+ 2|lwoll 2 [[Vawoll L2 [|0rwll £2 0| £ [V ROzl 2

1
<3 (IVr0:wlZz + IViwlZe) + (lwsllZe + [ VacollZ2) (I0rw] 72 + 10:][72),
Uy 1 W, o
L12 = — — Tw di]'] + = 82712(*) dx
B3 T 2 Jps T
Uy 3 1
<C[| = =1Vl 72 +Cllazuz\\zellazzuzllizll IILzIIVh( )IILzII*IILQ
ur 2 2 1ol
<ClI=llz=IVwlz +C||w||LeH5zw||Lz|| IILzHVh( )||L2||*||L2

Ur 2 w 3 3
<Oz Vwllzs + Cll ez Vwll 221 Vi Vel 2.
1
<3 IVaVellz: + (= ||L2 + || Sz ) [Vewl|Ze,

1 1 1 1
Lz SCllaruergIIVharuerzHarwllizIIVharwII;II +o|= ||L°°||6Tw||L2

Sé(llvhazw\liz + | VawllZ2) + Clwelliz + 1 VawollZ> + || “llze) IVawllZ,
Lus <C[0.(- )HL2IIWIIL6II3ZWIIL2II5 Wl 2 [ Vn0-ll3a + CII =l 0wz
<C||7HL2||vthL2”aszL?”vhaszL2 + CII “llzee [0-wl[72 + CII*IIL2II3ZWI\L2IIVh@WHLa
*(Ilvhazw\liz + | VawllZz) + Clwllfz + I VawlZs + II%IILw)IIVthI%z,

Lis <CII ||L<><>|| I <CII “llzee IVl Ze-
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To estimate Lo, we rewrite it as follows:

by, b by, b
Lo :2/ o 969 - Apwdr + 2/ ueg -0, wdx
R3

r R3 r

:/ bed-be eg - Apwdr — 2 0. ( )8 boeg - O,wdx — 2/ b—e - 0,.bgeq - O wdx

R3 r R3 rR3 T

<||*||Lf>°||7€r||L2HAhWI|L2 + C|0. ( )HLzHVha ( )||L2||k ||L2H8 k; HL2||5zWHLzHVhazwlle
H [ (|0:wll 2|0z ke || 2

2
G IVRO-wliz + (IViwllL:) + (|| N7 + 10-wl 72 IRl + C(1+ [0 ( 22 10: ke 122

o"‘

H 2032 + V1.2 ||L2
Adding up the estimates L; and Lo yields

5 dtIIVWHLz + (IVad:wlliz + [ VawlZ2)

<C(llwsllZ, + IVawollZz + II*IILw + II*IILz + || 1 + 1k]72) 1 Veo] 72

|| 13 1Bl + 1V A0 ( )HLz + C([|9: ( N2 + D10k 132
Combining with Gronwall inequality, it is clear that

T
IVelz: +/0 (IVrO:wlZe + [IViwl[L2)dt

<C(llwollz2s [Vwol| L2, H %Iz, [1Bollzee, || 2|z, HV( lzes Nkollz2).
Similarly, by (2.5)2 and (2.5)3, k = ke, + k e, solves
Ok — 0.k +u-Vk =a+p, (3.5)
where

1 1
o= {(’L’ur - Opbg + O,u, - 0,9 — ;az(urbg) + T@gbg} er,

and

5= [u () 4 L)~ o) vy - Lo, (0. bﬂ

Taking inner product of (3.5) with —Ak and integrating on R3, it follows that

IIVkIILz +IVa:kl 72 + 110:2K] 17
2dt

:/ u-Vk~Akdx—/ a - Akdx — 8- Akdx
R3 R3 R3
=M; + M + Ms.
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For the first term on the right hand side, we can decompose it as

M, :/ / (upOr + u0,)k - Or(rOpk)drdz + / u-Vk- 0, kdx — / (ur-Op + 1,0, )y - f—gdac
R Jo R3 R3
8.us 0k - O, kdx + / Yok Okdr — | 0yu.0.kdx - O kdx
R3 rR3 T R3

+/ u-Vk -9, kdx 7/ (urdy + 1,0, )k, - ’i;dx
R3 R3 T
Uy kr
=— Oru, 04k - 0. kdx + / —(O0rk - Ork — Ok - —)dx
R3 rR3 T T

R3 T r R3

1 1 1 1 1 1 Uy
<1072 Va0 72 |- Rl 22 1V nO-K| 22 110-K( 22 10:0:Kl| 72 + Cll == llzoe | Ve [Z2

+ \IUZIILwI (102Kl 2 + 1102kl 2)

1
<7(IVR0:k[72 +110-2k(72) + Clllwoll 2 + [Vawoll7z + H7||L°°)|‘Vk||L27

My = / [0ur0rbg + O,u,0.bg — 1('9 (urbg)] - [%&(rarkr) — f—g + 0,k ]dx
R3

_ a2b2 [Ta (royk,) — k; + 0.k, |dx

R3
=Ma1 + Maa,

Moy = / / [0ur(Orbg — —) 0.uzky )0 (ro,ky)drdz

Y by K,
_ / / Upky- Oppkdrdz + D2, (0bg — i)—de
—o0 /0 R3 r’r

- / Dz — )k, - ’i;dx | w0y — ).k +/ (20.us + Oyun)ks - Doskoda
R3 r r R3 r R3

— [ 0,[0.u, (0,09 bﬁ) Oy |00k + / (.11, (Db — bﬁ) (2011, + Dy ) ]0ssbird
R3 R3
+/ _&.arkr.arkr_i_guz.%.kl_t'_&.&.&dm
R3 T T T T T T

1 1 1 1 1 1 3 1 1 1
Sllareriz||8razk‘r||22||/f||22|\th||i2||3ZWeHZzHVh3zwe||iz + llwoll o llO=woll 2 1K £ IV K 2211022 K | 2

+ H Sl lIVEIZ: + llus

(22
<1(||Vh32k||%2 + 110:2Kl172) + (L4 k72 + [Vwoll e + (|27 lleee + =Nz VE] 72

+ (14 [[VwollZ2) Ikl 22 + ClIVid:wollZe,
ky

Moy = 32b2( 6' (royk,) + —= — 0.,k )dz
rR3 T T T
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:_/ bik—amk dx—|—3/ b:akamk dx+/ % o k0. k. dx—i—/ % 6 k.0, .k, dx
R R3

3 T rR3 T rR3 T

—I—/ %kzarzkrd-r‘i‘/ be@k@kdw—i—Z/ bek@kdw—i-lo/ beakazzkdx
R3 rR3 T R

sr2 7 R3 T

1
< (IVRO:KIL + 10:=:K]172) + C(IRIIZ- + || "l + || 5121V,
8

My = — / - V() + 20, (urbo) — 200 (ru) - Vool 0rr + 20, + 0.2 )b
R3 r r r r

— [ Lo. b3)(Orr + Lo, + 0. hada

R3
=Ms;1 + Ms2,

My = _/ [u - v([:f’) + =0y (urbg) — fa (ru) - Vbg](Orr + %& + 022 )k.d
R3

=— / [ - 3T(b—9) + T@rurar(b—e)](&«r + 1(‘ia)kzalx — / [ - ar(bﬁ) + royu, - 8T(b—0)]8zzkzd:r
RS T r r T r

R3

— Ortty - kp(Opr + lar + 0,,)k.dx
R3 T

=N; + Ny + N3,
be )
Ny = — [rOpr iy -8T(7) + ropu, - 6”(7) — Uy - 3TT( )](‘3 k.dx

RS

—/ Doty (Orby — bi’)aTkdez/ (b + 22— 290 1
R3 r RS T T r

+ [ 0.u.[00 b‘) Orb }akdx
RS

<[Vl £ V3wl 2 1K1 £ I V112 1 Va0:k] 5 + || Nl [V EIIZ

+ lull L= [[VE[ L2V O: K] L2
1 Uy
SithazkH%Z +C(lwoll7e + [IVwoll72 + ||77||L°°)||Vk|\%2 + O Viwl[7s,

b b
Ny =— / U - Or(2)D,skndr + | Oyt (8ybg — —2)0..k.da
R3 r R3 r

3 1 1 1
<(lullcee IVEl L2 + [|0rurl| L2 0= 0rur || £ Vel 22 VK| 22) (102K L2
1
< 1Vn-klZe + ClllwsllZe + [VewollZ2) [ VEIZe + (15l 72 VewallZe,

N3 = — Ortty - kpOp(ropky )drdz — Oruy + ky - Oy k. dx
R3 R3

:/ Oprtty - ky - Ok, dx + Oy, - Opky - Ork,dx — Oy, + ky - Oy k,dx
R3 R3 R3
1 1 1 1 1
SH&"TUZHE’A’||vharruzuz2”kr||z2||thr||z2Har]CZsznarazkan?
1 1 3 1 1 1
+ Haruzuz2thar“zuz2|‘Vk||%2 + 10ruz |26 10r Ozt Lol || 72 [V R Er || 22|02 Kr || L2
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1
SzHVhazkHzm + C(1+ |lwall 22 + [ VwolZ2)IVENZ2 + k|72 Vsl 2 + ([ Viwesl 72,
1
Mszo = — 2/ (8 be0,bg + bgambg) (9 (Tarkz)dx — 2/ ;(&«bgazbg — bgarzbg)azzkzdx
RrR3 T R3

_ 2/ 5 (Orbo-by + boDyby)- L ok.dz + 2 %ar(arbgazbg + by by, ks dar
RS

R3
— 2/ 7(8rb98zb9 — bgarzbg)azzkzdl‘
rR3 T

=P, + P>+ Ps,

Plz—/( 0rbg0:by + bgaabg)akd:p
R3
2 2
= —/ —&bgazb‘g&nkzd:c —/ fbgarazb‘g@rkzdw
R3 72 R3 72
2bg
=/ 2 (aabgak’ +8b988k)d$—/ bgaabgakdl‘
R3 rR3 T

:/ 2b98b9 9,0,k dx
RS

:/ 20, ~ %) 0.0,k da
R T

37’2
:/ Qb;k 0.0,k dx — bg - Oyk.dx
rR3 T R3TST

by by
<1T)||Vh3zk||2L2 + Cll 7= klI7: + Cl 5 le= V|72,
T T
1
Py 22/ *a”(bgazbg)ark‘zdl'
rR3 T

=2 [ (= 202 - B0,

T T
:2/ kz-ar(b—e)amkzdx—i—Q b—e-b—Z~8mk:de—2/ (bi’ o, (be) be)amk dz
R3 T rR3 T T rR3 T T
:2/ ke 0,00, kudz o [ 20 K .8Tkzdx+—2/ g, (b )+ bf’)amk dz
R3 T R3 T T rR3 T

bg %
SOII&(—)IILAI@Z@( O Ea el 2 R 221 0: 0, 2 ++C|| 5l VK22
||Vha kIILz+CII IILooIIkIILz+H ”LOC”V( I3,
Py = fa,(azbg)-azzkzdx
rR3 T

:/ g(arbaazbo + 090,0:b9)0; .k dx
R3
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b bo kv b
=—2/ 0.(2) k- Oukedr+2 | 2200, kdx— 2/ 20,k - 0.2 k.da
R3 T rR3 T T rR3 T

<clo, (% )||L2||<9 0,2 )||L2||k 1V 22 19k 2 +C|| IILwII*IILQH@zkHLz

_10||8zzk||L2 (v )HLz +Jo.v (2 )Hp +IIkNIZ + || 7 IVAIZ2-

By Gronwall inequality, we have
T
IVEIE: + [ (I950-k1E + 0.

<C(T, H [P || 5 l[Loe s [1boll a2 [[uol|2)-

The proof of the lemma is finished.

4. Proof of Theorem 1.1

1. L; L estimates.

Lemma 4.1 Suppose that the assumptions of Theorem 1.1 hold true. Then we have
T
| 9ul + 198~)ar < €,
0

where the constant C' depends only on T, |22 || pc(rsy, ||lwollm ey and ||kol g (rs) -

Proof. We first prove

T
/ IVullp~dt < C.
0

Since u solves
Ou — ANpu~+u-Vu=—-Vr+b-Vb,

and

1
u-Vu:(qu)xu+§V|u|2,

it follows that

O(V xu) —Ap(Vxu) =V x (Vxu) xu)—0.(-2)eg.
Thanks to (2.8) and Lemma 3.2, one has
V xu € L=([0,T],L%), we L>([0,T],L?).

Since divu = 0, thus by imbedding inequality, one can get that

[l o< 0,77, 20y < [[ullpoe o,77,22) + IV X ul| o< 0,7, £6)

(4.1)

(4.2)
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which along with the Holder inequality implies that
||(V X u) X ’ZI,HLI([07T]7L6) < ||u||Loo([07T]7Loc)Hv X u”Loo([O’T]’LG)T. (43)
Moreover, Lemma 2.6 and Lemma 2.7 give that

b2 be
||79||L1([07TLL6) < Bl L= (to,1,2) |~ £ f0,71, 299, (4.4)

which implies that big, LY([0,T7],L®).

Therefore, making use of estimates (4.3), (4.4) and regular estimates of the velocity in the horizontal

direction for (4.2), see Lemma 3.4 in [20], one has
||th X u||L1([0,T]7L6) <, (4.5)
which along with the Sobolev embedding implies that
IVaullLrjo,r),L) < C. (4.6)
Then (4.6) ensures that
10rur (| L2 (0,77, L0y + 10ruz | L2 0,17,y < I VullLro.r),2) < C- (4.7)
Moreover, it follows from Lemma 2.2 and Lemma 3.2 that
T 1 1
-2 o) < € [ 10:ul 1910,V Fude
0
1 1 1
< CT= HaZw”iw([o,T],L?) ||Vh6zw||i2([0,T]7L2)
<C. (4.8)
Due to (2.16), (4.7), (4.8), one can reach that
Uy
IVullzao,7),20) < CllOrur || Lo, 1), 1) + ||7HL1([07T],L°°)
+10ruz Lo,y + 102ur | L1 (0,77, L0y + 102wz L1 (j0,77,25¢)

Uy
< 2||7HL1([0,T],L°°) + 2[0rur || 10,1, 200y + 10ruzll Lo, 77,Lo0) + 1020l L1 (0,17, 2)

<C. (4.9)
Now we prove

T
| Ivblzmar<c.
0

By (1.5)3, one has

. b
8, Vby — 9..Vbg +u- VVby = —Vu- Vb + “7 Vb + (Vuy — “7)7"
d.bg by D.by - Vb
+2(8.Vby — 9)79 + 2%”. (4.10)
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Then for any p > 1, taking inner product with |Vbg|P~2Vby and integrating on R3, one obtains
d be
2 1Vbollze < C([Vullzee + (- llze) [ Vol| Lo
r
By Gronwall ineuglity, there holds that

[Vbollr < [[Vbo|[poeeC fo (ITullzoedttl| 2 llLoe)dt

Together with estimates (4.9) and Lemma 2.6, it can be reached that

Vb0 < Vb€ o 17T s

The proof of the Lemma will be finished after letting p — co. O

4.2. Proof of Theorem 1.1.
Theorem 1.1 can be shown by the classical Friedrichs method (see [2] for more details). For n > 1, let J,
be the spectral cut-off defined by

Taf(€) = Lo (IEDF(©), € € R,
and P is the projection operator. Recall that J2 = J,,, P> =P and J,P = PJ,.

We consider the follow approximate system:

Oy, — Aptup, + PIpdiv(uy, - Vug) = Py (by - Vby),
Otby, — Oz2byy + Py (tn - Vby) + PJn(V X ((V X by) X by)) = PJn(by - Vug,),

Vo, = Vb, =0, (4.11)
(un7 bn)|t=0 = Jn(“O, bO)
Then for any T' > 0, the system (4.11) has a unique solution (uy,by,)nen satisfying
u, € C([0,T); H*(R?)), b, € C([0,T); H*(R?)). (4.12)

Furthermore, by using a priori estimates obtained in (2.7), Lemma 3.2 and Lemma 4.1 and applying
standard compactness argument, we obtain that the approximate solutions (uy,b,)nen converge to (u,b) €

C([0,00); H(R3)) which is a solution of system (1.3). Moreover, the uniqueness of the solution can be shown

by standard energy method. We omit the details here.
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