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Abstract: We develop and study an explicit time-space discrete discontinuous Galerkin finite element method to
approximate the solution of one-dimensional nonlinear wave equations. We show that the numerical scheme is stable
if a nonuniform time mesh is considered. We also investigate the blow-up phenomena and we prove that under weak
convergence assumptions, the numerical blow-up time tends toward the theoretical one. The validity of our results is

confirmed throughout several examples and benchmarks.
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1. Introduction
This paper is concerned with the development of a numerical method, based on discontinuous Galerkin (DG)
formulation, in order to approximate the blow-up behaviors of smooth solutions of the semilinear wave equation

in one space dimension 2 = (a,b) C R with periodic boundary conditions

Ot — Oggu = |ul?, in Q x (0, 00)
u(0) = ug, Owu(0) =wuz, in§ (1.1)
u(a,t) = u(b,t), t>0.

with p > 1. The theoretical study of the semilinear wave equation is well developed. In [7] and [8], Cafarelli and
Friedman showed the existence of solutions of Cauchy problems for smooth initial data and gave a description
of the blow-up set. In [24], Glassey proved that under suitable assumptions on the initial data, the solution u
of (1.1) blows up in the following sense: there exists T,, < 0o, called the blow-up time, such that the solution
u exists on [0,7T) and

lu(.,t)|| L) —> 00 as t — Ti.

Recently, Merle and Zaag gave in a series of papers a classification of the blow-up behavior and an exhaustive de-

scription of the geometry of the blowup set [36-39]. More theoretical results can also be found in [4, 8, 25, 32, 34].

From a numerical point of view, the approximation of solutions which blow up in finite time is more

delicate. Indeed, one of the major difficulties when deriving numerical schemes is related to the standard
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stability criterion which imposes the boundedness of the numerical solution at any finite time. This is clearly
in opposition with the sought blow-up behavior. In addition, the numerical solutions may remain bounded
though the exact solutions do explode in finite time. These aspects have been observed when using a spectral
method or even a finite differences (FD) method for the Constantin-Lax-Majda equation [12, 20]. To overcome
such a difficulty, Nakagawa [40] first introduced an adaptive time-stepping strategy to compute the blow-up FD
solutions and the blow-up time for the 1D semilinear heat equation dyu—0,,u = u? in (0, 1) with homogeneous
Dirichlet boundary conditions. To ensure the stability of his numerical scheme, he defined a local time stepping
given by

1
At" = 7min (17 n> s
[[ug[l2

where 7 is a prescribed parameter. He showed that the numerical solution converges point-wise toward the

exact solution. Moreover, by setting the numerical blow-up time
(oo}

T(r,Ax) =Y At",
n=0

he proved that T'(7, Ax) is finite and converges toward the theoretical blow-up time when Az goes to zero.
Since then, many authors have improved Nakagawa’s results and showed that the FD schemes with adaptively-
defined time mesh give good approximation for the blow-up solution of the nonlinear heat equation [1, 10, 11].
Other methods using different approaches, such as finite elements methods, semidiscretization and line methods,
rescaling techniques, for the numerical approximation of blow-up solutions of parabolic equations can also be

found in [5, 6, 14, 41] and references therein.

For hyperbolic equations, Cho applied Nakagawa’s ideas to the nonlinear wave equation with nonuniform
time mesh [12]. Recently, Sasaki and Saito [42] reduced the nonlinear wave equation to a first order system
and considered an FD scheme with a local time stepping. They succeeded in proving the convergence of their
FD scheme and the numerical blow-up time. It is worth noticing that almost all the methods we found in
the literature are essentially based on FD discretizations, and only few use variational (integral) formulations
[26, 28, 30]. We propose in this paper to investigate a DG method to numerically solve the semilinear wave

equation (1.1) when blow-up phenomena occur.

The organization of this paper is as follows. In Section 2, we present the DG methods and we derive
a numerical scheme for the nonlinear wave equation. Section 3 is devoted to the proof of the stability of the
proposed numerical scheme. In Section 4, we prove that the numerical blow-up time converges toward the
exact blow-up time under weak convergence assumptions. Finally, we provide several numerical examples that

illustrate the validity of our proposed method in Section 5.

2. Discontinuous Galerkin method

In this section, we derive a discontinuous Galerkin scheme (DG) for the nonlinear wave equation (1.1). Formally,
one may rewrite the D’Alembert operator as O = (9; — 9;) (0¢ + 0»). Based on such a decomposition, we split

(1.1) into a first order system as follows:
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Ou+ Ou=v, in(a,b) x (0,00)
0w — 0,v = |u?, in(a,b) x (0,00)
u(z,0) =up(x), =z € (a,b)
v(z,0) =vo(z), =€ (a,b)
u(a,t) =u(b,t), t=0
v(a,t) =v(b,t), t=0.

(2.1)

)

: /
with vo = u1 + ug.

2.1. Space discretization
In order to introduce a variational approximation of the system (2.1), we consider a partition for the spatial
domain [a,b] = U;’Zl K consisting of cells K; = [z;_1,2;,1], 1 <i< 1. The length of the cell K; is denoted

i—

h; = Tyl — X 1. For simplicity, we shall assume that h; = h > 0 for all i. Next, we define the finite

dimensional space X }’f consisting of all functions f such that their restriction on a cell K; is a polynomial of

degree at most k, i.e.

XE=Af/ flx € Pa[KS), i =1,.... 1},
where Py [K;] denotes the space of polynomials in K; of degree less than or equal to k. In the sequel, we will
consider the Lagrange polynomials, denoted <<p;-)1<j<k+1, as a basis of P;[K;]. Notice that the functions of
X ;f are allowed to be discontinuous across the elements interfaces. The solutions of the numerical method are

%

denoted by wuj, and v, and both belong to XJ. We denote by (un);, . and (uh)J“+l the left and right limits
2 2

of up at x;, 1, respectively. Moreover, we denote by [up];y1 = (un)/, 1 — (uh);_% the jump of u; at the

+

it3
cell interface z; Ty The same notations apply also to v,. Multiplying the system (2.1) by test functions and
integrating over the cells yields the following variational formulation: find (up,vp) € X ;f x X ,’f such that for all

test functions (¢n,¥n) € X}’j X X}’f and for any 1 <i< T

/ Oyup, gohdas—/ up, Opppde
K; K;

+ (Un @n)ivs — (Unpn)i-y =/ Uh
K;

(2.2a)

/ (9t1)h ’l/)hdx +/ U, aaﬂ,/}hdz
K,; Ki
(2.2b)
~ @iy + @nin)y = [Tk () ond,

i

where %y, and ), are the numerical fluxes and have to be defined at the cell interfaces, and Z} : C([a, b]) — X}

is the interpolation operator defined by ZF(f) = Zf:ll f(z;)p;. In general, these numerical fluxes depend
on the values of the numerical solution from both sides of the interface. Here, we propose a backward (resp.

forward) flux to define the trace of uy, (resp. vy ) at an interface Tixl, Le.

@)isy = )7y By = 1) (2.3)
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It follows that (2.2) can be written as: V1<i< T and V1< j<k+1

/K Opus, @éd:z: — / uj, 3x<p§dz + (uh);%@;(ﬂ?i.;.%) — (uh);%@;(xi_%) = / vl gpédx (2.4a)

i i

/ atv;il w;dm +/ U;z 8x¢;dx - (Uh):r+;¢;(xi+%) + (Uh):r,;w;‘(xif%) = / Iilj (|U2|p) w;dw, (2.4b)
K, K, 2 2 K

with uf = Up| (resp. vi = vh|Ki) is the restriction of wj; (resp. vy ) over the cell K;. Integrating by parts
once more, one may write (2.4) as: V1<i<Tand V1<j<k+1

/ (atufl + 8xu§l) <p§» dr + [uh]i_%gaé (zi_%) = / vy, <p; dx (2.5a)
K;

7

/K. (8pv), — Opvy,) ) da — [vh]H%w;—(mH%) = / .I’,f (|up,[P) ¥ da, (2.5b)

i

where [] denotes the jump at the cell interface. Recall that w, and v, belong to X ,’f; hence, one can write

) k+1 ‘ ) . k+1 ) ‘
up (@, t) = Y up(t)ph(z) and i (z,t) =Y vj(t)i(). (2.6)
{=1 {=1

Moreover, since ZJ} (|uj|P) also belongs to X}, then we have for all 1 <i <1
. k1 4
Ti; (Juh (2, 1)[7) = D lub (D) ph(x). (2.7)

{=1

Plugging (2.6) and (2.7) into (2.5) yields the semidiscrete matricial system: V¢ >0 and V1 <i <7

MU} (t) + R UL(t) + A' UL (t) — B'UL 1 (t) = M'Vii(t), (2.8a)
MiOVi(t) — RU Vi) — C* Vit (1) + D' Vii(t) = MY |U; ()7, (2.8b)
where U} = (ul,...,uf ), Vi= (vi,...,vi ), |UP = (JuilP,... |uj ") and V1 <j 0 <k+1

= [ e Bo= [ oo

Aée = @;(%7%) %(fﬂz‘f%)v ;‘e = @;(xifé) 90271(372‘7%),

and

Cgl:e = LP;'(fiJr%) SOZH(»TH%), D;z = Soé(xwé) ‘Pé(xi+%)~
For the boundary conditions, we set U2 (t) := U/ (t) and V,/T!(t) := V;}(t) for all t > 0.
2.2. Time discretization

A fully discrete scheme of (2.8) can be derived using an approximation of the time derivative 9,Uj;, and 9;V},.

Here, we used the explicit forward Euler method with nonconstant time step. Let At®, At!, ... be positive
constants and set
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n—1
t0=0, "= A=t A" (n>1). (2.9)
£=0

Then, we approximate the time derivative of U and V}, at time t" as follows

n+1 n n+1 n
Uh — Uh Vh — Vh

WU, (") ~ A and O V), (t") = NI

where UJ' (resp. V') is the value of U, (resp. V},) at time ¢™. The fully discrete DG scheme for the nonlinear
wave equation (1.1) is then given by: Vn >0, V1<i<Tand V1<j<k+1

uz,n-l—l _ ui,n ) . _ ) A
/K. ) Atn b Opuy” | @ da + [up)_ s (1) = / | v @l da (2.10a)
Pl gl - , , k (|, imnt1 4
/K_ S A b — Qv | 9 dr =[] 15 (1) = /K I, (Iui;" \P) Yl da, (2.10b)
with the initial conditions (uﬁl’o,vgo) = (Z}ud,Ifvi) and the periodic boundary conditions (ui",v,ll") =
(u,IL’", v,IL”) Equivalently, the system (2.10) writes in matricial form: Vn >0 and V1< i< 1
it _prin _ o y ny
MiW + (R'L + A’L) U’Zlan _ Bl U’Zl—lﬂl — Mlv}z,’n, (211a)
N A 7 o N N
M == = (R = D) V" = OV = MU (2.11b)
U’ = Tyup, Vi = Tfwg, (2.11c)
upr=ult, vittre=ybm (2.11d)

Notice that scheme (2.11) is fully explicit in time. This is of major advantage when performing the calculation
of the numerical solution from one time step to another since neither matrix inversions nor implicit nonlinear
computations have to be performed. The drawback of such formulations is their lack of convergence results.
On the other hand, the implicit DG schemes are proved to be stable and convergent in general. However, the
numerical solution is given implicitly and requires tremendous computational costs to be evaluated. Moreover,
the existence of the solution is not even guaranteed in some cases. For implicit DG formulations, on may refer,
e.g., to [30, 33].

3. Study of the DG scheme

We prove in this section the consistency and the local stability of the DG scheme.

3.1. Consistency

Lemma 3.1 The DG scheme (2.10) is consistent with the system (2.1).

Proof It is obvious from (2.3) that the numerical fluxes are monotone and thus consistent [19]. Our purpose now

is to prove that the approximation of the nonlinear term is also consistent with the original system (2.1). We shall
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assume that the solution u € C?([0, T ), H™*2(a,b)) for a given m > 1. Thus, v € C([0,T), H™*1(a,b))

and the jumps [u]; 1 and [v];, 1 vanish over the interfaces z;, 1 for all 0 <7< I and for all time ¢. Denote

Z/K G +axu<x,t”>) ¢ (a) da
1

+ > [t iss Z/ 2, t") @' (z) dz (3.1)

i=1 %/—’
=0

and

! v(z, ") — v(w, " .
s = Z/Kl ( ( i A)tn ( )t ) —8xv(x,t”)> ’L/JZ(LL') dr
=SBty W) = 3 [Tk (fuCo ) o) e (3.2)

It follows by (2.1) and using a first order Taylor expansion in (3.1) that
Ir"| < CL1At" Vn =0

with C7 > 0 is independent of At™. Similarly, we have using a second order Taylor series in (3.2)
/ At"Opv(x, £ )Y (x) do + Z/ (Ju(z, " t)P ~IF (Ju(z, "t [P)) ¥’ (z) da.

Using the classical estimate (see, e.g., [22, Theorem 1.103])
v — ZFv| Lo () < CR™  for any v € H™ ! (K) (3.3)

we deduce
[s"] < CoAt" + C3h™ YV n =0

with Co and C3 are positive constants independent of At™ and h. This concludes the consistency of the
proposed DG scheme. a

3.2. Positivity and local stability
For uj, € X, we define the norm

. ’L
[unlloo := Unlloc = fEaX 1Uilloo = 1lgza<xf 1<rgn<ak+1| L

where the uz are the coordinates of wuj in the Lagrange polynomial basis.

Proposition 3.2 Let 0 >0 and v > 0 be arbitrary real numbers and set

1
l[upyllo
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Suppose the initial conditions satisfy min(ug,ve) > p = 0. Then, for any N € IN, there exists a constant

hy >0 depending on N, ug and vy such that for all h e (0,hn],
Up>p and Vi >p V1<n<N. (3.5)

(the inequalities are element-wise). In addition, if >, -, T ‘H” + o ”V < 00, then (3.5) holds for hy = h.
independent of N .

Proof We proceed by induction on n. Since ug > p > 0 (resp. vg > p = 0) then ujﬁo = Uy, (%) > p

(resp. U;—’O = V|, (@ %) > w); hence, (3.5) holds true for n = 0. Let N € IN and suppose (3.5) is valid for all
0<n<N -1, then u "> u and v ">pforall 1 <i<I andall 1<j<k+1. Moreover, equation (2.11)
reads
int1 _ prin A" in i—1,n nysin
Uit =it S5 (BUR 4 FULSY) 4 A

with B = h(M*)~Y(R'+ A?) and F = —h(M?*)~!B? are constant matrices that do not depend on h and satisfy

k41
ZEjﬁFjg:o V1<j<k+1. (3.6)
=1
(see Appendix A for details) Denote z+ = max(z,0) and 2~ = min(z,0) for any z € R, then we obtain for
1<i<lTand 1<5j<k+1
1 n+1 Atn s 1—1n n_i,n
u; Z (E]g uy" + Fjpuy, ) + At"v;
At“ k41 k+1
z 1,n — in 7, 1,n n, .i,n
= <Z< +FL ) + 3 (B + F )>+At Vi,
=1

Denote u" = min; j u;" and " = max; ju;" and use (3.6), one obtains

Agn (L k+1
imtl < n + +
s B (3 (o )+ 3 (54 )
=1 =1
k41
At™
=u"+ (Z ( )) (u" —a")
=1
Let ay, = pATt" with
k+1
i ot
P ; (Eje + Fj")’ (3.7)
then we have
u" T > w4 o, (u — T, (3.8)
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A straightforward induction on n shows that

w" > <ﬁ (1 +am)> u’ — ; < - (1 +am)> aeu’

m=0

> <f[ (1+ am)> <u° - %im" ||uf|oo> : (3.9)

m=0

. 1+o Ito . _ L
Now, if Atf < |\u2||},j“ < ”Zi”m then the inequality (3.9) implies that for all 0 < n < N

Hn+1 > QO o Nphg.

u’ —p
Np

1/o
Hence, if h < hy = ( ) , then w™*! > p; thus, U,?‘H > . Moreover, if > - W < 0o then
= hlloo

u —p

1/o
S =350 At*|Jujt]lee < 00 and (3.9) implies w" ™' > u® — Sph?. Taking h, = < ) yields the result.

The proof for V;** is similar. O

Theorem 3.3 Let At™ be given by (3.4), and let Aog = |[u)||oc + ||V} ]|oc . Then, for any N € N, there exists
a constant hy ., > 0 depending only on N and A such that if h € (0,hn ], then

sup ([luplloc + [[vh lloo) < 280 (3.10)

INX

Proof Firstly, we rewrite the scheme (2.11) as

Uittt = MU + A"V (3.11)
Vit = NV + A F(UR '
where
Ma O ... 0 Mg Np Ne 0 ... 0
Mp My 0 0 0 Ny N .
M, = 0 Mp My : and N, = . . . . 0
: - 0 0 ... 0 Np Mg
0 0 Mp My N¢ 0 0 WNp
with
Map =Ty — A"M YR+ A), Mp=At"M'B,
Np = Iiq — AtnM_l(D —R), Nc= At"M‘lC,
and

f) = (uil?,...,|lvrP)*T for v=(v1,...,07)T.
Now, we prove (3.10) by induction on n. Let N € IN and assume that

N0 Moo + 1ViMloo < 2A0e VO <N —1.
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Using (3.11), we may rewrite U™ and V"*! as

Uptt =M, . Mo Up + > A" I M,, o My j oy Vi, (3.12)
§=0
n . .
Vit =Ny N V94D AN, . Ny fO77). (3.13)
§=0

At this stage, we need the following result.

At™
Lemma 3.4 [|[M,[lc = [[Nn|loc <1+ 2p——

Proof See Appendix B. O
It follows by the induction hypothesis

n n j—1 .
. ) At
10 e < I <1+2p - )IIUhllooJrh1+ S 11 <1+2p )||V" Mo
=0 =0 £=0

<T@+ 2007) (10100 + 2800 (n + 1))
=0
= (14 205)™ (JU]loe + 20 (n + 1DR1H)
where p is given by (3.7). It follows that VO <n < N —1
U oo < (14 20h7) Y (1T ]loo + 2800 NR'F) . (3.14)

Similarly, we obtain from (3.13)

n

n o At n—j o n
Vit e < TT (142055 ) 170l + 14 ST (1+2p) [0 + O

£=0 j=10=0

< (1+2007)" T (IIV2loo + (2h00)PrH7) + RIHT (14 20k )P0 (| UR]| oo + 200 (n + 1)RTFT)P

Using the identity (z + y)” < 2"~ !(2" + y") for any nonnegative reals x and y and any r > 1, we obtain
Vo<n<N-1

Vi oo < (14 200%)™ (Ve loo + (2800)" NAI )
+ 2P R (14 20h7 VPN (| URIE, + (2Aa NRITO)P) (3.15)
It follows by (3.14) and (3.15)
U7 oo + 11V loo < (14 20h")™ Mg + NAMT (14 20h7)™ (2A50 + (2A00)")

+ 2P (14 2ph7 )P AR, (14 (2NAITO)P)
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Set

) 1 )

T M2NAL (1 + (2A.,)P—1)] T p Aze e
L T )

hn A, = min (
67 (1+(2A o0

then one can check that ¥V h € (0,hna_ ], we have

Ao A A
< 20>

Ut oo + IV oo < =224 2 =24
U™ oo + IVl 5 T2 1

4. Numerical blow-up

In this section, we prove that the numerical blow-up time converges toward the exact blow-up time if the discrete

solution uy weakly converges toward the exact solution u. The following functional will be useful.

b
K(u(t)) = —

= ) u(z, t)dx. (4.1)

Proposition 4.1 [42] Assume that

a=K(up) =20, f=K(u)>0.
Then, the solution w of (1.1) blows up in finite time T, € (0,00).

Definition 4.2 We define the numerical blow-up time by

n—o0

T(h)= lim t" =" At".
n=0
We say that the numerical solution blows up if
li | 1o = i M 1o = o0.
Jim g ]| Lo a0) ol llunll Lo (a,0) = 00

Moreover, we say that the numerical solution blows up in finite time if T(h) < co.

Proposition 4.3 Let (u},v}) be the solution of (2.10). Define

Kp(up) = 7— Z uy" () dz, (4.2)
b a £ K.

and suppose B, = Kp(up) > 0 and ap == Kp(ul)) = 0. Then (Kp(u})), is a strictly increasing unbounded

sequence and for all n >0

2
Kn(up™) = Kp(up) A 1
- > K (u} p >
( A p+1( n(up))’ "+ =0
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where

(B an\? A o1
7h< At0 p—i—lah

and X >0 is a constant independent of h.
Proof Recall that the scheme (2.10a)-(2.10b) is equivalent to equations (2.4a)-(2.4b). Then, take ¢} =1 in

(2.4a) yields

i,n+1 i,mn
Up — U in i—1,n in
e ——dr +uy (1) —uy, T (r1) = v dx.
K, Atn 2 K
k2 T

Nl

Sum up over ¢ = 1,...1 and use the periodic boundary condition,

K (upt) — Kp(u}})
Atn

= Kp(vp) VYn=0. (4.3)

In particular

Similarly, we have by (2.4b)

vi,nJrl U’L,TL
- i+1, i k i,n+1 .
/K de = (@) o () 2/ I (\uﬁzn |p) dx;

i

hence,
Kn(vp ™) = Kn(vp)
Atm

— Kn(Zf(lupT?) Ym0,
At this stage, we need the following technical lemma.
Lemma 4.4 There exists A > 0 independent of h such that

Kn(ZE (7)) = A (K ™))"

Proof See Appendix C. O

Thus, we have
Ky (opth) — Kp (v})

LI A (i) (45)

Using (4.3) and (4.5), one can easily show by induction on n that Kj(uj) and Kj(v)!) are nonnegative for all
n. Now, combining (4.3), (4.4), and (4.5) yields for all n > 0

Kp(up*?) — Ky (up ™) < K (up ™) — Kp(u}!)

AT > N + AAE" (K (1)) (4.6)
Kp(u}l) — Kp(ud &
> Kl h)AtO (uh) FAD A (K, (ug ) (4.7)
k=0
> 0.
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Consequently, (Kp(u})), is a strictly increasing sequence. Now, we again make use of (4.6) to obtain

n

) 2 ) )
K (up ) — Ky (up ™) K (up ™) — Ky (ugt) (K (up ™) — Ky (u}) n 1
< N Z NG NG + A" (K (up ™))

)+ A~ B ) ()

_(Kn(upth) = Kn(up)
o Atn

A straightforward induction implies

<Kh(u2+2) - Kh(“ZJrl))Q > )\Zn: (Kh(quH) - Kh(ulfb)) (K (uf )P + <Kh(u;1l) - Kh(“2)>2
k=0

Agn+1 A0
Kn(upth) B —an\”
2 )\/a Zde + (At())

h

__r nlyyp+l _ ptl B —an?
- p+1 ((K}L(uh )) —ap ) + A0 :

2
1 ((Kh(u2+1))p+1 — a’,’;ﬂ) + (m) is nonnegative.

Finally, assume (Kp(u})), is bounded, then it is convergent. Hence, we can extract a subsequence (uy*),, of

Moreover, since Kp,(u}) is increasing in n, then

(u}),, which converges a.e.; thus, it is bounded. We deduce from (3.4) that At™ /4 0 as ny goes to infinity,
and using (4.4) and (4.7), we obtain

0 < At™ T Ky (v) < K (up™?) — Ky (upeth).

Take the limit when n, tends to infinity gives a contradiction with (4.4). Thus, (Kp(u})), is unbounded and
the proof is completed. O

Lemma 4.5 Let 0 < k <7 and let (u},v}}) be the solution of (2.10). Then (u}}), blows up.

Proof If 0 <k <7, then o  := f_ll @pjdx >0 forall 1 <j<k+1 (see table 3). Consequently, one may
deduce from Proposition 3.2 that if the initial data (ug,vg) are positives, then Kj(u}}) = [Ju}||1 for h small

enough, where
I, k+1

1 h ;
||uh||1:m25 _ o |uj].
i=1 j=1
It follows that |[u} |1 —— oo; thus, [Juj|pec(a,p) —— oo. 5
n—o00 n—00

Define

A
= 4 ———zp+1
G(2) ,/sz + Vhs

then G is a strictly increasing function in [ap,00). In view of Proposition 4.3, we can proceed the same as in

[12] to prove the following.
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Lemma 4.6 There exists a constant C' > 0 independent of h such that

T(h) <2( wc;'lé)ju(,*h).

In particular, (u}), blows up in a finite time T'(h).

Proof See [12, Lemma 5.3 O

Theorem 4.7 Let (u,v) and (up,vy) be the solutions of (2.1) and (2.10), respectively. Assume that ug > 0
and u; > 0 are large enough and vy > 0. If u, weakly converges towards w, then uj blows up in finite time

T(h) and

lim T(h) = Tie. (4.8)

Proof We follow the strategy of [42]. According to Lemma 4.6, u} blows up in finite time T'(h). To establish

(4.8), we will prove the following inequalities:

Too < liminf T'(h) = Ty, (4.9)
h—0
and
Too 2 limsupT'(h) =T". (4.10)
h—0

Suppose that T, < Ty, and let € = % > 0. Then there exists h. > 0 sufficiently small such that
T(he) < Ty +e < Two.
On the one hand, we have supgc;<r, . [u(-, 1) Lo (a,p) < 005 hence,

Ky:= sup K(u(t)) < oc.
0<t<Tu+e

On the other hand, if u} P u(t™) then Kjp(u}) P K(u(t™)). Hence, if h. is sufficiently small, then
— —
K, (up_) < K(u(t")) + ¢ for all n such that " < T . It follows

im K, (ul )= lim K (u)< lm K(u(t <K +e,
Jim K (up) o im ne (ur, ) o i (ut")) +e< Ki+e

which contradicts Proposition 4.3; hence, (4.9) holds. Next, suppose that T* > T, and let N > 0 be the
number of iterations to reach the time Tho, i.e. To =tV = Zf::ol At™. Let hy = min(hy, hya) with Ay

given in Proposition 3.2 and hxy a given in Theorem 3.3, with Ac = ||u||oc + ||} ]lcc- Then V h € (0, hq] and
0<n< N, we have

I . I k+1 . ‘
> [ @] <SS | [ s
i=1 Y Ki i=1 j—1 K;
I h k+1 1
<Y Sl | [ eiorde
i=1 j=117/-1
<K2Aoo>
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with Ky = T kH ‘f Loi(T da:‘ Let ¢ = T*ZTC’O. Using Lemma 4.6, there exist h, > 0 and R >

ﬁ (||u||LOO([a/7b]><[O,tN—1]) + KQAOO) such that

*® dz
+ Ch, < 4.11
w G0 3 (.11)

It is shown in [24] that if the initial conditions are sufficiently large, then the solution w of (2.1) blows up in L?
norms, for any 1 < p < oo (see [24, Theorem 2.1]). We deduce that if the initial conditions are large enough,
then there exists t’ = t}; < T such that

K(u(t)) > 2R Vte [t Tw). (4.12)

Set

1
Too —t ' + T : Too =\ 7
T:t/+ 9 = +2 <TOO7 h*:mln{h17 ( 2 ) }

and let h € (0, hy]. Then, we have for all n > 0 such that " < T,

Z/ u(z, t") — uzn(:r)) dx

[ K (u(t")) — Kn(up)]

b—a

I

i=1 7K

1 n
< > <||U(t Mz (a,p) +

) |

1
b—a (]| Lo ([a,5x 0,6 -17) + K2Aso) < R.

In particular, we obtain forall 0 <n < N —1
|K (u(t")) = Kn(up)| <

It follows
Kn(u}) > K(u(t™) = R VO<n<N -1,

Recall that At"™ < A7 < T —t < Ty —t'. Since T* > Tno, then there exists ny < N — 1 such that
t' <t" < Too. We deduce from (4.12)

Kn(u) > K(u(t™)) — R > R. (4.13)

Now, using limsup T'(h) = T* > T, one may choose h. < h, sufficiently small such that
h—0

T(he) > Too + €.

However, in view of Lemma 4.6 and equations (4.13) and (4.11), we have

00 00 d
T(he)=t" + 3 At < Ty +2 (/ . G(Zz) +Ch8>
h €

n=ni K, (uy,

< dz
< T +2 / +Ch>
(R G(Z)

< Ty +¢,

which is a contradiction. This achieves the proof. O
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5. Numerical examples

In this section, we present some numerical tests in order to illustrate our method. For all the examples, we

consider the DG scheme (2.11) with P; approximation.

Example 5.1 In this example, we consider constant initial conditions so that the solution of (1.1) is space-

independent. The exact solution we consider is

u(t) = (T — 1)

1

with p = (2%) N We perform two test cases with p =2 and p = 3. The blow-up time for both cases is

set to T =0.1s. Figure 1 shows a comparison between the exact solution and the numerical solution functions
of time. One can notice a very good superposition of the solutions (with relative errors less than 1% in both
L? and L™ norms), which can justify the validity of the explicit Euler scheme as an appropriate choice for the
time discretization of the DG method.

x10° x 102

exact
©  numeric

exact
© numeric

! JU A y

0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
Time (s) Time (s)

IS

w

[ull
Iull
'y
(4]

Figure 1. Comparison between the numerical solution (blue circles) and the exact solution (red line) for p = 2 (left)
and p = 3 (right).

Example 5.2 We consider an exact solution of (1.1) given by

w(z,t) = (T —t+dx)Tr (5.1)

with p = (2(1 —d?) (ppfll)2)pj and d € (0,1) is an arbitrary parameter. Figures 2 and 3 show a comparison

between the exact solution and the numerical solution at various times, for p =2 and p = 3, respectively. The
parameters used are T = 0.5s and d = 0.01.

One can notice that the numerical solutions fit very well with the exact solutions at all the recorded times.
The relative errors in L™ norms is less than 1% if a refined mesh is used. We also investigate the blow-up
curve in the following sense. Let R > mingejo 1) u(x,0) = u(T + d)ﬁ, and let £g the function defined by
u(z,Er(x)) = R. It is obvious from (5.1) that £ is a straight line given by Ep(x) =T — (%)FT_1 +dx. When
R goes to infinity, Er(x) tends to the blow-up time Too(xr) = T + dx, for any x € [0,1]. Thus, one can
approzimate numerically the blow-up curve Ty, by computing &g for large values of R. In practice, we define
§r as

Er(r) =inf{t >0, |u(z,t)| > R}.
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Time=00s Time=045s «10* Time=0.49s ©10° Time=0.498s
% 2400 6 15
@ct @act ct
O numeric 0 numeric 0 numeric
238 5
2200
10
236 4
3 32000 5 B
234 3
5
1800
232 2
23 . . . . 1600 . . . . 1 . . . . 0 . . . :
0 02 04 0.6 08 1 0 02 04 0.6 08 1 0 02 04 0.6 08 1 0 0.2 04 0.6 08 1
X axis X axis X axis X axis

Figure 2. Comparison between the numerical solution (blue circles) and the exact solution (red line) at various times.
Case p=2.

Time=00s Time=049s Time=0.499s Time=0.4999 s

160 1500 15000
—exact —exact —exact —exact
O numeric 0 numeric O numeric 0 numeric

1000

10000

Hull
o
>

Hull

Hull

500 50001}

Figure 3. Comparison between the numerical solution (blue circles) and the exact solution (red line) at various times.
Case p=3.

Figure / shows &g function of x for various values of R. We notice that £g is a straight line with slope
equal to d for all values of R, which is in accordance with the theory. Furthermore, as the parameter R gets

bigger, one can notice that g converges (pointwise and uniformly) to the theoretical blow-up curve To .

0.55

—T.M 051 —T.M
- - -R=500 - - -R50
----- R=2000 — — —————— --=--R=100

0.5

)

X axis X axis

Figure 4. ¢g for various values of R. Case p = 2 (left) and p = 3 (right). As R increases, {r converges (pointwise
and uniformly) toward the blow-up curve (red line).
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Example 5.3 In this example, we consider the system (1.1) with initial conditions

ug(z) = 5(sin(4drz) + 2),

up(x) = 5(sin(4nz) — 47 cos(4drz) + 2).

With such conditions, we have ug = vy > 0, o = K(ug) =10 >0, and f = K(uy) = 10 > 0, so that all the
hypotheses of Propositions 3.2 and 4.3 are satisfied. Accordingly, we expect the solution to blow up in a finite
time. Figures 5 and 6 show the evolution of the numerical solutions in time-space azes for p =2 and p =3,

respectively. One can effectively notice that the numerical solutions do blow up as time evolves.

0.8

04

0.6 04 0.6
time 0.2 02 0.4 : . .
0 o space 0 o0 space
Figure 5. Numerical solution of example 5.3 with p = 2.  Figure 6. Numerical solution of example 5.3 with p = 3.

Example 5.4 In this example, we compare our DG method to a finite difference (FD) method developed in
[42]. Let us mention that the authors also proved that their FD scheme is convergent, as well as the numerical
blow-up time, toward the exact solution. We use a very refined grid mesh for the FD algorithm in order to obtain
results as accurate as possible”. The initial conditions used are ug(x) = 5(sin(4drx) + 2) and uy(x) =20m + 5.
Figure 7 shows a comparison between the numerical solutions in various time for p =2 and p = 3. One can
notice a very good superposition between the solutions in all recorded times.

In Table 1, we report the relative L?> and L™ errors between the FD and the DG solutions at the different

times. Moreover, we checked the convergence of the numerical blow-up time when the space path h goes to zero.

Table 2 and Figure 8 show the blow-up times of the DG method versus the FD method function of h for
p = 3. Since the blow-up time cannot be reached in finite steps (see Definition 4.2), we fix ||[u}]lo = 10° as
a threshold criterion in order to stop the iterations. One can notice that both the DG and the FD algorithms
seem to converge toward the same limit, which is To, ~ 1.14 s in this case. This confirms the efficiency of our
proposed method.

*The FD grid is 16 times finer than the DG grid.
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400

—DG

\ [N

300

200

/oA
wl ff

Figure 7. Comparison between the DG solution (red line) and the FD solution [42] (blue dash) of example 5.4 at
various times. Case p =2 (left) and p = 3 (right).

Table 1. Relative errors of the DG solutions uP¢ versus the FD solutions uf P for various times.

p=2 p=3

Ti lug ®=uplle | llug®=up e . lug ®—up 9Nz | Jlug®—u %l

ime (s) | HRrri; el Time (8) | ol [l

0.03 2.16 x 1073 1.95 x 1073 0.03 2.58 x 1074 3.46 x 10~
0.10 9.15 x 1074 9.32 x 1074 0.09 1.25 x 1073 1.95 x 1073
0.15 5.97 x 1074 9.34 x 1074 0.105 4.05 x 1073 5.96 x 1073
0.25 1.11 x 1073 1.66 x 1073 0.110 9.98 x 1073 1.39 x 102

Table 2. Blow-up time function of h. Case p=3.

T(h)
h DG FD

1/25 | 1.1671 | 1.1675
1/26 | 1.1527 | 1.1538
1/27 | 1.1455 | 1.1463
1/28 | 1.1419 | 1.1423
1/29 | 1.1401 | 1.1403

6. Conclusion

In this paper, we developed a numerical scheme based on discontinuous Galerkin (DG) formulation for the
approximation of the nonlinear wave equation in one dimensional space. We showed that the DG scheme is
consistent and stable (in the sense that the numerical solution do not blows up in a finite number of iterations,
i.e. before the exact blow-up time). For the time update, we used an explicit Euler scheme. Since blow-up
phenomena can occur, one may not expect a constant time increment. Instead, we used a refined time meshing,

with time step inversely proportional to the solution’s amplitude. Since we are dealing with transport equations,

TOtherwise, the numerical solution could be computed beyond the blow-up time. Actually, the author in [13] showed that a
constant time step remains also applicable if an appropriate stopping criterion is specified.
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117

1.165

1.16

N
N
o
@

Blow-up time
- [
[N
(52
T

1.145

1141

—6—DG
-9-FD
;

L L L L L
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035
h

1.135

Figure 8. Comparison between the numerical blow-up time of the DG method (red line) and the FD method (dashed
blue line) of example 5.4. Case p = 3.

the CFL condition is more constrained in case of DG methods. Indeed, the classical theory of the DG methods
shows that At should be of order (Az)3/? (rather than the standard Az) to ensure the stability of the method
[9, 18]*. This condition is obviously fulfilled in case the solution blows up. We also proved that the numerical
solution blows up in a finite time T'(h), and that T'(h) converges toward the theoretical blow-up time as h gets

smaller. We illustrate the performance of our method throughout several numerical tests and benchmarks.

Appendix
A. Matrices properties

Since (cpé)lgjgkﬂ is a Lagrange polynomial basis of Py[K;], then for any = € K;, we have

k+1 k+1

Zgo;‘.(x) =1 and Z@;)'(x) =0.

On the other hand, using the transform ¢} = @; o (y)~! where ¢; is the j*" Lagrange polynomial over [—1,1]
and 7' : [-1,1] = K;, 2 — %(hiaz—i—mH% ‘5‘372‘7%)7 one can easily show M?=h;,M, R" =R, A=A, B' = B,
C'=C and D' = D for all i with
11 1
Mje = 5/ @i oo dz, Ry =/ j Py da,
1 1

Aje=¢j(—1) we(—1), Bjr=@j(—1) (1),

and
Cie = ¢j(1) pe(=1), Dje = ¢;j(1) pe(1).

fWhile the order 3 /2 has been theoretically established for the linear problems, it has been observed numerically that the order
one, i.e. At = O(Az), is sufficient for the stability of nonlinear problems [9].
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It folows V1< j<k+1,

k+1 k+1 k41
ZRJ’Z—Z/ pj(@)ph(z dl‘—/ pj(z (Zw >dx:0,

> A= i (—Dee(—1) = (1) > pu(—1) = p;(-1),
=1 =1 =1
k+1 k+1 k+1
ZBJZ—ZSDJ @J( 1)290((”_@](_1)
=1

Therefore, V1 < j < k+1,

Z(Rjz + Ajg - ng) =0.

(=1

Now, we have

E=h(M)Y (R +A)=M Y (R+A) and F=-h(M") 'B"'=-M"'B

are constant matrices, and V1 < j < k+1

k+1 k+1
S Ej+Fie=> MY (R+A-B)
= =1
k+1k+1
=> > (M7);J(R+A-B)y
l=1 s=1
k+1 k+1
=3 " (MY, (Ra + A — Byr)
s=1 =1
=0
where the last equality follows from (A.1).
B. Proof of Lemma 3.4
We rewrite M,, as M, =1 — Mn with
M%, 92 o0 My
Mz M50 0
M,=| 0 M3 M, :
: 0
0o ... 0 ML M4
with
i nyriy—1/ pi i A"
MYy =At"(M") (R + AY) = " E
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A

%

F.

Let {Mn]l be the i*" block-row of ]\7n and denote T = max(z,0) and z~ = min(x,0) for any x € R. Then,

using (A.2), we obtain for any 1 <
k+1,
> |[n],| =
=1 it

It follows

[ M| oo

<k+1

k+1

D 1 Eje+ F
hi =1

_ A =
(S e
k+1

At”z(

’L

AT

max | [37,]' I

1<i<I

k+1
max max
LiST \ 1<k £~

max
1<6<T 1<]<k+1 h

r) -3
).
WnLe

In particular, if h; = h for all i, and if we denote p = Ekﬂ (

[ M| oo <

The same reasoning can be applied to the matrix N, .

C. Proof of Lemma 4.4

Let 1 <

< I, then using the classical inequality ’Z

'/ 7 n+1 de

k+1

lloo + M loo = 1+ 2p

P

/ Eu“”llx T

’L J 1

k+1

k+1p1§:

k+1

k+1p1§:

z n+1

Z"H‘ '/ gaj dw
[ o, (x) do

+F).

+ Fﬁ) , then we obtain

A"

P
‘ <mP™ 12 _ 1 la;|?, we obtain
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Denote

(k +1
A= —— max
2 1ggkH

/ 11 3(x) do

)1_p
)

(Kn(up™))" = 7(13_1&)13 (Z/ ul™ () dx)

=1 K;

/ 1 n+1 )d.]?
K;

L 1
7, ,n+ ‘ ‘ /1 (,0](1') dx

then we have

p—1

I
b—aP;

p

Ihpl I k+1
30—

Now, if 0 < k < 7, then the integrals f 1 @j(z) dr are positives for all 1 <j < k+1 (see table 3). It follows

1
. P .
u;-’"H ’ / ©j(z) dx
K;

1
= S (TE (e ).

ket
1
(Kn(upth)’ < N

Table 3. Values of «; := fil @;(z)dxr where @; is the j™ Lagrange polynomial of degree k over [—1,1].

koj | aq o) Qs oy as Qg o asg

0 2

1 (1 |1
1 4 1

2 |3 |3 |3
1 3 3 1

3 13 |1 |1 |1

4 7 32 12 32 7
15 15 15 15 i5

5 |19 | 75} 50 1 50 | 75 | 19
144 144 144 144 144 144

6 | 4L |26 [ 20 [2r2 | 22 |26 | 41
420 420 120 420 120 420 420

7 751 | 3577 | 1323 | 2089 | 2989 | 1323 | 3577 | 751
8640 | 8640 | 8640 | 8640 | 8640 | 8640 | 8640 | 8640
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