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WEAK*- INVARIANTLY COMPLEMENTED SUBSPACES
OF L>(1/w) AND IDEALS OF L(w) WITH A BOUNDED
APPROXIMATE IDENTITY

Z. Argin € C. Tonyal

Abstract

For a locally compact group G let L'(w) be the weighted group algebra and let
X be a weak x-closed translation invariant subspace of L™(1/w). In this paper
for a certain class of functions we show that the following conditions are equivalent:
(i) X is topological invariantly complemented in L*(1/w); (ii) X is invariantly
complemented in L°°(1/w); (iii) The left ideal X, has a bounded right approximate
identity.

Introduction

Let G be a locally compact group with fixed left Haar measure dx. By a weighted
function on G we mean a positive and locally bounded measurable function w on G such
that w(st) < w(s)w(t) and inf w(s) =~ > 0(s,¢t € G). We may assume that w is upper
semi-continuous on G (see, for example, ([7], page 83)). If we set

Ll(w):{frllf1|i=/G|f(t)|w(t)dt<OO}

then, L'(w) is a Banach Space: as usual, we equate functions equal dx almost everywhere.
under convolution product defined by the equation

foglz) = /G fWeu " D)dy (f,9 € L'(w)

L'(w) becomes a Banach algebra. Since w is locally bounded, L'(w) contains the space
of functions of compact supports. We also indicate that it has a bounded approximate
identity (in the sequel we abbreviated it as a.i.) (see, for example ([1], Lemma 1.4.1)).
Recall that the isometric involution “+” on L*(G) defined by f*(z) = A(z~1) f(z!)
does not in general, apply to L'(w). In fact, f* need not even be in L'(w). This is
shown by examples in ([7], chapter 1, § 6.1). In this study we therefore assume the

b

413



ARGUN & TONYALI

weighted function w satisfies that ess sup {w(z™!)/w(z) : £ € G} = 6§ < oo. This
situation does not imply that w is bounded. For example, the weighted function w de-
fined by, w(z) = 1+ % (£ + ||} is not bounded on (R,+), but sup w(-z)/w(z) = 3
and 1 < w(z) for all z € R. Note also that the involution “*” is continuous with
U6 FU< 6| f* 1. In this case the involution “ *” becomes a topological
algebraic anti-isomorphism of L'(w).

Using the notation of [5] and [6], for f € L'(w) and z € G ,f(y) = f(zy), fz(y) =
f(yz)(y € G). Then . f, f, belong to L*(w) and

e fllaS @@ I ool fo 1< Al Dwl@™) || f e -

The dual space of L!(w) is L°°(w), Banach space of complex valued measurable
functions ¢ on G for which ¢/w is essantially bounded; that is ¢/w € L*°(G). The norm
in L*®(1/w) is;

@ lI5°= ess sup{lp(t)) /w(t) : t € G} (p € L7(1/w))
and the duality is implemented by

o) = [ faie@ids (€ Lo € L=(1/)).
Furthermore for each ¢ € L®(1/w) and z € G 9(y) = v(zy), pz(y) = ¢(yz), p(x) =

p(z71)y € G, and 4¢,@ belong to L*(1/w) with ||l ¢ < w(@) [ ¢ 1571 ¢ I <
8@ |°< 6|l ¢ || Moreover, for f,g € L'(w) and ¢ € L*(1/w) we have

<G ffrp>=<fxg,0>
Where f *xo(z) = fG f(y)e (y_lm) dy and f**xp(z) = fG mga(y:t)dy. Let RUC (1/w)

be the closed subspace of L>°(1/w) consisting of continuous functions ¢ € L*>(1/w) for
which the mapping

G— L®(z/w), z——, ¢ (x € G)

is continuous.

H. Rosenthal classified in [8] the closed ideals in L*(G) for which I+ is comple-
mented in L°°(G) in the case of an abelian group G. By Theorem 4 in [6] it turns out that
the closed ideals X, of L'(G) has a bounded a.i. when X is invariantly complemented
in L*(G), where

X, ={feL'(G) < fp>=0, pe X}

Recently Bekka in [2] has proved that a weak *-closed left translation invariant
subspace X of L*°(G) is invariantly complemented if and only if X, has a bounded
right a.i. when G is locally compact group.
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In this work, our main purpose is to generalize Bekka’s results in [2] for a certain
class of weighted functions.

Definition 1. A weak *-closed left translation invariant subspace X of L™(1/w) is said
to be invariantly complemented in L>®(1/w) if X has a closed left translation invariant
compmlemented in L>°(1/w) or equivalently, if X is the range of a bounded projection
on L*(1/w) or equivalently, if X is the range of a bounded projection on L>(1/w)
commuting with left translation. Indeed, if X has a closed left translation invariant
complement in L>(1/w) then there exists a closed subspace Y of L™(1/w) such that if
peY, then ;o €Y (z €G) and L™(1/w) 2 X @Y . Define a mapping P on L>®(1/w)
such that P(p1 + p2) = o1 where ¢ = @1 + o € L®(1/w). It’s routine to show that P
satisfies the conditions of a bounded projetcion commuting with left translations.

On the other hand if P is a bounded projection commuting with left translations
on L*°(1/w) with its range X, then the kernel of P is a left translation invariant subspace
and complement of X in L>®(1/w).

Definition 2. We say that X is topologically invariantly complemented in L>(1/w) if
X 1s the range of a bounded projection P on L*(1/w) such that P(f *p) = f* P(p) for
all f € LY (w) and ¢ € L*®(1/w) where X is a weak %-closed left translation invariant
subspace of L>(1/w).

A close examination of the proof of Theorem 4.1 in [9] shows that a bounded pro-
jection on L*°(1/w) commuting with left translations need not commute with left con-
volution by functions from L'(w). The notion of (topologically) invariant complemented
subspace of RUC (1/w) is defined in a similar way.

Now, we need the following lemmas.

Lemma 1. If ¢ e RUC (1/w), the .o € RUC (1/w) for all z in G.

Proof. Let ¢ € RUC(1/w) and z € G. Then for given any ¢ > 0 there exists a
relatively compact neighborhood U of the unit e¢ of G such that;

ls o=t X (e

when st~ € U. let W be an open subset of U which contains eg. If uv=! € 2~ Wz
then we have (zu)(zv)™ € W C U and so,

I’

low @ —zv @ 1=l (2¢) —v (z9) IS (&5

that is, we have found an open neighborhood z7'W=x of eg such that;

lu (29) —v (29) > (e

when uv™! € z7'Wz. By definition of the right uniform continuity, ¢ € RUC(1/w), as
required (see, for example ([7], ch.3, § 1.8) for the definition of the right and left uniform
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continuity). O

Lemma 2. If g € L'(w), then for each € > 0 there exists a symmetric neighborhood V
of ec (then unit of G) such that;

le g =y g I (¢ whenazy™' V.

Proof. f € L'(w) with compact support K. By Lemma 20.4 (i) in [5] and ([7], p. 85,
§ 7.2) for given any €’ > 0, there exists a relatively compact neighborhood U of eg such
that ||y f— f|l1 (¢ when u € U. Let V be a symmetric neighborhood of eg such that
VCU. Thenforal veV,|, f—f|i<¢€.

On the other hand, for all v € V we have;

supp(f -~ f)CV'KUK=VKUK CUKUK

and UK is compact (hence UK U K is compact).
Now set @ = sup{w(z):2z € UK UK} < 0o. If v € V, then we obtain

o f=FIL = /G of ~ ) @) w(v)dy
- [ f = 1) @) «(v)dy
supp(» f—f)
< /V 16 = DWWy

< /_ f = 1) (@) w(y)dy
UKUK
<Qluf-flh<Qe=¢

which completes the proof of this Lemma. O

Lemma 3. If f € L'(w) and p € L*(1/w), then f*¢p € RUC(1/w).
Proof. Let f € L'(w) and ¢ € L*°(1/w). Thus

|f * p(vz) — [+ ()] =

[ e tona = [ f(t)w(t‘lx)dt.

l /G Flozz")p(2)A(z71)dz — /G Flzz"N)p(2)A(z7")dz
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/ (flozz™1) - fe=")BE DA )dz
G

[ o = DIE

loe £ =2 Flloll &1

IAINA

where for the first term 2z = t~lvz and for the second term z =t~z

Now by the Lemma 2, for given any ¢ > 0 there exists symmetric neighborhood V
of eg such that; ||,z f —z f ||} (¢ when v € V. This inequality and boundedness from
below of w imply that f ¢ € RUC(1/w) for each f € L'(w) and ¢ € L*®(1/w), as
required. O

Lemma 4. let G be a locally compact group and let L'(w) be its weighted group algebra.
If Iis a closed left ideal in L'(w) then, its annihilator

L ={peL®Q/w):< f,p >=0 for all f € I}

is a weak x-closed left translation invariant subspaces of L*°(1/w). Conversely, if X is
a weak x-closed left translation invariant subspaces of L°°(1/w) then, its annihilator X |
is a closed left ideal in L'(w).

Proof. Recall that < g,f* ¢ >=< f*xg,0 > for all f,g € LY(w) where; f*(z) =
A(z=1)f(z=1) and A denotes the modular function of G. If I is a left ideal in Ll(w) then

obviously, I is a weak *-closed subspace of L°(1/w) and if {us} is a bounded a.i. of
L'(w) then, we have

Lim(f, up, *2 @)

«

lim(A(2)f, (43), * )

lim(A(z) ((ug),)" * f, )

= 0(sincef € I)

<f,z QO> = hor}l<ua * frzp >

for all z € G and f € I which implies that I L is left tanslation invariant.
Conversely, let X be a weak *-closed left translation invariant subspace of L=(1/w).
Then for each z € G and ¢ € X, we have ,p € X. Let g€ X, and f € L'(w). Then

(a0 /(f*g)(fc P@)da
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= /G{/(;A(tl)f(tl)g(tx)dt}mms

_ /G{/G zg(g;)@'c“)dm}zx(t—l)f(t—l)dt

= /G<g,t1 QYA (1) f (¢ dt=0.

It follows that X | is a left ideal in L'(w). Obviously, is closed. Hence X is a closed
left ideal of L'(w), as required. O

Theorem 5. Let G be a locally compact group, X be a weak *-closed left translation
invariant subspace of L>(1/w) and let X be the annihilator of X in L'(w). Then the
following statements are equivalent:

(i) X is topologically invariantly complemented in L>(1/w);
(i1) X is invariantly complemented in L*°(1/w);
(iii) X N RUC(1/w) is invariantly complemented in RUC(1/w);
(iv) X N RUC(1/w) is topologically invariantly complemented in RUC(1/w);

(v) The closed left ideal X | has a bounded right a.i..

Proof. (i) = (i1); Let P : L*(1/w) — X be a projection with p(f *¢) = f* P,
for all f € L'(w),p € L>®(1/w). Let {es} be an a.i. for L'(w). By the equation
<g,f*p>=< f**g,0 > and lemma 3 we have

(£, P(ap)) = lim{ea x f, P (+)

which implies that ,(Py) = P(,¢) and so, z is invariantly complemented in L*(1/w).
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To show (ii) = (iii); let P : L*°(1/w) — X be a bounded projection on X
commuting with left translations. If ¢ € RUC(1/w) and ¢ > 0

le Pe —y P(@) |5 = Il Plep) — P(y) 1=l Plop —y ¢) ||
SHPNllee—yelS
<|Ple

whenever zy™' € U where U is a neighborhood of e the unit of G. Hence Py ¢
RUC(1/w); that is, Pp € X N RUC(1/w). On the other hand, if ¢ € X N RUC(1/w)
then ¢ € X and so, Py = ¢. Moreover, ¢ being an element of RUC(1/w) the restriction
P | RUC(1/w) Of P to RUC(1/w) is onto. By the definition of invariantly complemented of
X NRUC(1/w), it is an invariantly complemented subspace of RUC(1/w), as required.

For the proof of implication (#44) == (iv) it is enough to show that the mapping
P which is taken in the implication (ii) = (4i4) satisfies the equality P(f ) = f* Py
for all f in LY(w) and ¢ in RUC(1/w). To this end, let ¢ € RUC(1/w) and, set
U(y) = [g F(@)s-10(y)dz.

Then we have ¥ € L*°(1/w) and

lly - ¥IZ = 683€Zuply‘1’(u) — ¥(u)/w(u)|
= ess sup |¥(yu) — U(zu)/w(u)|
u€G

[w(u)

= es§ su; T z " yu) — o(z Lzu T
= ess sup| [ 1(0) {ole™wu) - p(o s}

= ess sup / {flyuv™) = flzuv™")} p(v)A(v™ ) dv| Jw(u)
G

uedG

It

fw(u)

ess sup /(yuf =z )0 Hp(v" DA™ dv
uEG G

IN

ess sup / (o == H)(©)] [(B)] dv/w(w)
uweG G

ess supw(u™")/w(u). lly f == f 1o - 11 6 11
8Ny £ == f ol e I

IAIA

O

By Lemma 2 for give any ¢ > 0, there exists a symmetric neighborhood U of eg
such that ||, f—, f |[< e (yz~! € U), and so, if yz~! € U, then

ly @ =2 @ [IF< e || o lIZ°
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which implies that ¥ belongs to RUC(1/w). By the definition of the convolution product
fG f(z)z-1pdz represents f*g. Thus it is not difficult to see that P(f x ) = f x P(y).

To prove (iv) = (v), let P : RUC(1/w) — X N RUC(1/w) be a bounded
projection onto X NRUC(1/w) with P(fx¢) = fxPyp forall f € L}'(w),p € RUC(1/w).
Define P’ : L*°(1/w) — L*°(1/w) by

<p,P'o>=P(f*xp)(ec) (p€L'(1/w),f€L®w))

To see that the range of P’ is X, first observe that when ¢ € RUC(1/w) P(f * ¢)(eg) =<
f, Py >; that is, P’ |RUC(1/W) = P. Let {e,} be a bounded a.i. in L}(w). By Lemma 3,
we obtain

< fyPp >=lm < ey x f,Po > = UmP(f* x e * v)(ec)
« «

— 1wP(F ¥ Pe; + 9))(e0)
= ligl < f,P(e*xp)>=0

which implies that P’ € (X )+ = X. Thus the range of P’ is a subset of X.
If pe X,g€ X, ,then < g, f**xp >=< fxg,p >=0andso f**xp € (X ) =X.
Hence f**xp € XN RUC(1/w) and

< f,Plo>=P(f**xp)lec) = f* xplec) =< f,p >;

that is, P'¢ = ¢ for all ¢ € X and so, the range of P'isX . Obviously, P’ is linear and
since

| < f,P'¢>|

[P(f" * ¢)(eq)]
w(eq) |P(f* * p)(ea)| /w(ec)

w(eg)ess sup|P(f* x p)(x)] /w(x)
z€G

wlea) | P(f" ) I
wlea) | PN el
Sw(ea) | P I £ llull e 11

| VAN

IA A

P’ is continuous with || P’ ||< éw(eg) || P ||. Consequently P’ is an extension of P to
L*>(1/w) as a bounded projection.

Now let {e,} be an a.i for L'(w) bounded by M. Set I = X, and C = (1 +
dwleg) || P||)M. Let E' be an element of (L*°(1/w))" whichis o((L>®(1/w)’, L>®(1/w))
closure of {e,} in L*(w). Define a linear functional E on L*(1/w) such that
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<o, E>=<¢o~Pyp E >

for all ¢ € L*(1/w). Then || E [|[< (1+ || P'||) || E' I< (1 + éw(eg) || P ||)M = C and
<¢,E>=0forall p€It. Thus E € B,(I")={F € I" ;|| F ||< C} where I" denotes
the continuous bidual of 1. By the Alaoglu Theorem B.(I) is weak *-dense in B.(I"),
and so, there exists a net {ug} in B.(I) such that ug — E with respect to o(I”,I')
topology. Since X is complemented in L*(1/w), it is easy to see that, also ug — E with
restpect to o(L'(w)”, L°(1/w)). It has a right a. i. bounded by C if and only if it has a
weak right a.i. bounded by C (see, for example ([3])) and so, we need only to show that
{up} is a week right a.i. for I. To this end, let f € I, € L(1/w). Then we have

lién<f*u5—f,go> = lilran<f*u/3,cp>—<f,cp>
= lién<u5,f**go>—<f,<p>
= <f'xp—P(f'0),E' >—<fo>
=< f'*xp,E'>—-<flo>—<P(f*+¢),E >
= lim < eq, ff x> — < f,0 > —lim < eq, P'(f* * ) >
(e} [e%

= lim < f xeq,p > —limP(e’ * f** p)(eg)— < f, o >
= I P((Frea) ¥ P)(ec)

= - < f,P'p>=0 since P'p € X)

which implies that {ug} is a bounded weak right a.i.. This completes the proof of the
implication (iv) = (v).

Finally to show (v) = (), let {us} be a bounded right a.i. for X, and E be
the weak «-limit point of the net {uo} in L'(w)”. Then the mapping P : L>°(1/w) —
L>*(1/w), defined by,

<fiPp>=<fp>—-<f"xp, E>

For all f € L'(w) and ¢ € L®(1/w). It is not difficult to verified that P is a bounded
projection with range X. For all f € L*(w),p € L®(1/w) since

<@ P(f'p)> =<g,ffo>—<g"*xfxp,E>
=< ffrg,0>—-<g" xfxp,E>
= f,fxPp> (g€ L'(w))

we have P(f*p) = f+P(p) and it follows that X is topologically invariantly complemented
in L*°(1/w), as required. This completes the proof of the Theorem.

421



ARGUN & TONYALI

Remark 6. The involution ¢(z) = p(z~1) (respf*(x) = f(m‘l)A(x_l)) on L*(1/w)

(resp.L'(w)) transforms every left invariant subspace of L*(1/w) (resp. left ideals
of L'(w)) into a right invariant subspace of L*®(1/w) (resp. right ideals of L'(w)).
Furthermore, (X); = (X)* for X C L>(1/w) and a left ideal I of L'(w) has a bounded
right a.i. if and only if I* has a bounded left a.i. since the involution “x” is continuous.
Thus the Theorem 5 has an obvious version for right invariant subspaces of L>®(1/w).

Remark 7. If we take w = 1g (1g(z) = 1,z € G), then L'(w) = L'(G) and so, this
study is clearly a generalization of the work [2].

We also would like to mention here that the equivalaence (i) = (v) in the
Theorem 5 is true for arbitrary Banach algebras (see, ([4], 4.1.4)
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L>(1/w) UZAYININ INVARYANT TAMLANMIS ALT UZAYLARI VE
L'(w)’ NIN YAKLASIK BIRIME SAHIP IDEALLERI

Ozet

L*°{w) lokal kompakt G grubu tlizerinde agirlikli grup cebiri ve X de L*°(1/w)
nin zayif =-topolojisine gére kapal:, sol Gtelemeye gdre invaryant olan bir alt uzay
olsun. Bu ¢aligmada,;

(i) X, L% (1/w) i¢inde topolojik olarak sol 6telemeye gére invaryant ve tamlanmig
bir alt uzaydir;

(ii) X,L*°(1/w) da sol 6telemeye gore invaryant ve tamlanmig uzaydir;
(iii) L'(w) igindeki her X sol idealinin yaklagik birimi vardur;

onermelerinin denk olduklarim gosteriyoruz. Dolayisiyla X in L%°(1/w)’da tam-
lanmig bir alt uzay: olmasi i¢in gerek ve yeter sart X nin en az bir yaklagik birim-
inin olmasidur.
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